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We consider a Galois extension E/F of characteristic 0 and realization fields of finite abelian
subgroups G ⊂ GLn(E) of a given exponent t. We assume that G is stable under the natural
operation of the Galois group of E/F . It is proven that under some reasonable restrictions for
n any E can be a realization field of G, while if all coefficients of matrices in G are algebraic
integers there are only finitely many fields E of realization having a given degree d for prescribed
integers n and t or prescribed n and d.

Below OE is the maximal order of E and F (G) is an extension of F generated via adjoining
to F all matrix coefficients of all matrices g ∈ G, Γ is the Galois group of E over F .

We prove the existence of abelian Γ-stable subgroups G such that F (G) = E provided some
reasonable restrictions on the fixed normal extension E/F and integers n, t, d hold and study the
interplay between the existence of Γ-stable groups G over algebraic number fields and over their
rings of integers.

Let K be a totally real algebraic number field with the maximal order OK , G an algebraic
subgroup of the general linear group GLn(C) defined over the field of rationals Q. Since G can
be embedding to GLn(C) the intersection G(OK) of GLn(OK) and G(K), the subgroup of K-
rational points of G, can be considered as the group of OK-points of an affine group scheme over
Z, the ring of rational integers. Assume G to be definite in the following sense: the real Lie group
G(R) is compact. The problem which is our starting point is the question: Does the condition
G(OK) = G(Z) always hold true?

This problem is easily reduced to the following conjecture from the representation theory: Let
K/Q be a finite Galois extension of the rationals and G ⊂ GLn(OK) be a finite subgroup stable
under the natural operation of the Galois group Γ := Gal(K/Q). Then there is the following

Conjecture 1. If K is totally real, then G ⊂ GLn(Z).

There are several reformulations and generalizations of the conjecture. Consider an arbitrary
not necessarily totally real finite Galois extension K of the rationals Q and a free Z-module
M of rank n with basis m1, . . . ,mn. The group GLn(OK) acts in a natural way on OK ⊗
M ∼= ⊕n

i=1 OKmi. The finite group G ⊂ GLn(OK) is said to be of A-type, if there exists a
decomposition M =

⊕k
i=1 Mi such that for every g ∈ G there exists a permutation Π(g) of

{1, 2, . . . , k} and roots of unity εi(g) such that εi(g)gMi = MΠ(g)i for 1 ≤ i ≤ k. The following
conjecture generalizes (and would imply) conjecture 1:

Conjecture 2. Any finite subgroup of GLn(OK) stable under the Galois group Γ = Gal(K/Q)
is of A-type.

For totally real fields K conjecture 2 reduces to conjecture 1.
Both conjectures are true in the case of Galois field extension K/Q with odd discriminant.

Also some partial answers are given in the case of field extensions K/Q which are unramified
outside 2.

The following result was obtained in [1] (see also [2], [4] for the case of totally real fields).
The case F = Q, the field of rationals, is specially interesting. The following theorem was

proven in [1] using the classification of finite flat group schemes over Z annihilated by a prime p
obtained by V. A. Abrashkin and J.- M. Fontaine:

Theorem 1. Let K/Q be a normal extension with Galois group Γ, and let G ⊂ GLn(OK)
be a finite Γ-stable subgroup. Then G ⊂ GLn(OKab

) where Kab is the maximal abelian over Q
subfield of K.
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Finiteness Theorem. 1) For a given number field F and integers n and t, there are only a
finite number of normal extensions E/F such that E = F (G) and G is a finite abelian Γ-stable
subgroup of GLn(OE) of exponent t.

2) For a given number field F and integers n and d, there is only a finite number of fields E
such that d = [E:F ] and E = F (G) for some finite Γ-stable subgroup G of GLn(OE).

Theorem 2. Let F be a field of characteristic 0, let d > 1, t > 1 and n ≥ φE(t)d (here
φE(t)d = [E(ζt) : E] is the generalized Euler function, , ζt is a primitive t-root of 1) be given
integers, and let E be a given normal extension of F having the Galois group Γ and degree d.
Then there is an abelian Γ- stable subgroup G ⊂ GLn(E) of the exponent t such that E = F (G).

In fact, G can be generated by matrices gγ , γ ∈ Γ for some g ∈ GLn(E).
Theorem 3. Let E/F be a given normal extension of algebraic number fields with the Galois

group Γ, [E : F ] = d, and let G ⊂ GLn(E) be a finite abelian Γ-stable subgroup of exponent t
such that E = F (G) and n is the minimum possible. Then n = dφE(t) and G is irreducible under
conjugation in GLn(F ). Moreover, if G has the minimum possible order, then G is a group of
type (t, t, ..., t) and order tm for some positive integer m ≤ d.

In the case of quadratic extensions we can give an obvious example.

Example. Let d = 2, t = 2. Set E = Q(
√

a) and g =
∣
∣
∣
∣

0 1
a−1 0

∣
∣
∣
∣
√

a for any a ∈ F which is

not a square in F . Then Γ is a group of order 2 and G = {I2,−I2, g,−g} is a Γ-stable abelian
group of exponent 2.

In the case of unramified extensions the following theorem for integral representations in a
similar situation is proven in [3]:

Theorem 4. Let d > 1, t > 1 be given rational integers, and let E/F be an unramified
extension of degree d.
1)If n ≥ φE(t)d, there is a finite abelian Γ- stable subgroup G ⊂ GLn(O′

E) of exponent t such
that E = F (G) where O′

E is the intersection of valuation rings of all localization rings of OE with
respect to primes ramified in E/F .
2)If n ≥ φE(t)dh and h is the exponent of the class group of F , there is a finite abelian Γ-stable
subgroup G ⊂ GLn(OE) of exponent t such that E = F (G).
3)If n ≥ φE(t)d and h is relatively prime to n, then any G given in 1) is conjugate in GLn(F ) to
a subgroup of GLn(OE).
4)If d is odd, then any G given in 1) is conjugate in GLn(F ) to a subgroup of GLn(OE).

In all cases above G can be constructed as a group generated by matrices gγ , γ ∈ Γ for some
g ∈ GLn(E).
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