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Exercise 25 (Integration by Parts for Itô Integrals) (2+3 points)

a) Show ∫ t

t0

s dWs = tWt − t0Wt0 −
∫ t

t0

Ws ds.

Hint: Start with the Wiener process Xt = Wt and apply the Itô Lemma with the trans-
formation y = g(x, t) := tx.

b) Denote ∆Y :=
∫ t
t0

∫ s
t0

dWzds, ∆W := Wt −Wt0 and ∆t := t− t0. Show by using a) that∫ t

t0

∫ s

t0

dz dWs = ∆W∆t−∆Y.

Exercise 26 (Integral Representation) (8 points)

For a European put with time to maturity τ := T − t prove that

[V (St, t) =]e−rτ
∫ ∞
0

(K − ST )+
1

STσ
√

2πτ
exp

{
−

[ln(ST/St)− (r − σ2

2
)τ ]2

2σ2τ

}
dST

= e−rτKF (−d2)− StF (−d1),

where F , d1 and d2 were defined in exercise 6.
Hint: Use (K − ST )+ = 0 for ST > K, and get two integrals.

(please turn over)



Exercise 27 (Moments of Itô Integrals) (3+7+3 points)

a) Use the Itô isometry

E

([∫ b

a

f(t, ω) dWt

]2)
=

∫ b

a

E
(
f 2(t, ω)

)
dt

to show its generalization

E(I(f)I(g)) =

∫ b

a

E(fg) dt, where I(f) =

∫ b

a

f(t, ω) dWt.

Hint: 4fg = (f + g)2 − (f − g)2

b) Show for ∆Y , ∆W and ∆t defined in exercise 25 by using a) and E
(∫ b

a
f(t, ω) dWt

)
= 0

the following assertions for the moments:

E(∆Y ) = 0, E(∆Y 2) =
∆t3

3
, E(∆Y∆W ) =

∆t2

2
, E(∆Y∆W 2) = 0.

c) By transformation of two independent standard normally distributed random variables
Zi ∼ N (0, 1), i = 1, 2, two new random variables are obtained by

∆Ŵ := Z1

√
∆t, ∆Ŷ :=

1

2
(∆t)3/2(Z1 +

1√
3
Z2).

Show that ∆Ŵ , ∆Ŷ and their corresponding products have the same moments like ∆W
and ∆Y in b).


