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Szczepaniski’s conjecture 5
in general

for symmetric groups

Let G be a finite group.

Conjecture (Szczepanski, 2003)

There exists a Bieberbach group I' with holonomy group G
and Q-multiplicity free holonomy representation.
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Let G be a finite group.

Conjecture (Szczepanski, 2003)

There exists a Bieberbach group I' with holonomy group G
and Q-multiplicity free holonomy representation.

Is equivalent to:

There exists a k € Z~q such that there exists
a Q-multiplicity free, faithful representation of G on Z*
with a torsion free extension I of Z¥ with G.
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Szczepaniski’s conjecture 5
in general

for symmetric groups

Let G be a finite group.

Conjecture (Szczepanski, 2003)

There exists a Bieberbach group I' with holonomy group G
and Q-multiplicity free holonomy representation.

Is equivalent to:

There exists a k € Z~q such that there exists

a Q-multiplicity free, faithful representation of G on Z*
with a torsion free extension I of Z¥ with G.

Is equivalent to:

There exists a Q-multiplicity free, faithful Z.G-lattice V
such that H?(G, V) contains a special element,

i.e., an o with res|§ (o) # 0 for all subgroups 1 # U < G.
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Szczepaniski’s conjecture .
in general

for symmetric groups

Conjecture

For any n € Z~q there exists a Q-multiplicity free, faithful
Z.S,-lattice V' such that H*(S,, V) contains a special element.
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Z.S,-lattice V' such that H*(S,, V) contains a special element.

» Ak n a partition, R an integral domain,
Sp the Specht module over R associated to A
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Szczepaniski’s conjecture .
in general

for symmetric groups

Conjecture

For any n € Z~q there exists a Q-multiplicity free, faithful
Z.S,-lattice V' such that H*(S,, V) contains a special element.

~> Conjecture
For any n > 5 there exist distinct partitions A\1,...,AmbEn

Y . .
such that H?(S,, @21 S;) contains a special element.

» Ak n a partition, R an integral domain,
Sp the Specht module over R associated to A

> QoS =S
» S3, A n e~ (absolutely) simple QS,-modules
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Szczepaniski’s conjecture .
in general

for symmetric groups

Conjecture
For any n > 5 there exist distinct partitions A1,...,Am b n
such that H?(S,, D, 52’) contains a special element.

Let n € Z~o, V a ZS,-lattice and o € H?(S,,, V). Then:
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Conjecture
For any n > 5 there exist distinct partitions A1,...,Am b n
such that H?(S,, D, 52’) contains a special element.

Let n € Z~o, V a ZS,-lattice and o € H?(S,,, V). Then:

« is a special element.
<= res lfj (o) # 0 for all U < S, of prime order.
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Szczepaniski’s conjecture .
in general

for symmetric groups

Conjecture
For any n > 5 there exist distinct partitions A1,...,Am b n
such that H?(S,, D, 52’) contains a special element.

Let n € Z~o, V a ZS,-lattice and o € H?(S,,, V). Then:

« is a special element.
<= res lfj (o) # 0 for all U < S, of prime order.

< res lfé () #0 for all g € Sy, that are
a product of disjoint p-cycles, where p is any prime < n.
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Szczepaniski’s conjecture .
in general

for symmetric groups

Conjecture
For any n > 5 there exist distinct partitions A1,...,Am b n

such that H?(S,, D, 52’) contains a special element.

Let n € Z~o, V a ZS,-lattice and o € H?(S,,, V). Then:

« is a special element.
<= res lfj (o) # 0 for all U < S, of prime order.

< res lfé () #0 for all g € Sy, that are
a product of disjoint p-cycles, where p is any prime < n.

Definition
Let p,t € Z~g, where p is prime and pt < n.

Then « is called (p, ¢)-special if res l<5g"> (a) #£0
for all products g € S, of ¢ disjoint p-cycles.
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Szczepaniski’s conjecture .
in general

for symmetric groups

Conjecture
For any n > 5 there exist distinct partitions A1,...,Am b n

such that H?(S,, D, 52’) contains a special element.

Let n € Z~o, V a ZS,-lattice and o € H?(S,,, V). Then:

« is a special element.
<= res lfj (o) # 0 for all U < S, of prime order.

< res lfé () # 0 for all g € Sy, that are
a product of disjoint p-cycles, where p is any prime < n.

Definition
Let p,t € Z~g, where p is prime and pt < n.

Then « is called (p, ¢)-special if res lsg"> (a) #£0
for an arbitrary product g € S, of ¢ disjoint p-cycles.
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Szczepaniski’s conjecture .
in general

for symmetric groups

Conjecture

For any n > 5 there exist distinct partitions \1,...,Amtn
Aj . .

such that H?(S,, @21 S;’) contains a special element.

A (p, t)-special : <= H2(S,,S)) contains a (p, )-special element.
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Szczepaniski’s conjecture .
in general

for symmetric groups

Conjecture

For any n > 5 there exist distinct partitions \1,...,Amtn
Aj . .

such that H?(S,, @21 S;’) contains a special element.

A (p, t)-special : <= H2(S,,S)) contains a (p, )-special element.
m

H(S0. @B Sy) = PHS.S))
j=1

j=1
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Szczepaniski’s conjecture .
in general

for symmetric groups

Conjecture

For any n > 5 there exist distinct partitions \1,...,Amtn
Aj . .

such that H?(S,, @21 S;’) contains a special element.

A (p, t)-special : <= H2(S,,S)) contains a (p, )-special element.
H(S0. @B Sy) = PHS.S))
j=1 j=1

Plan: For every p. < n find a (p, t)-special partition A, ).
Then H2(5,,,@ »*)) contains a special element.
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The Young graph
Cohomology graphs Structure of cohomology graphs

Paths for odd primes

Necessary condition for “A = n is a (p,¢)-special partition*:
p divides |H?(S,, S2)|.

Partitions with this property can be described by certain subgraphs
of the Young graph.
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The Young graph
Cohomology graphs Structure of cohomology graphs

Paths for odd primes
Young graph: JV :={A+F n| ne N},

AFn pkEn+1:

A= = peEM = Iepu—

Then:  is a successor of A\, A is a predecessor of p.

/D\
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The Young graph
Cohomology graphs Structure of cohomology gr:
Paths for odd primes

p prime, i € Z~g

Clia = U {\F n| pdivides |H'(S,,S2)|} CV

nEZZO
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The Young graph
Cohomology graphs Structure of cohomology graphs

Paths for odd primes

p prime, i € Z~g

Clia = U {\F n| pdivides |H'(S,,S2)|} CV

nEZZO

Theorem (W., 2006)
Let \ € C{,.
1. There exists a successor of \ in C[’;.

2. If A& n with p1 n, then there exists a predecessor of A in C,’;.
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The Young graph
Cohomology graphs Structure of cohomology graphs

Paths for odd primes

p prime, i € Z~g

Clia = U {\F n| pdivides |H'(S,,S2)|} CV

nEZZO

Theorem (W., 2006)
Let \ € C{,.
1. There exists a successor of \ in C[’;.

2. If A& n with p1 n, then there exists a predecessor of A in C,’;.

» Branching rules
» Eckmann-Shapiro Lemma (for 1.)
> tr]g” ores lg:,lz n-id (for 2.)
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The Young graph
Cohomology graphs Structure of cohomology graphs
Paths for odd primes

Example for paths for odd p in Cf, (proved):

(t=1)p

Fpe

Christian Weber, RWTH Aachen Cohomology of Integral Specht Modules



The Young graph
Cohomology graphs Structure of cohomology graphs
Paths for odd primes

Example for paths for odd p in Cg (proved):

(t=Dp |7
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The Young graph
Cohomology graphs Structure of cohomology graphs
Paths for odd primes

Example for paths for odd p in Cg (proved):

(t—1)p
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The Young graph
Cohomology graphs Structure of cohomology graphs
Paths for odd primes

Example for paths for odd p in Cg (conjectured):

(t=1)p
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The Young graph
Cohomology graphs Structure of cohomology graphs
Paths for odd primes

Example for paths for odd p in Cg (conjectured):
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The Young graph
Cohomology graphs Structure of cohomology graphs
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The Young graph
Cohomology graphs Structure of cohomology graphs
Paths for odd primes

Example for paths for odd p in Cg (conjectured):

(t=1p
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The Young graph
Cohomology graphs Structure of cohomology graphs
Paths for odd primes

Example for paths for odd p in Cg (conjectured):

(tL=1)p

etc.
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The Young graph
Cohomology graphs Structure of cohomology graphs
Paths for odd primes

Conjecture
If X is in such a path beginning in (pt — 2,1?) (for odd p),
then X is (p, t)-special.
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The Young graph
Cohomology graphs Structure of cohomology graphs
Paths for odd primes

Conjecture

If X is in such a path beginning in (pt — 2,1?) (for odd p),
then X is (p, t)-special.

Proposition
For odd p, \ := (p. — 2,12) is (p, 1)-special.
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

> p > 2 prime

> n€ Z-gwithb<n=p
» b:=(1,2,...,n)

> g :=b

> A= (n—2,12)
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

> p > 2 prime

> n€ Z-gwithb<n=p
» b:=(1,2,...,n)

> g :=b

> A= (n—2,12)

Proposition

A is (p,t)-special, i.e., reslfg”> H2(5,,,52P) # 0.
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (1)
2 X (S ~ Z/nZ  for n odd,
H((b), 57 1) = { /2T for n even.
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (1)
2 X (S ~ Z/nZ  for n odd,
H((b), 57 1) = { /2T for n even.

(b)
HA(b), 2 15) = (S2) /NS

n—1
where N = Z b’
i=0
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (1)
2 X (S ~ Z/nZ  for n odd,
H((b), 57 1) = { /2T for n even.

(b)
HA(b), 2 15) = (S2) /NS

n—1
where N = Z b’
i=0

» Z-basis of 52‘: standard A-polytabloids

Christian Weber, RWTH Aachen Cohomology of Integral Specht Modules



Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (1)
2 X (S ~ Z/nZ  for n odd,
H((b), 57 1) = { /2T for n even.

(b)
HA(b), 2 15) = (S2) /NS

n—1
where N = Z b’
i=0

» Z-basis of 52‘: standard A-polytabloids

» action of b on this basis
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (1)
2 X (S ~ Z/nZ  for n odd,
H((b), 57 1) = { /2T for n even.

(b)
HA(b), 2 15) = (S2) /NS

n—1
where N = Z b’
i=0

» Z-basis of 52‘: standard A-polytabloids
» action of b on this basis

» battle of indices
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (2)

res |7t H2(Sp, S2) — H2((b), S} 17 is surjective.
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (2)
res lfg>: H?(Sn, S3) — H?((b), S lfg>) is surjective.

For a finite group G acting on Zk:
HA(G.Z") = HYG.Q"/ZY)
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (2)

res |7t H2(Sp, S2) — H2((b), S} 17 is surjective.

For a finite group G acting on Zk:
HA(G.Z") = HYG.Q"/ZY)

Zassenhaus algorithm:

Christian Weber, RWTH Aachen Cohomology of Integral Specht Modules



Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (2)

res |7t H2(Sp, S2) — H2((b), S} 17 is surjective.

For a finite group G acting on Zk:
HA(G.Z") = HYG.Q"/ZY)

Zassenhaus algorithm:

» Input: finite presentation of G,
integral matrix representation of G.
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (2)

res |7t H2(Sp, S2) — H2((b), S} 17 is surjective.

For a finite group G acting on Zk:
HA(G.Z") = HYG.Q"/ZY)

Zassenhaus algorithm:

» Input: finite presentation of G,
integral matrix representation of G.

» ~- Build the Zassenhaus matrix Zg € Z™*&k,
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (2)

res |7t H2(Sp, S2) — H2((b), S} 17 is surjective.

For a finite group G acting on Zk:
HA(G.Z") = HYG.Q"/ZY)

Zassenhaus algorithm:

» Input: finite presentation of G,
integral matrix representation of G.

» ~- Build the Zassenhaus matrix Zg € Z™*&k,
» Then HY(G,Qk/Z¥)
>~ {ve Q& | Zgv € Z™}/ (ker Zg + Z'%) .
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Proposition
Three lemmas
The partition (n-2,1,1) Proof
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (3)

res (o) H2((b), S} 175) # 0

b

trTEg;: H((g), S} lfg”)) — H?((b), S l<55>) the transfer map
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (3)
resl%?> H2((b), S lfg>) 40
trTE?): H((g), S} lfg”)) — H?((b), S l<55>) the transfer map
: n . _
trTé:—i Oreslé:’i — [<b> . <g>] id = B .id = ¢-id # 0’

because H?((b), S l<55>) has an element of order n or 3, resp.
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

Lemma (3)
resl%?> H2((b), S lfg>) £0

trTE?): H((g), S} lfg”)) — H?((b), S l<55>) the transfer map

trTEZi oreslég = [(b): (g)] -id = g id = ¢-id #£0,
because H?((b), S l<55>) has an element of order n or 3, resp.

= reslgg;é 0
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

H?(51,52)
lresl?t%
HE((b). S 1)
[restig)
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

H?(S55,57)
lresl?t%
H((b),S2 13)  #0
rest)
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

H?(S55,57)
lres lf& surjective
(5.5 15)  #0
[resti
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

(50, 52)
lres lf& surjective

(5.5 15)  #0
[ET:
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Proposition
Three lemmas

The partition (n-2,1,1) Proof

(50, 52)
lres lf& surjective

(5.5 15)  #0
[ET:

= res lfg’j> #0
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What if p =27

n < 47

Conjecture

Let n > 2..
v =1: (n) is (2,1)-special (proved).
0> 20 (20 —2,2,1"2Y) is (2, 1)-special.
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What if

=27
n<4?

Conjecture

For any n € Z~ there exist distinct partitions \1,...,Am F n,
P . .
such that @J"Ll S, is a faithful 7.S,-lattice

and H?(S,, D, 52") contains a special element.

The only nonfaithful Specht modules are 52") (for n > 2),
Séln) (for n > 3) and Sg’z).

n=1: (1)

n=2: (2) for a special element, (12) for faithfulness
3),(13) for s. e., (2,1) for f.
4),(2,2),(1*) for s. e., (3,1) or (2,12) for f.

. Every direct sum of Specht modules,
that leads to a special element, is faithful.
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Zassenhaus matrix for S,

(a,b]a b" (ab)" 1 [a,b]> V2 <)< 2.

Sn =
a=(1,2), b=(1,...,n)
corresponding matrices:
a— A b— B
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Zassenhaus matrix for S,

1+ A 0
n—1
0 o
n—2 . —
Z%)(AB)’ ;}(AB) A
n—j—1
(1+ ABIAB")(1+ AB/) | (1+ AB/AB" J)A(Z B + BIA Z B/
i=0 i=
2<j<3 2<j<3
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Special elements

V' a faithful ZG-lattice
o € H%(G, V) corresponding to extension 0 — V —T 5 G — 1

[ torsion free <= res|S () #0forall1£ U< G

1. res|§ corresponds to 0 — V — 7~ }(U) — U — 1.
If reslgz 0, the extension splits.
~ 1~ 1(U) (and hence I') contains elements of finite order.

2. 1% U <T finite.
res lf([/) corresponds to 0 — V — VU — «(U) — 1.

The extension splits, hence reslfw =0.

)
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