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Standard Call (European Call)

* Def.: The Right to buy the underlying asset at a fixed price at a fixed time

S(t) price of the stock
K strike

T expiration time

0 if S(T) < K

S(TY—-K ifS(T)>K (8(1) - Ky

* Payoff = {



Standard Call

* Expected presentvalue:  E[e "1(S(T) — K)*]

* What is the value of S(T)?

* Black-Scholes-modell as(t)

S(t)
S(T) = S(O)exp((r — 102) T + oW(T))

W(T~N(0,T),Z~N(0,1)  S(T) = S(0)exp((r —30%) T + ovTZ)

=rdt+ odW(t) (GBM) (1.1)

* Analytical solution

pir(5 - 1 = so (L) _ e (A

o\T



Standard Call via Monte-Carlo

« E[e™T(S(T) — K)*]
e Assume C;i.i.d.like e7"T(S(T) — K)*
 Strong law of large numbers = P (A%%Z?ﬂ C; = E[Ci]) =1
— Simulating n independent draws of C; approximates E[(;]

Fori=1, ..., n

Generate Z;
Set S;(T) = S(O)eXp((T — %02) T+ U\/TZL')
Set C; = e "1 (S;(T) — K)*

A 1



Path Dependent Example

 Two modifications to the Standard Call, which makes simulations at intermediate
timesteps necessary

1) Let the dynamics of the underlying asset S(t) be given by
dS(t) = rS(t)dt + a(S(t))S()dW (t)

* |n most cases exists no analytical solution

— use discrete approximation for samples of S(T)

At=1, meE N

m

S(t + At) = S(t) + rS(t)At + o (S(X))S(t)VALZ



Euler-Approximation

Fori=1,..,n

Generate Z;;

Set Sl(t]) = Si(tj—l) + T'Sl' (tj—l)(tj - tj—l) + O'(Sl' (tj—l))Si(tj—l)\/(tj - tj—l)Zij)
Set Ci = B_TT(Si(tm) - K)+

Set Cn = %Z?zl Ci



Asian Option
2) Options with payoffs that depend on the average level of the underlying asset
* (S —K)* the assets payoff

0=ty <t; < <t, =T
T expiration time, K strike

= 1

e Each replication S; i=1,...,n requires m simulations of the stock

S(tj1) = S(t;)exp((r —302) (441 — ) + 0 Ga1 — §)Zj41)




Asian Option

Fori=1, .., n
Forj=1,...m
Generate Z;;
1
Set Sl(t]) = Si(tj_l)exp((r — 50'2) (t] — tj—l) + O'\/(tj — tj—l)Zij)
=~ 1
SetS = E ;_n:l Sl(t])
SetC; = e "T(S—K)*

Set C,, = ~37, C;




Efficiency of Simulation Estimators

* Criteria for comparing simulators

* Computing time
* Bias
* Variance



Unbiased

A

Unbiased © E[C,] =C
én == %Z?:l Ci with Ci i.i.d. , E[Cl]=C , VaI'Ci=O'CZ~ <
Central limit theorem = n(C, — C) =~ N(0,0%)

s computational budget

T computing time per replication C;

E‘ number of replications

e CLT :\/E(éﬁl —C) = N(O»O'(,%)



Unbiased
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* In comparing estimators choose the one with lower value UCZT
* 0, usally unknown

— sample standard deviation (. = ﬁZ’{;l(Ci — Cp)?



Random computing time

* (C;, ;) 1.i.d. with T; computing time, C; as before

* N(s) =sup{n =0: I, 7; < s}number of replications

T = /NG)(Cy) — C) = N(0,08)

. N(s) 1
« SLLN = P(l =—\)=1
im ey

S

= Cyisy — C ~ N(0,% [T])

— Compare estimators by the product 6ZE|[7]




Random computing time

TN(s)S S STN(S)+1
N(s) — N(s) N(s)

¢ SLIN = P(hm NG — gre,])=1 and P(lim 22 = E[7,]) = 1

s—oo N(s) s—oo N(S)

=  P(lim Elt;) =1

§—00 (S)
1
E Tl]) =1

o  P(lim X2

Ss—>oo S




Random computing time

* Cp(s) is biased

E[CN(S)] _ {C , N(s)>0

0, N(s)=0
— E[CI{Tlss}]
=C(1—-P(ry >5))
* C

* P(ty >s)—> 0 ass > o
* Bias vanishes as number of replications increase
* Cn(s) asymptotical unbiased



Biased estimator
- Bias|C,| = E[C,] - C

e Sources of bias
* Discretization error
* Nonlinear function of means

* Consider only estimators for which any bias can be eliminated through increasing
computational effort



Discretization error Asian Option

* In example of the Asian option instead of (1.9)

« h= ti*;{'t", i=0,.. k1

S(t; + ( + Dh) = S(t; + jh) + rS(t; + jRh + 6S(¢; + jR)IVRZj 4

— model discretization error

* Approx. model draws closer to the exact one as k — o
* Bias vanishes under increasing computational effort



Discretization error Lookback Option

* Payoff ( max S(t) —S(T))

* Expected presentvalue o= E[e"”T(OrE&)% S(t) —S(T))]

e Estimator @ =e ™ (max S(t;) —S(T))
0<jsm

max S(t;) < max S(t) And E[a@] < a almost sure
0<j=m O<t<T

—Payoff discretization error

Bias vanishes under additional computational effort asm —



Nonlinear function/Compound option

Standard Call expiring at T; on a Standard Call expiring at T,
Expected present value of Calll:
CH = E[e™™1(S(Ty) — K1)*]

Underlying Asset S(T;) is an option on the stock S
C@(x) = E[e " T2"TI(S(T,) — Kp)* | S(Ty) = x]
$(Ty) = P (S(T))

Simulate S;(T;) for i=1,...,n and S;;(T,) dependent on S;(T;) for j=1,...,m
A 1 (T

CD(S(T)) =3, e BTTI(S;(Ty) — K;)*

A 1 _ A

Cr? =23 e T CP (S:(T) Kt



Compound option
. 6,53) (Sl-(Tl)) is unbiased E[C,gf) (Si(Tl))] = C,S?(&(ﬂ))

+ But £ |CV] = E[e 7T (G (Si(T1)-K1)*]
= E[E[e " (CS? (S:(T)-K1)*11S:(T)]
> E[e ™" T (E[CS (S:(T)IS; (T1)]-K1)*]

= E[e™" ™ (CP (Si(T1)) — K1)*)
= ¢

* Bias vanishes asm — o



Balance Bias/Variance

* Reducing Bias at the expanse of computing time results in less replications per
given computational budget — increase estimator variance

« MSE(C,,) = Bias?[C,] + Var[C,]
* Calculating exact MSE generally impractical
* Compare estimators through asymptotic MSE

* Biased estimator C(n, §) =% n_C? withCPiid. E[CP]+#C

and § the bias determining parameter, E[(f(n, 6)] —->Ca -0



Balance Bias/Variance

* s computational budget

Ts (const.) computing time per replication at parameter §
* Assume there are constants 5,1,b,c > 0 suchthat,asé = 0

Bias[C(n, 8)] = b6F + 0(65)
Tg = céd T+0(67")

* Smaller 6 — greater T <

less replications — increased Variance

higher effort to reduce Bias



Balance Bias/Variance

e s+— §(s) =asY +o(s7Y) an allocation rule for § witha,y >0,y < 1/n

* ((s) = C(N(5),6(5)) N(S)zl S ‘

Ts(s)

» Bias*|C(s)| = b%6(s)* + 0(6(5)%F)
= b2q?Ps2bY 4 o(s72PY)

A 2 - -
VarlC(s)) = T ()

S
= og%ca s + o(s¥" 1)

= 0(s""™1)




Balance Bias/Variance

+ MSE(C(s)) = 0(s727) +0(s711)
1
2B+m

* Choose y =

n __2B __2B
. I\/ISE(C(S)) = (b2a?F + 0%ca™)s 2B+n + o(s 2F+M)
B

\/MSE (¢(s)) = 0(s 728 )

 Unbiased case:

\/MSE(GN(S)) = \/VCU"[CN(S)] = O(S_%)




Balance Bias/Variance

o . - L : : 15 1
Large [ —rapidly vanishing bias Blgr.}o YIrind
* Small n —»small costs of reducing bias lim N
n—0 2B+n 2



