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Abstract

We compare entire weak solutions u and v of quasilinear partial
differential inequalities on R™ without any assumptions on their be-
haviour at infinity and show among other things, that they must co-
incide if they are ordered, i.e. if they satisfy v > v in R™. For the
particular case that v = 0 we recover some known Liouville type re-
sults. Model cases for the equations involve the p-Laplacian operator
for p € [1,2] and the mean curvature operator.

1 Introduction and Definitions.

This work is devoted to the study of a Liouville comparison principle for entire
weak solutions of quasilinear elliptic second-order differential inequalities of

the forms
Aw) + |ul”tu < A() + |v|T M (1)

and
—A(u) + u|"'u < —A(v) + |v] Mo (2)

on R", where n € N, 0 < ¢ € R, and the operator A(w) belongs to the class
of so-called a-monotone operators. Typical examples of such operators are
the p-Laplacian operator

Ap(w) = div ([Vw[P~*Vw) (3)



for 1 < p < 2, its well-known modification (see, e.g. p.155 in [17])

o (|owlP? ow

i=1 v

for 1 < p < 2, and the mean curvature operator

\Y
M(w) = div [ —— . (5)
V1+ Vw2
Remark 1 Note that if u and v satisfy the inequalities
—A(u) > |ul|* tu and — A(v) < Jv|9 M, (6)
or
Au) > |ultu and A(v) < || o, (7)
then the pair (u,v) satisfies inequality (1) or (2). Thus, all the results ob-
tained in this paper for solutions of (1) or (2) are valid for the corresponding
solutions of system (6) or (7).
To be specific, let A(w) be the differential operator in divergence form

Alw) = Z d A; (z,Vw), (8)

dx;
i=1 v

and assume that the functions A; (z,£),7 = 1, ..., n, satisfy the Carathéodory
conditions on R™ x R™: They are continuous in ¢ for almost every x € R"
and measurable in x for all £ € R™.

Definition 1 Let n € N and o > 1. The operator A(w) given by (8) is
called a-monotone iff A; (x,0) =0 fori=1,...,n and for a.e. x € R", if it
15 monotone in the sense that

0= (&6 -&) (A (@.8) - A (2.69)), 9)

and if there exists a positive constant KC such that

(i (4 (1) — A s?)f)m

i=1

<k (Z (€= &) (A (.6 — 4 <x,e>>)a (10)

i=1

for every pair 1,2 € R™ and a.e. x € R™.
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Note that condition (9) is the well-known monotonicity condition in PDE
theory, while condition (10) is the proper a-monotonicity condition for dif-
ferential operators, considered first in [12], see also [14]. In the particular
case €2 = 0 condition (10) implies the growth condition |A| < K| € [*~1.
The notion of a-monotonicity was inspired by condition (3.7) in [18]. For the
case £2 = 0 the a-monotonicity condition boils down to the corresponding
condition of Miklyukov with A(z,u, Du) = A(z, Du) independent of w.

It is well-known that the mean curvature operator M (w), the 1-Laplacian
operator A;(w) and its modification A, (w) satisfy condition (9) for a = 1.
Moreover it is easy to see that these three operators satisfy also condition
(10) for a = 1 with K = y/n.

Now we present algebraic inequalities which imply immediately that the p-
Laplacian operator A,(w) and its modification A,(w) satisfy the a-mono-
tonicity condition for a = pand 1 < p < 2.

Lemma 1 Suppose n € N and 1 < a < 2, and a = (ay,...,a,) and b =
(b1, ...,by) are vectors in R™ of length |a| and |b|. Then there exists a positive
constant K such that the inequalities

n a/2 n a—1
(Z (a]a*2 - bi|b|°“2)2) <K (Z (a; — bi) (aia]*~? - be\H))

- (11)

and
n /2 n a-1
<Z (ailai|*™ - bi|bi|a‘2)2> <K (Z (ai — by) (ailail** — bilbiI“‘2)>
i=1 i=1
(12)
hold.

A proof of this Lemma was given in [12], see also [15].

Note that there exist a-monotone differential operators with arbitrary
degeneracy. For example, the weighted mean curvature operator

. — div a(x)Vw
M*(w) :=d <—W> ) (13)

and the weighted p-Laplacian operator
A¥(w) == div (a (z) [VwP*Vw) (14)
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(see, e.g. p. 55 in [7]) with any measurable non-negative uniformly bounded
weight-function a(x) on R"™ are a-monotone, with o = 1 and a = p for any
fixed 1 < p < 2.

Now we can define weak solutions of (1) and (2).

Definition 2 Suppose o > 1, ¢ > 0 and the operator A(w) is a-monotone.
We call a pair of functions (u,v) which belong to the space T/V1 “(R™) N
Li (R™) an entire weak solution of (1) if

loc

/ [Z 0, Ai(z, Vu) — |u]q_1ug0] dr > / [Z 0, Ai(x, V) |v|q_1v30] dx

Rn - Rn -
(15)
for every non-negative test function ¢ € C§°(R™).

Definition 3 Similarly suppose that o > 1, ¢ > 0 and the operator A(w) is

a-monotone. Then we call a pair of functions (u,v) in Wh*(R™) N L2 (R™)
an entire weak solution of (2) if

/[ Z% (2, Vu) = M“ugo] dx>/

for every non-negative test function ¢ € C§°(R™).

Z%:z x, Vo) — [v|9  vp | do

(16)

We use analogous definitions for solutions to the systems (6), (7) or for the
equality case in (2):

—A(u) + Tty = —A(v) + |v]7 . (17)

2 Results.

In Theorems 1-5 we formulate our results for solutions of inequality (1) and
in Theorem 6 for solutions of (2).

Theorem 1 Letn > 1,2 > a > 1, « > n and ¢ > 0. Suppose that
the operator A(w) is a-monotone and (u,v) is an entire weak solution of
inequality (1) on R™ such that u(x) > v(x). Then u(z) = v(z) on R™.



Theorem 2 Letn >2,2>a>1,n > q, "glaf_al)zq>a—1 and g > 1.
Suppose that the operator A(w) is a-monotone and (u,v) is an entire weak
solution of inequality (1) on R™ such that u(x) > v(x). Then u(x) = v(z) on
R™.

Theorem 3 Letn >2,2>a>1,n>a, ¢ > "(O‘al and g > 1, and let
the operator A(w) be a-monotone. Then there exists no entire weak solution
(u,v) of inequality (1) on R™ such that u(x) > v(zx) and the relation

a(g=v)

limsup R~ a1 / (u—v)""dr = 400 (18)
R—+oc0

|z|<R
holds for any v € (0, — 1].

To illustrate the sharpness of Theorem 3 we give Example 1.

Example 1 Forn>2,2>a>1,n>a, ¢ > "ila U ¢ > 1 and a suitable
constant ¢ > 0, the pair (u,v) of the functions
u(z) = c(1+ |x|a/(o‘_1))(1_a)/(q_a+1) and v(r) =0 (19)

is an entire smooth solution of inequality (1) on R™ with A(w) = Aq(w) or
A(w) = Ay(w) satisfying u(z) > v(x), while for any v € (0, — 1] (18) is

violated because

a(q—v)
0 < limsup R Fa-ati (u—v)""dr < 0. (20)
R—+o00

|z|<R
The following statement is a simple corollary of Theorem 3.

Corollary 1 Letn >2,2>a>1,n>a, q¢ > "(O‘al and g > 1, and let
the operator A(w) be a-monotone. Then for any given constants ¢ > 0 and

d > 0, there exists no entire weak solution (u,v) of inequality (1) on R™ such
that u(x) > v(x) + (1 + |z|*/(e=D)(0-a)/(gmat1)+5

Theorem 4 Letn > 2,2 > a > 1, n > a and 1 > q > 0, and let the
operator A(w) be a-monotone. Then there exists no entire weak solution
(u,v) of inequality (1) on R™ such that u(x) > v(x) and

limsup R*™" / (Ju u— o] ) (u—v) " %dr = +o00. (21)

R—+o00
{lz|<R}n{z: u(z)#v(x)}



To illustrate the sharpness of Theorem 4 we give three examples.

Example 2 Forn >2,2>a>1,n>a, a-1>¢>0,0<pu< ™=,
A= (a—1)/(a =1 —q) and a suitable constant ¢ > 0 the pair (u,v) of
functions given by

w(x) = (1 + |z 4 (1 + |z|*/ 7 D)* (22)

and
v(z) = c(1 4 ||/ @7)A (23)

is an entire smooth solution of inequality (1) on R™ with A(w) = Ay (w) or
A(w) = Ay (w) such that u(z) > v(z) and

0 < limsup R*™" (Ju" u — [v|9 ) (u — v)' " ¥dz < co.

R—+o00
{lzl<R}n{z: u(z)F#v(z)}
(24)

Example 3 Forn >2,2>a>1,n>a,a—1>¢>0,0<p< ™2,
A> (a—1)/(a —1—¢q), and a suitable constant ¢ > 0, the pair (u,v) of
functions (22) and (23) is an entire smooth solution of inequality (1) on R™
with A(w) = Ao (w) or A(w) = A (w) such that u(z) > v(z) and

limsup R*™" / (|| u — [v|9 ") (u — v) " *dz = 0. (25)
R——+o00
{lz|<R}N{z: u(z)#£v(z)}

Example 4 To illustrate the sharpness of Theorem / in the case when 1 >
q>0 andq>%, we note that form>2,2>a>1,n>a,1>q>0,
q> %, and a suitable constant ¢ > 0, the pair (u,v) of functions described
in (19) is an entire smooth solution of (1) on R™ with A(w) = Ay(w) or
A(w) = Ay (w) such that u(z) > v(z) and

0 < limsup R*™" (Ju" u — [v|9 ) (u — v)' " ¥dz < co.

R—-+o00
{lzl<R}n{z: u(z)F#v(x)}
(26)

The following statement follows immediately from Theorem 4 and supple-
ments the results of Theorem 1 for n > a and Theorem 2 for ¢ = a — 1.
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Theorem 5 Ifn > 3, @« = 2 and q = 1 and if the operator A(w) is a-
monotone, then there exists no entire weak solution (u,v) of (1) on R™ such
that u(x) > v(x).

Now we formulate our results for solutions of inequality (2).

Theorem 6 Letn>1,2>a>1,qg>1and g > o — 1. Let the operator
A(w) be a-monotone, and let (u,v) be an entire weak solution of inequality
(2) on R™. Then u(x) < v(z) on R™.

Corollary 2 Letn>1,2>a>1,qg>1 and ¢ > a — 1. Let the operator
A(w) be a-monotone, and let (u,v) be an entire weak solution of the equation
case of (2) on R™. Then u(x) = v(z) on R".

To illustrate the sharpness of Theorem 6 and Corollary 2 we give some ex-
amples.

Example 5 Forn > 1 and ¢ =« — 1 =1, the pair (u,v) of the functions
w(wy, ..., x,) = exp(z1) and  v(z)=0 (27)

is an entire smooth solution of equation (17) on R™ with A(w) = A(w), the
Laplacian operator, such that u(z) > v(x).

Example 6 Forn > 1, a > 1 and ¢ = a — 1, the pair (u,v) of functions
given in (27) is an entire smooth solution of equation

—Au) + (= Du|r'u = —Aw) + (e — 1)|v|* 1 (28)
on R™ with A(w) = Ag(w) or A(w) = Ay(w) such that u(z) > v(z).

Example 7 Forn>1,2>a>1, a—1> g > 0, and a suitable constant
¢ >0, the pair (u,v) of functions

u(z) = clz|+=1=a and  v(x) =0 (29)

is an entire smooth solution of the equation (17) on R"™ with A(w) = Ay(w)
or A(w) = A, (w) such that u(x) > v(x).



Remark 2 In the special case when uw = 0 or v = 0, the results of this
paper are commonly called Liouville type theorems. In fact for inequalities
of the form (1) the corresponding Liouville theorems were obtained in [12],
[16] and [19], and they were inspired by a similar result for solutions of
semilinear equations in [6]. For inequalities of the form (2) the corresponding
Liouville theorems were obtained in [11] and [13], and they were inspired by a
similar result for solutions of semilinear equations in [2]. Various interesting
generalizations of those results can be found in [21] and [5]. In fact there is
an abundance of literature on Liouville theorems, see for instance [1, 3, 4,
19, 20].

In contrast to all of these, in the present paper we compare a pair (u,v)
of nonzero solutions to (1) or (2). That is why we call this type of result
Liouwville comparison theorem. To prove these results we further develop the
approach that was proposed to solve similar problems in wide classes of partial
differential equations and inequalities in [10] and [12].

3 Proofs

In what follows, a “smooth” function is a C*°-function on R", and B(R) is
the open ball on R" centered at the origin with radius R > 0.

Proof of Theorem 1. By assumption

/ S (A, Va) — A, Vo) puda > / (luf*"u = ol Mo)pdz (30)
Rn =1 Rn

holds for every non-negative test function ¢ € Cy(R"). Let R and € be

arbitrary positive numbers, and let ¢ : R" — [0,1] be a smooth cut-off

function which equals 1 on B(R/2), 0 outside B(R) and satisfies
Co

\Y < — 31

V() < (31)
on R™. Without loss of generality, we substitute p(z) = (w(z) 4+ &)7"(*(x)
as a test function in (30), where w(z) = u(z) — v(x), and where v and s are
real numbers such that v > o — 1 and s > «. Integrating by parts in (30)
gives

—v Z(Ai(x, Vu) — Ai(z, Vo)) w,, (w +¢) " dx

B(Rr) =1



3

(Ai(z, Vu) — Ay(x, V), (w + )7V Hda

B(R) =1

= Lh+1L> / (Ju" u — [v|9 M) (w + &) 7 (Pda. (32)
B(R)
Observing that [; is non-positive by (9), we first estimate I in terms of 1.

Since

L] =

< s /
B(R)

using condition (10) on the coefficients of the operator A, we easily obtain
the following estimate from (33)

|| <

(z, Vu) — Ai(x, V), (w + )¢ Hda

R)
1/2

IVC|(w +€)7"¢" e, (33)

Z(Ai(x,Vu) — Az, Vv))?

i=1

a—1

@

< / sKa (Z Wy, (Ai(z, Vu) — A;(z, Vv))) (V¢ |(w +¢)7 ¢ dw.(34)

We estimate the integrand on the right-hand side of (34) using Young’s in-
equality
s
AB < pA5—T + p =P B (35)

a—1

@

A= (w+ )(Hu)(1 e (Z w, (Ai(z, Vu) — A,-(:zc,Vv)))

and )
B = sKY V|G (w+e) o,

and arrive at
|L| < = / waz (z, Vu) — Ai(z, Vo)) (w + )" 1 dw
B(R)

+ / e [VC (w4 &) 0 d. (36)

B(R)
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Here we use the symbols ¢;, ¢ = 1,2,..., to denote constants depending
possibly on n, ¢, s, a, v, K but not on R and . Now from (32) and (36) we
obtain

/ &1 [VC| (w + €)1 ¢

B(R)

> / szi(Ai(@Vu) Ai(z, Vo)) (w +¢e)7" 1 ¢Pda

+ / (|| u — [o]T ") (w + )7 (Pda. (37)

Since the function w(x) is non-negative and v > a — 1, (37) implies

eaco1v / Veldr > / Zw% _ A(V0)) (w4 £)

B(R) B(R) "

+ / (Ju]" u — [v|97 ) (w + €) V(P da. (38)
B(R)
Now (38) and (31) yield

c3e® VR > / 2”: Wy, (A;(Vu) — A (V) (w + &)™ tdw

+ / (™ — o] ) (w + £)~“d. (39)

Moreover, since o > m, u > v and since t — [t|]97'¢ is monotone, the integrals
on the right-hand side of (39) are nonnegative and bounded for all R > 0.
Sending R to oo in (39) leads to

Z W, (Ai(z, Vu) — Aj(z, Vo)) (w+¢e) "t —0 (40)
B(R\B(Rx/2) !

as well as (if @ > n)

/ (ul"u — [0l o) (w + &)~ dz — 0 (41)

B(R/2)
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for all sequences Ry — oo. But that in turn implies that u(z) = v(z) a.e.

on R™. To cover also the case n = «, since I; is non-positive, it follows from
(32) and (34) that

(a=1)/a
/ sKCH/ e (Z Wy, (Ai(x, Vu) — Ai(:v,Vv))> IVC¢|(w+¢e)7¢ e

B(R)

> / (lul~ = o]t~ o) (w + £) ¢ da. (42)

B(R)

Estimating the integrand on the left-hand side of (42) by Hélder’s inequality,
we obtain

C4 / Z Wy, (Ai(z, Vu) — Aj(z, Vo)) (w + )" do
B(R)\B(R/2) "
1
X / IV¢|*(w+e)* ' dx | > / (Jul" u — [v|9 ) (w + &) 7 dx.(43)
B(R) B(R/2)

We recall the choice of ¢ above. Since w(x) is non-negative and v > o — 1
(43) and (31) yield

Cs / Z Wy, (Ai(x, Vu) — Ai(x, Vo)) (w + &)™ da
BR)\B(r/2) "~
x e TR > / (Ju|*'u — [o]T ) (w + ) Vdr.  (44)
B(R/2)
It then follows directly from (40) and (44) that
/ (Jul ' — [v[*" o) (w + &) daw — 0 (45)

B(R/2)

as Ry — oo, and that in turn yields that u(z) = v(z) on R". O
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Proof of Theorem 2. We start by observing that (see, e.g, [9])
(Jul* u = o] o) (u = v) = eru — o[ (46)

for any real numbers ¢ > 1, u and v and ¢; = 2'79. Thus (15) implies

/Z ©u, (Ai(x, Vu) — Aij(z, Vv))dz > ¢ /(u —v)%pdx (47)

R

for every non-negative test function ¢ € C§°(R"™). Choose ¢ and p(z) =
(w(z) +e)7"¢*(z) as in the proof of Theorem 1, where w(z) = u(x) — v(z).
The positive constants s > « and a« — 1 > v > 0 will be chosen below.
Integrating by parts in (47) gives

—v / wai(Ai(x, Vu) — Ai(z, Vo)) (w + ) 1dx

Z Co, (Ai(, Vu) — As(z, Vo)) (w + &) "¢ Hda

B(R) '

=L+ > / wl(w +e)7"(*dx. (48)

B(R)
As in the previous proof we estimate I, in terms of I; and arrive at
|| < g / Zw% (z, Vu) — Ai(z, Vo)) (w + )" ¢dw
B(R) '

+ / 02|V§|a(w—|—6)°‘_1_”§5_o‘dx. (49)
B(R)

Moreover, inequality

/ | V| (w + €)1V e > ¢ / wl(w +¢) " (*dx

B(R) B(R)

—i—g / Zwmi(z‘li(x, Vu) — Ay(z, Vo)) (w + €)1 ¢ da (50)
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immediately follows from (48) and (49). Next we estimate the integrand on
the left-hand side of (50) by Young’s inequality (35) with p =<, 8 =

q— a+1’
A= (w+e)* ¢ (51)
and
o slgzatl)
B = | V("¢ (52)
and obtain
C1 a(g—v)
2 [wrareda [ [woEte- it
B(R) B(R)
o [ wiwte) eds
B(R)
/ wal (z, Vu) — Ai(x, Vo)) (w + &)1 (*dr. (53)
B(R =1

Since the last term on the right-hand side of (53) is non-negative, this yields

a(g—v a(q—v)
% (w + E)Q_VgsdI + 03 / |V<| Q*qDH*l) gs— qfqoﬂ»l d.CE
> C / wq(w + g)‘”Cde. (54>
B(R)

In (54) we can send € — 0. This is justified by Lebesgue’s theorem (see, e.g.
p. 303 in [9]), and for s > a1 it leads to

Cy / V| de > / WiV ¢ d. (55)

B(R) B(R)

We chose ((x) as in the proof of Theorem 1. Then (55) and (31) yield

RS > / widz. (56)

B(R)
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(

It is easy to see that for 1 < ¢ < = Y and sufficiently small v, the inequality

B oz(q—V)
g—a+1

holds. Sending R — 400 on the left-hand side of (56) and observing (57)
gives

<0 (57)

/ Wi dz = 0, (59)

R”
where ¢ > v. But then w(x) = 0 a.e. on R™. Thus, for 1 < ¢ < "(a 1), we
have proved that u(z) = v(x) a.e. on R™. This proves Theorem 2 in "the case
n(a=1)
q<——5

To treat the case ¢ = %,

down to estimating the integral

/ wiCdx (59)
B(R)

by exp01t1ng (53) from above in the way suggested in [12]. To this end, we
set ¢(z) = ¢*(x) in (15). Then (46) implies

we borrow an idea from [19], which boils

/Z (z, Vu) — Ai(z, V) Hdr > ¢ / wi*d. (60)
=1

B(R) B(R)

Since

N

n

ZC@ iz, Vu) — Ay(z, Vo)) < |V (Z(Ai(x,Vu)—Ai(x,Vv)f) :

i=1
(61)
using the condition (10) on the coefficients of the operator A(w), (60) and

(61) lead to
1 / wil®dx

B(R)

a—1

< skMe / (Zwrz(A (2, V) — (Ai(x,vu))> veldr (62)

B(R) !
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Estimating the right-hand side of (62) by Hélder’s inequality, it is easy to
see that the inequality

1/a

c1 / wICdr < sk / (V¢ (w 4 )@ DD sy

B(R) B(R)

/ Z (2, V) — (As(z, Vo)) (w + £) "~ ¢da (63)

holds for any € > 0. Further, since the inequality

/ |V<-’a(w_'_6)(a71)(u+1)<-sfadx
B(R)

d d

/ (w 4 &)X DO+ sy / V¢ T da (64)

B(R)\B(R/2) B(R)

IA

is valid for any d > 1, by choosing any sufficiently small v from the interval

(0,a — 1) N (0, =24), and the parameter d = @y Such that d(a —

1)(14+v)=gq, (63) and (64) yield

c1 / wiC®dx
B(R)
d—1 1
ad ad
ad ad
< skt / IV¢|a-1¢*d-1dx / (w+€)1¢Pda
B(R) B(R)\B(R/2)
a—1
X /Zw% (Ai(z, Vu) — (Ai(z, Vo)) (w +¢) " 1¢da . (65)

B(R)

Estimating now the last term on the right-hand side of (65) by (53), we
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obtain

d—1
ad

¢l / wiCde < sKa /|v<yd“—d1<5—d"—‘ﬁdx
B(R) B(R)

1
ad

X / (w =+ )¢ dx cy / V(|7 ait s ait dy

B(R)\B(£/2) B(R)

a—1
o

2
R G S I VRSO RIS IO
y v
B(R)\B(R/2) B(R)

In (66), passing to the limit as € — 0 as justified by Lebesgue’s theorem (see,

e.g., [9], p. 303), gives
/ wiCPdr < ¢q / wi(®dx

B(R) B(R)\B(R/2)
d—1 a—1

ad o

/ V¢|raa e ede | . (67)
(R)

| [ Ve e
)

B(R B

Therefore, for sufficiently large s, (67) implies

ad—
a

1
d
/ widz < ¢ /|VC|da—d1dw
B(R)

B(R/2)

d— a—1

1
ad
/ V(| da
B(R)
(68)

Now choose in (68) the function ((z) as the usual cut-off function. Then (31)
and (68) yield

ad—1
ad

/ wildz < cgRP, (69)

B(R/2)
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where

n—p  (a—1)(n—ps) ad alqg—v)
— = = — 70
p 1 + N ) h d—].’ D2 q—Oé+1 ( )
It is easy to calculate that for 1 < a <n
n—a)lag—a+1—-—via—1 n(a—1
e @-1) (,_na-DY gy
aq(q—a+1) n—a

Further, for n > a and ¢ = %, it follows from (69) and (71) that the

integral
/ wildz (72)

is bounded. Therefore, due to monotonicity, the relation

/ wilde — 0 (73)
B(Ry)\B(Rk/2)

holds for any sequence Ry — oco. On the other hand, for sufficiently large s
it follows from (67) that

1
ad
/ widr < c¢g / widzx
B(R/2) B(R)\B(R/2)
d—1 a—1
ad @
ad q—v
X / |V(|+Tdx / |V(|“aa+ida : (74)
B(R) B(R)

In (74), choosing the function {(x) of the form indicated above and observing
(31) gives
ad
/ wildr < cyRP / wildx : (75)
B(R/2) B(R)\B(R/2)
Finally, for n > «a, ¢ = ”(O‘TZ}) and any sufficiently small v € (0,a — 1) N
(0, =241 e have from (71),(73) and (75) the relation

ail
/ wilde — 0 (76)

B(R/2)
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for any sequence R, — oo. Now this implies that

/n wilde =0 (77)

and hence that u(x) = v(z) on R™.[J

Proof of Theorem 3. The proof is indirect, by contradiction. Assume that
there exists an entire weak solution (u,v) of inequality (1) on R™ such that
u(z) > v(x) satistfying (18). Then by (46) we have from (15) the inequality

n

/Z ©u; (Ai(x, Vu) — Ai(z, Vv))dz > ¢, /(u —v)%pdx (78)

Re =1 Rn

for every non-negative smooth test function ¢ € C§°(R™). Without loss of
generality, we substitute ¢(x) = (w(x)+¢)77(*(z) as a test function in (78),
where w(z) = u(z) — v(x), ¢ is the standard cut-off function from the proof
of Theorem 1, and the positive constants s > « and ¢ > v > 0 will be chosen
below. Integrating by parts in (78) and repeating the arguments in the proof
of Theorem 2 we arrive again at (56)

cs R A > / wiVdz,
B(R)
which holds for any v € (0, — 1] and which contradicts hypothesis (18) of
Theorem 3.

Proof of Theorem 4. Also this proof is indirect by reduction to a contra-
diction. If there exists an entire weak solution (u,v) of inequality (1) on R”
such that u(z) > v(z) and (21) holds, then

/Z(Ai(x, Vu) — Aij(x, Vv))pg,dx > /(|u]q1u — | w)edz,  (79)

R T R~

for every non-negative smooth test function ¢ € C§°(R™). Similar to the
previous proofs, we set o(z) = (w + ¢)'7*(*(z) as a test function in (79),
where w(z) = u(z) — v(z), s > « and ( is the usual cut-off function. Then
an inspection of (39) for v = a — 1 leads to

e R > / (ul" = o o) (u — v)=*dz (80)

B(R)N{zeR™: u(z)#v(x)}
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and this contradicts (21).

Proof of Theorem 5. Again we prove this by contradiction. Suppose there
exists an entire weak solution of (1). We follow the arguments in the proof
of Theorem 4. For ¢ =1 and a = 2 relation (80) becomes

limsup R*™" / 1 dx < ¢, (81)

R—+o00
{lz|<R}n{z: u(z)#v(x)}

but if u(xz) > v(z) in R™, then the left hand side of (81) is infinite, a contra-
diction.

Proof of Theorem 6. It first follows from (16) that the inequality

_/Zﬁ%i(Ai(x,Vu) — Ai(z, Vv))dx > /(]u|q_1u — [v|9)pdr  (82)

Rn 1=1 R”
holds for every non-negative smooth function ¢ € C*°(R") with compact
support. We choose p(z) = w”(x)(*(z) as a test function, where w(z) =
max{u(x) —v(x),0},  is the standard cut-off function and the positive con-

stants s > « and v > 1 will be chosen below. Then, by (46), we arrive
at

n

—/Z(wl’(s)mi(Ai(:c, Vu) — Ai(z, Vv))dr > ¢ /wq”gpdx. (83)

Re =1 R™

Integrating this by parts gives

= Il + IQ > C1 / wq+y<sdx. (84)

B(R)
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As above, we estimate I, in terms of I;. Since

L] = |s / ZC@ i — Ay(x, Vo))w’¢ e
=1

B(R)

< / s(Z(Ai(x,Vu)—(Ai(a:,Vv))2> V¢ w” ¢ e, (85)

B(R) =1

we can proceed as in the proof of Theorem 1 and use condition (10) on the
coefficients of the operator A to obtain

|| <

a—1

@

/ sKCV |V ¢ w ¢! (Zwr (x,Vu) — AZ-(:E,VU))> dx.  (86)

B(R)

For a > 1 we estimate the integrand on the right-hand side of (86) by Young’s
inequality (35) with p = %, 8 = a,

a—1

@

R ICE s<a 1 <Z wa, (A(z, V) — Ai(:p,Vv))> (87)

and
a—1+v

B =sKYV¢|Caw e, (88)

and we arrive at

v
|I] < B / waz (2, Vu) — Ay(x, Vo))w” ' *dx

B(R)
+ / co| V¢ w Vs d. (89)
B(R)
Since I; <0, (89) and (84) imply
c3 / V¢ w* s da > / wr™ ¢ dr (90)
B(R) B(R)
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for @ > 1 and from (10) and (84) for a = 1.

Further, since ¢ > o — 1, choosing s = % such that (s — a)oﬁ;ﬁy =5

and estimating the left-hand side of (90) by Holder’s inequality we obtain

g—a+1 a—1+4v
q+v q+v

Cy /|qu<qjjf /wq+”C5d.r > /wq+”§sdx. (91)
B(R)

B(R) B(R)

Recalling (31) we arrive at

ceR"™ S > / widx (92)
B(R)
which holds for any R > 0. Now we choose in (92) the parameter v sufficiently
large such that
_ algtv)
q—a+1
holds. The sending R — oo in (92) implies

<0 (93)

/ wi™dx = 0, (94)

that is w(z) = 0 or u(z) < v(z) a.e. on R™. O
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