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The Loss Operator

The loss operator

@ value of the portfolio: (V/(t))ter
@ time horizon: At

o the P&L of the portfolio over the period [t, t + At] is
V(t+ At) — V(t)
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The Loss Operator

The loss operator

@ value of the portfolio: (V/(t))ter
@ time horizon: At

o the P&L of the portfolio over the period [t, t + At] is
V(t+ At) — V(t)
@ convenient to use the negative P&L —(V/(t + At) — V(1))
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The Loss Operator

@ convenient to scale time in units of At and to establish appropriate
time-series notation

Market Risk Measurement 08.06.2018 6/31



The Loss Operator

@ convenient to scale time in units of At and to establish appropriate
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The Loss Operator

@ convenient to scale time in units of At and to establish appropriate

time-series notation
o Yy =Y(r) , 1t :=t(At)

@ the loss:
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The Loss Operator

@ convenient to scale time in units of At and to establish appropriate
time-series notation

o Yy =Y(r) , 1t :=t(At)

@ the loss:

Levr = —=(V(re1) = V(7)) = =(Veq1 — Vi)
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The Loss Operator

@ V; is modelled by time t and a d-dimensional random vector
Z, = (Z:7,...,2Zsq) of risk factors

Market Risk Measurement 08.06.2018 7/31



The Loss Operator

@ V; is modelled by time t and a d-dimensional random vector
Z, = (Z:7,...,2Zsq) of risk factors

@ mapping leads to
Ve = g(7¢, Z¢) (1)

for some measurable function g : Ry x R? — R and some vectors Z;
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The Loss Operator

(1) Ve = g(7¢, Z¢)

o risk factor changes (X¢)tcz := Zt — Z¢—1
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The Loss Operator

(1) Ve = g(7¢, Z¢)

o risk factor changes (X¢)tcz := Zt — Z¢—1

@ portfolio loss:
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The Loss Operator

(1) Ve = g(7¢, Z¢)

o risk factor changes (X¢)tcz := Zt — Z¢—1

@ portfolio loss:

Liy1 = —(g(Tt-s-l, Zii1— g(Tt, Zt))
= —(g(Tt41, Zt + Xey1) — 8(7t, Zt))
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The Loss Operator

o risk factor changes (X¢)tcz := Zt — Z¢—1

@ portfolio loss:

Liy1 = —(g(Tt-s-l, Zii1— g(Tt, Zt))
= —(g(Tt41, Zt + Xey1) — 8(7t, Zt))

determined by X;;1
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The Loss Operator

The loss operator at time t

@ loss operator at time t:
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The loss operator at time t

@ loss operator at time t:
g :RT =R
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The Loss Operator

The loss operator at time t

@ loss operator at time t:
g :RT =R

maps risk-factor changes into losses
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The Loss Operator

The loss operator at time t

@ loss operator at time t:
g :RT =R

maps risk-factor changes into losses

hg(x) = —(g(7t41, 2t + x) — (7, zt)), x € R (2)
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The Loss Operator

The loss operator at time t

@ loss operator at time t:

g :RT =R
maps risk-factor changes into losses
o
e (x) == —(g(7e41, 2¢ + x) — g(7t, 2¢)), x € RY (2)
°

Ley1 = Iig(Xer1)
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Delta and Delta-Gamma Approximations

Delta and Delta-Gamma
Approximations
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Delta and Delta-Gamma Approximations

How can we approximate the non-linear loss operator over short time
intervals by linear and quadratic functions?
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Delta and Delta-Gamma Approximations

Delta Approximation and the linear loss operator

(@) g (x) = —(&(Ter1, 2t + %) — gl7e, 21)), x € RY

o first-order Taylor series approximation:
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Delta and Delta-Gamma Approximations

Delta Approximation and the linear loss operator

@) [g(x) == —(&(res1, 2t + %) — &(7e, 2t)), x € RY

o first-order Taylor series approximation:

d

g(Tt + At, Zr + X) ~ g(Tt’ Zt) + gT(Tta Zt)At + Z gz,-(7't7 Zt)Xi
i=1
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Delta and Delta-Gamma Approximations

Delta Approximation and the linear loss operator

@) [g(x) == —(&(res1, 2t + %) — &(7e, 2t)), x € RY
o first-order Taylor series approximation:
d
g(te + Oty ze + x) ~ g(7e, 2t) + &7 (1e, 2 ) At + Z 82;(Te, zt)xi
i=1

@ linear loss operator at time t:
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Delta and Delta-Gamma Approximations

Delta Approximation and the linear loss operator

@) [g(x) == —(&(res1, 2t + %) — &(7e, 2t)), x € RY

o first-order Taylor series approximation:

d
g(te + Oty ze + x) ~ g(7e, 2t) + &7 (1e, 2 ) At + Zgz,-(Tt, Z¢)X;

i=1
@ linear loss operator at time t:

d

(<) = —(gr (e, z2) At + ;gz,(n,zt)x,-) (3)
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Delta and Delta-Gamma Approximations

Delta-Gamma Approximation

o first-order partial derivatives:
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Delta and Delta-Gamma Approximations

Delta-Gamma Approximation

o first-order partial derivatives:

8(7t,2t) = (82 (Tts 2t); -+e) 82y (Tt, 22)) (4)

Market Risk Measurement 08.06.2018  13/31



Delta and Delta-Gamma Approximations

Delta-Gamma Approximation

o first-order partial derivatives:

8(7t,2t) = (82 (Tts 2t); -+e) 82y (Tt, 22)) (4)

@ second-order partial derivatives:
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Delta and Delta-Gamma Approximations

Delta-Gamma Approximation

o first-order partial derivatives:

8(7t,2t) = (82 (Tts 2t); -+e) 82y (Tt, 22)) (4)

@ second-order partial derivatives:

w(7e, 2t) = (827 (Tt 2t), "’7gZdT(Ttazf))/ (5)
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Delta and Delta-Gamma Approximations

Delta-Gamma Approximation

o first-order partial derivatives:

8(7t,2t) = (82 (Tts 2t); -+e) 82y (Tt, 22)) (4)

@ second-order partial derivatives:

w(7e, 2t) = (827 (Tt 2t), "’7gZdT(Ttazf))/ (5)

o [(7t,2:) denotes the matrix with (i,j)th element given by g, (¢, z:)
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Delta and Delta-Gamma Approximations

(4) 8(7e, 2) = (82 (Tt 2t),s -os 824 (T2, 2t))
(5) w(Te, zt) = (827 (Tt, 2t)s o Bogr (Te, 2t))

@ second-order approximation:
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Delta and Delta-Gamma Approximations

(4) 8(7e, 2) = (82 (Tt 2t),s -os 824 (T2, 2t))
(5) w(Te, zt) = (827 (Tt, 2t)s o Bogr (Te, 2t))

@ second-order approximation:
g(me + At, ze + x) ~ g(7¢, z¢) + & (72, 2¢) At + 0(7¢, 2¢)'x
1
+§(g7—7—(7't, z)(A t)2 + 2w(7e, z) x At
+Xlr(7't, Zt)X)
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Delta and Delta-Gamma Approximations

The quadratic loss operator

1
g () = —(&r (7, 20) At 4 8(re, 22) x + 2 XT (72, 20)) (6)
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Example-European call option

(1) Ve = g(7¢, Z¢)

Vi = Sthy — CBS(Tta Si;r,ot, K, T) (7)
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Example-European call option

(1) Ve = g(7¢, Z¢)

Vi = Sthy — CBS(Tta Si;r,ot, K, T) (7)

o S; & o0, : stock price
o K: strike price
e T: maturity

Market Risk Measurement 08.06.2018 17 /31



Example-European call option

(1) Ve = g(7¢, Z¢)

Vi = Sthy — CBS(Tta Si;r,ot, K, T) (7)

S; & o0, : stock price

K: strike price

T: maturity

hy = CSBS(T;_», St re, o, K, T)

Market Risk Measurement 08.06.2018 17 /31



Example-European call option

(1) Ve = g(7¢, Z¢)

Vi = Sthy — CBS(Tta Si;r,ot, K, T) (7)

o S; & o0, : stock price

o K: strike price

e T: maturity

o hy = CEB(7¢,Sti e, 00, K, T)
o At =1/250 and 7 = t/250
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Example-European call option

(1) Ve = g(7¢, Z¢)

Vi = Sthy — CBS(Tta Si;r,ot, K, T) (7)

o S; & o0, : stock price

o K: strike price

e T: maturity

o hy = CEB(7¢,Sti e, 00, K, T)
o At =1/250 and 7 = t/250
o Z; = (InS;,0v)
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Example-European call option
yAN
(3) g () = —(gr (re, 2) At + L gz (7, 20)x)

(a) CBS = Sep(d1) — Kexp(—r(T — t)¢(da)

(b) dy = In(S—t/K)+(r+o?/2)(T—1t)
orxV/T—t
(c)dh =dy —oe/T — £

(o) 60x) = [* oy =l =)z

() = CEB AL+ CPx
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Example-European call option
yAN
(3) g () = —(gr (re, 2) At + L gz (7, 20)x)

(a) CBS = Sep(d1) — Kexp(—r(T — t)¢(da)

(b) dy = In(S—t/K)+(r+o?/2)(T—1t)
orxV/T—t
(c)dh =dy —oe/T — £

(o) 60x) = [* oy =l =)z

() = CEB AL+ CPx

since gzl(Tt,Zt) = (ht — CSBS)St =0
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Example-European call option
yAN
(3) g () = —(gr (re, 2) At + L gz (7, 20)x)

(a) CBS = Seop(dy) — Kexp(—r(T — )é(dy)
In(S—t/K)+(r+o% /2)(T—t)
(b) dy = 2RI S D
ok T—t
(c)da =dy —oe/T — ¢

(o) 60) = [* oy e =E)dz

() = CEB AL+ CPx

since gz1(7'tvzt) - (ht - Cgs)st =0
o time to expiry: T — 1 =1
e K=100, r =0.02, 5; =110, 0 = 0.2
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Example-European call option

(3) [ (9 1= —(gr(re, 2) At + Ty gz, (72, 26))

(a) CBS = Seop(dy) — Kexp(—r(T — )é(dy)
In(S—t/K)+(r+o% /2)(T—t)
(b) dy = —>— LT f R T
e /T—t
(c)da =dy —oe/T — ¢

(o) 60x) = [* oy =l =)z

() = CEB AL+ CPx

since gz, (¢, z¢) = (he — CB%)S; = 0
o time to expiry: T — 71 =1
e K =100, r=0.02, S; =110, 0 =0.2
@ values of the Greeks in the Black-Scholes model:
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Example-European call option

(3) [ (9 1= —(gr(re, 2) At + Ty gz, (72, 26))

(a) CBS = Seop(dy) — Kexp(—r(T — )é(dy)
In(S—t/K)+(r+o% /2)(T—t)
(b) dy = —>— LT f R T
e /T—t
(c)da =dy —oe/T — ¢

(o) 60x) = [* oy =l =)z

() = CEB AL+ CPx
since gz, (¢, z¢) = (he — CB%)S; = 0
o time to expiry: T — 1 =1
o K =100, r = 0.02, S; = 110, oy = 0.2

@ values of the Greeks in the Black-Scholes model:
CBS ~ —4.83 and CB> ~ 34.01
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Example-European call option
yAN
(3) g () = —(gr (re, 2) At + L gz (7, 20)x)

(a) CBS = Seop(dy) — Kexp(—r(T — )é(dy)
In(S—t/K)+(r+o% /2)(T—t)
(b) dy = —>— LT f R T
e /T—t
(c)da =dy —oe/T — ¢

(o) 60x) = [* oy =l =)z

() = CEB AL+ CPx

since gz1(7'tvzt) - (ht - Cgs)st =0
o time to expiry: T — 1 =1
e K=100, r =0.02, 5; =110, 0 = 0.2

@ values of the Greeks in the Black-Scholes model:
CBS ~ —4.83 and CB> ~ 34.01

e x = (0.05,0.02)
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Example-European call option

(3) [ (9 1= —(gr(re, 2) At + Ty gz, (72, 26))

(a) CBS = Sep(d1) — Kexp(—r(T — t)¢(da)
_ In(S— t/K)+(rto?/2)(T—1)

(b) d o /Tt
(c)dQ:dlfot T—t

2
(d) ¢(x) = JX o =exp(=5-)dz

() = CEB AL+ CPx
since gz, (¢, z¢) = (he — CB%)S; = 0
o time to expiry: T — 1 =1
o K =100, r = 0.02, S; = 110, oy = 0.2

@ values of the Greeks in the Black-Scholes model:
CB5 ~ —4.83 and CB°> ~ 34.01

e x = (0.05,0.02)
= /[t]( x) = CB% x (1/250) + CB° % 0.02 ~ —0.019 4 0.698 = 0.679
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Example-European call option

(6) 3" (x) = —(er (e, 2) At + 8(7e, 22) x + 3x' (e, 22)%)

@ quadratic loss operator:
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Example-European call option

(6) 3" (x) = —(er (e, 2) At + 8(7e, 22) x + 3x' (e, 22)%)

@ quadratic loss operator:

1
iy () = CEAt+ CPx + §C§§‘;52 2 4 CE S xxo + = . cfj
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Example-European call option

(6) 3" (x) = —(er (e, 2) At + 8(7e, 22) x + 3x' (e, 22)%)

@ quadratic loss operator:
1 1
150(x) = CBSAL + CBSx + §c£555t2x12 + CESSxixo + = CB2x3

1 5 Coo

1 1
= 15700 = [0) + 5 CBISEE + B Soxme + 5 CE0

~ 0.679 + 0.218 — 0.083 + 0.011 = 0.825

Market Risk Measurement 08.06.2018  19/31



Example-European call option

(6) 3" (x) = —(er (e, 2) At + 8(7e, 22) x + 3x' (e, 22)%)

@ quadratic loss operator:

1
iy () = CEAt+ CPx + Ecf_és2 2 4 CE S xxo + = : cfj

= fig () = 157 ) + 5 Cs sZ%+c€fstX1X2+zc££

~ 0.679 +0.218 — 0.083 + 0.011 = 0.825

@ additional complexity of second-order approximation may often be
warranted
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Mapping Bond Portfolios

@ apply the idea of the loss operator to the mapping of a portfolio
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Mapping Bond Portfolios

@ apply the idea of the loss operator to the mapping of a portfolio

o relate this to the concept of duration and convexity in risk
management
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Mapping Bond Portfolios Basic definitions of bond pricing

Basic definitions of bond pricing

@ standard bond pricing notation p(t, T)
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Mapping Bond Portfolios Basic definitions of bond pricing

Basic definitions of bond pricing

@ standard bond pricing notation p(t, T)
@ normalize the face value p(T, T) of the bond to 1
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Basic definitions of bond pricing

@ standard bond pricing notation p(t, T)

@ normalize the face value p(T, T) of the bond to 1
@ ways of discribing the term structure of interest rates at time t
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Mapping Bond Portfolios Basic definitions of bond pricing

Basic definitions of bond pricing

@ standard bond pricing notation p(t, T)

@ normalize the face value p(T, T) of the bond to 1
@ ways of discribing the term structure of interest rates at time t
e mapping T — p(t, T) for different maturities
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Mapping Bond Portfolios Basic definitions of bond pricing

Basic definitions of bond pricing

@ standard bond pricing notation p(t, T)

@ normalize the face value p(T, T) of the bond to 1
@ ways of discribing the term structure of interest rates at time t

e mapping T — p(t, T) for different maturities
e the continuously compounded yield T — y(t, T) of a zero-coupon
bond is y(t, T) = —(1/(T — t))Inp(t, T)

p(t; T) = exp(—(T — t)y(t, T))
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e MO B e T
Detailed mapping of a bond portfolio

o d default free zero-coupon bonds with maturities T; and price
p(t, T;),1<i<d
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painee el
Detailed mapping of a bond portfolio

o d default free zero-coupon bonds with maturities T; and price
p(t, T;),1<i<d
@ )\; ist the number of bonds with maturity T;
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painee el
Detailed mapping of a bond portfolio

o d default free zero-coupon bonds with maturities T; and price
p(t, T;),1<i<d
@ )\; ist the number of bonds with maturity T;

o V(1) =L, Xip(t, Ti) = Ly Nexp(—(Ti — t)y(t, T)))
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(1) Ve := g(7¢, Zt)
Tt = t(At)

o for a discrete-time set-up

d
Ve = g(7t,Zt) = Y Niexp(—(Ti = 7¢) Ze.)
i=1

Tt = t(At)
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(1) Vi = g(Tt, Zt)
Tt = t(At)
o for a discrete-time set-up

d

Vi =g(m,Ze) = > Niexp(—(Ti — 1) Ze.7)
i=1

Tt = t(At)
o risk factors are the yields Z; j = y(7¢, T;), 1 <i<d
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(1) Ve := g(7¢, Zt)
Tt = t(At)

o for a discrete-time set-up

d

Vi =g(m,Ze) = > Niexp(—(Ti — 1) Ze.7)
i=1

Tt = t(At)
o risk factors are the yields Z; j = y(7¢, T;), 1 <i<d
o risk-factor changes X¢i1,i = y(7e41, Ti) — y(7¢, Ti), 1 <i < d
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(3) g () = —(er (re, 2) At + L g5, (e, 26)x)

o first derivatives of the mapping function
o & (16,20) = X1y \ib(7e, Ti)ze,
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(3) g () = —(er (re, 2) At + L g5, (e, 26)x)
o first derivatives of the mapping function

o gr(1e,2) = L Aip(7e, Th)zei
° gz,(Tt,zt) = _)\i(Ti - Tt)eXP(_(Ti - Tt)zt,i)
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(3) g () = —(er (re, 2) At + L g5, (e, 26)x)

o first derivatives of the mapping function

o gr(me,2e) = X0 Nip(re, Ti)zei
° gz,-(Ttvzt) = _>\i(T 7't)eXP( ( —Tt)Zt:)

Z)\/P e, Ti)(y (e, Ti)At — (T — 7¢)x;)
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(6) ig" (x) = —(gr (e, 2) At 4 8(7e, 22) x + 3x (e, 22)%)

@ second derivatives with respet to yields:
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(6) ig" (x) = —(gr (e, 2) At 4 8(7e, 22) x + 3x (e, 22)%)

@ second derivatives with respet to yields:
° gz,-,z,-(Tt,Zt) = )\i(Ti - Tt)zeXP(—(Ti - Tt)Zt,i)
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(6) ig" (x) = —(gr (e, 2) At 4 8(7e, 22) x + 3x (e, 22)%)

@ second derivatives with respet to yields:

° gz,-,z,-(Tt,Zt) = )\i(Ti - Tt)zeXP(—(Ti - Tt)Zt,i)
and g;,;(7¢,2:) = 0 for i # j
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Mapping Bond Portfolios Detailed mapping of a bond portfolio

(6) ig" (x) = —(gr (e, 2) At 4 8(7e, 22) x + 3x (e, 22)%)

@ second derivatives with respet to yields:

° gz,-,z,-(Tt,Zt) = )\i(Ti - Tt)zeXP(—(Ti - Tt)Zt,i)
and g;,;(7¢,2:) = 0 for i # j

d
1
/[?]F(X) =— Z)\ip(ﬁ, T)(y(re, T)At — (T; — 7)xi + E(Ti 1))
i=1
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Mapping Bond Portfolios Relationship to duration and convexity

Relationship to duration and convexity

@ very simple model for the yield curve at time t
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Relationship to duration and convexity

@ very simple model for the yield curve at time t

y(Te+1, Ti) = y(1e, Ti) + x
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Mapping Bond Portfolios Relationship to duration and convexity

Relationship to duration and convexity

@ very simple model for the yield curve at time t

y(Te+1, Ti) = y(1e, Ti) + x

@ in terms of the classical concept of duration of a bond portfolio

[5(x) = =Vi(AiAt — Dex)
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Mapping Bond Portfolios Relationship to duration and convexity

Relationship to duration and convexity

@ very simple model for the yield curve at time t

y(Te+1, Ti) = y(1e, Ti) + x

@ in terms of the classical concept of duration of a bond portfolio
[5(x) = =Vi(AiAt — Dex)

,where

i=1 Vt
d
)\,‘P(T 3 T)
At = Z Vtt (Tt7 T:)
i=1
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Mapping Bond Portfolios Relationship to duration and convexity

Relationship to duration and convexity

@ very simple model for the yield curve at time t

y(Te+1, Ti) = y(1e, Ti) + x

@ in terms of the classical concept of duration of a bond portfolio
[5(x) = =Vi(AiAt — Dex)

,where

i=1 Vt
d
)\iP(T ) TI)
At = Z Tiy(Tt, T,)
i=1

@ D is the duration of the bond portfolio
Market Risk Measurement 08.06.2018
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Mapping Bond Portfolios Relationship to duration and convexity

@ over short time intervals the At term will be negligible an losses of
value in the bond portfolio will be determined by /j1(x) ~ v¢Dx
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Mapping Bond Portfolios Relationship to duration and convexity

@ over short time intervals the At term will be negligible an losses of
value in the bond portfolio will be determined by /j1(x) ~ v¢Dx

@ immunization: standard duration-based strategy to manage the
interest rate risk of a bond portfolio
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Mapping Bond Portfolios Relationship to duration and convexity

@ expression for the quadratic loss operator becomes

1
/[f]r(X) = —Vt(AtAt — DtX =+ §CtX2)
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Mapping Bond Portfolios Relationship to duration and convexity

@ expression for the quadratic loss operator becomes

1
/[f]r(X) = —Vt(AtAt — DtX =+ §CtX2)

.where

d
Aip(7e, Ti
Ct = Z(\/i )(T, —Tt)2
i=1
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Mapping Bond Portfolios Relationship to duration and convexity

@ expression for the quadratic loss operator becomes

1
/[f]r(X) = —Vt(AtAt — DtX =+ §CtX2)

.where

d
Aip(7e, Ti
Ct = Z(\/i )(T, —Tt)2
i=1

is the convexity of the bond portfolio
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Thank you for your attention!

Marina Klein Market Risk Measuremen t 08.06.2018
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