CONFORMAL DEFORMATIONS OF CAT(0) SPACES
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ABSTRACT. We show that the class of CAT(0) spaces is closed under suitable conformal changes.
In particular, any CAT(0) space admits a large variety of non-trivial deformations.

1. INTRODUCTION

1.1. Main result. Let M be a smooth manifold with Riemannian metric g. It is well known that
a conformal change g = e/ - g affects the sectional curvature K in the following way:

leI_( =K — (Hessf(X,X) + Hessf(Y,Y) + ‘Vf‘ﬁ - g(Vf,X)2 - g(vf7 Y)Q) 5
where X, Y is an orthonormal basis of the respective tangent plane.

So if f is a convex function then K < e~2f . K. In this paper we generalize this result to
singular analogs of Hadamard manifolds, the so-called CAT(0) spaces. For a length space X and a
continuous function f on X we obtain a conformally equivalent length space ef - X by stretching the
lengths of curves according to the weight ef.

Theorem 1. Let X be a CAT(0) space and f be a function on X, continuous, convex and bounded
from below. Then the conformally equivalent space e/ - X is CAT(0).

Since any distance function f to any point in any CAT(0) space X satisfies the assumption of
Theorem 1, our result provides a huge family of deformations of any CAT(0) space through CAT(0)
spaces. No such deformations different from obvious rescalings have been known before.

In fact, in the similar situation of Alexandrov spaces with lower curvature bounds the existence
of such deformations and the analog of Theorem 1 are still missing, [15], Section 9. This explains
why our theorem cannot follow by some technical general nonsense. We mention that in the setting
of synthetic Ricci curvature bounds an analytic approach to conformal changes has recently been
obtained in [18]. The inaccessibility of Theorem 1 by purely metric techniques as in [1], is due to
the very poor control on the behavior of geodesics under a conformal change of the metric.

Our proof of Theorem 1 relies on the theory of minimal surfaces in metric spaces and the recently
obtained structural results from [11], [12] and [16]. Instead of looking at geodesic triangles we use
a CAT(0) recognition statement based on Reshetnyak’s majorization theorem. More precisely, we
show that any rectifiable Jordan curve in our conformally changed space is majorized by some two-
dimensional non-positively curved disc. In order to find this disc, we solve Plateau’s problem for a
given Jordan curve in the original space X. By the aforementioned structural results, the minimal
disc obtained in this way will intrinsically be non-positively curved. If we now perform a conformal
change, our disc will not be minimal anymore. However, we will prove that it remains non-positively
curved after the conformal change. As a main tool we rely on the control of curvature of flat surfaces
under conformal changes obtained by Yuri Reshetnyak in the sixties. In order to apply Reshetnyak’s
theorems, we will use the fact that the pull-back of a convex function by a harmonic map results in
a subharmonic function [6].

We expect our result to be useful for extremal problems within the realm of non-positive curva-
ture, similar to [15], Section 9.

It seems possible to extend our result in the following directions, which we leave to interested
readers.

e Theorem 1 extends to non-zero curvature bounds K and semi-convex functions f, according
to the formula valid in the smooth case.
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e Theorem 1 should be valid if f is a semi-convex function, such that the gradient flow of — f
does not increase areas. In the smooth case this corresponds to the assumption that the
sum of the first two eigenvalues of the Hessian of f is non-negative.

e A variant of Theorem 1 should be valid if f is merely lower semi-continuous and not bounded
from below.

1.2. Structure of the paper. In Section 2 we introduce notation and recall basic facts from metric
geometry. We include an easy CAT(0) recognition statement used in the proof of our main result.

In Section 3 we introduce conformal changes for length spaces, discuss Reshetnyak’s findings
on conformal changes of Euclidean domains and study the change of upper curvature bounds under
repeated conformal changes.

In Section 4 we review basics of Sobolev maps with metric space targets. We recall the solution
of Plateau’s problem in metric spaces and the intrinsic structure of minimal discs. We show how
minimal discs yield majorizations of Jordan curves in CAT(0) spaces. Finally, we give the proof of
our main result.

1.3. Acknowledgment. The authors are grateful to Stefan Wenger for very helpful comments.
Both authors were partially supported by DFG grant SPP 2026.

2. METRIC GEOMETRY

2.1. Basics and notation. We refer the reader to [4], [3] and [2] for basics on metric geometry
and CAT(0) spaces. Here we just agree on notation and recall some important facts. As usual R?
will denote the Euclidean plane. We will let D € R? be the open Euclidean unit disc, D ¢ R? the
closed Euclidean unit disc and S* = D C R? the unit circle.

Let X be a metric space. The metric on X will be denoted by |-,-|x and if there is no risk
of confusion by |-,-|. If Y is another metric space and f : X — Y is a map, then f is Lipschitz
continuous if there is a constant C' > 0 such that |f(z), f(y)ly < C - |z, y|x. If the constant C' can
be chosen to be one, then f will be called short.

The length of a rectifiable curve v in X is denoted by L(v). X is called a length space if the
distance between any two points is equal to the greatest lower bound for lengths of curves connecting
the respective points. A curve ¢ : [a,b] — X will be called geodesic if it is an isometric embedding.
The space X itself will be called geodesic if any two points in X are joined by a geodesic.

A triangle in X consists of three points and three geodesics connecting them. The three geodesics
that make a triangle are called its sides. For every triangle A\, we can find a comparison triangle
A c R? such that corresponding sides have equal lengths. If X is a geodesic space such that
for each triangle A in X the distances between points on A do not exceed the distances between
the corresponding points on A, then X is called a CAT(0) space. Examples of CAT(0) spaces
include simply connected Riemannian manifolds of non-positive sectional curvature, metric trees and
Euclidean buildings. CAT(0) spaces enjoy the uniqueness of geodesics between points. Moreover,
CAT(0) spaces contain many convex subsets: geodesics, metric balls, horoballs, etc. A function f
on a CAT(0) space is called convez, if it restricts to a conventional convex function on each geodesic.
Since the distance to a closed convex subset is a convex function, any CAT(0) space supports many
convex functions.

For us it will be important that CAT(0) spaces can be recognized without referring to geodesic
triangles. By a Jordan curve in a metric space X we denote a subset homeomorphic to a circle. We
say that a metric space Y majorizes a rectifiable Jordan curve I' in a metric space X if there exists
a short map P : Y — X which sends a Jordan curve IV C Y bijectively in an arc length preserving
way onto I'.

Proposition 2. Let X be a complete length metric space. If any rectifiable Jordan curve I' in X is
magorized by some CAT(0) space Yr, then X is CAT(0).

Proof. If X is geodesic the statement is exactly Lemma 3.3 in [12]. In particular, this includes the
case of a locally compact space X.

In order to prove the ”if direction” in the not locally compact case, it remains to prove that any
X satisfying the majorization assumption must be geodesic. So it is enough to prove the following. If
two simple curves ¢ and ¢~ with common endpoints z and y almost realize the distance |z,y|, then



CONFORMAL DEFORMATIONS OF CAT(0) SPACES 3

their images I and I~ are close to each other. Assume that p is a point on I'™ with positive distance
from I~. Then there exist simple arcs ¥* C I* such that p € ¥© and the union I' := v+ U~~
is a Jordan curve. Let Yr be a CAT(0) space which majorizes I'. Further, let 'y C Yr be the
Jordan curve corresponding to I'. Then I'y decomposes into a union of two arcs ’yoi according to the
decomposition of I'. By assumption, 'ya“ and 7, almost realize the distance between their endpoints.
Since Yr is CAT(0), they have to stay close to each other. Therefore the same is true for v and
. (|

A metric space X is called non-positively curved if every point in X has a neighborhood which
is CAT(0).

3. CONFORMAL CHANGES

3.1. Generalities. Let X be a length space and f : X — (0,00) be a continuous function. We
obtain a new length structure on X as follows. As admissible curves we take Lipschitz continuous
paths 7 : [a,b] — X and define their f-length in X by

b
(1) Li(y) = L¥(7) = / FOv®) - ()] d

where |¥(t)| denotes the velocity of the curve ~ at time ¢.

Since f is locally bounded away from 0, the associated pseudo metric

(2) d¢(z,y) =1inf {Ls(7) ; 7 Lipschitz curve from z to y}
Rl

is indeed a metric. We set f-X := (X, dy) and call it the metric space conformally equivalent to X
with conformal factor f.

Because f is locally bounded away from 0 and oo, the identity map ids : X — f-X is a locally
bi-Lipschitz homeomorphism. If f is bounded from below by a positive constant then any Cauchy
sequence in f-X is Cauchy in X. Hence, if X is complete and f bounded from below by a positive
constant then f-X is complete.

Due to the continuity of f, for any Lipschitz curve v : [a,b] — X, the composition idy o7 :
[a,b] — f-X has at almost all times ¢ the velocity f(y(t)) - |¥(¢)| and length equal to Ljf () with
respect to the metric dy. In particular, (X, dy) is a length space.

3.2. Surfaces. In the case of flat domains the curvature of conformally changed metrics has been
investigated in detail by Yuri Reshetnyak, see [17] and the references therein. It turns our that in
this case it is even possible to relax the continuity and positivity assumptions on conformal factors.

Recall that a function f : U — [—00,00) on a domain U C R? is called subharmonic, if it is

upper semi-continuous, contained in Llloc and satisfies

)<= [ rw)de
T8 B.(z)

for all balls B;(z) C U. On the other hand, a function f € L} _ has a subharmonic representative if

and only if Af > 0 weakly.

A function f : U — [0,00) is called log-subharmonic, if log(f) is subharmonic. Each log-
subharmonic function is locally bounded. The set of log-subharmonic functions is closed under
products.

For a log-subharmonic function f one can use the same formulas (1) and (2) to define the
conformally changed metric on U. Indeed, we have the following result due to Reshetnyak, see
Theorem 7.1.1 in [17], compare also Theorem 8.1 in [12].

Theorem 3. Let U C R? be a domain and f a log-subharmonic function on U. Then f-U has
non-positive curvature and idy : U — f-U 1is a homeomorphism.

We can now state and prove the main result of this section.

Lemma 4. Let U be a domain in R? with its intrinsic metric. Let X be a log-subharmonic function
on U and let A-U be the conformally changed space. Let Y denote the completion of A\-U. Finally,
let f be a positive, continuous function on Y such that the restriction of f to U is log-subharmonic.
Then f-Y is CAT(0).
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Proof. Any Lipschitz curve « : [a,b] — Y can be approximated by Lipschitz curves v, : [a,b] = A-U
such that the lengths of v, converge to the length of +. Since the conformal factor f is continuous,
this implies that f-Y is the completion of the length space f-(A-U).

Therefore, the statement of the theorem follows from [12], Proposition 12.1, once we can prove
that f-(A-U) is non-positively curved.

By assumption, (f-\) is log-subharmonic in U. We apply Theorem 3 and deduce that (f-A)-U
is non-positively curved. Hence, we only need to verify that (f-\)-U is isometric to f-(A-U).

Due to Theorem 3 the identity maps U — (f-\)-U and U — A-U are homeomorphisms.
Moreover, since log-subharmonic functions are locally bounded, both maps are locally Lipschitz
continuous. By the continuity and positivity of f, the identity A\-U — f-(A-U) is a locally bi-
Lipschitz homeomorphism.

Consider the natural map I : (f-A)-U — f-(\-U), the composition of the homeomorphisms
above. Any Lipschitz curve 7 : [a,b] — U in the original disc U has the same length in (f-A)-U and
in f-(A-U). This observation, the definition of the distance in the conformally changed metrics and
the continuity of f now imply that I is an isometry.

This finishes the proof of the lemma. (|

4. SOBOLEV DISCS AND ENERGY

4.1. Generalities and harmonic discs. By now there exists a well established theory of Sobolev
maps with values in metric spaces. We refer the reader to [10], [9], [8], [13] and restrict our revision
to the special case needed in this paper.

Let X be a complete metric space. We let L?(D, X) be the set of measurable and essentially
separably valued maps u : D — X such that for some and thus every z € X the function wu,(z) :=
|z, u(z)| belongs to the classical space L?(D) of square-integrable functions on D.

Definition 5. A map u € L?(D, X) belongs to the Sobolev space W12(D, X) if there exists h €
L?(D) such that for every # € X the composition u, is contained in the classical Sobolev space
W12(D) and its weak gradient satisfies |Vu,| < h almost everywhere. A map v € W12(D, X) will
occasionally be called a Sobolev disc.

Each Sobolev disc u has an associated trace tr(u) € L?(S!, X), see [10], [13]. If u extends
continuously to a map @ on D, then tr(u) is represented by the restriction |yp. Every map
u € WH2(D, X) has approximate metric differentials almost everywhere in D, see [13], Section 4.
More precisely, for almost every z € D there exists a unique seminorm on R?, denoted by |du.(-)|,
such that
|u(z"), u(z)| — |du= (2" — 2)|

2" = 2|

aplim,,_,, =0,

where aplim denotes the approximate limit, see [5].

If X is a CAT(0) space then for all w € W?(D, X) and almost all z € D the approximate metric
differential comes from a possibly degenerate scalar product, [10]. Thus, X satisfies the property
ET in the terminology of [13], Section 11.

There are several natural definitions of energy for Sobolev maps, see [13]. We will only use the
Korevaar-Schoen energy, defined by

E?(u) = / 72, (|dus)) dz,
D

where for a seminorm s on R? we have set 72, (s) := £ [, s(6)2d6.

Korevaar and Schoen solved the following Dirichlet problem in [10].

Theorem 6. Let X be a CAT(0) space and v € W12(D, X) be a given Sobolev disc. Define
Wh?.={v e W'D, X)| tr(v') = tr(v)}.
Then there exists a unique harmonic disc u € W2, i.e.

F?*(u) = inf E?(u).
u/GW,,Jl’2

The map w has a representative which is locally Lipschitz continuous in D.
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We will use the following result, a special case of Theorem 2 (b) in [6].

Theorem 7. Let X be a CAT(0) space and let u: D — X be a harmonic map. Let f: X — R be
a continuous, convex function. Then the composition f owu is subharmonic on D.

4.2. Minimal discs. Let X be a CAT(0) space and I' a Jordan curve of finite length in X. Consider
the non-empty set A(T, X) of all maps v € W12(D, X) such that tr(v) is a weakly monotone
parametrization of I'. The classical Plateau problem asks for an element of least area in A(T', X).
We refer to [13] for the definition of area, not needed in the sequel, and just state that for CAT(0)
spaces, such a minimal disc is an element of least energy in A(T", X), [13], Theorem 11.4.

The following solution of Plateau’s problem is a consequence of [7], Theorem 1.4; [13], Theorem
4.2; and [12], Section 7, see also [14].

Theorem 8. Let X be a CAT(0) space and I' C X a rectifiable Jordan curve. Then there exists a
map u € A(T, X) of least energy, i.e.

E2(w)= inf FE2).
W)= e ) B )

Every such map has the following properties.

1.) w is harmonic.

2.) u extends continuously to D.

3.) u is conformal in the sense that |du,| = X - so with A\ € L?(D) holds for almost all z € D,
where sq is the Euclidean norm. The function X\ is called the conformal factor of u.

4.) The conformal factor X has a log-subharmonic representative.

A map u as above will be called a minimal disc filling I'. We agree that the conformal factor of
a minimal disc will always be chosen to be log-subharmonic.

Each minimal disc comes with a nice intrinsic structure defined in [11]. Its relevant properties
are summarized in the following result, whose proof is just a list of references to [11] and [12].

Theorem 9. Let X be a CAT(0) space and T' C X a rectifiable Jordan curve. Let u : D — X be
a minimal disc filling T' and let the log-subharmonic function \ denote the conformal factor of u.
Then the completion Y of \-D is a CAT(0) space homeomorphic to D. The map u : A\-D — X
extends to a majorization v :Y — X of I

Proof. By Theorem 3, the space A- D is non-positively curved and by [12], Proposition 12.1 its
completion Y is a CAT(0) space.

In [11] an intrinsic structure on the disc D canonically defined by the map u is investigated. The
properties of the arising metric space Z are investigated in [11] and summarized in [12], Theorem
6.2. The space Z is a geodesic space, homeomorphic to D. There exist canonical maps P : D — Z
and @ : Z — X such that @ is a majorization of I and such that u = w o P.

The space Z is a CAT(0) space and the complement Zy = Z \ 0Z of the boundary circle 07 in
Z is a length space, with respect to the metric induced from Z, see [12], Theorems 1.2 and 1.3. In
particular, Z is the completion of Zj.

The preimage Dy = P~1(Zy) is a topological disc in D, [12], Theorem 6.2. Moreover, the map
P : XD — Z is short and the map P : A\-Dy — Zj is an isometry, [12], Section 9. Since the
canonical inclusion \- Dg — A\- D is short, the last two properties of the map P imply that the
inclusion A-Dg — A- D is an isometric embedding.

The log-subharmonic function ) is positive almost everywhere on D and the map u sends D\ Dy
onto I'. Therefore, the area of D\ Dy is 0. Hence Dy is dense in D. Therefore, the completion of
A- Dy (which is via the map v isometric to Z) and the completion Y of A- D coincide.

This finishes the proof of the theorem. |

4.3. Proof of the main theorem. We can now assemble all the pieces to a proof of our main
theorem.

Proof of Theorem 1. Let there be given a CAT(0) space X and a continuous, convex function f :
X — R, bounded from below.
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The positive, continuous function ef is bounded away from 0, hence the conformally changed
space ef - X is a complete length space.

Consider an arbitrary rectifiable Jordan curve I' C ef - X. Applying Proposition 2 we only need
to majorize I by some CAT(0) space. In order to find this majorizing space, we identify I" with a
Jordan curve I' = ide_f1 (T') in X. Since e/ is bounded on T, the Jordan curve I is rectifiable in X.

Consider a minimal filling v : D — X of the Jordan curve I' provided by Theorem 8. Let the
log-subharmonic function A be the conformal factor of u. Denote by Y the completion of A-D. Let
v :Y — X be the extension of the map u : A-D — X to Y, which is a majorization of I' due to
Theorem 9 .

The function ef ov : ¥ — R is continuous. Due to Theorem 7, the function ef o u is log-
subharmonic on D. Hence, by Lemma 4 the conformally changed space (ef o v)-Y is CAT(0).

Since v : Y — X provides a majorization of I, the map
idesov: (ef ow) Y — el - X
provides a majorization of I by the CAT(0) space (ef ov)-Y.

Since T' was arbitrary, Proposition 2 shows that e/ - X is CAT(0). This finishes the proof of
Theorem 1. |
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