
Problems for Hausel’s Lecture, Friday

1. (a) Prove that a non-invertable endomorphism of an indecomposable representation of a quiver is nilpotent.

(b) Prove that ifφ1 andφ2 are non-invertable endomorphisms of an indecomposable representationZ of a
quiver then so is their sum. (This means that End(Z) is alocal ring.)

2. LetX, Y be two representations of a quiverΓ. Define theradical by

Rad(X, Y) =















φ ∈ Hom(X, Y)

∣

∣

∣

∣

∣

∣

∣

τφσ is non-invertible for every pairZ
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prove that

(a) Rad(X, Y) is a subspace of Hom(X, Y)

(b) Rad(X, Y1 ⊕ Y2) = Rad(X, Y1) ⊕ Rad(X, Y2)

(c) Rad(X1 ⊕ X2, Y) = Rad(X1, Y) ⊕ Rad(X2, Y)

(d) If X andY are indecomposable, then Hom(X, Y) \ Rad(X, Y) equals the set of isomorphismsX → Y.

3. By considering for a representationX and indecomposable representationY the quantity

dim Hom(X, Y) − dim Rad(X, Y)
dim Hom(Y, Y) − dim Rad(Y, Y)

show thatX can be uniquely written as a direct sum of indecomposables.
(elementary Krull-Schmidt from arXiv:0804.1428)

4. Let finite groupG act linearly on the finite vector spacesV andW. Let S denote a slice of the action onV, i.e.
S ⊂ V such that|[X] ∩ S | = 1 for all [X] ∈ V/G. Show that the orbits onV ⊕W correspond to the choice of
X ∈ S and aCG(X) orbit onW. Using the Fourier transform idea of Kraft-Riedtmann on slide 35 deduce that
if G acts onW∗ by the dual representation then

|(V ⊕W)/G| = |(V ⊕W∗)/G|.

5. Consider the Nakajima quiver varieties for the quiverÂ0. Show that forv,w ∈ N the moment map

µv,w : Hom(Cv,Cv) ⊕ Hom(Cv,Cv) ⊕ Hom(Cv,Cw) ⊕ Hom(Cw,Cv)→ Hom(Cv,Cv)

is given by (A, B, I, J) 7→ AB − BA + IJ. So that

Mv,w = {A, B, I, J|AB − BA + IJ = Idv}//GLv

is the twisted ADHM space of instantons onC2. Prove that the generating function of the Betti numbers of
quiver varieties in this case simplifies to:
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This is originally due to (Nakajima-Yoshioka 2004) and has been obtained via Fourier transform in math.AG/0511163.
(One expects modular properties of the generating functions of Betti numbers of Nakajima quiver varieties for
affine quivers, but apart from̂A0 above, and̂A1 in hep-th/0603162 no other cases have been carefully studied.)


