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Motivation

Motivation

Anwendung bei Regressions- und Klassifizierungsproblemen

sehr einfach zu verstehen und zu programmieren

Ergebnisse leicht zu interpretieren

Funktionsweise: Restriktionen auf den Einflussgrößen unterteilen den
Vorhersageraum in einfache Bereiche, Mittelwerte der Zielgrößen in
diesen Bereichen dienen als Vorhersagewerte
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Regressionsbäume

Zusammenhang Bäume & Bereiche im Vorhersageraum
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Regressionsbäume
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X0 ≤ 0.65
mse = 1.651
samples = 6

value = 2.283

mse = 1.322
samples = 2
value = 1.25
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mse = 1.015
samples = 4
value = 2.8

False
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X0 ≤ 0.65
mse = 1.651
samples = 6

value = 2.283

mse = 1.322
samples = 2
value = 1.25

True

X1 ≤ 0.7
mse = 1.015
samples = 4
value = 2.8

False

mse = 0.022
samples = 2
value = 3.65

mse = 0.563
samples = 2
value = 1.95
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Regressionsbäume
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X0 ≤ 0.65
mse = 1.651
samples = 6

value = 2.283

mse = 1.322
samples = 2
value = 1.25

True

X1 ≤ 0.7
mse = 1.015
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value = 2.8

False

mse = 0.022
samples = 2
value = 3.65

mse = 0.563
samples = 2
value = 1.95
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Regressionsbäume

Bestimmung der Restriktionen

Finde für jede Einflussgröße Xj

die beste Schnittgerade durch s

Wähle j und s mit der besten Vorhersage

Wiederhole dieses Verfahren in den beiden gefundenen Bereichen
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Regressionsbäume

Bestimmung der besten Vorhersage

Wie bei linearen Modellen:

(j , s) = argmin
j ,s

∑
i :xi∈R1(j ,s)

(yi − ŷR1)2 +
∑

i :xi∈R2(j ,s)

(yi − ŷR2)2

Man erhält die Halbebenen R1(j , s) = {X |Xj ≤ s} und
R2(j , s) = {X |Xj > s}.

ŷRn ist der Mittelwert der Zielgrößen in Region n
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Regressionsbäume

Eigenschaften des Algorithmus

Top-down-Prinzip

Greedy

rekursive binäre Aufteilung
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Pruning

Überangepasster Baum

X5 ≤ 6.941
mse = 84.026
samples = 496
value = 22.484

X12 ≤ 14.4
mse = 40.904
samples = 422
value = 19.925

True
X5 ≤ 7.437

mse = 79.648
samples = 74
value = 37.077

False

X7 ≤ 1.385
mse = 26.249
samples = 251
value = 23.383

X0 ≤ 6.992
mse = 19.11

samples = 171
value = 14.85

mse = 78.146
samples = 5

value = 45.58

X5 ≤ 6.543
mse = 14.976
samples = 246
value = 22.932

X12 ≤ 7.57
mse = 8.426

samples = 191
value = 21.637

X9 ≤ 269.0
mse = 11.694
samples = 55
value = 27.427

X7 ≤ 6.364
mse = 3.07

samples = 42
value = 23.95

X9 ≤ 208.0
mse = 8.003

samples = 149
value = 20.985

X9 ≤ 262.0
mse = 3.002
samples = 27
value = 24.519

X10 ≤ 19.4
mse = 1.563
samples = 15
value = 22.927

mse = 3.584
samples = 5
value = 26.6

X2 ≤ 13.935
mse = 1.661
samples = 22
value = 24.045

X5 ≤ 6.259
mse = 0.68

samples = 17
value = 23.641

mse = 2.55
samples = 5

value = 25.42

mse = 0.369
samples = 6

value = 23.067

X5 ≤ 6.396
mse = 0.572
samples = 11
value = 23.955

mse = 0.707
samples = 6
value = 23.7

mse = 0.238
samples = 5

value = 24.26

mse = 0.925
samples = 9

value = 23.556

mse = 1.038
samples = 6

value = 21.983

mse = 32.32
samples = 5
value = 26.9

X5 ≤ 6.078
mse = 5.902

samples = 144
value = 20.78

X6 ≤ 69.1
mse = 5.642
samples = 77
value = 20.027

X12 ≤ 11.725
mse = 4.801
samples = 67
value = 21.645

X7 ≤ 4.464
mse = 3.664
samples = 55
value = 20.513

X4 ≤ 0.601
mse = 8.527
samples = 22
value = 18.814

X11 ≤ 377.955
mse = 3.847
samples = 23
value = 21.465

X5 ≤ 5.764
mse = 2.411
samples = 32
value = 19.828

mse = 2.714
samples = 5

value = 19.36

X10 ≤ 17.6
mse = 2.589
samples = 18
value = 22.05

mse = 0.346
samples = 5

value = 23.24

X6 ≤ 49.15
mse = 2.698
samples = 13
value = 21.592

mse = 1.926
samples = 7
value = 22.6

mse = 1.031
samples = 6

value = 20.417

mse = 0.658
samples = 5

value = 18.14

X2 ≤ 5.415
mse = 2.11

samples = 27
value = 20.141

X11 ≤ 394.995
mse = 1.291
samples = 13
value = 19.223

X7 ≤ 5.194
mse = 1.362
samples = 14
value = 20.993

mse = 0.59
samples = 5

value = 18.22

mse = 0.708
samples = 8

value = 19.85

mse = 0.044
samples = 5
value = 20.2

mse = 1.551
samples = 9

value = 21.433

X10 ≤ 19.7
mse = 5.57

samples = 12
value = 17.225

X11 ≤ 342.44
mse = 5.412
samples = 10
value = 20.72

mse = 1.81
samples = 7

value = 18.214

mse = 7.546
samples = 5

value = 15.84

mse = 2.306
samples = 5

value = 21.84

mse = 6.008
samples = 5
value = 19.6

X0 ≤ 0.046
mse = 4.936
samples = 43
value = 22.363

X12 ≤ 12.965
mse = 1.981
samples = 24
value = 20.358

mse = 3.06
samples = 9

value = 20.722

X12 ≤ 9.98
mse = 4.531
samples = 34
value = 22.797

X6 ≤ 43.7
mse = 2.929
samples = 16
value = 24.013

X12 ≤ 10.685
mse = 3.476
samples = 18
value = 21.717

mse = 2.362
samples = 5

value = 25.54

X5 ≤ 6.352
mse = 1.643
samples = 11
value = 23.318

mse = 1.68
samples = 5
value = 22.5

mse = 0.59
samples = 6
value = 24.0

mse = 2.951
samples = 9

value = 20.456

mse = 0.82
samples = 9

value = 22.978

X5 ≤ 6.302
mse = 1.956
samples = 14
value = 19.9

X6 ≤ 86.3
mse = 1.31

samples = 10
value = 21.0

mse = 0.617
samples = 9

value = 20.611

mse = 1.818
samples = 5

value = 18.62

mse = 1.562
samples = 5

value = 21.24

mse = 0.942
samples = 5

value = 20.76

X10 ≤ 17.85
mse = 5.38

samples = 17
value = 30.241

X4 ≤ 0.526
mse = 9.392
samples = 38
value = 26.168

X11 ≤ 393.41
mse = 2.699
samples = 10
value = 31.71

mse = 1.725
samples = 7

value = 28.143

mse = 0.76
samples = 5
value = 30.4

mse = 1.206
samples = 5

value = 33.02

X4 ≤ 0.436
mse = 8.024
samples = 29
value = 27.007

mse = 4.233
samples = 9

value = 23.467

X6 ≤ 35.2
mse = 3.104
samples = 11
value = 24.564

X12 ≤ 7.05
mse = 5.153
samples = 18
value = 28.5

mse = 1.618
samples = 5

value = 26.02

mse = 1.103
samples = 6

value = 23.35

mse = 1.409
samples = 9

value = 30.144

mse = 3.489
samples = 9

value = 26.856

X6 ≤ 73.3
mse = 11.563
samples = 98
value = 16.988

X4 ≤ 0.605
mse = 14.875
samples = 73
value = 11.981

X2 ≤ 10.3
mse = 3.455
samples = 13
value = 21.138

X12 ≤ 19.26
mse = 9.766
samples = 85
value = 16.353

mse = 2.041
samples = 8

value = 20.188

mse = 1.954
samples = 5

value = 22.66

X11 ≤ 378.085
mse = 7.342
samples = 57
value = 17.298

X10 ≤ 19.6
mse = 9.176
samples = 28
value = 14.429

X12 ≤ 15.965
mse = 3.436
samples = 22
value = 15.6

X10 ≤ 19.15
mse = 6.845
samples = 35
value = 18.366

mse = 1.327
samples = 8

value = 17.138

X12 ≤ 17.375
mse = 2.519
samples = 14
value = 14.721

mse = 2.89
samples = 8

value = 15.337

mse = 0.843
samples = 6
value = 13.9

mse = 6.973
samples = 9
value = 20.7

X6 ≤ 91.45
mse = 4.262
samples = 26
value = 17.558

mse = 3.144
samples = 8

value = 19.287

X12 ≤ 17.035
mse = 2.838
samples = 18
value = 16.789

mse = 1.154
samples = 8

value = 17.812

X12 ≤ 18.205
mse = 2.676
samples = 10
value = 15.97

mse = 0.874
samples = 5

value = 15.24

mse = 3.412
samples = 5
value = 16.7

X0 ≤ 2.35
mse = 6.355
samples = 14
value = 15.929

X0 ≤ 0.83
mse = 7.498
samples = 14
value = 12.929

mse = 5.475
samples = 8
value = 17.3

mse = 1.677
samples = 6
value = 14.1

mse = 7.842
samples = 5

value = 10.84

mse = 3.537
samples = 9

value = 14.089

X0 ≤ 12.661
mse = 18.606
samples = 12
value = 16.633

X12 ≤ 19.645
mse = 9.045
samples = 61
value = 11.066

mse = 4.871
samples = 6

value = 13.583

mse = 13.735
samples = 6

value = 19.683

X6 ≤ 96.65
mse = 4.18

samples = 18
value = 13.922

X4 ≤ 0.675
mse = 6.236
samples = 43
value = 9.87

X0 ≤ 9.719
mse = 2.732
samples = 10
value = 12.88

mse = 2.934
samples = 8

value = 15.225

mse = 0.322
samples = 5

value = 14.26

mse = 1.332
samples = 5
value = 11.5

X7 ≤ 1.372
mse = 1.544
samples = 10
value = 12.63

X0 ≤ 9.756
mse = 4.649
samples = 33
value = 9.033

mse = 0.562
samples = 5

value = 13.34

mse = 1.518
samples = 5

value = 11.92

mse = 1.857
samples = 8

value = 11.125

X4 ≤ 0.697
mse = 3.695
samples = 25
value = 8.364

X7 ≤ 1.598
mse = 2.301
samples = 13
value = 7.315

X12 ≤ 29.45
mse = 2.723
samples = 12
value = 9.5

mse = 0.706
samples = 5
value = 5.82

mse = 1.027
samples = 8
value = 8.25

mse = 2.353
samples = 7

value = 10.286

mse = 1.168
samples = 5
value = 8.4

X12 ≤ 11.455
mse = 41.796
samples = 45
value = 32.018

X10 ≤ 17.9
mse = 37.034
samples = 29
value = 44.928

X6 ≤ 91.3
mse = 20.89
samples = 40
value = 33.428

mse = 65.958
samples = 5

value = 20.74

X4 ≤ 0.488
mse = 12.549
samples = 34
value = 32.482

mse = 34.411
samples = 6

value = 38.783

X7 ≤ 6.759
mse = 4.596
samples = 25
value = 33.916

mse = 13.071
samples = 9
value = 28.5

X5 ≤ 7.167
mse = 2.304
samples = 14
value = 35.0

X11 ≤ 392.72
mse = 4.113
samples = 11
value = 32.536

mse = 2.422
samples = 8

value = 35.562

mse = 1.163
samples = 6

value = 34.25

mse = 4.526
samples = 5

value = 31.28

mse = 1.358
samples = 6

value = 33.583

X0 ≤ 0.577
mse = 13.757
samples = 24
value = 46.687

mse = 62.534
samples = 5

value = 36.48

X5 ≤ 7.793
mse = 13.466
samples = 18
value = 45.583

mse = 0.0
samples = 6
value = 50.0

mse = 4.559
samples = 7

value = 43.629

X9 ≤ 285.5
mse = 15.155
samples = 11
value = 46.827

mse = 2.661
samples = 6

value = 48.783

mse = 20.046
samples = 5

value = 44.48
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Pruning

Nachteile

Überanpassung an die Trainingsdaten, schlechte Vorhersagen auf dem
Testset

schlechte Performance, zu viele Berechnungen um ein Blatt zu
erreichen

Unübersichtlichkeit und schlecht zu interpretieren
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Pruning

Möglichkeiten

Stoppkriterien wie maximale Tiefe, Mindestanzahl an Beobachtungen
pro Blatt etc.

nur verzweigen, wenn RSS-Verbesserung einen Grenzwert
überschreitet

zunächst den ganzen Baum berechnen und nachträglich ineffiziente
Äste wieder abschneiden (pruning)

Kürzere Bäume verringern die Komplexität, aber erhöhen die
systematische Verzerrung (Bias-Variance Trade-off)
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Pruning

Kürzerer Baum

X5 ≤ 6.941
mse = 84.026
samples = 496
value = 22.484

X12 ≤ 14.4
mse = 40.904
samples = 422
value = 19.925

True

X5 ≤ 7.437
mse = 79.648
samples = 74

value = 37.077

False

X7 ≤ 1.385
mse = 26.249
samples = 251
value = 23.383

mse = 19.11
samples = 171
value = 14.85

mse = 78.146
samples = 5

value = 45.58

mse = 14.976
samples = 246
value = 22.932

mse = 41.796
samples = 45

value = 32.018

mse = 37.034
samples = 29

value = 44.928

Ina Geller Entscheidungsbäume 16. November 2018 14 / 24



Pruning

Algorithmus Pruning

1 Bilde großen Baum auf den Trainingsdaten.

2 Wende Cost Complexity Pruning an, um eine Folge an besten
Teilbäumen in Abhängigkeit von α zu erhalten.

3 Wende Kreuzvalidierung an, um das beste α zu bestimmen.

4 Gib den Teilbaum aus 2. aus, der zu dem in 3. bestimmten α gehört.
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Pruning

Cost Complexity Pruning

Jedem α > 0 entspricht ein Teilbaum Tα ⊂ T0. Wir bestimmen eine Folge
an Teilbäume über

min

|Tα|∑
m=1

∑
i :xi∈Rm

(yi − ŷRm)2 + α|Tα|

|Tα| ist die Anzahl an Blättern in Tα
Rm ist das Rechteck, das dem m-ten Blatt entspricht
ŷRm ist die Vorhersage für alle Daten, die in Rm fallen

⇒ Wenn man α von 0 an wachsen lässt, werden nach und nach einzelne
Äste weggeschnitten.
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Klassifizierungsbäume

Klassifizierungsbäume

ähnlich wie Regressionsbäume, nur für qualitative Zielgrößen

Vorhersage ist die in der Region am häufigsten vorkommende Klasse

Nicht nur Vorhersage, sondern auch Aufteilung der Klassen in den
einzelnen Regionen interessant
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Klassifizierungsbäume

Irisblumenklassifizierung

petal width (cm) ≤ 0.8
entropy = 1.585
samples = 150

value = [50, 50, 50]
class = setosa

entropy = 0.0
samples = 50

value = [50, 0, 0]
class = setosa

True

petal width (cm) ≤ 1.75
entropy = 1.0

samples = 100
value = [0, 50, 50]
class = versicolor

False

petal length (cm) ≤ 4.95
entropy = 0.445
samples = 54

value = [0, 49, 5]
class = versicolor

petal length (cm) ≤ 4.95
entropy = 0.151
samples = 46

value = [0, 1, 45]
class = virginica

sepal length (cm) ≤ 5.15
entropy = 0.146
samples = 48

value = [0, 47, 1]
class = versicolor

entropy = 0.918
samples = 6

value = [0, 2, 4]
class = virginica

entropy = 0.722
samples = 5

value = [0, 4, 1]
class = versicolor

entropy = 0.0
samples = 43

value = [0, 43, 0]
class = versicolor

entropy = 0.65
samples = 6

value = [0, 1, 5]
class = virginica

entropy = 0.0
samples = 40

value = [0, 0, 40]
class = virginica
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Klassifizierungsbäume

Definitionen

Anzahl Beobachtungen pro Klasse:

b̂mk =
∑
b∈m

εbk

Blatt m
mit zugehöriger Region Rm

Beobachtung b
Klasse k und

εbk =
{ 1 ,wenn b in k

0 ,sonst
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Klassifizierungsbäume

Definitionen

Anteil von Klasse k in m ist:

p̂mk =
pmk∑
k b̂mk

Vorhersage für Region m:

k = argmax
k

b̂mk
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Klassifizierungsbäume

Methoden zum Finden der besten Schnittgeraden

Klassifikationsfehlerrate: Anteil falsch klassifizierter Beobachtungen
pro Blatt

Gini-Index: totale Varianz

Entropy: Informationsgehalt
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Klassifizierungsbäume

Gini-Index

G =
K∑

k=1

p̂mk(1− p̂mk)

G klein, wenn alle p̂mk entweder 0 oder 1

Berechnet totale Varianz über alle Blätter

Gibt die Reinheit (purity) des Knotens an
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Klassifizierungsbäume

Entropy

D = −
K∑

k=1

p̂mk log(p̂mk)

D nimmt sehr kleine Werte nahe 0 an, wenn die Klassen möglichst
rein sind

Spaltet Bereiche auch nach Reinheit der Knoten

führt zu ähnlichen Ergebnissen wie Gini-Index
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Vergleich zu linearen Modellen

Vergleich zu linearen Modellen
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