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Abstract

We establish the family rigidity and vanishing theorems on the equiv-
ariant K-theory level for the Witten type operators on String® manifolds
introduced by Chen-Han-Zhang [3].

1 Introduction

In [I8], Witten derived a series of elliptic operators on the free loop space
LM of a spin manifold M. In particular, the index of the formal signature
operator on loop space turns out to be exactly the elliptic genus constructed
by Landweber-Stong [7] and Ochanine [I6] in a topological way. Motivated
by physics, Witten proposed that these elliptic operators should be rigid with
respect to the circle action.

This claim of Witten was first proved by Taubes [17] and Bott-Taubes [2].
See also [5] and [6] for other interesting cases. By the modular invariance
property, Liu ([I0} I1]) presented a simple and unified proof of the above result
as well as various further generalizations. In particular, several new vanishing
theorems were established in [10, [1T].

In a recent paper [3], Chen, Han and Zhang introduced a topological condi-
tion which they called String® condition for even dimensional Spin® manifolds.
Under this String® condition, they constructed a Witten type genus which is the
index of a Witten type operator, a linear combination of twisted Spin® Dirac
operators. Furthermore, by applying Liu’s method in [10, 11], Chen-Han-Zhang
established the rigidity and vanishing theorems for this Witten type operator
under relevant anomaly cancelation condition (cf. [3, Theorem 3.2]).

In many situations in geometry, it is rather natural and necessary to gener-
alize the rigidity and vanishing theorems to the family case. On the equivariant
Chern character level, Liu and Ma ([12, 13]) established several family rigidi-
ty and vanishing theorems. In [I4] 15], inspired by [17], Liu, Ma and Zhang
established the corresponding family rigidity and vanishing theorems on the e-
quivariant K-theory level. As explained in [I4] [15], taking the Chern character
might kill some torsion elements involved in the index bundle. Therefore, the
rigidity and vanishing properties on the K-theory level are more subtle than
those on the Chern character level.
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The purpose of this paper is to establish the family rigidity and vanishing
theorems on the equivariant K-theory level for the Witten type operators in-
troduced by Chen-Han-Zhang [3]. In fact, our main results in Theorem [2.2{ may
be regarded as an analogue of [I4, Theorem 2.1] and [15, Theorems 2.1, 2.2]. In
particular, if the base manifold is a point, from our family rigidity theorem, one
deduces Chen-Han-Zhang’s theorem [3, Theorem 3.2(i)]. Both the statement
and the proof of Theorem are inspired by those of [14, Theorem 2.1] and
[15, Theorems 2.1, 2.2], which essentially depend on the techniques developed
by Taubes [I7] and Bismut-Lebeau [I].

This paper is organized as follows. In Section [2| we state and prove our
main results, Theorem the rigidity and vanishing theorems for the family
Witten type operators introduced by Chen-Han-Zhang [3]. Section |3|is devoted
to the proofs of two intermediate results, Theorems 2.8 and 2.9 which are used
in the proof of Theorem

2 Rigidity and vanishing theorems in K-theory

In this section, we establish the main results of this paper, the rigidity
and vanishing theorems on the equivariant K-theory level for a family of Spin®
manifolds. Such theorems hold under some anomaly cancelation assumption
which is inspired by Chen-Han-Zhang’s String® condition [3]. For the particular
case when the base manifold is a point, our results imply Chen-Han-Zhang’s
theorem [3, Theorem 3.2(i)].

This section is organized as follows. In Section [2.1, we reformulate a K-
theory version of the equivariant family index theorem which is proved in [15]
Theorem 1.2] and [14, Theorem 1.1]. In Section we state our main results,
the rigidity and vanishing theorems on the equivariant K-theory level for a
family of Spin® manifolds. In Section we state two intermediate results on
the relations between the family indices on the fixed point set, which will be
used to prove our main results stated in Section In Section [2.4] we prove
the family rigidity and vanishing theorems.

2.1 A K-theory version of the equivariant family index theorem

Let M, B be two compact manifolds, and 7w : M — B a smooth fibration
with compact fiber X such that dim X = 2. Let T'X denote the relative tangent
bundle carrying a Riemannian metric g7X. We assume that T'X is oriented.
Let (W, ") be a complex Hermitian vector bundle over M.

Let (V,g") (resp. (V',g"")) be a 2p (resp. 2p') dimensional oriented real
Euclidean vector bundle over M. Let (L,h*) be a complex Hermitian line
bundle over M with the property that the vector bundle U = TX &V & V'
satisfies wa(U) = ¢1(L) mod (2), where wy denotes the second Stiefel-Whitney
class, and c¢; denotes the first Chern class. Then the vector bundle U has a
Spin®-structure. Let S(U, L) be the fundamental complex spinor bundle for
(U, L) (cf. [8, Appendix D]).

Assume that there is a fiberwise S action on M which lifts to V, V’, L and
W, and assume the metrics g7, ¢V, gV/, h% and AW are S'-invariant. Also



assume that the S1 actions on TX, V, V', L lift to S(U, L).

Let VTX be the Levi-Civita connection on (T'X,g7X) along the fiber X.
Let VY (resp. V') be an S'-invariant Euclidean connection on (V,g"") (resp.
(V',g"")). Let V¥ (resp. VW) be an S'-invariant Hermitian connection on
(L, h*) (resp. (W,h")).

The Clifford algebra bundle C'(7X) is the bundle of Clifford algebras over
X whose fibre at = € X is the Clifford algebra C(T,X) (cf. [8]). Let C(V)
(resp. C(V")) be the Clifford algebra bundle of (V,g") (resp. (V',g"")).

Let {e;}2L, (resp. {f; fi 1) be an oriented orthonormal basis of (T'X, g7*)
(resp. (V,g")). We denote by c(-) the Clifford action of C(TX), C(V) and
C(V') on S(U,L). Let 7 be the involution of S(U, L) given by

7= (V=1)"Pc(er) - clear)e(f1) - e fap) - (2.1)

In the rest of the paper, we will say 7 the involution determined by TX & V.
We decompose S(U,L) = S (U,L) ® S_(U, L) corresponding to 7 such that
T‘Si(UL) = 41. Let V5(UL) be the Hermitian connection on S(U, L) induced

by VIX, vV, vV and VE (cf. [8, Appendix D]). Then VSW.L) preserves
the Zs-grading of S(U, L) induced by (2.1). Let VSU-LEW he the Hermitian
connection on S(U, L) @ W obtained from the tensor product of V(L) and
VW. Let DX ® W be the family twisted Spin-Dirac operator on the fiber X

defined by
2

DX @W =) c(e) VST (2:2)
i=1
By [12] Proposition 1.1], the index bundle Ind,(D* @ W) over B is well-defined
in the equivariant K-group Kgqi1(B). Using the same notations as in [15], (1.4)-
(1.7)], we write, as an identification of virtual S!'-bundles,

Ind, (DX @ W) = @ Ind, (DX @ W,n) @ [n], (2.3)
neL

where by [n] (n € Z) we mean the one dimensional complex vector space on
which S! acts as multiplication by ¢" for a generator g € S'.

Let FF = {F,} be the fixed point set of the circle action on M. Then
w: Fy — B (resp. m: F — B) is a smooth fibration with fiber Y, (resp. Y).
Let 7 : N — F denote the normal bundle to ' in M. Then N =TX/TY. We
identify N as the orthogonal complement of TY in TX|p. Then TX|p admits
a S'-equivariant decomposition (cf. [15 (1.8)])

TX|F:EBNU@TY, (2.4)
v#0

where N, is a complex vector bundle such that ¢ € S* acts on it by ¢ with
v € Z\{0}. Clearly, N = ®,x9N,. We will regard N as a complex vector
bundle and write Nr for the underlying real vector bundle of N. For v # 0, let
N, r denote the underlying real vector bundle of IV,,.



Similarly, let (cf. [15, (1.9) and (1.46)])

=Pvevt. Vie=Pvewr, wWr=PwW.,. (25
v#0 v#0 v

be the S'-equivariant decompositions of the restrictions of V, V/ and W over
F respectively, where V,,, V. and W,, (v € Z) are complex vector bundles over
F on which g € ST acts by g, and Vi* (resp. Vg¥) is the real subbundle of V
(resp. V') such that S* acts as identity. For v # 0, let Vor (resp. VAR) denote
the underlying real vector bundle of V;, (resp. V). Denote by 2py = dim V'
and 2[p = dimY.

Let us write (compare with [I5], (1.47)])

LF:L®(@detzvv@@dem,@@detw)*l. (2.6)
v#£0 v#£0 v#£0

Then TY @ V' @ VJ¥ has a Spin‘-structure. Let S(TY @ Vit @ VJ®, L) be the
fundamental spinor bundle for (TY @ Vit @ VR, Lr). Let R be a Hermitian
complex vector bundle equipped with a Hermitian connection over F. We will
denote by DY ® R the family (twisted) Spin® Dirac operator on S(TY @ Vit @
ViR L) ® R defined as in and by DY ® R its restriction to Y.

Recall that N, r and % R are canomcally oriented by their complex struc-
tures. The decompositions (2.4 , induce the orientations of 7Y and Vj}

respectively. Let {e;} 12101, { fj be the corresponding oriented orthonormal

basis of (TY,g?Y) and (V§%, g VO ) The involution of S(TY @ Vit @ V{¥, Lp) is
canonically associated to that of S(U, L), which we still denote by 7, is given
by

7= (V=1 0c(er) - eleay)e(f1) - e(fapo) - (2.7)
Let S(TY @V @ ViR, Lr) = S+ (TY @V VR Lp) o S_(TY o Vi@ ViR, Lr)
be the Zs-grading of S(TY @ Vit @ VJ®, Lr) induced by 7.

Let C(Ng) (resp. C(V,r)) be the Clifford algebra bundle of (Ng, g7 |n;)
(resp. (Vor,9" v, ). By [I5, (1.10)], A(N") is a C(Ng)-Clifford module with
the involution TN‘Aeven/odd(ﬁ*) = +1. Similarly as in [I5, (1.10)], we can define
the Clifford action of C(V,r) on A(V,"). Then A(V,") is a C(V, g)-Clifford
module with the involution TJ/ Aeven/odd (7) = +1.

By restricting to F', one has the isomorphism of Zy-graded C(TX)-Clifford
modules over F as follows (compare with [15] (1.49)]),

(SW,0),7)|p= (S@TY @ VF & V¥, L), 7)@ (AN, 7)

R (AT R (AT id

v#£0 v#£0

(2.8)

where id denotes the trivial involution and & denotes the Zs-graded tensor
product (cf. [8, pp. 11]). Furthermore, the isomorphism (2.8)) gives the i-
dentifications of the canonical connections on the bundles (compare with [15]

(1.13)]).



Let S' act on L|r by sending g € S' to g' (I. € Z) on F. Then I. is
locally constant on F. Following [15, (1.50)], we define the following elements
. 1
in K(F)[lg>]];

R(q) _ q%(zv \v|divafzvvdivafzuvdiva’JrlC) ® (Squv (N'u) ® det Nv)

v>0
@ @) Sym,- (Vo) @ Q@A (V) @ @ A (V) @ ("W
v<0 v#0 v#£0 v
=> Ruq", (2.9)
R(q) = q%(_ >, ol dim Ny =3 vdim V, =3 v dim V) +.. ) ® Sym, - (N,)
v>0
@ R) (Symge (Ny) @ det Ny) @ (R) A_gv (V2)
v<0 v#0
® QA (V) ® (Zq”WU) => Riq" (2.10)
v#£0 v n

As explained in [I5, pp. 139], since TX &V & V' & L is spin, one gets

Zvdiva—i—Zvdiva—i—ZvdimVé—i—lcEO mod (2). (2.11)

Therefore, R(q), R'(q) € K(F)[[q]].
The following theorem was essentially proved in [15, Theorem 1.2].

Theorem 2.1 For n € Z, the following identity holds in K(B),

Ind, (DX @ W,n) =Y (~1)=o< N Ind (DY @ R,,)

“ , (2.12)
= (-1)Zv<odmNoInd (DY @ R},) .

2.2 Family rigidity and vanishing theorems

Let m : M — B be a fibration of compact manifolds with compact fiber
X and dimX = 2I. We assume that S acts fiberwise on M and TX has
an S'-invariant Spin® structure. Let Ky be the S'-equivariant complex line
bundle over M which is induced by the S'-invariant Spin¢ structure of T'X.
Let S(T'X, Kx) be the complex spinor bundle of (T'X, Kx) (cf. [8, Appendix
DJ).

Let V be an even dimensional real vector bundle over M. We assume that
V has an S'-invariant spin structure. Let S(V) = ST(V)@®S~ (V) be the spinor
bundle of V. Let W be an S'-equivariant complex vector bundle over M. Let
Ky = det(W) be the determinant line bundle of W.



We define the following elements in K (M)|[[¢"/?]],
Ry(V) = (S7(V) + 57 (V) @ @A (V) |
n=1
Ro(V) = ($T(V) = 57(V)) @ @A (V) , (2.13)
n=1

Rs(V) = QA _p12(V),  Ra(V)=QAm12(V),
n=1 n=1

QW) =R Agr (W) @ Q) Agn (W) @ R A_gn1/2(W)
n=0 n=1 n=1

& ®A_qn71/2 (W) ® ®Aqn71/2 <W> ® ®Aqn71/2 (W) .
n=1 n=1 n=1

For N € Z, N > 1, let y = €2™/N ¢ C. Let Gy be the multiplicative group
generated by y. Following [18], as in [14] Section 2.1], we consider the fiberwise
action G, on W and W by sending y € Gy to y on W and y~! on W. Then G,
acts naturally on Qq(W).

Let H% (M, Z) = H*(M x g1 ES', Z) denote the S'-equivariant cohomology
group of M, where ES' is the universal S'-principal bundle over the classifying
space BSt of S*. So H%,(M,Z) is a module over H*(BS',Z) induced by the
projection 7 : M x g1 ES' — BS!. Let p1(-)g1 and wa(-)g1 denote the first
Sl-equivariant pontrjagin class and the second S'-equivariant Stiefel-Whitney
class, respectively. As V xg1 ES! is spin over M x ¢ ES', one knows that
3p1(V)gr is well defined in H}, (M,Z) (cf. [I7, pp. 456-457]). Recall that

H*(BS',Z) = Z[[u]] (2.14)

with u a generator of degree 2.

In the following, we denote by DX ® R the family twisted Spin® Dirac
operator acting fiberwise on S(T'X, Kx) ® R. Recall that if Ind(D¥ ® R, n)
vanishes for n # 0, we say that DX ® R is rigid on the equivariant K-theory
level for the S! action.

Now we can state the main results of this paper as follows, which can be
thought of as an analogue of [14, Theorem 2.1].

Theorem 2.2 Assume wa(W)g1 = wa(TX)g1, 391 (V+3W-TX)s1 = e- 70>
(e € Z) in HyH(M,Z), and c1(W) = 0 mod (N). Fori = 1,2,3,4, consider
the family of G, x S'-equivariant twisted Spin® Dirac operators

DX @ (Kw o KxH)Y? @ é) Symg. (TX) @ Ry(V) ® Q(W) . (2.15)

n=1

(i) If e =0, then these operators are rigid on the equivariant K -theory level
for the S action.



(ii) Ife <0, then the index bundles of these operators are zero in Kg, xs1(B).
In particular, these index bundles are zero in Kg,(B).

Remark 2.3 As explained in [14, Remark 2.1], wa(W)g1 = wa(TX)g1 means
that 1p1(3W — TX) g1 is well defined and that c1(Kw ® Ki'gt =0 mod (2).
By [4, Corollary 1.2], the S* action on M can be lifted to (Kw @ Kx*)'/? and
is compatible with the S' action on Ky ® K;(l.

Take N =1, i.e., we forget the G action on W and remove the correspond-
ing assumption ¢; (W) =0 mod (N). Furthermore, take W = Kx and V = 0.
Then an interesting consequence of Theorem is the following family rigidity
and vanishing property, which may be thought of as an extension of [I5, The-
orem 2.3] to the Spin® case. When the base manifold is a point, it turns out
exactly to be Chen-Han-Zhang’s theorem [3, Theorem 3.2(i)].

Corollary 2.4 Assume ip1(3Kx — TX)g1 = e -7 u* (e € Z) in Hi\ (M, Z).
Consider the family of S'-equivariant twisted Spin® Dirac operators

DX ® é) Symn (TX) ® Q1(Kx) . (2.16)

n=1

(i) If e = 0, then these operators are rigid on the equivariant K-theory level
for the S action.

(ii) Ife <0, then the index bundles of these operators are zero in Kgi(B). In
particular, these index bundles are zero in K(B).

Remark 2.5 The operators in are the Witten type operators introduced
by Chen-Han-Zhang [3]. By taking N = 1, W = Kx, V = 0, and letting
the base manifold B be a point in [1, Theorem 2.1], we get Chen-Han-Zhang’s
theorem [3, Theorem 3.2(ii)]. It is rather natural to establish an analogue of [14,

Theorem 2.1], which corresponds to Chen-Han-Zhang’s theorem [3, Theorem
3.2(i)]. That is one of the motivation of Theorem 2.4

Actually, as in [14] [15], our proof of Theorem works under the following
slightly weaker hypothesis. Let us first explain some notations.

For each n > 1, consider Z, C S', the cyclic subgroup of order n. We
have the Z,-equivariant cohomology of M defined by H; (M,Z) = H*(M Xz,
ES',7Z), and there is a natural “forgetful” map a(S',Z,) : M xz, ES' —
M x g1 ES' which induces a pullback «(S',Zy)* : Hj (M, Z) — Hj (M,Z).
We denote by a(S!,1) the arrow which forgets the S action. Thus a(S*,1)* :
H% (M, Z) — H*(M,Z) is induced by the inclusion of M into M x g1 ES' as a
fiber over BS!.

Finally, note that if Z, acts trivially on a space Y, then there is a new
arrow t* : H*(Y,Z) — Hy; (Y,Z) induced by the projection ¢ : Y xz, ES' =
Y x BZ, =Y.

Let Zoo = St. For each 1 < n < +o0, let i : M(n) — M be the inclusion of
the fixed point set of Z,, C S' in M, and so 4 induces ig1 : M(n) xg1 ES* —
M X g1 ESl.



In the rest of this paper, we suppose that there exists some integer e € Z
such that for 1 <n < +oo,

1

a(SY, Zy)* ot ( —p1(V+3W -TX)g1 —e- ﬁ*uQ)
2 . (2.17)

=t 0a(SY,1)" o il ( PV +3W — TX)Sl) .

As indicated in [14, Remark 2.4], the relation clearly follows from the
hypothesis of Theorem [2.2] by pulling back and forgetting. Thus it is a weaker
hypothesis.

We can now state a slightly more general version of Theorem [2.2]

Theorem 2.6 Under the hypothesis (2.17)), we have

(i) If e = 0, then the index bundles of the twisted Spin® Dirac operators in
Theorem are rigid on the equivariant K-theory level for the S' action.

(ii) If e < 0, then the index bundles of the twisted Spin® Dirac operators in
Theorem are zero as elements in Kg xs1(B). In particular, these
index bundles are zero in Kg,(B).

The rest of this section is devoted to a proof of Theorem

2.3 Two recursive formulas

Let F' = {F,} be the fixed point set of the circle action. Then 7 : FF — B
is a fibration with compact fibre denoted by Y = {Y,}.
As in [14 (2.5)], we may and we will assume that

TX|p =TY & PN,
v>0

TX|p@rC=TY ®g Co P (N, & Ny),
v>0

(2.18)

where N, are complex vector bundles on which S' acts by sending g € S' to
g”. We also assume that (cf. [14, (2.6)])

Vie=Vso @V, Wir=EW,, (2.19)

v>0 v

where V,, W, are complex vector bundles on which S* acts by sending g to g*,
and V! is a real vector bundle on which S! acts as identity.

By , as in [I4, (2.7)] , there is a natural isomorphism between the
Zs-graded C(TX)-Clifford modules over F,

S(TX, Kx)|p ~ S(TY, Kx ®ys0 (det N,U)*l) B, AN (220

For a complex vector bundle R over F, let DY ® R, DY ® R be the twisted
Spin® Dirac operator on S(TY, K x ®,0(det N,) "1)® R over F, F,, respectively.



We introduce the following locally constant functions on F' (cf. [14] (2.8)]),

e(N) =) v*dimN,, d(N)=> vdimN,,

v>0 v>0
e(V)=> v*dimV,, d(V)=) vdimV,, (2.21)
v>0 v>0

e(W)=> o*dimW, , d(W)=>» vdimW, .

v

As in [14, (2.9)], we write

L(N) = @u>o(det Ny)* , L(V) = @yso(det V3)"

| , (2.22)

L(W) = ®uzo(det Wy,)" , L =L(N)" @ L(V) ® L(W)* .

By using (2.17) and computing as in [14, (2.10)-(2.11)], one knows
ci(L)=0, eV)+3-e(W)—e(N)=2e, (2.23)

which means L is a trivial complex line bundle over each component F, of
F, and S! acts on L by sending g to ¢?¢, and Gy acts on L by sending y to
y? W) From [14) Lemma 2.1], we know that d'(W)mod (N) is constant on
each connected component of M. Thus we can extend L to a trivial complex

line bundle over M, and we extend the S! action on it by sending ¢ € S! on

the canonical section 1 of L to ¢g%¢- 1, and Gy acts on L by sending y to ),

In what follows, if R(q) = 3,,c17 0™ Rm € K (M)[[g*/?]], we will also
2

denote Ind(DX ® R,,,, h) by Ind(D* ® R(q), m,h). Fori=1,2,3,4, set
Ri=(Kw oK) @ Ri(V) @ Q1(W) . (2.24)

As in [14], Proposition 2.1], by using Theoremwe first express the global
equivariant family index via the family indices on the fixed point set.

Proposition 2.7 Form € %Z, he€Z,1 <1i<4, we have the following identity
mn Kgy (B),

® ©2%,Sym . (TX) ® Ry, m, h)

Ind (DX
_ Z(_l)Zwo dim No 114 (DYa ® @y Symyn (TX|r) @ Ry (2.25)
& Sym (@U>ONU) Ru>0 det Nm m, h) .

To simplify the notations, we use the same convention as in [14, pp. 945].
For ng € N*, we define a number operator P on Kg1 (M)[[q%]] in the following
way: if R(q) = ®,c 1, Rnq" € KS1(M)[[q%]], then P acts on R(q) by multipli-
cation by n on Rn.n(l):‘rom now on, we simply denote Symgn(T'X), Agn (V') and

Agn (W) by Sym(T'X,,), A(V,,) and A(W),,), respectively. In this way, P acts on
TX,, V, and W,, by multiplication by n, and the action of P on Sym(7TX,,),



A(V,,) and A(W),,) is naturally induced by the corresponding action of P on T'X,,,
V, and W,,. So the eigenspace of P = n is just given by the coefficient of ¢"
1
nezltng” € Ksi(M)[[g™]],
we will also denote Ind(DX ® R, h) by Ind(DX ® R(q), m, h).
For p € N, we introduce the following elements in K¢ (F)[[q]] (cf. [14]

(3:6));
Fo(X) = @ Sym(T) & R Q) Sym (Nown) &) Sym (Vo) )

v>0 n=1 n>pv

FX)=Q & (Sym(Nv,_n)@ndeth), (2.26)

v>0 0<n<pv

FPX) = Fp(X) @ Fy(X) .

of the corresponding element R(q). For R(q) = &

Then from (2.18]), over F', we have

FUX) = Q) Symyn (TX|r) @ Sym(Dys0Ny) @uso det N, . (2.27)

n=1

We now state two intermediate results on the relations between the family
indices on the fixed point set. These two recursive formulas will be used in the
next subsection to prove Theorem

Theorem 2.8 (Compare with [I4, Theorem 2.3]) For 1 < i < 4, h, p € Z,
p>0,me %Z, the following identity holds in Kg,(B),

> (~1)ZwsodmNeInd (DY @ FO(X) ® Rit,m, h)

[e%

= Z(_l)pd,(N)+Zv>0 dim Ny Ind(DYa ® ]:_p(X) ® Ril; (228)

(67

1
m+ §p2e(N) - gd’(N), h) .

The proof of Theorem will be given in Sections

Theorem 2.9 (Compare with [I4, Theorem 2.4]) For each o, 1 < i < 4, h,
peEZ,p>0,mEe %Z, the following identity holds in Kg,(B),

|
Ind (DYa ® F7(X) ® Rir,m + 3p’e(N) + gd’(N), h)

, (2.29)
= (—1)P*M)1nq (DY‘* ® F(X) ® Ry @ L™, m + ph + p?e, h) :

The proof of Theorem [2.9] will be given in Section [3.1]

10



2.4 A proof of Theorem (2.6

As %p1(3W —TX)s1 € H (X, Z) is well defined, one has the same identity
as in [I4, (2.27)],
d(N)+d(W)=0 mod (2). (2.30)

From Proposition Theorems and (2.30)), for 1 <i <4, h,p € Z,

p>0,me %Z, we get the following identity (compare with [14], (2.28)]),

Ind (DX ® é Sym,.(TX) ® Ryt,m, h)
n=1

. (2.31)
~ nd (DX @ Q) Symy:(TX) ® Ry @ L7, h),
n=1
with
m' =m + ph + p’e. (2.32)

By (2.13) and (2.24), if m < 0 or m’ < 0, then either side of (2.31) is

identically zero, which completes the proof of Theorem In fact,

(i) Assume that e = 0. Let h € Z, my € %Z, h #£ 0 be fixed. If h > 0, we
take m’ = myg, then for p large enough, we get m < 0 in (2.31)). If h < 0,
we take m = my, then for p large enough, we get m’ < 0 in (2.31).

(ii) Assume that e < 0. For h € Z, my € %Z, we take m = mg, then for p
large enough, we get m’ < 0 in ([2.31)).

The proof of Theorem [2.6]is completed.

Remark 2.10 We point out here that there is a Z/k version of Theorem
which is an analogue of [9, Theorem 4.4]. In fact, by using the mod k local-
ization formula for Z/k circle actions on Z/k Spin manifolds established in
[9, Theorem 2.7] (see also [19, Theorem 2.1] for the spin case), our proof of
Theorem can be applied to the case of 7./k manifolds with little modification.

Remark 2.11 (Compare with [14, Remark 2.5]) If M is connected, by (2.31)),
for1<i<4,in Kg,(B), we get

Ind (DX ® é Symg. (TX) ® Ril)
=l (2.33)

n=1

where by [3d'(W)] we mean the one dimensional complex vector space on which
y € Gy acts by multiplication by W) In particular, if B is a point, and
3d' (W) #0 mod (N), we get the vanishing theorem for String® manifolds ana-
logue to the result of [3, § 10].
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3 Proofs of Theorems 2.8 and 2.9

In this section, we prove those two intermediate results which are stated in
Section 2:3] and used in Section to prove our main results.

This section is organized as follows. In Section following [14, Section
3.2], we prove Theorem In Section we introduce the same refined shift
operators as in [I4) Section 4.2]. In Section we construct the twisted Spin®
Dirac operator on M (n;), the fixed point set of the naturally induced Z,-action
on M. In Section by applying the S!'-equivariant index theorem in Section

we finally prove Theorem

3.1 A proof of Theorem [2.9

Let H be the canonical basis of Lie(S!) = R, i.e., exp(tH) = exp(2y/—17t),
for t € R. On the fixed point F', let Jy denote the operator which computes
the weight of the S! action on I'(F, E|r) for any S'-equivariant vector bundle
E over M. Then Jy can be explicitly given by (cf. [15] (3.2)])

Jg = —— (3.1)
where Zy denotes the infinitesimal action of H acting on I'(M, E).

Recall that the Zs-grading on S(T'X, Kx )®52 ;Sym (T X,,) (resp. S(TY, Kx®
®p>o(det N) 1) ® F7P(X)) is induced by the Zs-grading on S(TX, Kx) (resp.
S(TY, K x ®y>0 (det N,)71)). Write

QII/V = ®A(Wn) ®®A(Wn> ) Q%/V = ® A<Wn) ® ® A(Wn)
n=0 n=1

neN+1 neN+1

Fr=SWV)eRQAVn) ., Fo= Q) AV, . (3.2)

n€N+%

There are two natural Zo-gradings on F‘}, F‘Q/ (resp. Qll,v, Q‘Q/V) The first
grading is induced by the Zo-grading of S(V') and the forms of homogeneous
degrees in ®9°,A(V,), ®n€N+%A(Vn) (resp. Q%,). We define T€|F‘z‘/:l: = +1
(1 =1,2) (resp. Te’Q‘Q/‘:/I: = +1) to be the involution defined by this Zs-grading.
The second grading is the one for which F}, and Q¥ (i = 1,2) are purely even,
i.e., F‘if = F{',, ;{,” = Q%,V. We denote by 7 = id the involution defined by this
Zs-grading. Set Q(W) = Q1 @ Q%, ® Q%,. We will denote by 71 the Zs-grading
on Q(W) defined by

(QW),m1) = (Qu, 75)®(Qfy, 7e)B(Qiy, 7). (3-3)

Then the coefficient of ¢" (n € $Z) in (2.13) of R1(V) (resp. Ro(V), R3(V),
Ry(V), Q1(W)) is exactly the Za-graded vector subbundle of (Fy;,7) (resp.
(F 1), (F2,7e), (F2,75), (Q(W),71)), on which P acts by multiplication by
n.

12



Furthermore, we denote by 7. (resp. 75) the Zgs-grading on S(TX,Kx) ®
®2,Sym(TX,,) ® F{, (i = 1, 2) induced by the above Zs-gradings. We will
denote by 71 (resp. 7s1) the Zs-grading on S(T'X, Kx) ® ®2°2,Sym(T'X,,) ®
Fi, ® QW) (i = 1, 2) defined by

Tel = Te®T1, Tl = To®T1 - (3.4)

We still denote by 71 (resp. 7s1) the Zo-grading on S(TY, K x ®,>0(det N,) 1)@
FP(X)® F, ® QW) (i =1, 2) which is induced as in (3.4).

By , as in , there is a natural isomorphism between the Zo-graded
C(V)-Clifford modules over F,

SW)lr = S(VE, @uso(det V,) 1) @ ® (3.5)
Let Vo = Vg' ®g C. Using (2.19) and (3.5)), we rewrite (3.2) on the fixed

point set F' as follows,

®A@v o ®®A@v o)
QI2/V: ®A@v vn ®A@v v,n)v

neN41 5 n€N+%
Fy=Q A(an © Bu>0(Von @ VM)) (3.6)

n=1

® S(‘/()Ra ®v>0(det Vv)_l) Qv>0 AVU,O )

ng = ® A(‘/O,n S G9v>0(V;),n D VUW)) :
n€N+%

We can reformulate Theorem as follows.
Theorem 3.1 For each o, h, p € Z, p >0, m € %Z, fori=1,2, 7T =7 or
Ts1, the following identity holds in Kg,(B),
Ind, (DYa ® (Kw @ K)o FP(X) o F, @ Q(W),

1, 1,
m + 3P e(N)+§pd (N),h)

' (3.7)
= (—=1)P*W)1nd, (DYQ @ (Kw @ Ky)Y? o FO(X) F,
® QW) ® L™, m + ph + pe, h) )

Following [I7] in spirit, we introduce the same shift operators as in [14]
(3.9)]. For p € N, we set

Tyt Nv,n - Nv,n+pv y Tl N'v,n — Nv,nfpv s
Tyt V;),n — Vfb,n—&—pv ) Tyt Vv,n — Vv,n—pv ) (38)
Ts : Won = Wontpw s T i Won = Woyn_po .
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Proposition 3.2 Forp € Z, p > 0, ©« = 1,2, there are natural isomorphisms
of vector bundles over F,

r(FP(X)) ~ FOUX)@ L(NY |, r(F)~F> @ L(V)™P. (3.9)

For anyp € Z, p > 0, i = 1,2, there are natural G, X St -equivariant isomor-
phisms of vector bundles over I,

r(Qly) ~ Qly ® L(W) ™. (3.10)
In particular, one gets the Gy x St-equivariant bundle isomorphism
r(QW)) = QW) @ L(W) ™. (3.11)

Proof By [14, Proposition 3.1], only the i = 2 case in needs to be
proved.

Using [14} (3.14)-(3.16)], we have the natural G, x S'-equivariant isomor-
phisms of vector bundles over F',

QR A W)~ Q) ATWemin (W, )

n€N+%,v>0, n€N+%,v>O,
0<n<pv 0<n<pv
® (X)(det W,)P" |
v>0
il dim Wy —i!, (717 (3.12)
v
QR A (Wopmip) = R A (W —npv)
neN+3,v<o0, neN+3,v<0,
0<n<—pv 0<n<—pv

® Q) (det W) ™7 .

v>0

From ([2.22)) and (3.12)), we get (3.10) for the i = 2 case.
The proof of Proposition [3.2]is completed.

The following proposition, which is an analogue of [14, Proposition 3.2], is
deduced from Proposition

Proposition 3.3 Forp € Z, p > 0, i = 1, 2, the Gy-equivariant isomorphism

of vector bundles over F induced by (3.9), ,
e 2 S(TY, Kx @yso (det N,)™1) @ (K @ Ky')'/?
RF P(X)® @ QW)

(3.13)
— S(TY, Kx ®uso (det Ny) 1) @ (Kw ® Kx')'/?
RF(X)RF, @ QW)® L™,
verifies the following identities,
rot Ty e =Jy
r;l P.or,=P+pJy +p2€—%p2€(N)—§dl(N) . (8.14)
For the Zo-gradings, we have
ritrere =1, rittre =10, ritmre = (1P Wr (3.15)
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Proof By the proof of [14, Proposition 3.2], we need to compute the action of
T*_l “P-ryon ®n€N+%,v>0, Atr (Wv,n) ®n€N+%,v<O, Atn (WUJL)' In fact, by ' )

0<n<pv 0<n<—pv
ritPer, = Z (dim Wy, — i) (—n + pv)
neN+4,0>0,
0<n<pv
+ > (dmW, —i,)(—n — pv) (3.16)
neN+§,v<0,
0<n<—pv

1
=P+pJyg+ §p2€(W) .

By [14, (3.21)-(3.23)], (2.21)-(2.23) and (3.16), we deduce the second line of

(3.14). The first line of (3.14)) is obvious.
Consider the Zs-gradings. The first two identities of (3.15)) were proved in

[15, (3.18)]. 71 changes only on @),,cx; g 050, An (W) & s § <o, A (W)
0<n<pv 0<n<—pv

From (2.21)) and (3.12), we get the third identity of (3.15).
The proof of Proposition [3.3]is completed.

Theorem [3.1] is a direct consequence of Proposition The proof of The-
orem [2.9] is completed.
The rest of this section is devoted to a proof of Theorem [2.8

3.2 The refined shift operators

We first introduce a partition of [0,1] as in [I4}, pp. 942-943]. Set J = {v €
N ‘ there exists « such that NV, % 0 on Fa} and

D= {B € (0,1] ! there exists v € J such that fv € Z} . (3.17)

We order the elements in ® so that ® = {& ‘ 1<i< Jy,Jp € Nand §; < Bi+1}.
Then for any integer 1 < i < Jy, there exist p;, n; € N, 0 < p; < n;, with
(pi,ni) = 1 such that
5@ = pi/ni . (3.18)
Clearly, 85, = 1. We also set pg = 0 and [y = 0.
For 0 < j < Jy, p € N*, we write

If:{(v,n)ENxN‘veJ, (p—1v<n<py, ﬁ:p—1+& )
v n;
B n p? (3.19)
I?z{(v,n)ENxN’veJ, (p—1Dv<n<puv, —>p—1+—]}.
(% n;

Clearly, I} = 0, the empty set. We define F,, j(X) as in [14} (2.21)], which are
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analogous with ( m More specifically, we set

®Sym TY, ®®<®Sym ) (09 Sym(ﬁv,n)>

v>0 n=l1 n>(p—1)v+%v
J

® ® (Sym (Ny,—n) ® det Nv)

v>0,
0<n<(p—1)v+ [—J ]
nj

=FHX)eF (X))o @ Sym(Nyn) (3.20)

where we use the notation that for s € R, [s] denotes the greatest integer which
is less than or equal to s. Then

Fpo(X)=F (X)), FpuX)=FPX). (3.21)

From the construction of 3;, we know that for v € J, there is no integer in
(pJ v, p—Jv) Furthermore (cf. [14, (4.24))),

Tj—

{féj] {7’2@}—1 if v=0 mod (n;),
B0, 2 [B] 5 020 mod () o

nj—1 g
We use the same shift operators rj,, 1 < j < Jy as in [14], (4.21)], which
refine the shift operator r, defined in (3.8). For p € N\{0}, set
Tjx : Nv,n — Nv,n-l—(p—l)v—l-pjv/nj » o T Nv,” - Nvm—(p—l)v—pjv/”j ’
Tie : Von — Vu,n—i-(p—l)v—i-pjv/nj ) Tjx - Vv,n — Vv,n—(p—l)v—pjv/n]- ) (3.23)

Tjx - Wv,n — va_,_(p_l)v_,_pjv/n]. y o Tyt Wym — Wv,n—(p—l)v—pjv/nj .

For 1 < j < Jy, we define F(83;), FL(B;), F2(B;), @/ (8;) and Q%,(8;) over
F' as follows (compare with [14] (4.13)]).

® Sym (TYn) & ® ® Sym (Nv,n S¥ Wu,n)

0<nez g 0<neZ+2iy
v=0, 5~ mod(nj) mj

0 ® sym< ® (D v @ Nv,n)>,

0<v’'<n;/2 v=v',—v’ mod(n;) 0<n€Z+%v 0<n627%v
J i
FV BJ < @ Vb n @ ( @ ‘/v,n @ Vv,n)
0<nez g 0<neZ+2iy 0<nezZ—"2iy
v=0,—+- mod(nj) j "j

O( @ (@ v & 7))

0<v'<n;/2  v=v',—v’ mod(n; ) 0<n€Z+%v 0<n€Zf%v
J i

16



szz(ﬁj)=A( D vin D ( P Ve D Vi)

0<n€Z+1 g 0<n€Z+tv+l  0<n€Z—lutl
v=0,5~ mod(nj) g g

®( @& (@ n @ "))

0<v'<ng/2  v=v',—v'mod(n;) 0<neZ+ Lv+i 0<n€Z—Loti
J J

n

QW»=A<@( b w. B Wv,n)>,

Vo 0<n€Z+2ly 0<nez—2iy
TLJ 7LJ
2 —_
Q% () = A< D ( B W P W )) (3.24)
v O<nEZ+%U+% 0<nEZ—:—§v+%

Using (3.22), (3.24) and computing directly, we get an analogue of [14,
Proposition 4.1] which refines Proposition

Proposition 3.4 Forp e Z,p > 0,1 < j5 < Jy, there are natural isomorphisms
of vector bundles over F,

T (Fpj-1(X)) = F(B;) @ X Sym (Ny.)

v>0, v=0 mod (n;)

P
® ® (det N,) [%v] +(p—1)v+1 ® ® (det Nv)_l :

v>0 v>0, v=0 mod (n;)
rjs(Fpi (X)) = F(Bj) ® (09 Sym(Ny,0)
v>0, v=0 mod (n;)

.
2 &) (det L=t

v>0
ris(F) = S(VE, @usoldet V,)71) @ FL(8))

® ® A(Vy0) ® ®(det Vo) [r;v]—&-(p—l)v 7

v>0, >0
v=0 mod (nj)

ri(F) ~ FeB) e Q) AVio) ® R)(det V) [F2v+ 3] +-1)0 .

w70 v>0
v=—4 mod (n;)
2 J

Forp € Z,p>0,1<j<.Jy, there are natural G, x S'-equivariant isomor-
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phisms of vector bundles over F,

r(@) =~ QB e Q) detW, @
v>0,
v=0 mod (nj)

®(det 7.) [%v] +(p—1)v+1 ®(det W) [—Z—;v} —(p—1)v |

v>0 v<0

_ (3.25)
@) = QB e Q) AWe Q) AW.)
v>0, v<0,
’UE% mod(nj) ’UE% mod(nj)
— [ﬁv+l]+(p71)v [fﬁv+l]f(pfl)v
Q) (det W) "2 Q) (det W)+ 772 .
v>0 v<0

Proof By [14], Proposition 4.1], we need only to prove the second isomorphism
in (3.25)). In fact, using [14}, (3.14)], we have the natural G, x S'-equivariant
isomorphisms of vector bundles over F,

® A" (Wv,n—(P—l)v—ﬁv) = ®(det WU) [%U‘F%] e
g

0<nez+%,u>o, v>0

dim Wy —in
® ® AT ' (Wv,—n+(p—1)v+%v> ’
J

0<nEZ+%, v>0,

nf(pfl)ufz—‘;_vgo

nf(pfl)'uf%vgo

® Aii’l (Wv,n+(17—1)v+ﬂv> = ®(det Wv) [_%U+%] e
"5

O<n€Z+%,v<O, v<0
et (p—1)vt 2L <0
J

(3.26)

@ Q@ AW, )

ny
0<nez+i,v<o,
et (p—1)vt 2 <0
J

From (3.24]) and (3.26)), we get the second isomorphism in (3.25)).
The proof of Proposition is completed.

3.3 The Spin® Dirac operators on M (n;)

Recall that there is a nontrivial circle action on M which can be lifted to
the circle actions on V and W.

For n € N\{0}, let Z, C S! denote the cyclic subgroup of order n. Let
M (n;) be the fixed point set of the induced Z,; action on M. Then 7 : M(n;) —
B is a fibration with compact fiber X (n;). Let N(n;) — M(n;) be the normal
bundle to M (n;) in M. Asin [2, pp. 151] (see also [14} Section 4.1], [I5) Section
4.1] or [17]), we see that N(n;) and V can be decomposed, as real vector bundles
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over M (nj), into

Nnj)= @ N@joe N(ny s,

O<v<nj/2

Vi) =Vn)s© @ Ving o Vi(n)n o s
0<’U<7’Lj/2

(3.27)

where V(n;)§ is the real vector bundle on which Zy, acts by identity, and
N(nj)fj/2 (resp. V(nj)ﬂsjm) is defined to be zero if n; is odd. Moreover, for
0 < v < nj/2, N(nj)y (resp. V(n;j),) admits a unique complex structure
such that N(n;), (resp. V(n;),) becomes a complex vector bundle on which
g € Zy, acts by g”. We also denote by V'(n;)o, V(nj)nj/g and N(nj)nj/g the
corresponding complexification of V' (n;)§, V (n;)& /2 and N (n;)® )2

Similarly, we also have the following Z,, —equlvarlant decomposmon of W
over M (n;) into complex vector bundles,

Wiy = @ Wny)o, (3.28)

0<v<n;

where for 0 < v < nj, g € Zy, acts on W(n;), by sending g to g".

By [14, Lemma 4.1] (which generalizes [2, Lemmas 9.4 and 10.1] and [I7,
Lemma 5.1]), we know that the vector bundles TX(n;) and V(n])0 are ori-
entable and even dimensional. Thus N (n;) is orientable over M (n;). By (3.27),
V(nj)k /2 and N(n;)® /2 are also orientable and even dimensional. In what

follows, we fix the orientations of N(n;)X o and V(n;)& n, /2" Then T'X(n;)

and V(n])o are naturally oriented by (3.27) and the orientations of TX, V,
N(n ) , and V(n;)® ny /2" Let I/V(nj)fj/2 be the underlying real vector bundle

of W nj 9, which are canonically oriented by its complex structure.
y (2. 18)

(2.19), (3.27) and (3.28]), we get the following identifications of
complex vector bundles over F' (cf. [14] (4.9) and (4.12)]), for 0 < v < n;/2,

N(nj)o|p = ) Ny & D Noo

v’'>0, v'=v mod(n;) v'>0,v'=—vmod(n;)

. (3.29)
V(nj)v‘p = @ Vo @ @ Vo o,
v’'>0, v'=v mod(n;) v'>0,v'=—vmod(n;)
for 0 <wv < nj,
W(nj)l,= € W . (3.30)

Also we get the following identifications of real vector bundles over F' (cf. [14

(4.11)]),
TX(n)|,=TY e &5 N, N(nFi,

v>0, v>0,
v=0mod (n;)

V(”j)ﬂoQ‘F =e H W, V(ﬂj)@
UEOII}II>OOC{(’IL]') 0
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Moreover, we have the identifications of complex vector bundles over F,

TX(nj)|,@erC=TY @z Co» @  (N.@N,),

v>0,v=0mod(n;)

Viole=VEexCo @B (heT.).
v>0,v=0mod(n;)

(3.32)

As (pj,nj) = 1, we know that, for v 6 Z, v € Z if and only if .- € Z.
Also, 2 ‘v e Z+ % if and only if X € Z + 1. Remark if v=— mod(n]) then
{n|0 < nezZ+ v} ={n|0<n E Z— pf v'}. Using the identifications (3.29)),

(3.30) and (]3.32[) we can rewrite F(3;), F‘lf(ﬁj), F2(B)), Qv (B;) and Q3 (8;)
over F' defined over in (3.24) as follows (compare with [14, (4.7)]),

F(p ® Sym TX (nj)n ® Sym( @ N(nj)on

0<n€Z 0<v<n;/2 0<n€Z+%v
! (3.33)
o D N, )o @ Sym (Vi)
O<n€Zf%v 0<neZ+i
BB =A @B vipone D ( D Vi
0<n€Z 0<v<n;/2 0<HEZ+%U
’ (3.34)
o D Vi) D Ve
0<n€Z—%’U 0<n€Z+1i
FVBJ (EBVTL] i/2;n D @ ( EB Vi(n;)om
0<neZ 0<v<n;/2 0<n€Z+ v+2
(3.35)
@ @ V(nj)v’n) @ V nj O,n) s
O<n€Z—%v+% 0<n€Z+3
A= D ( B Wowe @ W,,)). (636
0<v<n; 0<n€Z+%U OSnGZ—%U
A=A B ( B When
0<v<n; 0<n€Z+%U+%
! (3.37)

o P W) )-

P
0<n€Z— n—;v—i-%

We indicate here that F(3;), F(8;), F2(53;), Qi (8;) and Q¥,(53;) in

are the restrictions of the corresponding vector bundles in the right hand side of

(3-33)-(3.37) over M (n;), which will still be denoted as F(8;), F‘l/(ﬁj)’ F\Q/(ﬁj),
Qiy (8;) and Q3 (8;). Write

Qw(B;) = Qi (8)) ® Qi (8;) ® Qi (B5), (3.38)
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which we now think of as a vector bundle over M (n;).
We now define the Spin® Dirac operators on M (n;). The following Lemma
follows from the proof of [2, Lemmas 11.3 and 11.4].

Lemma 3.5 (Compare with [I4, Lemma 4.2]) Assume that (2.17)) holds. Let

L) = & (det(N(nj)u)@)det(V(nj)v)

0<7)<le /2

(r(nj)+1)v (339)
®<det(W(nj)v) ® det(W(nj)nj,v)) )
be the complex line bundle over M(n;). Then we have
(i) L(nj) has an n" root over M (n;).
(i) Let Uy =TX(n;) & V(nj)§ & W(ny)y o ® W)y 1o,
—Kxe & (det )o) ® det(V(n;), ))
0<v<n;/2
3 r(nj)
® (det(W(n)n,/2)) " ® Ling) ™
Let Uy =TX(n;)®V(n;)~k 2 ® W (n;)E 2@ W(n;)E ny )2
3 'r(nJ)
Li=Ex® & (det(N(nj)v)> ® (det(W(nj)nj/z)) ® L(ng) " .

0<U<7’Lj/2
Then Uy (resp. Ua) has a Spin® structure defined by Ly (resp. La).

Remark that in order to define an S' (resp. G,) action on L(n;) ™)/ we
must replace the S (resp. Gy) action by its n;-fold action. Here by abusing
notation, we still say an S! (resp. G) action without causing any confusion.

Let S(Uy, L1) (resp. S(Ua, L2)) be the fundamental complex spinor bundle
for (Ui, L1) (resp. (Usz, L2)) (cf. [8, Appendix DJ). There are two Za-gradings
on S(Uy, Ly) (resp. S(Usz, Ly)). The first grading, which we denote by 7y, is
induced by the involutions on S(Uy, L1) and S(Us, L2) determined by T'X (n;)®
W(nj)ﬁj /2 @8 in . The second grading, which we denote by 7, is induced by
the involution on S(Uy, L) (resp. S(Us, L2)) determined by T'X (n;)®V (n;)& &
VV(nj)Ej/2 (resp. Up =T X (n;) ® V(nj)fj/2 ® W(TL]‘)Ey_/Q) as in (2.1)).

In what follows, by DX(") we mean the S'-equivariant Spin¢ Dirac operator
on S(Uy, L) or S(Us, La) over M(n;).

Corresponding to (2.8), by and (3.30), we define S(Uy, L;)" (resp.

S(Ua, Lo)') equipped with its involutions 7/ and 7. as follows (compare with
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[14, (4.16)]),

(S(Ul, Ll)’,rg/rg) - (s (TY eVE e R (detN, ®detV,) "

vzofri)?{(nj)
® (det Wv)*Q) , Tg/Té) ® ® A1 (Vo)
v="4 mod (n;) v=0mod ()
© AWy e & AW, (3.40)
v="4 mod (n;) v="4 mod (n;)

(S(UQ,LQ)’,TS’/T;):S(TY,L2® R (et N,)!

v>0,
v=0 mod(nj)

v R ([etVy)le R (det Wv)_2> (3.41)
220 v="4 mod (nj)
’UETJ mod (nJ) 2 J

© Q@ Aae @ AW A(W,) .

v>0, _nj _n
. v=-t mod (n; v=—= mod (n;
'UEnT]mod(nj) 2 ( ]) 2 ( ])

Then by (2.8), for ¢ = 1,2, we have the following isomorphisms of Clifford
modules over F' preserving the Zs-gradings (compare with [14, (4.17)]),

(S(Ui, L;), 7'5/7'6)

e (S(UZ-, L), /T;) Q) AN (342)

v>0,v=0mod (n;)

As in [I4], pp. 952], we introduce formally the following complex line bundles
over F,

L=(r'e @ ([etN,odtV)e @ (detW,)?

v>0, nj
v=0mod (n])

1
© Q) (det N, ® det V) ' @ KX) 2, (3.43)
v>0

p=(I'e @ daNe (@ deth,

v>0, .v>0,
v=0mod (nJ) vz%l mod (nj)
1
® (det W,)? ® (R (det Ny) ™! @ KX) 2, (3.44)
UE% mod (n;) v>0

In fact, from (2.8]), Lemma and the assumption that V' is spin, one verifies
easily that ¢;(L?) =0 mod (2) for i = 1,2, which implies that L] and L} are
well-defined complex line bundles over F.
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Then by [14] (3.14)], (3.40)-(3.44)) and the definitions of L1, Lo, we get the
following identifications of Clifford modules over F' (compare with [14], (4.19)]),

(S(Ul, LY oL, (/M) id) = S(TY, Kx @y=o (det N,,) 1)

® (SO, @usoldet Vo)) id/7) @ Q) An(V)

v>0,
v=0mod (n;)
® Q Aam)e @  Aa(W) (3.45)
v>0, p<0,
’UE%lmod(nj) Uzglmod(nj)
2 @ Ame @ AW @  (detW,)?,
‘v>0, ‘v<0, }1<0»
'uEnTJmod(nj) 'uEnTJmod(nj) vEnT]mod(nj)

(S(Ug, LY ® Ly, (7 /7)) ® id) = §(TY, Kx ®y0 (det N,) ™)
& ® A (V) ® ® A (W) ® ® Ay (W)

v>0, v>0, v<0

vEnTJmod(nj) ﬂz%mod(nj) vz%mod(nj)
& AM)e &R AWHe Q) (detW,)?. (3.46)
v>0, v<0, v<0,
vE%‘Zmod(nJ-) vE%‘Zmod(n]-) 1)E%mod(n]-)

Now we compare the Zs-gradings in (3.45) and (3.46]). Set (compare with
14l (4.20)])

Amj,N)= Y > dimN+o(N@myE,) |

%<v’<nj 0<v,v=v' mod (n;)
A(n;, V) = Z Z dim V,, + 0<V(nj)ﬂé> , (3.47)
%<v’<nj 0<v,v=v' mod (n;) ?

A(nj, W) = > dim W, ,

v<0, ’UE% mod (1)

with o(N(n;)%,) (resp. o(V(n;)%,) equals 0 or 1, depending on whether the

ny

2 2
given orientation on N(n;)%, (resp. V(n;)%,) agrees or disagrees with the
2 2
complex orientation of EBU>07E% od (nj)NU (resp. Dy, v="4 mod (nj)VU)'

As explained in [I5], pp. 166], for the Zs-gradings induced by 7, the differ-
ences of the Zo-gradings of (3.45)) and ([3.46)) are both (—1)20%:N)+A;W). for
the Zo-gradings induced by 7., the difference of the Zo-gradings of (3.45)) (resp.
346) is (_1)A(nj:N)+A(njvv)+A(nj’W) (resp' (_1)A(nj7N)+O(V(nj)§j/2)+A(nj7W) )
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Lemma 3.6 (Compare with [14, Lemma 4.3]) Let us write

v
/8] 1= ® ® (det V) +(p 1)v+1 ®(detV )[ }‘*‘(P Do
v>0 v>0
® ® (det N,) ™' ® ® (det W)L 7 o] 42 [—%Wré] —3(p—1)v
v>0, v<0

v=0 mod(n )

o2y ® (det W) ]”[*”Jr ]+3(p71)v+1

v>0
® ® det W, ® ® (det Wv)z
v>0, v<0,
v=0mod(n;) v="4 mod(n;)
Pj
L8 = Iy © R(det N,) o] +(p— ott o & @det 7, )[ vt L] +p-1)
v>0 v>0
”U] +2 [—p—j_'u—i-l] —-3(p—1)v
® ® (det N,) ' ® ® (det W)t ™ A
v>0, v<0

v=0 mod(nj)

® ® (det W) [’%U] +2 [%”Jr%] +3(p—1)v+1

® ® det W, ® ® (det W,,)?

v>0, v<0,
= . n;
v=0 mod(nj) vEﬁij mod(nj)

Then L(Bj)1 and L(B;)2 can be extended naturally to Gy x S-equivariant com-
plex line bundles over M (nj) which we will still denote by L(5;)1 and L(B;)2
respectively.

Proof We introduce the following line bundle over M (n;),
)= & (det(N(nj)v) ® det(V(n;),)
0<v<nj/2 (348)
[ 3 —w(v)—r(nj)v
® (det(W(ny),) @ det(W (n;)n, o)) ) .

where as in [I5, (4.35)] we write [%v} = Z—;v O

As in [15, (4.38)] and [14, (4.28)], Lemma implies that L<(3;)1/" is
well-defined over M (n;). Direct calculation shows that

L(Bj)1 =
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—U-5 @Lw (;) ) @ © X det(W(ny) (clet(l/l/(nj)%))2

O<v< = J

® ® ® ((det(mv) ® det(W(nj)nj—v))2 ® det(V(nj)v)> :

Pjom—LPi
1§m§7m 2<njv<m

L(Bj)2 = L

The proof of Lemma [3.6] is completed.

To simplify the notations, we introduce the following locally constant func-
tions on F' (compare with [I5, (4.45)], [14, (4.30))),

o — _% S (@im ;) - (([Z0] + (0~ 1o) ([20] + (0 — o +1)
— (%v +(p— 1)1})(2([%1}] +(p— 1)1}) + 1))

(3.49)
— o> (@im W) - (([=20] = (= Do) ([~ 2] = (p— 1o+ 1)

—2(Bv+ (p— 1) ([Zv+ 3]+ (- 1))

(3.50)
— 5 2 @m W) (([~Zo+ 1] - (- 1))’

+2(%u+ (p= Do) ([~Zo+ 3] - (- 1v))

€1 = % Z(dim N, — dim Vv)(([%v] +(p—1)v) ([%v] +(p—1v+1)
v>0

—(Bo+ (p— 1)) (2([Zo] + (p— 1)) + 1)) , (3.51)

= %Z(diva) : (([%v] + (=)o) ([Eo] + (p— Do +1)
v>0

(o + (= Do) (([F0] + (p— 1)) +1))
_ %Z(diva) : (([ﬁ—;’_ +1]+ (p—1))°

—2(%1) + (p— 1)v) ([% + 3]+ (- 1)11)) :
As in [14], (2.23)], for 0 < j < Jp, we set

e(p, B, N) = %Z(dim]\fv) . ([Z—?v] +(p— 1)1))([%11]4-(1?— Dv+1),

v>0

d(p,B;,N)=> (dimN,) - ([FZo] +(p—1)) . (3.53)

v>0
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Then e(p, 3j, N) and d'(p, 3, N) are locally constant functions on F. In par-
ticular, we have

e(p, o, N) = 5(p — 1%e(N) + 5 (0 = (V)
e(p, B N) = 5p%e(N) + Spd (N) (354
d/(pvﬂJO7 N) = d/(p + 17507 N) = pdl(N) .

Proposition 3.7 (Compare with [14, Proposition 4.2]) For i = 1,2, the G-
equivariant isomorphisms of complex vector bundles over F induced by Propo-
sition and (13.45))-(3.46]),
riv: S(TY, Kx @0 (det N,) ™) @ (Ky @ Ky')Y?
® Fpi-1(X) @ F @ QW)
— S(U;, L) @ (Kw @ Kx")'/* @ F(8)) ® Fi:(8;)
©QwB)®LBi© @ Sym(Nyo),

v>0,
v=0mod (n])

ri2 s S(TY, Kx @y=o (det N,) ™) @ (Kw @ Kx')Y?
® Fpi(X) ® Fi, @ Q(W)
— S(Us, L) @ (Kw © Kx")'Y? @ F(8;) @ Fi.(8;)
@Qw(B e L) ® @ (Sym(Nuo) @det N, ),

v=0mod (nJ)

have the following properties:

(i) fori=1,2, y=1,2,

T’;YI~JH-’I’¢7=JH ;
; 3.55
?”;YI'P'?“WZP-F(%+(p—1))JH+€ma (3.55)
J
where ;4 are given by
5i1:5i+5[1/1/+2512/1/_e(pa5j—17N) ) (3.56)
gi2 =& + ey + 265 — e(p, B, N) . '
(ii)) fori=1,2, y=1,2,
T Teliy = (—1)Pi1e 1o Teriy = (1)1,
7 “ (3.57)

7“1»7 7'17"1'7 = (—1)“47'1 s
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where p; are given by

1 = — Z(dim %)[%v] + A(nj,N) + A(nj, V) + A(nj, W) mod (2),
v>0
pe ==Y (dimV,) - [Zo + ] + A(ny, N)
v>0
+ O(V(nj)ﬂ%) + A(n;, W) mod (2),

M3 = A(”j? N) + A(”j? W) mod (2)7

pa =y (dimWy) - ([Bv+ 3] + (p — 1)v)
v>0
+ Z(dim Wy) - ([f%v + 3] = (p—1)v) mod (2).
v<0
Proof By the proof of [14, Proposition 4.2], we need to compute the action

-/

of 7"*_1 -P-r.on @ 0<nez+ L, v>0, A (Wv,n) ® 0<nez+d,v<o0, A'n (Wv,n)- In

n*(Pfl)vf%vSO ’rLJr(pfl)’u#»%uSO
fact, by (3.26)), as in (3.16|), we get
iPer= Y0 ([dm Wy — i) (-t (p - Do+ Bo)

0<n€Z+%, v>0,
nf(pfl)vfgvﬁo
J

+ Y (dimW, — i) (—n— (p— 1o~ o) (3.58)
0<n€Z+%,v<0, nj
n+(p—1)v+%v§0

:P+(p—1+%)JH+s%V.

By [14] (4.36)-(4.38)] and ([3.58)), we deduce the second line of (3.55)). The first

line of (3.55)) is obvious.
Consider the Zs-gradings. By [15], (4.49)-(4.50)] and the discussion following

(3-47), we get the identities in the first line of (3.57). Observe that 71 changes
only on 0<nez+i,v>0, Am(Wyn) @ Q@ 0<n€z+}, v<0, A'n (W ). From (3.26)),

'nf(pfl)'Uf%vSO n+(p71)'u+%v§0

J
we get the identity in the second line of (3.57)).
The proof of Proposition [3.7] is completed.

3.4 A proof of Theorem

Lemma 3.8 (Compare with [14, Lemmas 4.4 and 4.6]) For each connected
component M' of M(n;), the following functions are independent on the con-
nected components of F' in M’,

82-4—511,‘,4—2512/1,, 1=1,2,
d/(pa/B]7N)+MI+M4 mod (2)? i = 172737

d(p,Bj-1,N)+ Y dim Ny + i+ ps mod (2),  i=1,2,3.
o<wv

(3.59)
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Proof Recall that [%U] = %v — e By using (3.30), we express e};, and
J J

5

512,‘, defined in (3.49)-(3.50|) explicitly as follows,
ell/v :%(p — 1+ %)ze(W) + %dim W (n;)n;

—J
2

n % 3 Mz(_v)(dimW(nj)v +dimW(ng)n,—0) ,  (3.60)
j J

3 XX () amWe s am g,
0<m<i— m<*v<m+2 !

% > Z (”(_ )> (dim W (n;)y + dim W (n;)p,—) . (3.61)

1

0<m<p]m 2< v<m
nj

By using (2.23)), (3.60)), (3.61)) and the explicit expressions of ¢; given in [15],
(4.56)-(4.57)], we know the functions in the first line of (3.59) are independent
on the connected components of F' in M’.

Now consider the functions in the rest lines of (3.59)). By (2.30)), (3.29),

(13.31)), (3.47) and [14, Lemma 4.5], we get

: L.
d/(p, ﬂj,N) + iyt pa = Z ’ Z , dim N(nj)v + 5 dimp N(n])%
0<m§ 0<v< 2
m— §< v<m

+) (dimN,) | )[Bv+ 5] + > (dim W) [(Bo+3]  (3.62)

v>0 v>0
+ Z(dim W) [—%v + 3]+ 0<N(n])nj> + A(n;, W) mod (2) .

v<0 2

But by [14, Lemma 4.5], as wo(W & T'X ) g1 = 0, we know that, mod(2),
D (im N [o+ 5]+ (dim W) [Fo + 5]
v>0 v>0

+ 3 (dm W) [~ 2o+ 1] + 0<N(n])n2j ) + Ay, W)
v<0

(3.63)

is independent on the connected components of F in M’. Thus, the indepen-
dence on the connected components of F' in M’ of the functions in the second
line of is proved, which, combining with [14, (4.42)], implies the the same
independent property of the functions in the third line of .

The proof of Lemma [3.§]is completed.

By (3.33))-(3.38) and Lemma we know that the Dirac operator DX (%) @

F(B)) @ i (85) @ Qw(Bj) ® L(B;)i (i = 1,2) is well-defined on M (n;). Observe
that (2.12) in Theorem is compatible with the G, action. Thus, by using
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Proposition [3.7, Lemma[3.8 and applying Theorem [2.1] to each connected com-
ponent of M (n;) separately, we deduce that for i = 1,2, 1 < j < Jy, m € 1Z
h €Z,T="Te O Ts1,

S ()T Oh N e dmNe g (DY @ (K @ K32 @ Fpyea (X)

OF) @ QW),m+ e(p, fj-1,N),h)

=3 (~ ) @A N g dimNoti g (DX(”J)®(KW®K Y2 @ F(8;))
E
® Fy(8;) ® Quw (8)) ® L(By)iym + ei + ew + 2efy + (72 + (p — 1)k, h)

—Z 1) 085N+ S dim No (DYa®(Kw®K§1>”2®fp,j<X>

OF) © QW), m + e(p, Bj, N), h) : (3.64)

where } ;5 means the sum over all the connected components of M(n;). In
3.64)), if 7 = 751, then p = ps + pg; if 7 = 721, then p = p; + pg4. Combining

3.54)) with (3.64), we get (12.28)).

The proof of Theorem [2.8]is completed.
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