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1 Introduction

As a subsequent paper of the celebrated work [16], Ray and Singer defined a holomorphic
torsion associated to the d-complex of complex manifolds in [I7]. In [I7, (2.5)], in the flat
holomorphic case, they obtained the variation of this holomorphic torsion with respect to the
change of Hermitian metrics of the underlying complex manifold, as the constant coefficient of
the small time asymptotic expansion of certain trace of the associated heat kernel. Further in
[6], using probability method, Bismut, Gillet and Soulé obtained the explicit anomaly formula
for the case where the holomorphic bundle is endowed with Hermitian metrics and the base
manifold is assumed to be Kahler.

In the recent paper of Cappell and Miller [9], the holomorphic torsion is extended to coupling
with an arbitrary holomorphic bundle with compatible connection of type (1,1). However,
comparing with the operators dealt with in [6], in the present general setting the associated
operators are not necessarily self-adjoint and the torsion is complex valued. Especially, the
torsion is independent of the given Hermitian metric of the holomorphic bundle.

In this paper, we get an explicit expression of the anomaly formula for this Cappell-Miller
holomorphic torsion for Kdhler manifolds. As is obtained in [J], the variation of the holo-
morphic torsion is the constant term in the Laurent expansion of the supertrace of a certain
smooth kernel. To compute the constant term, following [0, Section 1(h)] in spirit, we intro-
duce the Grassmann variables da,da and identify the constant term as the coefficient of dada
of lim;_,o+ Trslexp(—tl})], where for any ¢ > 0, I] is a generalized non-self-adjoint Laplacian
with parameters da, da.

In our final calculation, we don’t use probability theory as in [6], but modify the proof which
is presented in [T, Chapter 4] to deduce the local index theorem [I, Theorem 4.1]. The technical
difficulties in the modification are the singular terms turning up in the rescaled operator and
the convergence of the rescaled heat kernel for the introduced rescaling parameter € as € — 0.
We first modify the estimates on heat kernels given in [I, Chapter 2], which essentially depend

on the properties of the introduced Grassmann variables, then using Donnelly’s conjugation
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technique and the general Mehler formula for a generalized harmonic oscillator (cf. [I0]), we
overcome the difficulties.

The rest of this paper is organized as follows. In section 2, we recall the basic definition of the
Cappell-Miller torsion of the holomorphic bundle endowed with a compatible (1,1) connection
over complex manifolds and state the anomaly formula for the case where the base manifold
assumed to be Kéahler. In section 3, we deduce some estimates on the heat kernels in a little
more general case than what we need. In section 4, using the local index theorem techniques,

we prove the anomaly formula stated in section 2.

2 Cappell-Miller torsion of the holomorphic bundle with a compatible (1,1) con-
nection

In this section, we recall the definition of the Cappell-Miller torsion of the holomorphic bundle

with a compatible (1,1) connection and state an anomaly formula for the Cappell-Miller torsion

under the Kéahler condition.

2.1 The Cappell-Miller holomorphic torsion

Let (M, J) be a complex manifold with complex structure J and its complex dimension be
n. Let TM be the corresponding real tangent bundle. Let g7 be any Riemannian metric on
TM compatible with J and VT™ be the corresponding Levi-Civita connection.

Let E — M be a complex holomorphic bundle over M endowed with a connection V¥. Let
g¥ be a Hermitian metric on E.

For 0 <r < 2n,let Q"(M,E) =T (M,A"(T*M) ® E) be the space of smooth r-forms on M
with values in E.

The complex structure J induces a splitting TM @z C = THOM @ TOD M| where 00 M
and TV M are the eigenbundles of J corresponding to the eigenvalues v/—1 and —v/—1,
respectively. Let T*19 M and T*(1 M be the corresponding dual bundles.

For any 0 < p,q < n, let

QM B) =T (M, A" (T*M00) @ AY(T* VM) @ B)

be the space of smooth (p, ¢)-forms on M with values in E. Set

n
O (M,E) = @ "M, E).
p,q=0

We have the direct sum decomposition Q"(M,C) = @, ,_,2?(M,C) and the differen-
tials d : Q"(M,C) — QF1(M,C), & : QP4(M,C) — QPFL4(M,C) and & : QP4(M,C) —
QP4 (M, C) with d = 9 + 9.

We will denote by (-,-) the C-bilinear form on TM ®g C induced by ¢"™. TMOM is a
holomorphic vector bundle with Hermitian metric induced by g7™. Let {eg;_1}"; U{e2: =
Jegi—1}" ; be an orthonormal frame of TM and {e’}?"; be its dual frame. Then

w; = %(esz —V-Tley), j=1,---,n (2.1)
form a local orthonormal frame of (%) M with dual frame{w’ }ioq (cf. [15) (1.2.34)]). We fix

this notation throughout the remaining part and use it without further notice.
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Let O be the real (1,1)-form defined by
O(u,v) = g™ (Ju,v), for any u,v € D(TM). (2.2)

We call © as in a Kihler form on M. The metric g”™ on TM is called a Kihler metric
and the complex manifold (M, J) is called a Kéhler manifold if © is a closed form (cf. [I5]
Definition 1.2.7]).

There is a natural Hermitian metric on AP (T*(I’O)M) ® A (T*(O’l)M) ® F induced by g™™
and g, which we denote by (-, ) A+« . By Wirtinger Theorem (cf. [I3, pp. 31]), we know that
the volume form of M determined by ¢”™ is given by %l Therefore, the L2-scalar product on
O**(M, E) is given by

n

(o, B) = /M(oz,@m,*@];% , for any o, 8 € Q" (M, E). (2.3)

The complex Hodge star operator is a complex conjugate linear mapping
x: QPYM,C) —» Q" P"79(M,C)
such that if «, 8 € Q**(M,C), then (cf. [13, pp. 80-82])

a A0 = {a, B)px~ (;): (2.4)

The formal adjoint & of @ with respect to the L2-scalar product is given by
0 = —%x0%. (2.5)

Let conj be the natural conjugate mapping induced by the bundle automorphism (cf. [9], pp.
141])
T"M g C - T*M@gC, v@A—v®\ forany v € T*M, A € C. (2.6)

Then ¥ := conj * is a complex linear mapping. Clearly, ¥ = conj x = * conj.

We now introduce the Clifford algebra (cf. [15, Section 1.3.1]).

For any v € TM with decomposition v = v19) 4 @1 ¢ TR Ar @ TOD N et 510+ €
T*ODM be the metric dual of v(1?). The Clifford action of v on the bundle A(T*1 M) =
AV (T*OD ALY @ A (70D M) is defined by

c(v) = \/5 (5(1’0)’* A\ —Z'U(o,l))7 (27)

where A and ¢ denote the exterior and interior multiplications, respectively. We verify easily
that for U,V € TM,
c(U)e(V) 4+ c(V)e(U) = =2(U, V). (2.8)

We identify TM with T*M by the given metric g7, and sometimes write c(e?) as c(e;). In
the sequel, we don’t distinguish between c(e’) and c(e;).

Since E is holomorphic, the usual d operator on Q**(M,C) has a unique natural extension
to O**(M, E), 0 : QP1(M, E) — QP9+ (M, E) (cf. [9, Section 3]).
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Under the splitting Q' (M, E) = QY(M, E) Q%1 (M, E), the connection V¥ decomposes as
sum: VE = (VE)LO ¢ (VF)0! with

(VPR T(M,E) —» Q" (M, E) , (VP)"': (M, E) — Q%" (M, E). (2.9)

Moreover, if we extend V¥ on I'(M, E) in a unique way to Q**(M, E) by Leibniz formula (cf.

[T pp. 21]), then the extended V¥ splits into two pieces VE = (VE)L.0 4 (VE)%1 which also
satisfy the Leibniz formula (cf. [I, pp. 131]).

Definition 2.1. (cf. [9]) The connection V¥ is said to be compatible with the holomorphic
structure on E if (VE)O! = 0. The connection V¥ is said to be of type (1,1) if the curvature
(VEY2 is of type (1,1).

In the sequel, we fix any p, 0 < p < n, and set QP* (M, E) = @,_, (M, E).

Let VF be a compatible (1,1) connection. Following [9, Section 3], we define
Tp,(veyo = —F 1)V ER 1), (2.10)

and

DE,5 :5E527(vE)1,0 +527(vE)1,05E. (211)
Since %> = %2 = (=1)P on QP7(M, C), we get
s 2 . 2
(Fr(veyo) = (C1FFHE@ 1) (VE)) Re1) =0, (212)
Using the following identities

(VO =0@1+w AVE,

‘ | (2.13)
(VA =de1+w/ AVE,
we get
5; (VE)l,O = 5* ® 1 - Z-wjqu;v,
’ . _ ] ’ (2.14)
Op=0®1+w’ /\ng.
Set
D=2 (EE +5*E,(VE)1,O) . (2.15)
Then from (2.11)), (2.14)), (2.15), we deduce that
D=V20+0)®1+cle;) ®VE,
‘ (2.16)

D*=20g5.

Denote £ = AP(T*(LO M) @ E. If we assume in addition that (M, J, g7™) is a Kéhler mani-
fold, then using [I, Proposition 3.67], [I5, Lemma 1.4.4], the operator D acting on QP*(M, E) =
Q0*(M, &) can be specified as follows.
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Proposition 2.2. D can be regarded as a Dirac operator on the Clifford module A(T*(O’l)M)tX)
& associated to the Clifford connection

VOIE =Vl @1 +1@VE, de D=c(e)VI¥E, (2.17)
where VO is the natural connection on A(T*(OY M) induced by the Levi-Civita connection VT
(cf. [I, pp. 28]) and V¢ is the natural tensor connection induced by V'™ and V.

Let Spec(y 5) be the spectrum of Oy 5 acting on Q%*(M, ). Denote
Re(Spec(0y 3)) = {Re(A) | A € Spec(0p 5)}-
Pick any a > 0 such that a ¢ Re (Spec(DE,g)). Set
QQ);(M’ E) = @ Q%{?;k}(Mv E)
Re A<a

Let 11, : QP*(M, E) — Q2. (M, E) be the orthogonal projection with respect to the natural
L2-scalar product (cf. ) on Q0*(M, ). Set P, =1 —I1,,.

We recall some facts obtained in [9, Section 4].

(Q22 (M, E),0g) forms a finite dimensional complex. Moreover, the inclusion of the com-

plexes
(QZQZ(Ma E)ng) C (Qp’*(Ma E)ng)

induces an isomorphism on cohomology. That is,
HI(Q%5(M, E),0r) — HY(M, E). (2.18)

*®1 induces a C-linear isomorphism of the complex (02 (M, E), E*E)(VE)LO) to the complex
(QZ,""TP(M, E), (—1)PH1H(VE)L0). We have isomorphisms,

HIGEP (M, E) = H' Q2P (M, E), (-1 1+ (VE)0) 210
4 g, (QQ;(M, E),é},(vg)m) . '
From [9] Section 6], we know that there is a natural non-vanishing algebraic torsion invariant
associated to the complex (QQZ(M, E),EE,gg(vE)l,o),
torsion (QZZ(M7 E),EE,E*E,(VE)LO)
€ det (H* (Q%%5(M, E),95)) @ det (H (QQ’;(M, }3),5;(@)1,0))71 :
Using the isomorphisms and , we regard it as an element of the complex line

det (Hg*(M, E)) ® det (H("V_;‘)’?EP(M, E)) -

Note here the complex line is independent of the metric g7
Let N be the number operator, i.e. N acts on Q%4(M, &) by multiplication by ¢. By [9,

Section 11], for Re(s) > %, the following zeta-function is well-defined,

Ca(s) = Trg [N(DE@)‘SP@} : (2.20)
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Moreover, (,(s) has a meromorphic extension to the whole complex plane and is analytic at
s = 0. Consequently, the derivative at s = 0, ¢/(0) is meaningful.
By [0, Lemma 4.3] and [9, (4.8)], we know that the combination

torsion (Qﬂ;(M, E),gE,527(vE)1,O) -exp(¢,(0)) (2.21)

is independent of the choice of a > 0 with a ¢ Re (Spec(DEvg)) and the Hermitian metric g%.
Definition 2.3. (cf. [9, pp. 152]) The non-vanishing element of the complex line

-1
det (HEZ* (M, E)) @ det (H{y 215" (M, E))

defined in (2.21)) is called the Cappell-Miller holomorphic torsion and is denoted by Tholo p(M, E).

2.2 An anomaly formula for the Cappell-Miller holomorphic torsion for Kahler
manifolds
We indicate the characteristic classes which we will use.
Let g™ be a Kihler metric on TM. Let R be the curvature of 79 M with the natural
connection induced by the Levi-Civita connection V'™ associated to g7. Let R = (VF)?
be the curvature of V. If A € End(TM0 M), set

A
Td(A) = detT(l,O)M ((3‘/‘7_1>7
det(I +tA) =1+ toy(A) + - +t"o,(A), (2.22)

Td,(A) = Td(A) op(exp A) .
Definition 2.4. Set
Td, (THOM, g"™M) = Td <R+> ch(E,VF) =Tr [ex <RE>] (2.23)
P 9 P\orv/=1)" ’ P 2mv/—1) ] '

As in [4 pp. 58], let P = @;‘L:O Q3 (M,C). Let P' C P be the set of smooth forms o € P
such that there exist smooth forms 3, v for which a = 98 + 9y. When «a,a’ € P, we write
a=d if a—a’ € P'. Then the paring of the elements of P/P’ with the element of P which is
closed and has compact support is well defined.

Let ¢'™™ be another Kihler metric on T'M.

By the results of [4} Section (f)], there is uniquely defined Bott-Chern class

Vi‘l\ap (T(LO)M, gTM’g/TM) c P/P/

such that
00 —
deP (1M, g™ gTM) = Td, (THOM, g ™) — Td, (T M, g™).  (2.24)

Let Tholo,ps Tholo p P€ the Cappell-Miller holomorphic torsions associated to the Kéhler metrics
g™ g TM

Using the above notations, we state our main theorem as follows.

, respectively.
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Theorem 2.5. (Compare with [6, Theorem 1.23]) The following identity holds,

7_/ —~
Tholop _ g (/ Td, (THOM, g™, g""™) 'Ch(EVE)) : (2:25)
M

Tholo,p

3 Some estimates on heat kernels

In this section, we deduce some estimates on heat kernels, which will be needed in the next
section.

Throughout this section, we assume that M is a compact oriented smooth manifold of di-
mension n with a Riemannian metric gTM . Let ey, -+, e, be alocal orthonormal frame of T'M
with respect to g?™. Let C(M) be the Clifford bundle associated to g7 (cf. [Il Definition
3.30]). For any 0 < i < n, denote

/(M) =T(A(T*M)), and Q*(M) =D (M). (3.1)
i=0
Let F be a real vector bundle of dimension m over M with a connection V7.

This section is self-contained.

3.1 The special heat kernel depending on parameters

Let 91, --- , 9, be auxiliary Grassmann variables, and any of which anticommutes with C'(X),
where C(X) is the element X € T, M considered as an element of C(M). Assume also that the
multiplication of any ¢ + 1 variables of the above given Grassmann variables vanishes, where ¢
is some fixed integer.

Let R(VY1,---,9,) be the Grassmann algebra generated by 1,91,---,9, (cf. [B]). If w €
R(¥1,---,1,), then w is a linear combinations of ¥;, ---¥;,, where 1 <43 < -+ < i < 2. We
say the monomial o¥;, - - - ¥, is of degree k. Clearly, k < q.

For any ¢ > 0, there is a homomorphism of algebras
Yy : R(Wq, -+ ,9,) — RV, ,9,), (3.2)

which for 1 < j <+, maps 9, in %

Defining the elements of Q*(M) ® End(F) to be of degree zero, we give every monomial
of O*(M) @ End(F)®R(D1, - -+ ,1,), say @i,...i, s, - - - Vs, , where ;i € Q*(M) @ End(F), a
natural degree. The homomorphism in can be extended to Q*(M)®@End(F)@R(V1, - - - ,1,)
in an obvious way.

For any t > 0, w € QY(M) ® End(F)®R(01,--- ,¥,), set
'w=1¢y(w), and 'V =VF 4. (3.3)

We may assume that ‘w has no degree 0 term E

In fact, let twi%} be the degree 0 term of ‘w, then V7T = twl0} 4 V7 is a connection on F. Replacing V7 by
%}_, then *w — 'w{%} has no degree 0 term.
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For any t > 0, p € End(F)®R(1,---,9,), set o = 1;(p). We now consider the smooth

family of differential operators
Ij=—(Vl + tw(ei))2 +%, and I =tI].

Here we use the same notation as in [2, Section 3(b)],

(VZ'; + tw(ei))2 = Z(Vi + tw(ei))z - VéeTFMej - tw(VZZ,Mei). (3.4)

i=1
For any t > 0, let k(x,y, s,t) be the smooth section of the bundle F X F* over Ry x M x M,
satisfying the following equation with boundary condition at s = O:

(0s + It)k(z,y,5,t) =0,

i [ ks i)y = 1(0)
s—0+ yEM

(3.5)

Here we use the same convention as in [I, pp. 72] that F X F* = 7} F ® 73 F*, where 11, m2
are the projections from M x M onto the first and second factor M respectively.
Set u = st, then 95 = td,,. The equation in (3.5 is equivalent to

(O + I k(x,y,u,t) =0,

_ (3.6)
lim / Ry, u,t)l(y)dy = 1(2),
u—0+ yEM

where E(x, y,u,t) = k(z,y,s,t). In and , I(x) is any smooth section of F and the limit
is meant in the uniform norm ||l||o = sup,cy, [|I(x)] for any metric on F. I] is a generalized
Laplacian with parameters in R(¥1,--- ,4,) for any t > 0.

Let x and y be sufficiently close points in M. Let I1,---,l, be a local frame of F on a
neighborhood of y, which are parallel along the radical geodesic curve x; = exp, sx : [0,1] —» M,
with respect to the connection V7.

For any t > 0, we define 7¢(z,,y) € Hom(F,, F,,) as follows,

Tt(xm Z/) (ll(y)7 T 7lm(y)) = (ll(xS)v T 7lm(x8))A(s)7 (3'7)
where

A(s) =T+ Z(—l)k/ bo(ty) - fw(ty)dty - - - dty, (3.8)
k=1 s

Ay
and sAg, k > 1, is a rescaled simplex given by
{(t1, )]0 < tg < to--- <ty < s} (3.9)
Checking directly, we know that A(s) is non-degenerated and that
Vi (' (s, y)lk(y)) =0, fork=1,--- m. (3.10)

Therefore, it gives another smooth trivialization of F over the neighborhood of y corresponding
to tV7.
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Let g, be the smooth kernel modeled on the Euclidean heat kernel: in a normal coordinates
around y (r = exp, X),
=2
qu 7’

qu(z,y) = (4mu) "% exp(—

We fix y € M and write ¢, for the section z — ¢, (z,y).
Set j(x) = det? (gij(x)). Using [I, Theorem 2.26], in the above new trivialization, the formal
solution] of the heat equation (3.6) is given by

oo

ke (, ;)™ = gu(w,y) Y u'®y (2, y; 1), (3.11)
1=0

where ®g(z,y:t) = j~ 2 (x)7(2,y), and for i > 0,

1
D, (z,y;t) = —j‘E(X)Tt(JJ,y)/ s 72 (%) 7 (s, y) TN o Pic1) (s, y3 t)ds.
0

Set
1, if s<<,

0, if s>¢?,

where ¢ is chosen to be smaller than the injectivity radius of the manifold M.

For N large enough, we define the approximate solution by the formula

N
ke (2, yt) = ¢ (d(@,9)?) qu(z,y) Y u'®i(x, y;t). (3.12)
i=0
In the sequel, we fix N large enough. In a neighborhood of the diagonal, we write y = exp, y,
with y € T, M, and identify F, to F, by parallel transport along the geodesic joining x and y
with respect to V7. That is, if [ is a smooth section of F, we denote by I(x,y) the function
of y such that I(z,y) = 7(z,y)l(y) € Fy; if @ is a section of F K F*, we denote by ®(z,y) an
endomorphism of F, such that ®(z,y) = ®(z,y)7(z,y) L. Let U;(x,y;t) = ¥(||lyl|?)®s(z, y; t).
We have Uo(z,0) = Idg, .
The explicit formulas for ®;(z,y;t) and imply that U;(x,y;t) can be expressed as

q .
U, (z,y;t) = Zt‘é@j(m,y), for all i > 0, (3.13)

j=0
where ¢;;(z,y) € End(F,)®R(d1, - ,7,).
Thus, the approximate solution can be expressed as
- a

N .
i=0 j=0

Because the manifold considered here is oriented, there is a little but not essential difference in the expression

of the formal solution.
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Let (4, || - ||) be a normed space. We introduced a norm || - ||ggr on £ ® R(V1,---,1,) as
follows. For

o= > @i ViV, € BORWy,--,0,), we define

1<k<q
1<ip < <ip<e

lelzer = max @i il (3.15)
1<iy < <ip <o

Proceeding as [I Section 2.5], we deduce that there exists a unique smooth solution to (3.5),
which is called the heat kernel and is denoted by p,(x,y;t) (cf. [I, Proposition 2.17 and
Theorem 2.30]). Therefore, the unique smooth kernel k(z,y, s,t) determined by (3.5 equals to

Pu(x, y; t)|u=st. we can get the following estimate.

Theorem 3.1. (compare with [I, Theorem 2.23]) Assume 0 < s,t < T. Then there exists a
constant C' > 0, such that

where || - ||¢ is defined using the usual €*-norm (cf. [I, pp. 71]) on €*-sections of F & F* over

Ry x M x M as in (3.15).

0% (pulyit) — K (o,y)) || < 0oV Bbbrt NS bn (3.)

3.2 The rescaled heat kernel and the Mehler formula

We continue the discussion of the last subsection.

Take any g € M and trivialize the vector bundle F in a neighborhood of xy by parallel
transport along radical geodesics with respect to V¥ (cf. [Il pp. 153-154]). More precisely,
let V=T, M, F=F, and U = {x € V|||x|| < ¢}, where ¢ is the injectivity radius of the
compact manifold M at zo. We identify U by means of exponential map x ~ exp, x with a
neighborhood of x¢ in M. For x = exp, x, the fibre 7, and F' are identified by the parallel
transport map 7(zg, ) : Fr — F along the geodesic z; = exp,,, 5X.

Choose an orthonormal basis 9; of V' = T, M, with dual basis dx*® of T, M, and let ¢t =
¢(dx") € End(E). Let S be the spinor space of V* and let W = Home (v« (S, F) be the auxiliary
vector space such that F = S ® W, so that End(F) = End(S) ® End(W) 2 C(V*) @ End(W).
Let e; be the local orthonormal frame obtained by parallel transports along the geodesics from
the orthonormal basis 9; of T, M, and let e’ be the dual frame of T* M.

It follows that in this trivialization the bundle Endc(ar)F, restricted to U, is the trivial
bundle with fibre Endo vy F = End(W) (cf. [I, pp. 154]).

Let py(z,zo;t) be the smooth kernel of the operator I;. We transfer the kernel to the
neighborhood U of 0 € V, thinking of it as taking values in End(F)®R(01, - - - ,,), by writing

Pu(x;t) = 7(20, 2)pyu (2,05 t), where x = exp, x.

Set
Du(x;t) = o(pu(x;t)), where o is the full symbol map.
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Then P, (x;t) is a A(V*) @ End(W)&R(01,-- - ,1,)-valued function on U. Consider the space
A(V*) @ End(W)RR(91,--- ,¥,) as a C(V*) ® End(W) module, where the action of C(V*) on

A(V*) is the usual one c(e/) = e/ A —ie,.
The AV* @ End(W)RR(9y, - - - ,9,)-valued function p, (x;) satisfies the differential equation
(85 + L(x))pu(x; ) = 0, (3.17)

where IAt is the local expression of I; in the above trivialization.
Now we introduce Getzler rescaling (cf. [12] and [I, Section 4.3]).
For any a € € (R* x U, AV* ® Endoqy-) (F)@R(V1, -+ ,9,)), let

(b)) (t,x) = Zg_ia(zzjtax)m, (3.18)
=0

where «; is the i-form component of a.
Set 1. = 5EIAt5g1. Then we have

(85 + 6-1,0-")(6-Pu) = 6-(0s + )P = 0. (3.19)

Definition 3.2. (compare with [I, Definition 4.18]) The rescaled heat kernel r(e,s,t,x) is
defined by
(g, 8,t,x) = ™ (0:Du) (£, X). (3.20)
Fix any T > 1. The following results are essentially similar to those proved in [I, Section
4.3].
Lemma 3.3. (compare with [I, Lemma 4.19]) There exist AV*@End(W)@R(V1, - - - ,9,)-valued

polynomials v;(s,t,x) on Rt x RT x V', such that for every integer N, the function r¥ (e, s,t,x)
defined by
2N
V(g 5,t,%X) = ot (x) Z e'vi(s,t,x) (3.21)
i=—n—q
approzimates 1 (e, s,t,x) in the following sense:
for N large enough and 0 < s,t < T, there is a constant C(N, k,«) > 0 such that
Hafa;: (r(e, 8,t,x) — rN(E, s, t, X)) H < C(N, k, oz)aQN_(k+2)q_"+2 ,
for (s,t,x) € (0,T) x (0,T) xU and 0 <e <1,
where || - || is defined by using the usual €°-norm (cf. [1, pp. 71]) on €°-sections of AV* @

End(W) over Ry x V as in (3.15).
Furthermore, for any t € (0,T), we have ;(0,t,0) = 0 if i # 0, while v0(0,¢,0) = Id.

We state a general Mehler formula for a generalized harmonic oscillator.

Let B be an n x n matrix, L be an m X m matrix, both with coefficients in the commutative
algebra &7, where n, m are any positive integers. The generalized harmonic oscillator is the
differential operator acting on &/ ® End(C™)-valued functions defined by

1 2
H=— 2(81 + ZBijmj) + L.

3
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Theorem 3.4. (cf. [10, Proposition 4.7]) For any ag € End(C™), there exists a unique formal
solution py,(x, B, L,ag) of the heat equation

(Ou + Hy)pu(z,B,L,ap) =0 (3.22)

of the form
pu() = qu() Y u" i () (3.23)
k=0

and such that ®4(0) = ag. The function p,(x, B, L, ag) is given by the formula

n~ 1 1 D D
(4ru)” 2> A(uD) exp(gcijzixj) exp <_4u (% coth u2)”zz:cj> exp(—ul) ap,

where Cij = %(sz + Bji)7 Dij = %(Bij - Bj‘) and D = (Dij)an.

4 A proof of Theorem
4.1 An infinitesimal variation formula for the Cappell-Miller holomorphic torsion
Let £ — g/™ be a smooth family of Kéhler metrics on M. Let *, be the complex Hodge star
operators associated to the metrics gKTM acting on QP*(M). Let Dy be the operators acting
on OP*(M, E) defined as in corresponding to g7 ™ and VF. Let U, = (ng)*I%ggM €
End(TM ®gC). Denote by U,” € End(T™% M) the restriction of U, to T M. Let R be the
curvature of 7% M with the natural connection induced by the Levi-Civita connection V'™
associated to the Kéhler metric g7 . Let Tholop.¢(M, E) be the Cappell-Miller holomorphic
torsion defined as in corresponding to g{M .
The following infinitesimal variation formula for the Cappell-Miller holomorphic torsion,
which is closely related to [6, Theorem 1.18], is obtained in [9].

Theorem 4.1. (cf. [9, Lemma 4.2 and Lemma 7.1]) Ast — 0T, for every k € N, there is an

asymptotic expansion
k

_ a*g _tn2 - .
Tr o e+ Zj;nMj,etwo(t’“)- (4.1)
Moreover,
)
%bg Tholo,p,¢(M, E) = —Mo,. (4.2)

Let {e; ?ﬁl be a local orthonormal frame of TM corresponding to gf M, and {w, }7_1 be the
frame which is related to {e; ?Ql as in .
By direct calculation, we easily get the following lemma, of which the p = 0 case is proved
in [6, Proposition 1.19].
Lemma 4.2. The following identity holds,
0% V-1

*, 5 T@(ei7 ej)c(e;)c(ef) + Z@(ei, Jei) + vV —1 O(wj,w;)w’ Adgy,. (4.3)
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4.2 The small time asymptotics of the supertrace of certain heat kernels

For simplicity, we set

0%y
-1
=%, —.
Qe=x

Take any ¢, say £o. In the whole subsection, we always omit the subscript £y if there is no

(4.4)

confusion.

Then @ splits into two parts,

v . 1.
Q= 7 O (e, ej)cle;)c(ef) + 1 O(e;, Jey), (4.5)
=V -1 @(wj,wi)wj AN Zwl
Proposition 4.3. Ast — 07, for every k € N, there are asymptotic ezpansions
2 k . 2 k .
TI‘S |:Q16_tD } = Z Q;j t! + O(tk), TI‘S {QQB_tD :| = ij t + O(tk). (46)
j=—1 =
Moreover, we have
a—1 = (27v— — @ Td(R") - Tr[exp(—Rg)}, (4.7)
M

bo = (2my/=T)" /M VETTA(RY) - T 61,3 A, exp(~RE)]. (4.8)

where

Rf = (V¥)? = _<R+wi,wj>g%wi Adw, + RE. (4.9)

Proof. The known result on the heat kernel asymptotic expansion on the closed manifold
M (cf. [1, Theorem 2.30]) implies the existence of the asymptotic expansion as ¢ — 0. On
the other hand, using the standard local index theory techniques of Getzler (cf. [I1], [12], [T}
Section 4]), we deduce from that

lim Tr, [the_tD (2mi)~ / —@ Td(R") - Tr[eXp(—RS)}’
M

t—0+4

lim Tr, [Qge_tD ] - (zm)—"/MﬁTd(RﬂTr[ O(wi, @;)w' A, exp(—Rg)].

t—0+4

We complete the proof of Proposition [4.3]

The remaining part of this subsection is devoted to the calculation of ag. We follow [6l, Section
1(h)] in spirt, although we will not use probability theory in our final calculation. Instead, using
the estimates of heat kernels with parameters deduced in last section, we modify the proof of
the local index theorem presented in [I, Chapter 4].

We use the convention as in [5, Section 2(f)]. Let da, da be two odd Grassmann variables.
If n € A(T*M ® C)®C(da,da) can be written in the form

n=mn9 +dan +dans +dadans, wheren; € A(T*M ®r (C),O <1< 3,
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then we set

() 24" = ns. (4.10)

The following two propositions are proved in [6].

Proposition 4.4. (cf. [0, Theorem 1.20]) The following identity holds,
g (tTr {Ql exp(—tDz)} )
o\ e

= (Trs [e)cp(_tD2 _ \/gdaD _ \/gda[llQl] +dad6Q1)})dada,

Proposition 4.5. (cf. [0, Theorem 1.21]) The following identity holds,

—tD? — \/>daD \[daD Q1] + dada @,

_ t(vg}@f _ 27\/ﬂdac(ei) — mm@(ek, €i>c(€k>) (4.12)

dada t ; .
+ =0y, Jey) ﬁda“j J(VTME) (e, Ie;)

(4.11)

where K is the scalar curvature of M, and F° denotes the twisting curvature of the Clifford
module A(T*(O’l)M) ® & given by (cf. [I, pp. 117, 148)])

1
FES = 5TJcT(l,mM[Rﬂ + RE. (4.13)

In (4.12) we also use the same notations as in [2, Section 3(b)] (compare with (3.4)).

I, =tD?* + \/gdap + \/gda[D, Q1] — dada Q. (4.14)

For the bundle A(T*(Ovl)M) ® &£, by Proposition we see that I; is in the type of operators
we study in last section, and all the results we get there can be applied to the current case.

Set

Lemma 4.6. The following identity holds,
Trs[exp(—1t)] :/ Trs[k(z, z,1,t)]dop (), (4.15)
M

where k(x,y, s, t) is the unique solution of (3.5]).

We trivialize the bundle A(T 0.1 pr ) ® £ by parallel transports along the radical geodesics
with respect to the Clifford connection VC'®€ as in last section. Using [I, Lemma 4.14 and
Lemma 4.15] and Proposition we can easily deduce the local expression of I;.

Lemma 4.7. In the chosen trivialization, the operator Iy, when restricted to U, can be specified

as the following operator ft, which is a differential operator on U with coefficients in C(V*) ®
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End(W) ® R(da,da),

I = —tg" (x) (Vgi@g - 23‘;7@17 ex) (x)c" — ;\/ﬁ%ﬁdw O, 8i)(x)6k)
da V-l
: (Vg]l@g - 2\/27<3j,ez>(><)cl - 2\/27(1& @(elvaj)(x)(:l)
+tg¥ (X)Fi'cj(x) (Vg;i@(g B Qil/aﬂ@k,ez)(x)cl N 2\72%(1& ' e(elﬁk)(X)Cl)
1 . 1/t _ : i
B zdada -O(e;, Je;)(x) + 4 ida ' (VZ;MG))(GJ" Jej)(x)e
+ ) + P (er, ) (00 (416

We compute the Getzler rescaling (cf. (3.18)) of the operator I,.

-1

I. = — e2tgY (ex) (55Vgi1®€5€1 B 25\/27(1&_ (B, er)(ex) - (e71e* A —eie,)
_Jz_j»;lda' O(ex, ) (ex) - (e Lek A —siek))
. <55ng1®8551 - Qi/;tda' (0, e1)(ex) - (e~ Lel A —eie,)
_\/;Tlﬁ;lda' O(er,0;)(ex) - (el A —5iel)>

-1

. _ € _ .
+e2tg" (ex)T'} (ex) (5€vg;®558 T 5 mdw (O, €)(ex) (e Lel A —i,)

—%da- O(er, Op)(ex) - (e tel A —siel)>

1 . t . )
— 7dada-6(e:, Je))(x) + Z 5@ (VI 0) (s, Jej)(ex)- (e A i)
UK % . A
+E 1 (ex) + 5TF‘S/S(ei, ej)(ex)(e el A —eie, ) (el A —é&le; ), (4.17)

where (cf. [I, Lemma 4.15])
55Vgil®56€_1 =10, + %Rklijxj (e7teP A —cie, ) (e tel A —ciy))
+ %fikl(ax)(e_lek A —¢ie, )(e7rel A —cig,) + gi(ex), (4.18)
Ryiij = (R(@i, 0,)0, 3k)w0 is the Riemannian curvature at zg, and
fim(x) = O(|x[*) € C=(U), gi(x) = O(|x|) € T(U, End(W)).

The singular term of 1/'\5, as ¢ — 0, is that

. 1
te ! (@ + Rkh—jxjek Aet A +§E_2fikl(5x)ek A el/\>

da V=1 _ .
: (ﬁ (Dr, e (0)eR A+ NoTi @(ek,ai)(O)ek/\) (4.19)

+ ts’2(\/4? dada - (s, ex)(0) - (e, ;) (0)e* A el1).
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To remove it, we proceed as in [I0] by conjugation. Take

et ; V-1 : ‘
A(x,¢e) = ———da(0;, ex)(0)x‘e* A +~——=c"1da - O(ey, 9;)(0)x" k/\),
(0.9 = 32 g e O 37 Dfen,d) o)
and set h = exp(—A). Clearly, h is a polynomial of x and h(0) = 1.
Set
Je = hI.h7 "
From (3.19) and (3.20)), we get
(85 + J.) (h(x) -r(e, s,t,x)) = h(x) - (0 + I.)r(e, s,t,x) = 0. (4.20)

Calculating directly, we deduce
-1

js =—t (&- + %Rk”jxjek Ael — ° da((@i, er)(ex) — (0, ek>(0)) eF A

2v/2t
V-1le7t :
- (@(ek,ai)(sx) — O(ey, 80(0)) BN
\/f

2
— 4t1dada-@(3i,8j)(0)xj>

— idad@ O(ei, Jei)(0) + i\/gdw (VEMO)(ej, Jej)(0)e'A

t S
+ §FS/S(ei, e;)(0)e' A el + error(x,e). (4.21)
The symbol error(x, ) denotes the terms which vanish when € — 0 and will not contribute in
the final analysis.

Clearly, for fixed x € U, lim,_,o+ jg exists and is given by
~ 1 N 2
Jo=—t Z(& + ZBZ‘J‘X]) +tL, (4.22)
where

1 2 .
Bij :iRklijek A el — \/;\/ —1da - (vng@) (ek, 31)(0)61“/\

- Vt_ldadw(;)(@i,@j)(O), (4.23)
1 . 1 t _ TM i
tL=— Zdada -O(eq, Je;)(0) + 1 §da (V.7 O)(ej, Jej)(0)e A
- %Fg/s(ei,ej)(())ei Ael. (4.24)

In the above calculation of lim,_, ¢+ j;, we use [I Proposition 1.28], which claims that ase — 07,
(0;, ex)(ex) = 8;1, + O(£2). Therefore, the term containing da in .J. vanishes as ¢ — 0.

Using the fact that J.=Jo+ O(g), we can now show that there are no poles in the Laurent
series expansion in € of h(x)r(e, s, t,x). By Lemma we have

oo

h(x)r(e, s, t,x) ~ qst(x) Z e'h(x)vi(s, t,%). (4.25)
1=—2n—2
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We expand the equation
(95 + J2) (h(x) (e, s,t,x)) ~0
in a Laurent series in €. Lemma implies that the leading term
4ot ()~ ()71 (5. 1, %)
of the asymptotic expansion of h(x)r(e, s, t,x) satisfies the heat equation
(85 + Jo) (qst(x)h(x)'y,l(s,t,x)) =0, for any fixed small ¢ > 0, (4.26)

which is equivalent to
1~
(Bu + ?70) (qst(x)h(x)'y,l(s,tx)) = 0, where u = st. (4.27)

Since %jo is a harmonic oscillator, we can apply the generalized Mehler formula Theorem
to . The boundary condition v_;(0,¢,0) = 0 for [ > 0 implies v_;(s,¢t,x) =0 for l > 0. In
particular, we see that there are no poles in the Laurent series expansion of h(x)r(e,s,t,x) in
powers of €.

The other thing that we learn from the above argument is that the leading term of the
expansion of h(x)r(g, s, t,x), i.e. h(x)r(0,s,t,x) = gst(x)h(x)70(s, t, %), satisfies the equation

(au + %fo) (qst(x)h(x)'yo(s, t, x)) — 0, with 70(0,£,0) = 1. (4.28)

Using Theorem gst(X)h(x)vo(s, t,x) is given by the explicit formula

(47ru)_"g(uD) exp(é Cijxixj> exp ( ul — — (% coth D>1jxixj> .

In particular, we get for any fixed small ¢ > 0 that

lim r(e,1,¢,0) = r(0,1,¢,0) = (47t) " A(tD) exp(—tL). (4.29)

e—0+

By (3.18) and (3.20] , we have
2n

r(e,s,6,%) = Y 2" Pays(ex; )y,
=0

from which, we obtain

(ESthlx O—ZE p52t05t)[z]a
(4.30)

(r(s, 1,t, O))

(2n] = i)\ezt(o; € t) [2n]-

Moreover,

lim Tr[p.2,(0;¢ t)[gn]] exists.

e—0t
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Using [T, Proposition 3.21], we get for any fixed small ¢ > 0 that

Tr, [k(:co, zo, 1, t)]de(mg) = (=2v/-1)"Tr [ﬁt((); t)[Qn]]. (4.31)
Since
. ~ n. ET 5y .2
tli%l+ Tr {pt(O, t)[2n]:| = 51_1>r51+ Tr [pe ¢(0;¢ t)[2n]:|a
from (4.29), (4.30) and (4.31), we get
lim Tr, [k(z0, %0, 1,£)] dvag (w0) = (2my/—1) " Tr [K(m) exp(ftL)} . (4.32)
=0+ (2n]

Moreover, by Lemma [£.6] we deduce

lim Tr, [e '] = (277\/—11?)_%/
t—0

| [K(w) exp(—tL)] . (4.33)

From (4.13)), (4.23)), (4.24) and (4.33), we have

Him (Trle™ )" = @nv/=Tt)™ ( /M Tr[f‘,(tD) exp(—tL)] )dada
- (2W\/j1)_n (/M Tr {K(;Rklijek Ael —v/—1dada - (;)(31-78]-)(0))

1 : 1 N A S
.eXp(Zdadﬁ' O(ei, Je;)(0) — iFg/S(ei, e;)(0)e" A ej>]> (4.34)
= (2rV/-1)™" /M <K(;ijek Ael —+/=1dada - @(ai,aj)(()))

1 iy 1 . dada .
~exp<Zdada - O(e;, Je;)(0) — iTrT(l,O)M[R ](0))) - Tr [exp(—R?)].

The facts that ©(e;, Je;) = 2Trga.0y[UT], 3Rijue® A el = —(R9;,9;)(0), and ©(9;,9;) =
(UJd;,0;) imply that
A (G Ruaige A e — v Tdada - 6(9;,9,)(0))
: exp(idada O(es, Jei) (0) — %TrTumM[R*](U)) (43%)
= Td(R" — dadaU™).

Moreover, we get

. —1I, dada
711_1}(1) (Trsle™"])
9 (4.36)
= —(27r\/—1)_"/ — Td(RT +bU™) - Tr[exp(—R?)].
m 9y
Combining Proposition Proposition Proposition (4.14) and (4.36)) together, we
deduce
Proposition 4.8. The coefficient ag in Proposition[{.3 can be calculated by
0
ag = —(2#\/—1)_"/ % Td(RT +bU™) - Tr [exp(—Rg)]. (4.37)
M b=0
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4.3 A proof of (2.25))

Since the space of Kéhler metrics on T'M is convex, we may assume that £ € R — g7 is a
smooth family of Kihler metrics on TM such that gl ™ = gT™  ¢I'M = g/TM,

Observing that the following algebraic identity holds,
T (M) [exp<<.,4wi,wj>wi A Z@)} = o,(exp A), for any A € End(T"°M),

we get from Proposition [£:3] and Proposition [£.§] that

Moy = — (2nv/—1)™" % (Td(R; +OU) o, (exp(R; + bU[)))
M O0lo=0 (4.38)
-Tr [exp(—RE)} .
From Theorem and (4.38)), we get
0 0
2108 Tholo,pe (M, B) = (2mv/=1) ™" / = (Tap(Rf +0Uf)) - Te[exp(-RP)] . (4.39)
ol M Ob g
By the results of [4, Section (e)], the form
Lo
@ = 20y =T)" / & (Tdy(Rf +bU)) e Trfexp(—R7)] (4.40)
0o Obl—o

defines an element in P/P’ which depends only on g7 and ¢"7*. According to [4, Theorem
1.27, 1.29, and Corollary 1.30], the component of degree (n,n) of w represents in P/P’ the

corresponding component of
’IA‘ap(T(l’O)M, gTM’g/TM) -ch(E,VE) ]

Combining with (4.39)), we deduce that

T —
log —20lo: :/ w:/ Td, (T M, g™, ¢T™M) . ch(E, VE), (4.41)
M M

Tholo,p

which is equivalent to (2.25]).
The proof of Theorem [2.5]is completed.
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