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ASYMPTOTICS OF PARTIAL DENSITY FUNCTIONS FOR DIVISORS

JULIUS ROSS AND MICHAEL SINGER

ABSTRACT. We study the asymptotic behaviour of the partial density function associated to
sections of a positive hermitian line bundle that vanish to a particular order along a fixed divisor
Y. Assuming the data in question is invariant under an S*-action (locally around Y) we prove
that this density function has a distributional asymptotic expansion that is in fact smooth upon
passing to a suitable real blow-up. Moreover we recover the existence of the “forbidden region”
R on which the density function is exponentially small, and prove that it has an “error-function”
behaviour across the boundary OR. As an illustrative application, we use this to study a certain
natural function that can be associated to a divisor in a Kéhler manifold.

1. INTRODUCTION

For motivation, consider as a toy example the space of polynomials on C™ with inner product
0= [ pEaGe

where k € N and d) is (27)~! times the Lebesgue measure. For given ¢ > 0, let {p,} be
an orthonormal basis of polynomials that vanish to order at least ek along the hyperplane
{z1 = 0} C C". Then the partial density function associated to these data is the smooth

function .
pi(2) == Ipa(2)Pe M.
(e}

This is independent of choice of orthonormal basis, and our interest lies in its asymptotic
behaviour as k tends to infinity. By radial symmetry, p5 = ps(z) where z = ||, and we may
take the p, to be monomial. Then, after elementary calculation,

(ka)?

IAVAOET S o (1.1)
j=ek
which asymptotically behaves as
. 1 (Ve e
k™" ph(x) ~ \/%/OO e zdt for k> 0. (1.2)

This can be seen, for instance, through the Central Limit Theorem applied to k independent
Poisson random variables with parameter x. Thus k™" p{ is asymptotically a standard error-
function centred at = &; in particular it tends to zero exponentially fast on the set R = {x < ¢},
and tends to 1 on {x > ¢} as k tends to infinity.

In this paper we study the analogous partial density function associated to sections of high
powers of a positive hermitian line bundle that vanish to a particular order along a fixed divisor.
Similar density functions have found a wide range of uses, including the study of random matrices
(e.g. Shiffman—Zelditch [27], Berman [2]), in Kéhler geometry (e.g. Pokorny—Singer [21], Ross—
Witt-Nystrom [24]) and in dimension n = 1 is closely related to the Laplacian growth (e.g.
Hedenmalm-Makarov [12] [13]).

In the work of Shiffman—Zelditch [27] it is shown, essentially in the toric case, that there is
a subset in which the partial density function is exponentially small (and it is here that this is
given the name “forbidden region”). Through work of Berman [I] it is known (at least when
the base is compact) that there is again an open forbidden region R containing the divisor such
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that asymptotically the partial density function is exponentially small on compact subsets of R
and is equal to the usual density function on compact subsets of the complement of R. This
has been studied again in detail in the toric case [2I] but other than this rather little is known
about the behaviour of the partial density function near the boundary of R.

Our results below give an essentially complete description of the partial density function when
all the data in question are invariant under a local holomorphic S'-action and ¢ is sufficiently
small. Roughly speaking it states that there is a natural way in which the partial density
function has a globally defined asymptotic expansion in powers of k'/2 whose terms depend on
the curvature of the hermitian metric, all of which are (in principle) computable. Moreover, by
working out the leading term we recover the existence of this forbidden region and show that
the partial density function has the same error-function behaviour across its boundary as it does

in the model case (.2]).

Before stating precise theorems we return once more to the toy example above. A convenient
way to express the existence of an asymptotic expansion is through the semi-classical variable
h = k=12, Then to say that a function of the form k=" pi.(x) for x € Ry admits a smooth

asymptotic expansion in powers of kY2 is to say that the function

1
o(h,2) := k™ "pl(x) for h= — and k € N
o) = K" (o) for h= -

extends to a smooth function on R>p x Ry, i.e. it extends to a smooth function right up to
the boundary on which = 0. Now if pf is the partial density function in (ILIJ) then p cannot
extend smoothly to the entire boundary {h = 0}. For as we have seen, its leading order term
in A is

t2
e 2 dt
2rx
which does not extend smoothly over the point (z,h) = (£,0) due to the presence of the term
§ = =. However, we can formally circumvent this by considering p instead as a function

of £ and h, at which point its smoothness is immediate. This is made precise by an approach
advocated by Melrose: we consider instead the lift of p to the real blow-up of R>g x R-q at the
point (0, ) which does extend to a smooth function across the boundary.

With this in mind we state our main results. Let X be a compact complex manifold and
L be a holomorphic line bundle with a positive smooth hermitian metric h. These induce an
L?-inner product on the space of sections H°(LF) and if Y is a smooth divisor in X then for
> 0 the partial density function is defined to be

Pk = Z fsa,k’ik
[e%

where {sq.x} is an L?-orthonormal basis for the space of holomorphic sections of L* that vanish
to order at least €k along Y. When € = 0 we denote this simply by pi which is the usual density
function (often called the Bergman function). We suppose that there is a neighbourhood U of
Y that admits a holomorphic S'-action on X which is standard in local coordinates around Y.
That is,

e (z,w) = (Y2, w) for ¥ € S* (1.3)
where Y is locally defined by z = 0. We also assume that the restrictions of all the initial data
to U (i.e. the line bundle and metric) are invariant under this action. Denote by p: X — R
the Hamiltonian of the action, normalized so that u~1(0) = Y, and let v be the vector field
generating the S'-action.

Theorem 1.1. Given the above data, for sufficiently small €, we have

. O(k™) on =0, ¢),
P ™ { e +O(k=)  on X\ u~10,¢]. (1.4)

By this statement we mean that equality holds on any given compact subset of 1[0, ¢)
(respectively X \ #71[0,¢]). Thus u~1[0,¢) is precisely the forbidden region described above.
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Theorem 1.2. Let pj be the partial density function and set
p(h,x) = k~"p5 for h= k™12,

Then p has a distributional asymptotic expansion on X. In fact this distribution is the push-
forward by the blow-down map B of a smooth function on the real blow-up of X x [0,00) along
u=t(e) x {0}. Its leading order term is given by
u(Z) e
Pz B) = / TPt + O(h) (1.5)
\/27T|U |2
for (z,h) such that
p(z) —e
h

18 bounded.

We refer the reader Appendix [A] for a summary of this real-blowup that is denoted [X X
[0,00); u~1(e) x {0}]. Roughly speaking it is obtained by replacing the submanifold p~!(g) with

a “half-cylinder” as in the following picture, and allows the use of well-defined “polar coordinates”
centered at points in u~!(g).

X1 = [Xo; u~t(e) x {0}]

[
I

Xo=X x[0,1)

pie) X
So using again the substitution 4 = 1/ V'k we can interpret this as the statement that I Jn2 is a
smooth function on the half-space X x [0, 00) (or really the restriction of such a smooth function
for values of i with h=2 a positive integer). In fact, there is almost certainly an interpretation of

density functions for all real powers of L using Melrose’s ideas [I8], which would give a natural
interpretation of the (partial) density function for all values of the semi-classical parameter .

The idea of the proof is as follows. Consider first the case that X is one dimensional. Then
looking locally we are essentially interested in the case X is the unit disc with coordinate z and
Y is the origin. Since all the data are S'-invariant, the set of monomials 2%, 25%+1 ... give
an orthogonal set of local sections that vanish to the right order along Y. Thus the partial
density function can be calculated by summing the pointwise norm of these functions, once
they have been normalised to have unit L2-length. Using the moment-variable (given by a
Legendre transform of the potential defining the metric) this can be done with a combination of
standard techniques, namely Laplace’s method to calculate the integrals defining the length of
these functions, and then a combination of Laplace’s method and the Euler-Maclaurin formula
to expand the resulting sum in powers of k. This gives a local formula for a quantity that ought
to be the partial density function, and one argues that this is in fact the case up to insignificant
terms.

Our real interest is the case of higher dimension. Here we argue similarly, replacing the pow-
ers of z with powers of a choice of defining section for Y. We then use a parameterized version
of the Legendre transform to deal with the directions normal to Y. In fact, we interpret this
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Legendre transform as giving a family of hermitian metrics on certain line bundles on Y which,
along with a family of volume forms that we construct, gives a family of density functions on
Y (that play the role of the normalising of the sections 2/ to have unit length). Together these
can be summed to give a quantity that ought to be the partial density function, and again one
proves this is the case up to insignificant terms. Then, using essentially the same techniques as
in the one-dimensional case, we prove that it has the desired asymptotic expansion in powers
of k. We refer the reader to Section [B] for a more detailed summary.

Acknowledgements: During this work JR was supported by an EPSRC Career Acceleration
Fellowship (EP/J002062/1) and MS by the Leverhulme Trust. The authors wish to thank Bo
Berndtsson, David Witt Nystrom, Hakan Hedenmalm and Steve Zelditch for helpful conversa-
tions.

2. PARTIAL BERGMAN KERNELS

The density function of a hermitian line bundle is the restriction to the diagonal of the
Bergman kernel, which is the reproducing kernel for the L?-projection to the space of holomor-
phic sections. Here we shall discuss the simple extension of this concept in which we impose a
certain vanishing of the sections along a fixed submanifold.

2.1. Definition of Partial Bergman Kernels. We start by recalling some standard notation
and terminology. Let L be a holomorphic line bundle on a complex manifold X of dimension
n, and h be a hermitian metric on L. Given a local holomorphic trivialization ( of L we can
write [((2)[7 = e~ %#¢ () for some smooth potential function @¢. By standard abuse of notation
we let ¢ denote this potential (even though it is not globally defined) and we confuse ¢ with
the metric h = e~%. Thus h* = e %% is the induced hermitian metric on L¥ := L®* for k € N.
In terms of transition functions, if (o = Aag(s then ¢, = p¢, +1og|Aas|. From this one can
extend the notion of a potential to include the case of Q-line bundles.

If s is a section of L then by abuse of notation we let s also denote its local representative in
given a trivialization: thus |s(2)|, = |s(z)|e™#(*). The associated curvature formﬁ

1 =
wy = ddp = %dl]dgp = %88@ (2.1)

is a well defined (1, 1)-form and the hermitian metric e™% is said to be (strictly) positive if w, is
a (strictly) positive form, which occurs if and only if ¢ is a (strictly) plurisubharmonic function
for all local trivializations (. When ¢ is strictly plurisubharmonic we let wL,n - %wg be the
associated volume form.

The abuse of notation h = e~ % also leads us to use the terminology ‘p is a (plurisubharmonic
potential) for L’ instead of h is a metric on L (with positive curvature).

The hermitian metric e~% gives a pairing (-,-),: L, ®L, — C that is linear in the first variable
and conjugate linear in the second. The induced L?-inner product on two smooth sections s, t
of L is given by

(s,t)e ::/(s,t)wwg‘] :/ S(z)f(z)e_Q‘p(z)wgﬂ
X X

and we shall write ||s||, for the corresponding L?-norm. We denote by Liw = sz(X) the space

of sections of L* with finite L?-norm, and let Hy, = Hp(X) C Liw denote the subspace of
holomorphic sections.

We write L for the bundle L with the conjugate complex structure, so if s is a (local)
holomorphic section of L then 5 is a (local) holomorphic section of L. If V,W are auxiliary
holomorphic vector bundles on X then we let (-,-), also denote the naturally induced pairing
(LeV)® (L W) —V ®W and extend our other notations accordingly.

INote the factor of 27
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Assume now that ¢ is a smooth strictly plurisubharmonic potential on L. Since we will be
interested in sections of L¥ asymptotically as k tends to infinity we make this part of our defi-
nition of the partial Bergman kernel as follows. Let Y C X be a compact complex submanifold
and ¢ € @20.

Definition 2.1. Denote by H ,if; the subspace of holomorphic sections of L* vanishing to order
at least ¢k along Y.

Definition 2.2. The partial Bergman kernel (PBK) for (¢,Y’) is a sequence of sections K7, of
")k on X x X for k,ek € N such that

(1) For each fixed 2, the section 2’ — K} (2') := Kj(z,2') is in flz I Hgi and
(2) We have

5(2) = (8, Ki ke = /X s(2) Ky (2, 2 )e 2k wgi,, for all z € X and s € H,ifz (2.2)

where the notation w' ", indicates the integral is being taken with respect to the variable 2’.

[n]
p,2!
Definition 2.3. The partial density function (PDF) p7 is the norm of the restriction of the
PBK to the diagonal, i.e.

5(2) = | K5 (2, 2) [k = Ki(2,2)e 20 (2.3)
which is a smooth real valued function on X.

Of course if ¢ = 0 then this definition recovers what is commonly referred to as the Bergman
kernel and density function for L* and we write these simply as K}, and p;. We remark that all
[n]

of these definitions can equally be made with wg" replaced by a given smooth volume form dV
on X.

2.2. Existence and Basic Properties. The existence of the PBK follows from standard
functional analysis considerations. Suppose that X is either a compact Kédhler manifold, or else
a bounded domain, with smooth boundary, in a Kéhler manifold.

As is well known, Hgl; is a closed subspace of sz, so in particular it is a Hilbert space.

Moreover, if z € X, the evaluation map s — s(z) is a bounded linear functional H Efi — L];.
So, by the Riesz representation theorem, there is an element

Ki. € It ® Hik with f(2) = (f, Kf ) for all f € HEE. (2.4)
Clearly (u, K}, )k, =0if u € Liw is orthogonal to Hg’;, so the kernel
K{(z,2) = K,iz(z') (2.5)
is the Schwartz kernel of the orthogonal projection %, : Liw —H g’; in the sense that
(Hu)(2) = (u, Ki ) kp = / u(z") K¢ (z, z’)e_%“"('z/)wgﬂ for u € Liw (2.6)
X

In particular this gives uniqueness of K. Because .#,° is orthogonal, it is self-adjoint, and so

([23)) is hermitian, i.e.

Re . (2) = Ki(2). @7
Thus we can also write (2.0]) as
HFu(z) = / W(Z)KE(!, 2)e 2ol (2.8)
b's
In particular
521[(};2(2’/) =0 and 9K _(z') =0, (2.9)

so K} is holomorphic as a section of T"® Lk,
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Remark 2.4. If X is a compact Kdhler manifold the spaces Hgf; are finite-dimensional and the

definition above agrees with that in the introduction. For if s, ; is an L?-orthonormal basis for
H Efi = HY(L* ® #&F) then one easily checks that

Ki(z,2) = Z Sak(2) B sqk(2)) (2.10)

has the characteristic properties of the PBK, so

Ph =D Isaklie (2.11)

«

Remark 2.5. When ¢ = 0 the difference v := u — #[u] is the Li(p—minimal solution of the
equation v = Ou. This follows directly from the orthogonality of the projection.

2.3. Bounds for Bergman Kernels. For convenience we recall here some basic estimates
related to Bergman kernels. The fundamental ‘L? implies L bound’ for holomorphic functions
(Proposition below) allows us to estimate the norm of the evaluation map and hence by the
discussion in §2.2] the norms of the PBK and PDF themselves. These estimates will be refined
using extremal envelopes in the next section.

On a Kéahler manifold X we denote by B, (J) the geodesic ball of radius ¢ centred at z (taken
with respect to the given Kéhler metric). As usual L will be a holomorphic line bundle on X
with smooth strictly plurisubharmonic potential .

Proposition 2.6. Let X be a complex manifold and W C X be relatively compact. Then there
is a constant Cy such that for all k sufficiently large

£ (2)lo < Crk™? /

B (k—1/2

z

| 17,0 < Cw k™2 £l (2.12)

for all for all f € Hyy, and all z € W.

Proof. For z € W we may choose local coordinates on a chart so that z = 0, and by a change of
gauge that ¢(z) = O(|z|?). In this chart the geodesic metric p(-, -) is equivalent to the Euclidean
metric, so there is a constant ¢ > 0 such that c|z — 2| < p(z, 2') < ¢tz — 2/| for points z, 2’ in
this chart.

Let x(t): R — [0,1] be a smooth non-negative cut-off function equal to 1 for ¢ < 1/2 and
equal to 0 for ¢t > 1 and set

Xk (t) = x(c k%)
We recall the Bochner—Martinelli-Koppelman formula [22, Ch. IV]

u(z) = — [ Ou(w) A B(w,z), ue C§(C™) (2.13)
(Cn
where the Bochner—Martinelli kernel is given by the formula
1

where ¢, is a universal constant and

n(w,z) = L(w—z)éwdwl A -+ -dw, Adwy A - - - dw,,. (2.15)

We apply this with u = xx(|2|)f(2). Then Ou = fOxy is supported in a spherical shell of
radius O(k~1/2) and dx; = O(k/?). So

|0(xk)B(w,0)| = O(k™). (2.16)
Hence (2.I3) gives
== [ f@oab.2) (217)
|w|<ck—1/2
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where k is to be taken large enough so the support of x; lies in this chart. We are assuming
©(0) =0, s0 |[f(0)> = |f(0)|i({J Thus using the Cauchy-Schwarz inequality,

FOR, <C F@)E [ & [axsBw,0)f", (2.13)
|w|<ck—1/2
as w(™ is smooth so is equivalent to the euclidean volume form. Now in the first integral we may
replace the Euclidean ball {jw| < c¢k~1/2} by the geodesic ball By(k~/2) and only improve the
inequality. On the other hand, kyp = O(k|z|?) on this chart so €*# is uniformly bounded, and
the set in which yy, is supported has volume O(k~"). Thus (2I6]) implies the second integral is
of order O(k™). This proves the result for a single point, and the uniform estimate follows an
obvious covering argument. O

Recall that K; , € L, ® HZ’; so with our convention of using the same notation for a section
of a line bundle and its representation in a local frame we have

w

1K 217y = /X K (w)[2em 2k e@) @) yln]

Corollary 2.7. Suppose X is compact. Then there is a constant C such that
1K 2 llkp < k™2 (2.19)
forall z€ X and all € > 0.

Proof. Essentially by definition, || K}, .||k, is equal to the operator norm of the evaluation map
H ,if; — L’; given by s — s(z). But the previous theorem says precisely that this operator norm
is bounded by C'k"/2. O

Corollary 2.8. Suppose X is compact. Then there is a constant C such that
|Ki(2,2")|kp < CE" for all 2,z € X. (2.20)

Proof. Apply the above to the function y — K, .(y) itself to deduce that | K} .(y)|k, is bounded
by O(K"?)| K} .|k = O(K™). O

2.4. Decay away from the Diagonal. As further notation let p(z,2’) denote the geodesic
distance between points z,2’ € X taken with respect to the given Kéhler metric. We wish to
discuss the well known fact that the Bergman kernel decays exponentially fast away from the
diagonal (see, for instance, [16], Proposition 9], [6, Prop 4.1], [8], [19, Thm 0.1]).

Theorem 2.9 (Decay away from the diagonal). Suppose X is compact. Then K}, decays expo-
nentially fast away from the diagonal, in the following sense: there are constants C,c > 0 such
that

| K (2,y) |y < CkreVEr(ey) for all x,y € X.

For convenience of the reader we give a proof of this fact, based on a variant of the “Donnelly-
Fefferman trick” essentially due to Bo Berndtsson [4] (and whom we thank for pointing us in
this direction).

Theorem 2.10. Let f be a 0-closed (0,1) form with values in L and v be the L%-minimal
solution to the equation Ov = f and let x € X. Then there are constants ¢,C (independent of

fyk,x) such that
—2c z,z), [n ¢ £ z,z), [n
/X \U(Z)\iwe 2evkp(z, )wL} < E/X ]f(z)]i¢e 5 Vkn(z, )wL I,

In particular if f = g for some g then this holds for v =g — J#(g).

We remark that the above statement may well be suboptimal but is sufficient for our purpose
4

(the statement in [4, Theorem 2.1] replaces the terms 2c and the § in the left and right hand

side respectively with the same constant ¢ when X is a domain in C™). The proof we give now
is essentially the same as [4, Theorem 2.1], but replaces the Euclidean distance function on C”
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with the geodesic distance function p(-,x) on X, and requires some extra care to deal with the
non-smoothness p(-, z) near the cut-locus of x.

Proof. The squared distance function p? : X x X — R is continuous and can fail to be smooth
only on the cut-locus

B:={(2,7') € X x X : z and 2’ are conjugate points}

of X. In particular p? is smooth in a fixed neighbourhood N of the diagonal. To deal with the
non-smoothness at B, choose a non-negative function p which is equal to p in N, smooth on
X x X \ N and which satisfies

1
5,0(2, 2') < p(z,2") < 2p(2,2') for all (z,2') € X x X.

Then /2 is smooth on X x X and is equal to p? in N.
Now fix f and z € X, and simplify notation by writing p(z) for p(z, z). Then for k > 0, in
the region p < ﬁ we have p(z) = p(z,x). It will be clear from the following argument that our

constants will be uniform in x and f but we leave the reader to keep track of this.
Now for a small ¢ > 0 set

e+ Yy ia) <L
Xk(2) = { cx/%ﬁ(z) 2 otherwise.\/E

One checks easily that

%p(z,x) — ¢ < xu(2) < 2eVkp(z,x) 4 ¢ for all z € X. (2.21)

Furthermore on the region p < ﬁ we have dd®y = O(ck), whereas on the complement to this
region dd®y = O(C\/E). So we may pick ¢ < 1 small enough so that the potential

1
Gk := ko — 5 Xk

has strictly positive curvature growing at rate O(k), say

>~

dd°(y, > —dd . (2.22)

2
Now set
v 1= ve Xk

Since v is orthogonal to the the space holomorphic sections with respect to the L?-inner product
defined by e~*¥, we see that v}, is orthogonal to this space with respect to the L?-inner product

defined by e~ (all of this is taken with respect to the volume form wgl ! which is fixed). Hence
vy is the L?-minimal solution to the equation

vy = fe Xk —ve Xk Oy

with respect to the L2-inner product induced by e~%¢. Thus by the Hérmander estimate

e / we|2e 2o
/X olfpe vl = [ o b
2 n
= [
< O(1/k) / Bug 2wl
X

= O0(1/k) /X |Ovk|f e wl, (2.23)

We remark that the O(1/k) term is bounded independent of ¢ sufficiently small by (2.22]).
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Now the right hand side of (Z23)) is bounded by

01/k) [ (e + loife Pl = § [ 17pe ol + 28 [ o ool
b's
(2.24)
where A and Z are uniform constants. This follows because dxy = O(cVk). Inserting (Z24)
into (Z.23) we have

/ o2 el < / el 4 Ze2 / [of2, ekl (2.25)

Choosing ¢ so small that Zc? < 1/2, say, we can move the second integral to the other side,

giving
_ 24 -
et < 22 [ 1ol
The statement of the theorem now follows from (2.:27]). O

Proof of Theorem [2.3. We know that w — K}, ,(w) is holomorphic for fixed y, so by the proof
of Proposition [2.6]

Ko < OF [ a2l (2:20
Bs(y)

which is valid as long as ¢ is of order greater than or equal to 2/v'k V'k. Observe that if plz,y) < %

then the bound we want follows from the bound |K{Y (z,y)|x, = O(k") from (Z.8). So we may

assume that )
T,y) =0 = —.
p(z,y) N

Fix a smooth non-negative cut-off function y that is identically 1 on B5/4(y) supported in
Bsa(y) and such that [9x| = O(671). Observe that p(x,y) > & implies x(z) = 0. Then we can
clearly replace ([2.20]) by
K)o = i)y < O [ 1Ka I (oIl (2.27)
= O(K")(XKk,z, Kia )k = O(K" ) A [X K o] (2), (2.28)
where, we recall, J#} is the projection onto the holomorphic sections. Now set

f=0(xKy) = (0X) Ky q

and
vi=xKpp — (X EKpz)-
Then
HalKia) () = x(2) Kia() — v(z) = —0(2) (2.20)
as x(x) = 0. On the other hand, by Theorem 2.10] there is a ¢ > 0 such that
[o@ie el <o [ 1) fe e, (2.30)
Note that f is supported in Bs/s(y) and if 2 € B;/s(y) then p(z,y) < p(z, ) + ﬁ Thus
[ 10 e VRl < 0002 i e 8 (231)
= O(k™)e~ 2 Vhelzy) (2.32)

since HK’M”%@ = O(k™) by Corollary 271 On the other hand by same argument with the the
Bochner—Martinelli formula again, we have

o) <OW) [ il (2.3



10 JULIUS ROSS AND MICHAEL SINGER

Notice the quantity e—2cVkp(z,x)

so this gives

is bounded above and below by a constant on the ball Bs(z),

|v(x)|zgo < O(kn)/B ( )|v|i¢626ﬂP(Z,x)wgl}
5 (x

< O(k%)e—é\/ﬁp(wvy)'
Putting this with (2.27)), (229) gives the desired estimate. O

2.5. Extremal Envelopes. Let Y C X be a compact complex submanifold. Following Berman
[1] we make the following definition:

Definition 2.11. Given X,Y, L and € > 0, the extremal envelope, ¢., is defined as
@e :=sup{y a potential on L : dd°y > 0,7 < ¢ and vy (y) > ¢}. (2.34)

Here the notation means that e is a possibly singular hermitian metric on L with non-
negative curvature form; and vy (y) denotes the Lelong number of v along Y. Since the upper
semicontinuous regularisation of ¢, lies in the set on the RHS of ([2:34]), it follows that ¢. is
itself semicontinuous and thus plurisubharmonic. We will always take ¢ to be sufficiently small
so that there exists such a ~, and so ¢, is not identically —oco. Then by passing to the blowup
of X along Y one can prove easily that vy (p.) = ¢.

Definition 2.12. Define the forbidden region to be the set
De:={z€ X :¢:(2) < p(2)},

and the equilibrium set to be the complement
X\D. = {z€ X1 p.(2) = p(2)}.
Then clearly Dg is empty, and for all € > 0 it is a neighbourhood of Y, and if ¢ < & then
D, C D.. Again following [I], we now show the sets D. govern the PDF in that for large k

the function pj, is exponentially small on any compact subset of D.. The following statement
refines the bounds (Z19) and (2:20]), using the envelope ..

Proposition 2.13. Assume X is compact. Then there exists a constant C' such that
KT lIkp < CEM2e M=) for 5 € X

and
|K5(2,2)|kp < Oknek(@(2)=:(2)) o —k(p(2")—pe (2)) for 2,7 € X.

In particular, Kj , is exponentially small on D..

Proof. Note first that since ¢ and . are both potentials for L, their difference is a genuine
function on X, so the right hand side of these estimates are well-defined. Let s € H Efi Then
by Proposition there is a constant C' such that

|s(w)|i¢ < CanSsz for all w € X.

Taking the logarithm,

1
% In|s(w)* < p(w) + ay for all w € X (2.35)

where )
In(Ck"|s[l%,)

T

As s vanishes to order at least ¢k along Y the plurisubharmonic potential In|s| has Lelong
number at least ek along Y. Combining this with (Z3H]), the potential 57 In|s|? — oy is a
candidate for the envelope defining ¢, so

1
% In|s(2)]? — ap < p-(2) for z € X.

So multiplying by 2k and then exponentiating gives
|5(2) [}, < CkMe =252 for 2 € X.
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Thus if z € X, the square of the norm of the evaluation map Hgf; — L, given by s — s(z) is

bounded by Ck™e k(¢(2)=¢=(2) which gives the first statement of the Proposition. The second
statement follows by applying this to the section s := K,ii to get that for 2,2’ € X

‘Kg,z(zf)‘kw < Ckﬂ/Ze—k(sO(Z’)—sos(Z’))HK;zHW < O(kn)e—k(so(Z)—%(Z))e—k(so(Z’)—%(Z’))_
O

Remark 2.14. Berman [I] proves that ¢. is Cb! although we will not use that here. The
continuity of ¢, is enough to imply that for large k, K gkz is exponentially small on any given
compact subset of D,. Berman also proves that pj, is asﬁfmptotically close to p; on any given
compact subset of X \ D.. Thus the interest lies in the behaviour across the boundary of D,
which will be the study of the rest of this paper.

3. LocAL BERGMAN KERNELS

We next adapt a key idea of Berman—Berndtsson—Sjostrand [3] who introduced the concept
of a local Bergman kernel which has the reproducing property up to a term that is negligible for
large k. Our aim is to give a suitable definition of a local PBK that is defined on a neighbourhood
of Y.

Again suppose that X is a complex manifold of dimension n and L a holomorphic line bundle
with given strictly positive hermitian metric e™%. Also fix an open U C X containing Y and a
smooth postive function x that has compact support in U and is identically equal to 1 on some
open subset W C U containing Y.

Definition 3.1. We say a sequence of holomorphic sections Bf of Ly K L|iy over U x U is a
local partial Bergman kernel (local PBK) on W of order N > 0 if

(1) (Almost Reproducing) We have

'f(Z)— /U X F(2)Br(z, 2 )e 2200 = 0| f Ik (3.1)

ke
uniformly over f € HEZ(U) and z € W.
(2) (Decay away from the Diagonal) There exist constants C, ¢ > 0 such that

|Bi(2,2")|kp < Cke ¢ WU=2) for all 2,2/ € U. (3.2)

Remark 3.2. Our terminology differs slightly from that of Berman-Berndtsson-Sjostrand in
that we include the decay away from the diagonal as part of the definition. It is sometimes
convenient to allow N = oo in which case the O(k~>°) term is understood as meaning the
bound holds for any given N € N. One could relax the assumption that Bj be holomorphic
and instead assume that it is “almost holomorphic” as in [3], but we will have no need for this.
When necessary we shall refer to this as a local PBK with respect to W or x if we need to
emphasise the dependence on these data.

The point of this definition is that, as proved in [3], a local PBK approximates the globally
defined PBK in a neighbourhood of the diagonal of W’ x W’ for any W' € W.

Theorem 3.3. (Glueing Local Partial Bergman Kernels) With notation above, suppose Bj, is a
local PBK of order N on W and suppose that € is sufficiently small so that the forbidden region
D. is relatively compact in W. Then if W' @ W we have for all r >0

Ki(z,y) = Bi(z,y) + Ocr (E"/27N) for all 2,y € W', (3.3)

Proof. The argument here is similar to that of [3]. Let z,y € W’ and f := K} |v € HEZ(U)
The almost reproducing property of the local PBK Bj gives

Ki(y,x) = f(z) = (K} 3 XBi o)k + Ok~ )| Fllp- (3-4)
and using Corollary (2.7)) this becomes
Kli(y’ x) = <K/i,y’ XBk,x>kg0 + O(kn/Q_N)' (3'5)
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Now by definition, <XBZ,71, K]i7y>k‘<p is the value at y of the L?-projection of XB,F;,:B onto the space
of holomorphic sections that vanish to order at least ek along Y. That is,

(XBj 2 Ky ke = XB 2 (y) — v(y)
where v is the L?-minimal solution of the equation
Bv = B(xB;.,) (3.6)

among all such v that vanish to order at least ek along Y (we remark that this makes sense as
equation (3.0]) in particular implies that v is holomorphic in a neighbourhood of Y as x = 1 on
W). Of course v also depends on z, but we omit that from notation.

Hence we wish to bound v(y) which we do with the Hérmander technique applied with the
extremal envelope ¢, from (ZII)). Observe that . is plurisubharmonic over all of X and
moreover is strictly plurisubharmonic in the support of

(X Bt .) = (0X) B,

since by hypothesis dx is supported outside of W and thus within the equilibrium set {z € X :
ve(2) = p(2)}. Thus we may apply the Hérmander estimate [, Theorem 4.5, Chapter VIII] to
see there exists a v solving (3.6 such that

[0llke < MVllkp. < ClIOX) B gllko. = ClNOX) B 4 llre
for some constant C', where the first inequality uses p. < ¢ and the final equality uses the
statement about the support of BxB,iw. Finally observe that as Bj decays away from the
diagonal we in fact have
(OX) B = O(k™) (3.7)

since z € W' is a bounded distance away from the support of dx. Therefore ||v||x, = O(k~)
which by Proposition implies |v(y)|r, = O(k™>°) as well, and one sees this estimate is
even uniform over x,y € W’. Thus we have proved the required statement in the C%-topology
(i.e. when r = 0). The statement for higher r follows from this using the Cauchy-integral
formula. O

4. A LOCAL PARTIAL BERGMAN KERNEL FOR AN S!'-INVARIANT METRIC ON THE DISC

In this section we construct a local Bergman kernel for a potential on the unit disc that is
circle invariant. The method here is less general than the construction of Berman-Berndtsson-
Sjostrand but is better suited to dealing with partial Bergman kernels. Strictly speaking the
content of this section is not needed for the proof of our main theorem, since it will be repeated
when we generalize in Section [B} we have included it here as an illustration of the main ideas of
our approach.

4.1. The Legendre transform. Let D be the unit disc {|z| < 1} in C. Suppose ¢ is a strictly
plurisubharmonic function that depends only on |z| that is smooth on the closure D. We shall
write z = 7% and ¢ = ¢(t). Then consider the Legendre transform

u(z) +o(t) =at, x=¢'(t),t =1 (). (4.1)

This is well defined since the assumption that the potential is strictly plurisubharmonic means
¢ is a strictly convex function of ¢ and hence u is also strictly convex. We shall refer to z =: p(z)
as the dual variable (or momentum variable) and to u(z) as the symplectic potential. This x is
defined up to an additive constant, which we choose so x = 0 corresponds to z = 0 and suppose
that |z| = 1 corresponds to x = a > 0 (the reader may wish to recall the model case in which
¢ = |z|> = €® has u(z) = L(zlnz — z) as the symplectic potential).

Now define

and let s,, ;. be the monomial

Snk(z) — e—ku(u)zn _ e—ku(u)en(t-l—iG) _ e—k(u(u)—u(t-l—i@)). (42)
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Then
lsn,k(z)‘ktp = e_k(¢(t)+u(y)_yt) (4.3)
so if we define
Uv,z) :==u(v) —u(z) + (z — v)u'(z) (4.4)
and replace ¢(t) and ¢ by the dual variables u(x) and z in (€3] we have
[5m.5(2) |k = KT, (4.5)

In particular, the normalization of s, ; is such that the maximum value of |s, 1(2)|r, is 1 and
is attained for those z for which z = v (this follows easily from the convexity of ). In fact,

Up(v,2) = (x —v)u” ()
so the unique turning point of z — U(v,x) is at © = v.

4.2. The Local Partial Bergman Kernel. Fix ¢ € (0,a) and let x = x(z) be a smooth
positive cutoff function that is identically equal to 1 for < ¢ and has compact support in D.
For € < o define

Z Gn,ksmk(z)smk(z/) for (z,2') € D x D (4.6)
e<v<o
where 1
= / x(x)e VW) 4y (4.7)
Gn,k D

Finally let Y = {0} be the origin in D.
Theorem 4.1. Fizn < o. Then A} has the almost reproducing property on pw=0,7m); that is

/D X(@') () A5 (2, 2)e 2R daldd — f(z)| = O(k™)IIf Ing (4.8)

ke

for all f € Hak‘( D) and z € pt0,7n).

Proof. Let f € H€k|( D) which can be written as f = fi; + fo where
Z anz" and fo(z Z anz" (4.9)
e<v<o v>o
and v = n/k as before. Obviously f; and f» are L2-orthogonal, so
1£1%, = I f1llZ, + 152112, (4.10)
Now by symmetry,
| XA e # 04 = (), (4.11)
D
so all that we have to do is prove
[f2(2)|kp < OK™) I f2llry for @ = p(z) <.

)
To this end, fix some 7 with /(1) € (n,0). If z = ¢ has u(z) < n then ¢'(t) < n < (1)
and so by strict convexity of ¢ this 1mphes t <7 — ¢ for some § > 0 uniformly over all such z.
Then Cauchy’s inequalities give

|ane™| < sup | fo(e™0)| = M) sup | f2(e77) | g (4.12)
0 0

Therefore

‘f2 ‘klﬂ Z ‘a g kgo(t < kgo(t sup]f T+160 ’ Z n(t—r) (4.13)

n>ok n>ok
Now, by Proposition [2.6] there is a constant C' such that if ¢ < 7 then

f2(¢ )k < CR| follkp, (4.14)

and hence

|f2( ")k < Ol folp e PO # DIkl (4.15)
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Thus we will get an exponentially small multiple of | f2||x, provided that
o) —o(r)—ot—7)>¢ (4.16)

for some positive ¢’. But this is clear from the following picture:

©
That is, by convexity of ¢ the quotient
—(t
T—1
is bounded above by the slope ¢’(7) which assumed to be strictly less than o. O

5. A LOCAL S'-INVARIANT BERGMAN KERNEL ON X

5.1. Outline of the construction. We return to the case in which Y is a divisor in a compact
complex manifold X, and L is a complex line bundle with hermitian metric e”¥ that has
strictly positive curvature. We assume from now on that there exists a neighbourhood U of Y
that admits a holomorphic S'-action so that all the data are invariant when restricted to U
(that is, the action lifts to L|y preserving the hermitian metric, and Y is fixed pointwise by
the action). In this section we shall construct a local PBK on U whose asymptotics we can
understand as k tends to infinity.

There are several ingredients to this construction. First we exploit the relation between the
eigenspaces of the S'-action on H°(U, L*¥) and the order of vanishing along Y. By hypothesis,
S'acts on the fibre L, for any p € Y with some weight w (which is the same for every p € Y)
and by renormalising the action we may assume without loss of generality that w = 0. Write

HY(U, £%) = @D Vi(n)

where Vi (n) is the subspace of elements of weight n. Then as Y is fixed pointwise
H(Y, L* @ #3) = D Vi(i).
jzn
Using the presence of the S'-action, we then have an identification
Vi(n) = H'(U, L* @ #2 /HO (U, LF @ #) = HY(Y, LF @ 6(—nY)|y). (5.1)

This is made explicit by a choice ¢ € HY(U, 0(Y')) of defining section for Y. Thinking of U
as a disc bundle 7: U — Y, the isomorphism (5.)) is given by pulling back to U and then
multiplying by ¢”. To put it another way, if f is a holomorphic section of L*|; we have an

expansion
[= Z f no"
n

where f,, € HO(Y, L(—vY)[%) and v := n/k. When U is a disc centered at the origin with the
standard Sl-action and Y = {0}, this just reduces to power series expansion of holomorphic
functions on the disc.
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Next we define a hermitian inner product on H°(Y, L(—vY)¥|y) as follows. Fix an S'-
invariant cut-off function y which is identically 1 in a neighbourhood of Y and supported in U.
Then, with ¢ as above, we set

1 alZpr = /X (Pl Pyl for £, € HOY, (=Y )Fly). (5.2)

It turns out that this inner product is equal to the L2-inner-product with respect to certain
hermitian metrics e=2™ on L(—vY)*|y and certain volume forms on Y

Proposition 5.1. (Proposition[5.12) Fix &' slightly larger than €. Then for v € [0,€'] there is a
strictly plurisubharmonic potential n, on L(—vY)|y and a volume element dV,,, on'Y depending
smoothly on v and h := 1/\/@, such that

n l%,k,x - ‘fn‘indeVﬁ'
fnl .

The proof of this proposition is essentially a standard stationary phase argument for the
integral (0.2]). To give a rough idea of the argument, consider the local situation. In standard
local coordinates (z = e wy,...,w,) so that Y is given locally by z = 0, our potential
¢ = ¢(t,w) and is convex in t for fixed w. Introduce (locally) the parametrized Legendre
transform u characterised by

u(z,w) + o(t, w) = xt where x = ¢y and t = u,.

Here z is the moment map of the S'-action. On the other hand, the integrand in (5.2)) then
takes the form

dx A df
| fa(w)[? exp(2k(u(a, w) — (z — v)ug (2, w))) T —
multiplied by a smooth volume element in the w variables, where v = n/k. So standard

asymptotic methods give a leading term of the form

1
Vg (v, w)k

on integrating with respect to x and #, since the exponential is stationary at z = v. Thus we see
the negative of the Legendre transform —u(v, w) appear as a local potential for L(—vY)|y. We
shall show that w — —u(v,w) is strictly psh in w and that these local potentials indeed patch
together to give a potential 1, on L(—vY)|y. The existence, and properties, of the required
volume dV,, 5 then comes from an application of Laplace’s method.

Now the projection from the L2-sections of L(—vY)[¥ to the holomorphic ones is given by
an integral kernel on Y x Y that we denote by G, ;.. Putting all of this together we shall prove:

62ku(u,w) |fn(w) |2

Theorem 5.2. (Theorem [5.23). Fix &' slightly larger than €. Then the quantity

e'k
Bj = Z Gpro" Xa"

n=ck
is an S'-local PBK forY .

We refer the reader to Section [5.6] for the precise definition of a S'-local PBK (which merely
modifies slightly the decay away from the diagonal property). Of course this theorem is to be
understood as holding with respect to the chosen cut-off function y. This is a rather precise
formula for the local PBK, which we shall exploit to understand its asymptotics as k tends to
infinity.

We now go through the details of these two results.
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5.2. Circle-invariant set-up. Let X, Y, L and ¢ be as before and set w = dd“p. We also fix
a defining section o € H°(Y, 0(Y)) for Y. We suppose that there is an open neighbourhood U
of Y that admits a holomorphic S'-action with Y as the fixed point set, so that U is covered
by charts that admit “standard coordinates” (z,w) so that

A (z,w) = (Az,w) (5.3)

and so that o = z in these coordinates. We also assume that this actions lifts to L|y preserving
¢ in such a way that the S'-action is trivial over points in Y. By abuse of notation we let
O(Y) denote both the line bundle associated to the divisor Y as well as its sheaf of sections
(so is equal to the normal bundle of Y in X). We let u: X — R denote the Hamiltonian of
this S'-action normalised so Y = p~1(0) and always assume that ¢ is sufficiently small so that
p1[0,6) € U.

As we have a holomorphic S'-action, we can identify our tubular neighbourhood U of Y
holomorphically with a disc-subbundle of &(Y').

Lemma 5.3. The neighbourhood U of Y is biholomorphic to a disc subbundle m: D — Y of
O(Y). Furthermore any S'-invariant line bundle L' on U is canonically isomorphic to w*L'|y .

Proof. Let (zq,wq) and (z3,wg) be two sets of standard coordinates. The transition functions
between them are necessarily of the form

28 = AaB(%as Wa)Za and wg = 745(2a, Wa) (5.4)

where A, is holomorphic and takes values in C*. Then both A\, and 7,3 must be Slinvariant
as well, which means their dependence upon z, must be trivial. Hence we have

28 = Aap(Wa)Za (5.5)

is actually linear in the z coordinate. Since locally Y is given by z, = 0 (resp. z3 = 0) the A\yp are
the transition functions for the line bundle &(Y'), so we have the desired biholomorphism. The
argument for the second statement is the same, as the transition functions for an S'-invariant
bundle L’ must be independent of the normal variables z, in standard coordinates. O

Now we recall the eigenspace decomposition we have denoted by
H(U,LF) = €D Vi(n)
n

where Vi (n) denotes the subspace of weight n and that here and henceforth we are setting

Lemma 5.4. The map
HOY, L(—vY)|%) = Vi(n) given by fn+— 7 fno™
s an isomorphism.
We omit the proof.
Lemma 5.5. Given f € HO(U, L) there is a unique sequence
fn € HY(Y,L(—vY)X), forn>0
such that

/= Z(ﬂ*fn)an.

n=0

Proof. We have that (7* f,,)o™ is just the weight-n component of f with respect to the S*-action.
We use here the fact that a weight-zero section on U is canonically the same as the pull-back
of a section over Y. That f, lives where claimed is immediate from the definitions. O
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From now on we regard U as a disc-subbundle of &(Y") without further comment, and drop
the * from notation so we identify LF® €(—nY) with 7*(L(—vY)*|y) and also identify sections
fn of L(—vY)|%) with their pull-back 7 f,, to U.

Our next order of business is to define hermitian inner products on H(Y, L(—vY)|¥). Pick
¢’ slightly larger than ¢ and a domain €’ arranged as follows:

pl0,6) € ¥ e p0,€") e U.
Definition 5.6. Fix once and for all an S'-invariant cut-off function
X € C5°(U) with x =1 on p~1[0,€'].
Then for f,, g, € C°(Y, L(~vY)|¥) define

<fn7gn>l/,k:,x ::AX(fnagn)kylalzykw[n}- (56)

(We emphasise our abuse of notation in that on the right hand side f,, and g, are being identified
with their pullback, so as to be defined on U).

So by construction if f =" fno™ and g =), gno™ are the expansions of two functions in
HO(U, L*) as in Lemma [5.5 we have

[ x( gt = /U XU Dot = 5o o

n

5.3. The local Legendre Transformation. Our next goal is better to understand the her-
mitian inner products on H(Y, L(—vY)|%) defined in (5.6]). In this section we shall do so locally
over a small chart in Y, and in the next we will see how this globalises over Y. So assume we
have standard coordinates z,ws, ..., w,_1 as in (53] on some patch of the form U, = 7~ 1(W,)

for some open subset W, of Y and write
z = et

Recall that this includes the assumption that the defining section ¢ for Y is locally given by
0 = z in this coordinate system, and on this chart the hermitian metric on L is given by e~2¥
where ¢ is a function of ¢ and w. So, for f supported in such a coordinate chart

1120 = / xe e p2lnl

We fix v > 0 and investigate the large k asymptotic behaviour of this integral. By standard
principles doing the t-integral first, this will be exponentially small in & unless the cricial point
¢ = v occurs in the support of f. Assuming this to be the case, the main term for large k is

o2k () —vts) _ 2ku(vw)
where u is the parametrized Legendre transform defined as follows. Introduce the dual variables
T =y (5.7)
which is precisely the moment map of the S'-action, so Y is given by x = 0.
Definition 5.7. The parameterized Legendre transform u is characterized by
o(t,w) + u(x,w) = tx. (5.8)
Thus dually to (5.7) we have

t = Ug.
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Lemma 5.8. For each fized = the function w — —u(x,w) is strictly plurisubharmonic. More-
over, if we introduce the connection 1-form

1 1 1 ) _
a=—d% = Jdor = — <d9 + =~ (gotad@a — gpmdwa)> , (5.9)
o 2mpu 27 Pt
then
w=w,=drAa+ (dd®),(—u(z,-)), (5.10)

where the notation indicates fixzing x and computing dd® of w — —u(z,w).
Proof. By elementary computation,

dp = @pdt + p.dw® + padw?,
Jdp = ¢ df —ip,dw® + ipgdw?,
dJde = @udt AdO+ @redw® A df + piadw® A df
+ i(p@dt A dw® — @iadt A dw®) + 2ip zdw® A da.

Since x = ¢y,

dz = ¢4 At + radw® + praduw® (5.11)
SO
1 _ 7 _
drAha = o {gptt dt + pedw® + gptadwa} A {d& + Sp—(gotadw“ — gomdwa)} (5.12)
tt
(1 -
— dd%+— {—cpmgotg — %} dw® A dw”. (5.13)
™ Pt
Hence we need to prove that
dJd)yu = 2i 4 — dw® A dw® 4
(dJd)wu = 2i Egpmgotg—goag w® A dw’. (5.14)

This follows by careful differentiation of (5.8]). First, by differentiation with respect to w?,
©a(t,w) + ug(x,w) =0 (5.15)

where in the first term we are holding ¢ fixed and in the second we are holding x fixed. Differ-
entiating again with respect to @?, holding z fixed,

Pup t Praty = —Ugg (5.16)
Next, differentiation of & = ¢; (2, w) with respect to yields w® (holding x fixed)
i+ puty = 0. (5.17)
If we insert this into (5.16]), we obtain
— Ugp = Pap — PtaPyp/ it (5.18)

This proves (5.14)), from which it follows that —u(z,w) is strictly plurisubharmonic in w for
fixed z. U

Lemma 5.9. For fized w the map x — u(x,w) is strictly convez.

Proof. This follows as ugz, = t; and z; = vy > 0 as ¢ is assumed to have strictly positive
curvature. O
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5.4. The Global Legendre Transform.
Definition 5.10. Let u(x,w) be the locally defined Legendre transform from (5.8]). We set
Ny (w) == —u(v, w)

Lemma 5.11. The above locally defined expression for m, gives a well-defined potential on
L(—vY)|y whose curvature dd°n, is strictly positive (and bounded away from 0 as v ranges in
a bounded interval).

Proof. Consider a cover by standard coordinates (z,,wy) on charts U, as in (5.3). We assume
the line bundle L is trivialized over each U, with transition functions p,s and that the metric
on L has potential ¢, over U,. As we have already seen (5.5
28 = Aapp

where A\, 3 is a holomorphic function of w, in U,NUg giving the transition functions for &(Y)|y.
Now 0,0 = Ot4pp since they are both equal to the globally defined moment map z. So by
definition of the Legendre transform along the set {x = v} we have

Spa(ta, wa) + ua(y, wa) =taV

gpﬁ(tﬁ, wﬁ) + U5(l/, wg) = tﬁy
Now

ta =log|za| = log|Aap| +log |25] = log [Aap| + 13

and as ¢ is a potential on L we have ¢, = g + log|uas|. So we obtain

UB(V, wﬁ) =tpr — g =talV — Yo + 10g(|ﬂa6|) - VlOg(p‘aBD = Uq (v, Wa) + 10g(|:uozﬁ||>‘ozﬁ|_y)

which is precisely the statement that 7,(-) = —u(v,-) is a well-defined potential on L(—vY)|y.
The positivity of the curvature of this potential is a local calculation, and is the content of
Lemma 5.8 O

One of our main uses of this potential is the following expression for the hermitian metric we
defined on HO(Y, L(—vY)|¥). Write w, o, = —(dd€),u(z,w), so by Lemma 5.8

1
Wy = dx N o+ Wep, with o = —d“x
Pt

as before.

Proposition 5.12. There exist volume forms dV,; on'Y for v € (0,€") such that the inner-
product on sections of L(—vY)X defined in (5.6) is the L*-inner-product with respect to the
potential 1, and volume form dV, j, i.e.

1120 = /Y R Vi for all f € C%(Y, L(—vY)[}).

In fact
27

Uy (v, W)

dVipn=h wit N A(v, h) (5.19)

where A(v, h) is a smooth function and A(v,0) = 1.

Proof. Let (z,wy,...,w,_1) be standard coordinates on some chart of the form U, = 771 (W)
for some W, C Y. Without loss of generality we may assume that f is supported in W. Observe
that

1
w(E?] —dz AaAwT = —dz A do AWl
) 27T ’

Then chasing definitions

1 — —vt— n—
k= 5 [ XUz a0 ple .
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This can be calculated by performing the x-integral first, to obtain an expression as an integral
on W,. This gives the existence of the volume form dV,,j, (which is clearly well-defined over all
of Y). Now observe that

o(t,w) — vt —n,(w) = p(t,w) — ot — (v — )t + u(v,w)
= _u(x’ U}) - (V - x)um(x’ w) + u(y’ U})
= Uge(z,w)(x — )2 + q(z, v, w)
where ¢ vanishes to order at least 3 at x = v. Thus the z-integral can be calculated using
Laplace’s method, proving that dV,, ; is smooth in A, and moreover giving the stated leading

term for dVj,; (this is a simple case of the Laplace method described in Appendix [C] see in
particular Remark [C.4]). O

Remark 5.13. It is worth noting that dV,,, = O(h), so h=1dV,,; lie in a compact set of smooth
volume forms as & tends to 0 and v ranges in a bounded interval.

5.5. The extremal envelope. The circle-invariant set-up allows us to identify the extremal
envelope and the forbidden region explicitly in terms of the moment map, the potential and the
Legendre transform.

In the neighbourhood U of Y, note that the locally defined expression et — u(e,-) defines
a potential on L|U. This is because in U, et is a potential on €(eY) and 7. = —u(e,-) is a
potential on L(—eY’), so their sum is a potential on L. Note further that

pt,w) =e = et —ule,w) = @(t,w)
by definition of the Legendre transform. Define

wettw) = {

This definition makes sense initially only in U, but can clearly be extended to equal ¢ over
X \ U. So defined, 1. is a continuous potential on L.

et —u(e,w) if p(t,w) < e,
o(t, w) otherwise

(5.20)

Remark 5.14. The definition (5.20]) can be motivated as follows. The simplest possible function
with correct Lelong number has the form et + const, where ¢t = log |z| as before. This does not
extend globally, so away from Y we try to patch it to ¢(t). For fixed w, the slope of d,p(t, w) is
equal to € precisely when u(t,w) = €, since 0;p = . Thus we extend et + const across p~!(¢)
to equal . For this to be continuous, we need the constant to be equal to —u(e,w), and we

have arrived at (5.20]).
Then we have

Theorem 5.15. The function 1. is the extremal envelope for (X,Y, L,e) (cf. Definition[2.11]).
Moreover, for (t,w) € U,

e (t,w) < (t,w) if and only if p(t,w) < e.
In particular the forbidden region D, is equal to p=1[0,¢€).

Proof. We shall show first that ¢.(t,w) < ¢(t,w) iff u(t,w) < e. This is a variant of the
convexity argument used at the end of the proof of Theorem (.11
Fix w and let t. satisfy p(t.,w) = . Then, from the definitions,

et —u(e,w) = et — (et — p(te,w)) = e(t — to) + p(te, w)).

If t < t. then the difference quotient is strictly less than the derivative at the upper end point
¢'(t:) = €. Hence the quantity in the large brackets is positive and so

Then

et —u(e,w) < ¢(t,w) for t < t.

as required.
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We shall show next that v, is C'. The only issue is what happens near p~!(¢). It is easier
to use (z,w) as local coordinates. Then

e = eug(z,w) —ule,w) for z < e (5.21)

and

e = zugz(z, w) —u(z,w) for x > ¢ (5.22)
Since both expressions are equal for x = € it follows that all tangential derivatives agree on this
hypersurface, whereas

lim 0,9 (e, w) = ey, (e, w)
T—rE~

and

lim 0,9 (e, w) = Im xuy, (, w) = etz (e, w).
x—et T—e

Thus v is C! as claimed.

A similar calculation, which we leave to the reader, shows that 1. is psh: from the regularity
just proved, this follows by showing that ). is psh on each side of the hypersurface ;! (e).

Hence 1. is a candidate for the extremal envelope . in the sense of Definition 2211l We have
to check that there is no better candidate. By definition, any other candidate must also equal
@ on the set X \ u1[0,¢).

Suppose for contradiction ¥, < ¢. at some point (g, wg) € U. Then there is a plurisubhar-
monic potential v on L bounded above by ¢ with Lelong number at least € along Y such that
v(to, wp) > 1 (tg, wp). Since v < ¢ we must then have p(tg,wy) < € and so . = et — u(e, w)
near (to,wp). Suppose that 7/ (tg,wp) = ¢, = €. Along the image of t — (¢, wp) we have +/(t,wp)
is non-decreasing, so at the point (£,w) on pu~!(g) we have v > 1. (t,w) = o(t,w) which is ab-
surd. Hence 7/(tg, wp) < . Again by the monotonicity of 7/ along this image we see that v/ <
for all ¢ < ty and so the Lelong number of u is strictly less that € which is also absurd. Hence
such a v cannot exist, and we conclude 1. = . as desired. O

Corollary 5.16. With notaton as above, the equilibrium set for Y with respect to € is the
complement of u=1[0,¢) and the forbidden region is [0, )

Proof. Follows directly from the Theorem. O

Remark 5.17. Berman has proved that the extremal envelope ¢, is generally no better than
C11) and our explicit formula (5.20) displays precisely this regularity. On the other hand, we
have seen in the course of the proof that . = ¢, is conormal with respect to the hypersurface
pu~1(e): that is to say

Vi...Vntpe € OB
for any number of vector fields Vj, provided that these are all tangential to p~1(e). It would be
interesting to investigate the conormal regularity of the extremal envelope in other situations.

As an application of this explicit identification of the extremal envelope, we prove the following
technical result.

Lemma 5.18. Suppose that f € H,i;“(U) and
Q' ep o).
Then there are constants C' and ¢ such that
sup |k < O™ I ks (5.23)

Proof. The proof is similar to that of Proposition 2.T3l Let N}, = supgqy | f|x, and set

1
Z (log | f|xp — log Ny) .

Then v < 0 and ¢ + v is a competitor to be the envelope for vY on €. Hence ¢ + v < ..
Rearranging this gives that over €'

[flke < Niexp(=k(p = ¢er)) < CK" exp(=ck)| f[keo.u

V=
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where we have used the L? implies L> bound from Proposition and set ¢ : info/(p—1,) = ¢
which is strictly positive as Q' € p~10,¢’). O

5.6. A modified glueing result. We will need a slight modification of our glueing result that
relaxes the decay away from the diagonal condition in the presence of a holomorphic S'-action.

Definition 5.19. We say that Bj is an Sl-local partial Bergman kernel if it has the almost
reproducing property as in Definition B.I] and the following decay away from the diagonal in
standard coordinates:

|Bi(z,w, 2", w) [y < Ckreclw=w/Prle='?) g a1 (z,w), (', w') € U
where, we recall, © = u(z,w) and 2/ = p(2’,w’) is the value of the moment map at these points.

Theorem 5.20. With the setup as above, suppose By is an S1-local PBK of order N on W C U,
and suppose that € is sufficiently small so that the forbidden region D, lies in W. Then if W’
is an open, relatively compact subset of W then we have for all r > 0 that

Ki(z,y) = Bi(z,y) + Ocr (K"*127NY for all a2,y € W'

Proof. The proof is the same as that of Theorem [3.3l The only place in which we used the
decay away form the diagonal was in (B.7)). But if (z,w) € W/ and dx(z’) # 0 at a point (2, w’)
then x and 2’ are a bounded distance apart (as y =1 on W) and so ([3.7)) still holds. O

5.7. The Local Partial Bergman Kernel. We are now ready to define our local PBK. For
v € [0,€') let Gy, denote the reproducing kernel on Y x Y for L¥ ® €(—nY)|y with respect to
the inner-product defined in (5.0)).

Definition 5.21. Define
'k
Bf =Y Gupo"R7". (5.24)
n=eck
So by our conventions made following Lemma[5.5, Bj, is a holomorphic section of LE|y @fklU.

Theorem 5.22. Bj is an S'-local PBK for (¢,Y) on Q' (with respect to the chosen cutoff
function x used in (5.6])).

Before the proof we make a convenient definition:
Definition 5.23. In standard local coordinates let
Uv,z,w) :== u(v,w) — u(z,w) — uz(z,w)(v — x) for v € [0,€']
Lemma 5.24. (1) There exists a constant ¢ > 0 such that U(v,z,w) > c(z — v)%.
(2) For any f € HO(L(—vY)¥|y) we have

|f0-n|kgo — |f|kny6_kU(V7$7w)-

Proof. The first statement follows as U (v, 2, w) = uz(w, ") (v —z)? for some 2’ which is strictly
bounded from below as x — u(x,w) is strictly convex. The second statement is a simple
calculation using the definitions and is left to the reader. O

Proof of Theorem [2.24. We first show that Bj has the almost reproducing property, i.e. for
some ¢, C' > 0 we have

1£(2) = (Bfi o X Prelie < Ce™ || fllrpw (5.25)

for all f € H;ZZ(U) and z € €. For this we know from Lemma [5.5] that we can write such an f
as f = g+ s where

'k
s = Z spo” and g = EZ: gno™

n>e'k n=ck
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and 8,9, € HY(L(—vY)F|y). By integrating in the normal direction to Y first, we see by
construction that if z € ' we have

(Xga Bliz)k?so = g(Z) and (X‘S’Bli,z)kgo = 0.

On the other hand as s vanishes to order at least ¢’k along Y we have from Lemma [5.I8] that
supqy ||k < Ce™||s||kp < Ce*|| f||ky for some ¢, C > 0. Putting this together gives (5.25).
Finally we prove that B}, has the desired decay away from the diagonal property, i.e.

|Bi(z,w, 2", w') |y < Ckre(w=wPrle=2'%) for a1l (z,w), (', w') € U.
Fix (z,w). Then by Cauchy-Schwarz and the definition of the function U (i.e. Lemma [5.24])

|B,i(z,w,z',w')|z<p < O(k‘) Z |Gn’k(w’w’)|inue—k(U(V,x,w)-l—U(V,x’,w/))
ek<n<e’k
<O(k) Y [Guplw,w)f}, e HEm Ha =%
ek<n<e’k
for some ¢ > 0. Recall that each G, decays exponentially fast away away from the diagonal,
2

|Gn7k(w,wl)|zny < O(k2n71)e*(2k‘w*w/| . (526)

We have given a proof of this classical fact in Theorem 2.9 Moreover this estimate is uniform
as v ranges in a bounded interval, as follows directly from our proof. (We remark that for a fixed
volume form the Bergman kernel has decay at rate O(/<:2"*2)e*d‘ﬂ'w*w/'2 since dimY =n —1,

and this decay still holds for volume forms that lie in a compact set; but in the above G, is
taken with respect to the volume form dVi,;, = O(f) = O(k~'/?) which explains the missing

factor of k in (£.20)).)

Hence
72 2 / 2
|Bi.(z, w, z',w')ﬁw = O(kQ")O(e_Cklw_w | )e_Ck((”C—”) +He'=)%)

for some ¢ > 0. On the other hand, by completing the square

(z — a')?

1 AN

(@—v) 4 (@ =)= @)+ (v-2E0) >

2 2 2

which gives the desired result. O

6. PROOF OF MAIN THEOREMS

We now put what we have done together to prove the main theorems. The main task is to
understand the asymptotics of our S'-local PBK

e’k
By = Z Gpro" Xa". (6.1)
n=¢ck
The idea is to use the standard asymptotic expansion of the density functions on Y to expand
the functions G, ;, in powers of k, and then use the Euler-Maclaurin formula to evaluate the
sum in terms on an integral, which by Laplace’s method can also be expanded in powers of
k. To display the main ideas and keep the proof short, we include an account of each of these
standard techniques in the Appendix.

We start by recalling the well-known asymptotic expansion of the Bergman kernel. Let L’ be
an ample line bundle on a compact complex manifold Y of dimension d with positive hermitian
metric e~ and let dV be a smooth volume form on Y. These define an L?-inner product on
sections of L'* and we let K .. denote the reproducing kernel for the projection to the holomorphic
sections, and let p} (y) = Ki(y,y) be the corresponding density function.

Theorem 6.1. There exist smooth functions ag,a1,... on'Y such that for any p,r > 0 there is
an asymptotic expansion

ph = agk? + a k4 4+ apk:d_p + Ocr (K4=P71y,



24 JULIUS ROSS AND MICHAEL SINGER

Furthermore the a; are universal quantities that depend smoothly on dV and the curvature of
, in particular

(dd )"

awv -’
Moreover given any ¢ > 0 and background Kihler form wy on Y, the Ocr(k*P~1) error term
may be taken uniformly over all (L';e™%) such that dd°p > cwy as well as uniformly over all
volume forms that lie within a compact set.

(6.2)

ayg =

Proof. The first statement is the famous asymptotic expansion of the Bergman kernel, due to
Fefferman [9], Catlin [5], Tian [30] and Zelditch [31], The statement that the error term may be
taken uniformly follows from the same proofs (e.g. it is clear that this is the case for the local
Bergman Kernel of [3], and the glueing theorem of [3, Thm 3.1] uses the Hérmander estimate
which gives a uniform error given the assumed bound on ddyp, and for the variation with respect
to dV see [3, Sec 2.4] which is also clearly uniform as dV varies in a compact set. (]

Proof. (Proof of Theorem [T and Theorem [[2) First we note that B{ is an S'-local PBK which
by Theorem approximates the globally defined PBK, so in standard coordinates (z,w) we
have

pi(z,w) = Bi(z,w, z,w)e” *¢E0) L O(k=).
Hence the goal becomes to understand the asymptotics of the quantity

B := B (z,w, z,w)e_%‘p(z’w).
From now on we will work with the variable & = k~/2. By Lemma .11 the 1, have positive
curvature bounded from below uniformly over v € [0,¢']. Observe that 1, are smooth in v and
recall that h=1dV;, , are volume forms that lie in a compact set (and moreover are smooth in 5
and v). Thus Theorem [6.1] implies there are smooth functions a;(v,w) on [0,&’] x Y such that

that for any r,p > 0 we have
hG, 1 (w, w)e*%%””(w) = ag(v,w)h* 2" +ay (v, W) 2+ - tay (v, W) AP O (RPPTAT2)
where, as usual, v = n/k = h?n. To capture this information we define
a(v, 12, w) == ag(v,w) + ay (v, w)h? + - - - + a,(v, w)h?P
which is clearly smooth in all variables.

Remark 6.2. For later use, observe that from the leading order term of dV,,; given in (5.19)
and the leading order term of the asymptotic expansion of the Bergman function given in (G.2])
we have that

Uz (0, W)
0,0 =ap(0,0) =4/ ———.
(X( ) ,’U}) aO( ) ) o
Now using Lemma [5.24] (i.e. the properties of our function U) gives
ek
B= Z Gn,k(w,w)|z|2"e_2k“"(z’w)
n=c¢ck
e’k
— Z G, k(w’ w)ef2kny (w)ef2kU(u,m,w)
n=ck
'k
_ h172n (Z 672kU(x,u,w)a(h2n7 h2,w) + Ocr (h2p+2)> ]
n=ck

Now this sum can be calculated using the Euler-Maclaurin formula (see [B.2)). To state this let
qn(s) :==q(s, h,z,w) = eihiQU(m*hs’m’w)a(aﬂ — hs, h?,w)

and set
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Then
13 m—1
KB = / qn(s)ds + > Ak + O(K™) (6.3)
_ =
where

Ao = an(€) amd 4, = (<177 ZE g0

where 3; are the Bernoulli numbers. Moreover one sees directly that the coefficients A; lift to
the real blowup (see Appendix[Al) as in the statement of the Theorem.

Thus it remains only to analyse the integral in the right hand side of (6.3]) which can be done
by Laplace’s method. In slightly more detail observe that g;(s) has its unique critical point at
s = 0. We rewrite the integral as

¢ r—e s
I:= / qn(s)ds = h_l/_ an <ﬁ) ds

—0o0 o
So this is precisely the setup of Laplace’s method as discussed in Appendix [C] which shows that
this integral has an asymptotic expansion in powers of A, in fact

27T0z 0,0, w
I—— (v 1u22(0, O(h
Uz (0, w) w)e) +

where as usual
L[
— e 2 dt.
21 J o
Recall that u,,(0,w) = |v| where v is the generator of the S'-action. Thus plugging in (Remark

[6.2)

O(x) :=

a(0,0,w) = ol

2’
as simple change of variables gives

1 5502
_ 7/ e 22 dt + O(h)
V27| J oo

as required in the statement of Theorem Finally Theorem [L.] follows immediately from
this by the behaviour of ®(z) on the sets {x < ¢} and {x > ¢}. O

7. AN APPLICATION

We end with an application of our main theorem to the study of a certain natural function
introduced by Ross-Witt Nystrom [23] that one can associate to a divisor on a Kéahler manifold.

Fix a line bundle L on a compact complex manifold X with hermitian metric e~%. Then the
order of vanishing of sections along a divisor Y determines a finite length filtration

HO(LF) > HY(LF @ #y) D HY(LF @ #3) > --- > {0}.

Let ordy(s) denote the order of vanishing of a section s along Y, and suppose that {s, 1} is an
L%-orthonormal basis for H°(L*) that is compatible with this filtration, i.e. for each j the set

{sa,k : ordy (sa,k) = j}
is a basis for HO(L* ® f}J,),
Definition 7.1. Define M;: X — R by
> o ordy (8a.k)|Sa.kl7,
k3 1saklh,

One can check directly that this definition does not depend on choice of compatible orthonor-
mal basis, and thus defines a natural smooth function on X associated to Y and the hermitian
metric on L.

My (z) =
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Theorem 7.2. Suppose ¢ and Y are invariant under an S* action on (X, L). Then there is a
neighbourhood of Y and an asymptotic expansion

My =co+crppk 2+ erk™ + -+ k™ + Ocr (k7N 7Y2) (7.1)

where ¢; are smooth functions defined on this neighbourhood. Moreover ¢y is precisely the hamil-
tonian of the S' action normalized soY = c,*(0).

Remark 7.3. It is shown in [23, Sec 8], without any assumption of the existence of an S*-action,
that the limit
= lim sup My,
k—o0

converges almost everywhere on X. We do not know anything about the regularity of u in
general, but it does have a “push-forward” property analogous to that of the Duistermaat-
Heckman formula [23] Thm. 8.1,8.3] with the moment polytope being replaced by the Okounkov
body of (X, L). The previous theorem shows that in the S'-invariant case we in fact have that
1 = cg is the Hamiltonian in a neighbourhood of Y which reaffirms this property.

Proof of Theorem [7.2 For simplicity write s, for s, ; and set n, = ordy(so). We also write
r: X — R for the hamiltonian of the S!-action normalized so Y = {z = 0}. So the partial
Bergman kernel for (g,Y) is given by

P = Z ]sa]%q, for ek € N.
na=ek

By Theorem there is a neighbourhood of the divisor and an expansion of the partial density
in powers of k/2:

P = bo(e)k™ + by ()K" 2 4+ -+ by ()" N + Ok N )

where the b;(¢) are smooth functions on X with

1 \/E(l“*e) 2
bo(e) = \/ﬁ/ e 2z dt.

Now

I

ko v ko
Dok =200 lsalip= D malsali,+ Y kolsali,
j=1

71=1na=j na<ko na>ko
Thus on a smaller neighbourhood of Y (say where z < ¢/2) we have

ko )
1y oo
Mk:—kZp,ﬁ +O(k™)
=1

where py, is the usual Bergman function on X. Now pj, = k™ +O(k" 1) has a global asymptotic
expansion in powers of k, and thus the Euler-Maclaurin formula gives the required expansion

(1) for M;, with
co = / bo(s)ds.
0

Roughly speaking, for k large by(s) is approximately 1 for z > s and 0 for < s, and so
co = [y bo(s)ds ~ [ ds = x. We claim that in fact for < o/2 we have

/OU bo(s)ds =z + O(k™>)

To see this, integrate by parts to get

2

g g —k(z—s)
I:= bo(s)ds = [sbo(s)]5— —i—\/E/ C e ds
| to(epas = lsmetezo + VE [T 2=
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Since x < /2 the boundary term is O(k~°°), and by direct calculation

L2 /U L bes)? d /U( ) 1 ke—s? ds + O(k—)
=X € z S — r—S (& £ S
0o Vimx 0 V2rx

_ k71/2$ + O(kfoO)

as claimed. O

APPENDIX A. THE REAL BLOow-UP

For the reader’s convenience we collect here some elementary properties of a special case of
the real blow-up. More details and constructions of greater generality can be found in Melrose’s
book [I7, Chapter 5], as well as in [I1] and [I0, Section 2.3].

Definition A.1. Let St = {e" : 6 € [0,7]} C R? be the upper-semicircle. The real blow-up of
the upper-half space R x R>( at the point p = (0,0) is defined to be

[R x Rso;p] :=Rsp x SL
along with the blow-down map
B: R xRsp;p] = RxRsg B(r,e?) = ret.
Thus [R x Rx¢;p] is the upper half-space with a copy of the semicircle S}r inserted at the
origin, which we consider as a manifold-with-corners. Then S is smooth, and moreover is
a diffeomorphism away from the exceptional set E = 37 1(p) = {(0,¢?) : 6 € [0,7]}. The

boundary of [R x R>¢; p] has three pieces, namely E and the two axes Hy = {(r,£1) : r € R>0},
and two corners C+ = Hy N E.

R x Rx0; p]

RXR>0

p

For higher dimensions, we let the real blow-up of R™ x Rsq along Y := R"! x {p} be
[R™ x Rso; Y] := R x [R x R; p|, and by patching in the obvious way, this extends to define
the real blow-up [X X R>¢; D x {0}] for any smooth real manifold X and codimension 1 smooth
divisor D.

Let x be the standard coordinate on R and /A the standard coordinate on Rsg. Then the
functions

z
== and h
£ h
give coordinates on the blow-up B := [R x R>;p| on an open set containing the interior of F

(precisely, £ = cotan @ and i = rsin @ for (r,6) € B with 6 # 0). Moreover in these coordinates
B(&,h) = (€h, k). Around each of the corners Cx we have coordinates given by

h
z and nL=+—
x

(so z =rcosf and ny = £tané) and in these coordinate f(x,ny) = (x, Lany).
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Our interest will be in functions on R x R+ that lift to smooth functions on the blow-up (i.e.
that extend to a smooth function right up to the boundary). As a model example (which will
be considered in more generality below) let

2,2

qlz,h)y =e """

which is clearly smooth for i > 0, and extends smoothly to the boundary away from p := (0, 0).
We claim the lift 8*g := q o 8 extends to a smooth function on all of [R x R>g;p]. To see this
observe that in the coordinates (£, h) we have

B q(&,h) = q(€h,h) = ¢

which is clearly smooth, and in coordinates (z,n4),

-2
B q(x,ne) = q(z, £anL) = e+

which extends to a smooth function for all n1 > 0 by declaring it to be zero when ny = 0.

APPENDIX B. THE EULER-MACLAURIN FORMULA

Let U(v,z,w) be a smooth function, where v € [0,¢'], z € Rso and w ranges in an open
relatively compact subset of C™. Suppose that U is such that z — U(v, z,w) is strictly convex
and

U(z,z,w) =0 and Uy(z,z,w)=0 forall z,w. (B.1)
Also let a(v, k%, w) be a bounded smooth function where h? € Rx¢ and fix also € € [0,¢’). For
h > 0 let
pi(t) = p(t, h,w,w) == e "VELT L) o (24 52 )

Then our interest is in the behaviour of the sum

e’k h™2
S:=S(h,x,w) =h Z efh_QU(hQ"’x’w)a(#n, R w) =h Z pr(n) (B.2)
n=ek n=h"2¢

as h tends to zero.
We recall the Bernoulli numbers are defined by 8; = 3;(0) where

ze** 2
ez — 1 - Z’Bj(x)?

Jj=0

Theorem B.1 (Euler-Maclaurin Formula). Suppose p: R — R is smooth and p)(t) tends to
zero as t tends to infinity for all i > 0. Then for any integers a and m > 1 we have

e 0o m—1 . . o0 —
> pn) = / p(t)dt + %p(a) = (ffi),p(”(a) - / wp(m(t)dt,
n—a a = : a !

where {t} denotes the fractional part of t.

Proof. This is proved, for example, in |28, Theorem 5]. O

Since x — U(v, z,w) has its (unique) critical point at @ = v it is convenient to make a further
change of variables by setting
x — hs
) =m ().

—Ugs (z,2,w)s2+0(h)

Observe then that from (B.J])

h=2U (z—hs,z,w)

qn(s) =e” alz — hs,z,w) =e oz — hs,z,w)

which has bounded derivatives with respect to s uniformly as & tends to 0.
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Proposition B.2. Set

T —e&
5 - h .
Then for any m > 1 and all < €’ we have
'k . ¢ m—1 ‘
h Z e U ) o (20, B2 w) = / qn(s)ds + Z AW + O(R™) (B.3)
n=ek —o© j=0
where
1
Ay = Sanl©) (5.4
-1 _Bit1 ()
Aj= (-1 ! B.

which are bounded independent of h. Moreover this is uniform as x varies in a compact subset
of [0,€").

Proof. We can assume that U is the restriction of a function defined for all ¥ > 0 (which for
simplicity we also denote by U) with the same convexity properties. Similarly we assume «
extends to a bounded function defined for all v > 0. Now using the convexity of U one sees
that since z < € < &' we have

ph(n) < O(e—cﬁ*Qe—cﬁ*Q(a’—ﬁ*Qn))
for some ¢ > 0. Hence ) ;2. pn(n) = O(h™) giving
S =5 Z e*h*2U(hQn,m,w)a(h2n’ h2,w) + O(hOO)
n>h—2¢

Similarly one verifies that for © < e the derivatives of p; tend to zero as t tends to infinity.
Hence the above Euler-Maclaurin formula (B.3) (applied with a = h~2¢) gives

-1

o h2e) o
RS = pﬁtdt—i-]L— ,
h—2¢ ( ) 2 ]Z:; (.7 + 1)

Now by instant computation

et 0% [, B arou),

4 (©) = (=) p) (h%e).
On the other hand by a change of variables

/ oma=nt [ © (s

—2¢ —00

and a similar change of variables shows that

o 1—1
Pl =) : Do) 1yt = o(wm),
h—2¢ m:
Putting this together gives the statement, and the fact that the A; are bounded as h tends to

zero follows as the derivatives of g5 are bounded. O

APPENDIX C. LAPLACE’S METHOD

We now give an account of Laplace’s method [15] tailored to our requirements (see also [29]).
We are concerned with obtaining the large-k asymptotic behaviour of integrals of the form

Fi(z) = \/g / ’ e F W) at (C.1)

where « is smooth and has compact support, and f has the properties
o f(t) =0;
e f(0)=0, f'(0) =0, f"(0) = ¢ > 0;
o f(x

(x) = f1 >0 for all |z| > 9,



30 JULIUS ROSS AND MICHAEL SINGER

where 0 > 0 is some small number.

These properties ensure that if the support of o does not contain 0, then Fy(x) is uniformly
exponentially small in k, independent of x. So the interesting case is that supp(a) 2 0 and one
expects the asymptotic expansion in negative powers of k to see only the jets of a and f at 0.
The model problem is the integral

Zp(x) =/ %/ e K12 4t (C.2)

This is the case f(t) = t2/2, which clearly verifies the above properties (even if the function ‘1’
replacing v in (C.I) does not have compact support).
Make the change of variables
t 1
y:%ands:ﬁandh:ﬁ (C.3)
in (C.2) so
2 = = [ s =0 (©4)
= — e 5= .
kY o ) Y
where @ is the usual normal distribution function. In other words,
Zi(x) = ®(z/h). (C.5)

Note that if z > 0 is fixed, z/h — 400 as h — 0, so Zx(z) — 1 and in fact Zy(z) — 1 is
exponentially small in k for fixed z. Similarly, if z < 0 is fixed, Zx(x) is exponentially small in
k. But (C4) shows that this apparently discontinuous behaviour in x near 0 can be ‘smoothed’
by introducing a new variable x/h, which corresponds to a real radial blow-up, as discussed in
Appendix [Al

Life is more interesting for general exponents f satisfying the above conditions (and for
functions « not identically equal to 1). In that case, if x > 0, for example, Fj(x) is exponentially

close to
Fi(00) = \/23 / IO (1) dt (C.6)
™ — o0

and the asymptotic expansion of this is given by Laplace’s method.

C.1. Incomplete Gaussian integrals. We change notation slightly and set

1 * 2 /9p2

Z(x, hya) = — e U2 o(t) dt. C.7
(@) = —== [ (1)

We assume that « is C°° and that derivatives of a are bounded,
HaHC’" <A, (08)

for each » > 0.
For such a function, define
1) —

doa(t) = oft) = a(0) for t # 0, o (0) = &/ (0). (C.9)

Then dgar is smooth and all derivatives are bounded. We have the formula
doa(t) = /01 o (At)dA. (C.10)
It follows that dpa is smooth for [¢| < 1, say, with
(o) = /O 1 AT () dA. (C.11)

In particular if || < 1, 9*dpa is bounded by sup |a(®*tV)|. On the other hand, (C3) shows that
dpa(t) decays as |t| — oo, and by differentiating this formula, the same is true of all derivatives.

Inserting the formula
a(t) = a(0) + tdoa(t) (C.12)
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into (C7), getting

1 xT
Z(x, ) = \/ﬂh/ e~ 121 (0(0) + topa(t)) dt
1 z 2 1 z 2 /572
- 0 /2 g - / te U2 50 (t) dt C.13
\/27Tha( )/oo \V2mh o (?) ( )

= a(0)®(x/h) — %/ 2 Soar()

¢— ”“2/ 2(5oa](t) dt. (C.14)

Here we have used the notation

1 z —t2/2 / 1 _ 2
= — e dt so @' (z) = ——=e /2 C.15
\V 27T /—oo ( ) V 27T ( )
respectively for the normal distribution function and the normal density function. The final line
(C.14)) was obtained by integration by parts and the formula:

()

d
et g e, (C.16)
Now define q
Doy — a(;oa (C.17)

Then (CI4) can be written
Z(z, h; o) = a(0)®(z/h) + hdool(x)® (z/h) + K2 Z(z, h; Do) (C.18)
This forms the basis of the inductive step in obtaining a full asymptotic expansion of Z(z, h; a):

Theorem C.1. Suppose that u(t) is smooth with all derivatives uniformly bounded on R, and
let

x, h; ' e F2 20, (¢) dt. C.19
Zatio) = = [ Pa() (C.19)
Then for each N, we have an expansion
Z(x,hya) = ZhQJ.@]a(O) O(z/h)+ Zh2]+150.@]a(x) ' (z/h) + h*N P2 BN (2, By ),
=0 =0
(C.20)

where the error term is given by

Ry i1 (z, i 0) = Z(x, h, 7V TLa) (C.21)
which satisfies

‘%N_H(.%',h; Oé)’ < BN”OéHC2N+2. (C.22)

Proof. Tt is clear that (CI8)) yields the case N = 0 of (C20). It also gives the inductive step:
if (C.20) holds for N, then replacing u by 2™Va implies (C.20) for N + 1. So it remains only to
prove the estimate (C.22]). For this, note that dy behaves as a first-order differential operator:
we have estimates of the form

[docrller < Brllaflcr+s (C.23)

for each r, B, being a constant independent of «. It follows that & satisfies estimates of the
form
H@Oé“cr < B;Ha”cr-m (C.24)
for each r.
To obtain the estimate of #Zx 1 from this, use the change of variables s = t/h in the integral
/JC e—t2/2h2 gN+1,, (t)dt =

BN (B a) = e ¥ 2gNtlg(hs)ds  (C.25)

\/ﬂh \/ﬂ/
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and the bound (C24), iterated, to give
sup |2V a| < B llallcoves (C.26)

"
for some constant BY, 1 O

C.2. More general exponentials. We now consider the changes needed to adapt this method
to the more general exponents appearing in

F(z, hyu) =1/ ;/ e F®a(t) dt
™ —0o

as in ([CJ). Our approach is quite standard: we deform f to its quadratic part and work out
what additional terms this introduces. So consider the 1-parameter family of exponents

c 2
i) =5 + () (C27)

where ¢(t) is the third-order part of f(¢).
above analysis can be applied, and fi(t) =

Then fo(t) is a standard quadratic, to which the
f(t) is the function we'’re really interested in. Set

1 x
H()‘) =H(\x,ha) = \/ﬂh / e_kf’\(t)oz(t) dt. (C.28)

With all other parameters fixed, Taylor’s theorem for H gives

P
H(1) — Z i\
j=0""
For simplicity take ¢ = 1. Then for any j,

, _1)j z 2 jor2 A
HY)(0) = (7/ e P gty alt) dt C.30
0= oy | ety (C:30)
and this integral, for fixed j, can be analyzed by the techniques of the previous section. We
stress that the the third-order vanishing of ¢ implies that the integrand in (C.30) vanishes to
order 3j and so contributes terms of order 5%, leaving HU)(0) of order #/. In the statements
that follow it is clearest to distinguish cases according to the parity of j.

| —

HY0)| < C sup HPFI()). (C.29)

0<A<1

<

Theorem C.2. Suppose that j = 2v+1 is odd. Then there exist a sequence of smooth functions
a;j, 1 =0,...,3v + 1, such that

v+ vl o .
B Z i j(hy)y*e ™V 12 _p 27 (2, 1 2P (f ). (C.31)
i=0

Similarly, if 7 = 2v > 2 is even, then there exists a sequence of smooth functions oy j, i =
0,...,3v — 1, such that

H(21/+1) (O) _

HE)(0) — \/% <h2y 3;1 ai’zy(hy)yzzﬂefﬁﬁ n h2u+150@3u(q2ua)(hy)ey2/2>
IR (2, 77 (g ). (C.32)
More precisely, the oy j are defined as follows:
Qo1 (2)z% = §o P17 (g ) (C.33)
and
Oéi,Zy(%’).%’zH—l = 50.@3”_i(q2”a). (C.34)

Remark C.3. Implicit in the definitions of «;; in (C33) and (C34) is that the right-hand

sides of those equations are indeed divisible by % or z%+! respectively so that u; j is smooth.
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Remark C.4. As a final generalization, observe that the above expansion still holds if f and
u are allowed to depend smoothly on A and also on auxiliary parameters. That is, suppose
that W is a relatively compact subset of C™ and f = f(t,h,w) is smooth satisfies the above
assumptions uniformly for # > 0 and w € W and a = «(t, h, w) is smooth. In fact by expanding
a=ag+ arh+--- in powers of A we may as well consider the case of a = agy. Furthermore by
convexity of f, we see that the integral is changed only by a factor of O(k~°°) if ag is replaced
by xag where x is a cut-off function that is identically 1 on an interval that is larger than the
range of x of interest. Thus we may as well assume oy has compact support.

Say
F(thyw) = et /2 + q(t, b w)
where ¢ = ¢(h,w) > 0 and ¢ has order 3 in ¢. Then Theorem gives an expansion of

F(z,h,w) =1/ QE/ e*hﬁf(t’h’w)a(t, h,w)dt (C.35)
u —00

in powers of & whose terms can be deduced from (C20JC28[C3THC34). Moreover it is clear
that the error term is uniform over w € W. Looking back at these expressions (e.g. (C.I8])) one
sees its leading order term is given by

a(0,0,w)

F(xz,h,w) = ~0.0)

® ( c(o,w)y) +O(h). (C.36)
C.3. Lifting to the Real Blow-up. The above formulae can be given a geometric flavour
through the introduction of the real blow-up [R, x [0,00)s, (0,0)]. Letting y = =/h as before,
we have coordinates (y, i) on this blow-up that cover the interior of the exceptional divisor E.

Theorem C.5. The function F(x,h,w) from (C35) extends smoothly from the interior of B
to all boundary faces.

Proof. This is almost obvious from the formulae we’ve obtained. Indeed the form of Theorem [C.]]
and equations (C.31)) and (C.32)) show at once (setting = = hy) that F extends smoothly to a
neighbourhood of the interior of the exceptional divisor F.

The blow-up X has two corners Cy. Here C is the intersection of E with the lift of the
positive real axis. We can take n := i/x = 1/y and x > 0 as coordinates near C and in these
coordinates the expansion in Theorem has the form

N N

Z(w, ho) =Y ()Y 2 a(0) o ®(1L/n) + > (nx) 80P o) p @' (1/n) (C.37)
§=0 j=0

+ (n2)*N P By (2, b ).
and because ®(1/n) and ®'(1/n) are smooth down to n = 0, this expression is clearly smooth

for (n,z) small and non-negative.
Similarly, in these coordinates,

(77-%')2l 3141

H(21+1)(0) _ Z o »(m))n_%e_l/Q"Q + hm“Z(x B 93”20[) (C.38)
Vor &= o
=0
and each term in the sum is of the form x21n2l*2ie*1/2’72 (¢ =0,...,3l+1) which again is smooth
for (n,z) small and non-negative. O

C.4. Proofs. To prove Theorem we start with a lemma:

Lemma C.6. Suppose that g(t) is smooth, with all derivatives bounded, and vanishes to order
m at 0: in other words,

gD (0) =0 for all j < m. (C.39)

Then dog vanishes to order m — 1 and Zg vanishes to order m — 2 at 0.
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Proof. The question is local to 0, so we can use the representation

dog(t) / Org(At, x) (C.40)
Then by (CII)), we see at once that (5og)¥)(0) = 0 for all j = 0,...,m — 1. This implies the
corresponding vanishing for %2g. O

Now we can move on to the proof of the Theorem. The proof is little more than using
Theorem to expand Z(z,h;¢’), in combination with the information from the previous
lemma.

More precisely, suppose that j = 2v + 1. Then the order of vanishing of ¢/a is m = 6v +
3 =23v+1)+1. It follows from the lemma that 23'*!17%(¢/a) vanishes to order 2i for
i=0,...,3v+1. In particular the o ; of (C33)) are well-defined smooth functions. Now apply
Theorem - with N = 3v + 1. Because 2%+17%(¢/a)(0) = 0, the coefficient of ® in (C.20) is
zero. Thus we are left with

e v /? 3§:1 W28, Diu(gi ) + K Z (e, by 232 (¢ a)) (C.41)
var o - ' '
Now substitute (C:33)) into (C.4T]) and write z = hy to get

6_y2/2 3v+1
— Z h2z+1agy+1 12y+1(hy)(hy) 2(3v+1—1i) +h6y+4Z(w B; @3u+2( 2v+1 ))
v 1=0

Z(x,h; ¢ ) =

Z(z,h; ¢ a) =

(C.42)
Since H®*D(0) = —Z(z, h; ¢* o) /B *2, ([C3) follows immediately from (C-42).

If j = 2v is even, then the proof follows precisely the same lines. We apply Theorem [C.]
with N = 3v to expand Z(z,h;¢*’«) and use the fact that ¢*’« has a zero of order 6v at 0.
This means that the «; 2, of (C.34)) are well-defined for i = 0,...,3v — 1. We proceed as before,
using H*)(0) = Z(x, h; ¢* o) /h* to obtain (C32).

C.5. Remainder term. It remains only to estimate the error term H®()\) in ([C29). Of
course

_1)P z
HP)(\) = ﬁ / e FAO g()P T a(t) dt. (C.43)
On the assumption that
) = 1%/4 (C.44)

for ¢ € supp(a) and 0 < A < 1,

1 z 2 T
O € o [ e Mg atiar < <L [* cengraarag)
(C.45)

Making the change of variables t = hs, x = hy,

1
O <[

= 6752/4Qp+1‘83p+304(h8)’ ds (C.46)
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