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The Loss Operator

The loss operator

value of the portfolio: (V (t))t∈R

time horizon: 4t

the P&L of the portfolio over the period [t, t +4t] is
V (t +4t)− V (t)

convenient to use the negative P&L −(V (t +4t)− V (t))
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The Loss Operator

convenient to scale time in units of 4t and to establish appropriate
time-series notation

Yt := Y (τt) , τt := t(4t)

the loss:

Lt+1 := −(V (τt+1)− V (τt)) = −(Vt+1 − Vt)
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The Loss Operator

Vt is modelled by time t and a d-dimensional random vector
Zt = (Zt,1, ...,Zt,d)′ of risk factors

mapping leads to
Vt = g(τt ,Zt) (1)

for some measurable function g : R+ × Rd → R and some vectors Zt
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The Loss Operator

(1) Vt = g(τt , Zt )

risk factor changes (Xt)t∈Z := Zt − Zt−1

portfolio loss:

Lt+1 = −(g(τt+1,Zt+1 − g(τt ,Zt))

= −(g(τt+1,Zt + Xt+1)− g(τt ,Zt))

determined by Xt+1
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The Loss Operator

The loss operator at time t

loss operator at time t:

l[t] : Rd → R

maps risk-factor changes into losses

l[t](x) := −(g(τt+1, zt + x)− g(τt , zt)), x ∈ Rd (2)

Lt+1 = l[t](Xt+1)
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Delta and Delta-Gamma Approximations

Delta and Delta-Gamma
Approximations
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Delta and Delta-Gamma Approximations

How can we approximate the non-linear loss operator over short time
intervals by linear and quadratic functions?
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Delta and Delta-Gamma Approximations

Delta Approximation and the linear loss operator

(2) l[t](x) := −(g(τt+1, zt + x)− g(τt , zt )), x ∈ Rd

first-order Taylor series approximation:

g(τt +4t, zt + x) ≈ g(τt , zt) + gτ (τt , zt)4t +
d∑

i=1

gzi (τt , zt)xi

linear loss operator at time t:

l4[t](x) := −(gτ (τt , zt)4t +
d∑

i=1

gzi (τt , zt)xi ) (3)
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Delta and Delta-Gamma Approximations

Delta-Gamma Approximation

first-order partial derivatives:

δ(τt , zt) = (gz1(τt , zt), ..., gzd (τt , zt))′ (4)

second-order partial derivatives:

ω(τt , zt) = (gz1τ (τt , zt), ..., gzdτ (τt , zt))′ (5)

Γ(τt , zt) denotes the matrix with (i,j)th element given by gzizj (τt , zt)
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Delta and Delta-Gamma Approximations

(4) δ(τt , zt ) = (gz1
(τt , zt ), ..., gzd (τt , zt ))′

(5) ω(τt , zt ) = (gz1τ
(τt , zt ), ..., gzdτ (τt , zt ))′

second-order approximation:

g(τt +4t, zt + x) ≈ g(τt , zt) + gτ (τt , zt)4t + δ(τt , zt)
′x

+
1

2
(gττ (τt , zt)(4t)2 + 2ω(τt , zt)

′x4t

+x ′Γ(τt , zt)x)
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Delta and Delta-Gamma Approximations

The quadratic loss operator

l4Γ
[t] (x) := −(gτ (τt , zt)4t + δ(τt , zt)

′x +
1

2
x ′Γ(τt , zt)x) (6)
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Example-European call option

Example-European call option
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Example-European call option

(1) Vt = g(τt , Zt )

Vt = Stht − CBS(τt ,St ; r , σt ,K ,T ) (7)

St & σt : stock price
K: strike price
T: maturity
ht = CBS

S (τt ,St ; rt , σt ,K ,T )
4t = 1/250 and τt = t/250
Zt = (lnSt , σt)

′
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Example-European call option

(3) l
4
[t]

(x) := −(gτ (τt , zt )4t +
∑d

i=1 gzi (τt , zt )xi )

(a) CBS = Stφ(d1)− Kexp(−r(T − t)φ(d2)

(b) d1 =
ln(S−t/K)+(r+σ2

t /2)(T−t)

σt∗
√

T−t

(c) d2 = d1 − σt
√
T − t

(d) φ(x) =
∫ x
−∞

1√
2π

exp(−z2

2
)dz

l4[t](x) = CBS
τ 4t + CBS

σ x2

since gz1(τt , zt) = (ht − CBS
S )St = 0

time to expiry: T − τt = 1

K = 100, r = 0.02, St = 110, σt = 0.2

values of the Greeks in the Black-Scholes model:
CBS
τ ≈ −4.83 and CBS

σ ≈ 34.91

x = (0.05, 0.02)′

⇒ l4[t](x) = CBS
τ ∗ (1/250) + CBS

σ ∗ 0.02 ≈ −0.019 + 0.698 = 0.679
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Example-European call option

(6) l
4Γ
[t]

(x) := −(gτ (τt , zt )4t + δ(τt , zt )′x + 1
2
x′Γ(τt , zt )x)

quadratic loss operator:

l4Γ
[t] (x) = CBS

τ 4t + CBS
σ x2 +

1

2
CBS
SS S2

t x
2
1 + CBS

Sσ Stx1x2 +
1

2
CBS
σσ x

2
2

⇒ l4Γ
[t] (x) = l4t

[t] (x) +
1

2
CBS
SS S2

t x
2
1 + CBS

Sσ Stx1x2 +
1

2
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additional complexity of second-order approximation may often be
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Mapping Bond Portfolios

apply the idea of the loss operator to the mapping of a portfolio

relate this to the concept of duration and convexity in risk
management
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Mapping Bond Portfolios Basic definitions of bond pricing

Basic definitions of bond pricing

standard bond pricing notation p(t,T )

normalize the face value p(T ,T ) of the bond to 1

ways of discribing the term structure of interest rates at time t

mapping T → p(t,T ) for different maturities
the continuously compounded yield T 7→ y(t,T ) of a zero-coupon
bond is y(t,T ) = −(1/(T − t))lnp(t,T )

p(t,T ) = exp(−(T − t)y(t,T ))
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

Detailed mapping of a bond portfolio

d default free zero-coupon bonds with maturities Ti and price
p(t,Ti ), 1 ≤ i ≤ d

λi ist the number of bonds with maturity Ti

V (t) =
∑d

i=1 λip(t,Ti ) =
∑d

i=1 λiexp(−(Ti − t)y(t,Ti ))
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(1) Vt := g(τt , Zt )
τt := t(4t)

for a discrete-time set-up

Vt = g(τt ,Zt) =
d∑

i=1

λiexp(−(Ti − τt)Zt,i )

τt = t(4t)

risk factors are the yields Zt,i = y(τt ,Ti ), 1 ≤ i ≤ d

risk-factor changes Xt+1,i = y(τt+1,Ti )− y(τt ,Ti ), 1 ≤ i ≤ d
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(3) l
4
[t]

(x) := −(gτ (τt , zt )4t +
∑d

i=1 gzi (τt , zt )xi )

first derivatives of the mapping function

gτ (τt , zt) =
∑d

i=1 λip(τt ,Ti )zt,i

gzi (τt , zt) = −λi (Ti − τt)exp(−(Ti − τt)zt,i )

l4[t](x) = −
d∑

i=1

λip(τt ,Ti )(y(τt ,Ti )4t − (Ti − τt)xi )
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(6) l
4Γ
[t]

(x) := −(gτ (τt , zt )4t + δ(τt , zt )′x + 1
2
x′Γ(τt , zt )x)

second derivatives with respet to yields:

gzi ,zi (τt , zt) = λi (Ti − τt)2exp(−(Ti − τt)zt,i )
and gzi zj (τt , zt) = 0 for i 6= j

l4Γ
[t] (x) = −

d∑
i=1

λip(τt ,Ti )(y(τt ,Ti )4t− (Ti − τt)xi +
1

2
(Ti − τt)2x2

i )
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Mapping Bond Portfolios Relationship to duration and convexity

Relationship to duration and convexity

very simple model for the yield curve at time t

y(τt+1,Ti ) = y(τt ,Ti ) + x

in terms of the classical concept of duration of a bond portfolio

l4[t](x) = −Vt(At4t − Dtx)

,where

Dt :=
d∑

i=1

λip(τi ,Ti )

Vt
(Ti − τt),

At :=
d∑

i=1

λip(τt ,Ti )

Vt
y(τt ,Ti )

Dt is the duration of the bond portfolio
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Mapping Bond Portfolios Relationship to duration and convexity

over short time intervals the 4t term will be negligible an losses of
value in the bond portfolio will be determined by l[t](x) ≈ vtDtx

immunization: standard duration-based strategy to manage the
interest rate risk of a bond portfolio
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Mapping Bond Portfolios Relationship to duration and convexity

expression for the quadratic loss operator becomes

l4Γ
[t] (x) = −Vt(At4t − Dtx +

1

2
Ctx

2)

,where

Ct :=
d∑

i=1

λip(τt ,Ti )

Vt
(Ti − τt)2

is the convexity of the bond portfolio
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