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Abstract

In this paper, we first establish an S'-equivariant index theorem for
Dirac operators on Z/k Spin® manifolds, then combining with the methods
developed by Taubes [24] and Liu-Ma-Zhang [19] [20], we extend Witten’s
rigidity theorem to the case of Z/k Spin® manifolds. Among others, our
results resolve a conjecture of Devoto [6].

1 Introduction

In [25], Witten derived a series of elliptic operators on the free loop space
LM of a spin manifold M. In particular, the index of the formal signature
operator on loop space turns out to be exactly the elliptic genus constructed
by Landweber-Stong [13] and Ochanine [23] in a topological way. Motivated by
physics, Witten conjectured that these elliptic operators should be rigid with
respect to the circle action.

This conjecture was first proved by Taubes [24] and Bott-Taubes [4]. See also
[10] and [12] for other interesting cases. By the modular invariance property,
Liu ([I5, 16]) presented a simple and unified proof of the above conjecture as
well as various further generalizations. In particular, several new vanishing
theorems were established in [I5] [I6]. Furthermore, on the equivariant Chern
character level, Liu and Ma ([I7, [18]) generalized Witten’s rigidity theorem to
the family case, and also obtained several vanishing theorems for elliptic genera.
In [19, 20], inspired by [24], Liu, Ma and Zhang established the corresponding
family rigidity and vanishing theorems on the equivariant K-theory level.

In [27], Zhang established an equivariant index theorem for circle actions
on Z/k spin manifolds and pointed out that by combining with the analytic
arguments developed in [20], one can prove an extension of Witten’s rigidity
theorem to Z/k spin manifolds. The purpose of this paper is to extend the re-
sult of [27] to Z/k Spin® manifolds and then establish Witten’s rigidity theorem
for Z/k Spin¢ manifolds. Recall that a Z/k-manifold X is a smooth manifold
with boundary 0X which consists of k disjoint pieces, each of which is diffeo-
morphic to a given closed manifold Y (cf. [22]). It is interesting that for a
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Dirac operator D on a Z/k-manifold, the APS-ind(D) mod kZ determines a
topological invariant in Z/kZ, where APS-ind(D) is the index of D which is
imposed the boundary condition of Atiyah-Patodi-Singer type [1]. Freed and
Melrose [7] proved a mod k index theorem,

APS-ind(D) mod kZ = t-ind(D), (1.1)

giving the APS-ind(D) mod kZ a purely topological interpretation.

Assume that X is a Z/k manifold which admits a Z/k circle action (cf.
Section . Let D be a Dirac operator on X which commutes with the cir-
cle action. Let R(S!) denote the representation ring of S'. The equivariant
topological index of D is defined by Freed and Melrose [7] as an element of
Z/k7Z @ R(S'), and we denote it by t-indgi (D). Then there exist R, € Z/kZ
such that

t-indg1 (D) = > Rn @ [n], (1.2)
neZ
where by [n] (n € Z) we mean the one dimensional complex vector space on
which S' acts as multiplication by ¢g" for a generator g € S*.

On the other hand, by applying the equivariant index theorem for Z/k-

manifolds established by Freed and Melrose in [7], one gets for n € Z,

R, = APS-ind(D,n) mod kZ. (1.3)

See for the definition of APS-ind(D,n).

The Dirac operator D on X is said to be rigid in Z/k category for the circle
action if its equivariant topological index t-indg:i(D) verifies that for n € Z,
n # 0, one has

R, =0 in Z/kZ. (1.4)

Furthermore, we say D has vanishing property in Z/k category if its equivariant
topological index t-indg1 (D) is identically zero, i.e., holds for any n € Z.

In [6], Devoto introduced what he called mod k elliptic genus for Z/k spin
manifolds as an S'-equivariant topological index in the sense of [7] of some
twisted Dirac operator and conjectured that this mod k elliptic genus is rigid
in Z/k category. In this paper, following the suggestion in [27, Remark 1], we
present a proof of Devoto’s conjecture. Moreover, we establish our results for
Z/k Spin® manifolds, thus generalizing |16, Theorems A and B] to the case of
Z/k Spin® manifolds.

Our proof of these rigidity results consists of two steps. In step 1 (Sections
and [3)), we extend the Z/k equivariant index theorem of Zhang [27] to the
Spin® case. In step 2 (Sections 4| and , using the mod k localization index
theorem established in step 1 and modifying the process in [19] 20], we prove
the main results of this paper.

This paper is organized as follows. In Section [2, we state an S'-equivariant
index theorem for Dirac operators on Z/k Spin® manifolds (cf. Theorem [2.7)).
As an application, we extend Hattori’s vanishing theorem [§] to the case of Z/k
almost complex manifolds. In Section |3, we prove the S'-equivariant index
theorem stated in Section 2| In Section 4, we prove our main results (cf. The-
orem , the rigidity and vanishing theorems for Z/k Spin® manifolds, which



generalize [16, Theorems A and B|. When applied to Z/k spin manifolds, our
results resolve a conjecture of Devoto [6]. Section [5|is devoted to a proof of the
recursive formula which has been used in Section [4] in the proof of our main
results.

2 Spin‘-Dirac operators and a mod k localization for-
mula

In this section, for a Z/k Spin® manifold which admits a nontrivial Z/k
circle action, we state a mod k localization formula, whose proof will be given
in Section [3] As an application, we deduce the rigidity and vanishing property
for several Dirac operators on a Z/k almost complex manifold. In particular,
we extend Hattori’s vanishing theorem [8] to the case of Z/k almost complex
manifolds.

This section is organized as follows. In Section we review the construc-
tion of Dirac operators on Z/k Spin® manifolds and the Atiyah-Patodi-Singer
boundary problems. In Section 2.2} we recall the circle actions on Z/k manifolds
and present a variation formula for the indices of these boundary problems. In
Section we state a mod k localization formula for Z/k circle actions. As
an application, in Section we extend Hattori’s vanishing theorem [§] to the
case of Z/k almost complex manifolds.

2.1 Spin‘-Dirac operators on Z/k-manifolds

We first recall the definition of Z/k-manifolds introduced by Morgan and
Sullivan (cf. [22]).

Definition 2.1 (cf. [27), Definition 1.1]) A compact Z/k manifold is a compact
manifold X with boundary 0X, which admits a decomposition 0X = Ule(aX)i
into k disjoint manifolds and k diffeomorphisms m; : (0X); — Y to a closed
manifold Y .

Let m : 0X — Y be the induced map. In what follows, as in [27], we will
call an object « (e.g., metrics, connections, etc.) of X a Z/k-object if there will
be a corresponding object 8 on Y such that a|sx = 7.

We point out here that in this paper when consider the topological objects
(e.g., cohomology, characteristic classes, K group, etc.) on a Z/k-manifold
X, we always regard X as a quotient space obtained by identifying each of
the k disjoint pieces of the boundary 0X. Then X has the homotopy type
of a CW complex, which implies that the first Chern class ¢; induces a 1-to-
1 correspondence between the equivalence classes of the complex line bundles
over X and the elements of H?(X;Z). As will be seen, this is essential in our
proof.

We make the assumption that X is Z/k oriented and of dimension 21.

Let V be a Z/k real vector bundle over X which is of dimension 2p and Z/k
oriented. Let L be a Z/k complex line bundle over X with the property that
the vector bundle U = TX @ V satisfies wo(U) = ¢1(L) mod (2), where ws



denotes the second Stiefel-Whitney class, and ¢; denotes the first Chern class.
Then the Z/k vector bundle U has a Z/k Spin“-structure.

Let g™X be a Z/k Riemannian metric on X. Let ¢7%% be its restriction
on TOX. Let g > 0 be less than the injectivity radius of g7X. We use the
inward geodesic flow to identify a neighborhood of the boundary with the collar
[0,e0) x OX. We assume that g7¥ is of product structure near 0X. That is,
there is an open neighborhood %, = [0,¢) x 0X of 0X in X with 0 < € < ¢
such that one has the orthogonal splitting on %,

gTX|02/5 — dT2 D ﬂ_:gTaX’ (21)

where 7¢ : [0,€) X 0X — 0X is the obvious projection onto the second factor.

Let VI be the Levi-Civita connection on (T'X, g?X). Then VX is a Z/k
connection.

Let W be a Z/k complex vector bundle over X with a Z/k Hermitian metric
g". Let VW be a Z/k Hermitian connection on W with respect to g". We
make the assumption that g and V' are both of product structure near 0X.
That is, over the open neighborhood %, of X, one has

0w = 750" |ox), and VW|y = 7 (VV]ox). (2.2)

Let g" (vesp. g*) be a Z/k Euclidean (resp. Hermitian) metric on V (resp.
L), and VV (resp. V) be a corresponding Z/k Euclidean (resp. Hermitian)
connection on V (resp. L). We make the assumption that ¢"', VV, g%, VI are
of product structure near X (cf. (2.2)).

By taking € > 0 sufficiently small, one can always find the metrics g7, ¢"V,
g", g% and the connections VWV, VY, V! verifying the above assumptions.

The Clifford algebra bundle C'(7X) is the bundle of Clifford algebras over
X whose fibre at x € X is the Clifford algebra C(T,X) (cf. [14]). Let C(V) be
the Clifford algebra bundle of (V, g").

Let S(U, L) be the fundamental complex spinor bundle for (U, L) (cf. [14,
Appendix DJ). We denote by ¢(-) the Clifford action of C(TX), C(V)on S(U, L).
Let {e;}2, (vesp. {f; }?Z 1) be an oriented orthonormal basis of (T'X, g7X) (resp.
(V,g")). There are two canonical ways to consider S(U, L) as a Za-graded vector
bundle. Let

75 = (V=1)c(er) - - - clen),
Te = (V=1)"Pc(er) - clea)c(f1) - - e fap)

be two involutions of S(U,L). Then 72 = 72 = 1. We decompose S(U, L) =
Sy (U, L) ® S_(U, L) corresponding to 75 (resp. 7¢) such that 7s|g, () = *1
(resp. Te|s, (w,n) = £1).

In the remaining part of this paper, we always fix an involution 7 on S(U, L),
either 75 or 7, without further notice.

Let VS(UL) be the Hermitian connection on S(U, L) induced by VX ¢ VY
and V% (cf. [14, Appendix D]). Then VUL preserves the Zy-grading of
S(U, L). Let VSWL®W be the Hermitian connection on S(U, L) ®@ W obtained
from the tensor product of VSW:L) and VW,

(2.3)



Definition 2.2 The twisted Spin® Dirac operator DX on S(U,L) @ W over X
1s defined by

21
DX =3 "e(ey) VEUPEW (X, S(U, L) @ W) — T'(X, S(U, L) @ W). (2.4)
=1

Denote by D the restrictions of DX on T'(X, S+ (U, L) @ W).

By [14], DX is a formally self-adjoint operator. To get an elliptic operator,
we impose the boundary condition of Atiyah-Patodi-Singer type [1J.

We first recall the canonical boundary operators (cf. [5, (1.4)]). For a first
order differential operator D : I'(S(U,L) ® W) — I'(S(U,L) ® W) on X, if
there exists € > 0 sufficient small such that the following identity holds on %,

D:c<£><£+3>, (2.5)

with B independent of r and its restriction on I'(X, S(U, L) ® W)|sx formally
self-adjoint, then we will call B the canonical boundary operator associated to
D. When there is no confusion, we will also use B to denote its restriction on
I'(X,S(U, L)@ W)l|sx.

We then recall the Atiyah-Patodi-Singer projection associated to a boundary
operator (cf. [I]). For a first order formally self-adjoint elliptic differential
operator B : I'(X,S(U,L) @ W)|lgpx — T'(X,S(U,L) ® W)|sx on 90X, let
Spec (B) be the spectrum of B. For any A € Spec (B), let E) be the eigenspace
corresponding to A. For a € R, let P>, be the orthogonal projection from the
L?-completion of I'(X, S(U, L)@ W)|sx onto @®>4FEy. If we assume in addition
that B preserves the Zs-grading of I'(X, S(U, L) ® W)|gx, and let By be the
restrictions of B on I'(X, S+ (U, L) ® W)|sx, then we will restrict P>, on the
L2-completions of I'(X, Sx (U, L) ® W)|sx and denote them by P>, +. We call
the particular projection P>q (resp. P>g +) the Atiyah-Patodi-Singer projection
associated to B (resp. By) to emphasize its role in [I].

Lete; = % be the inward unit normal vector field perpendicular to 0.X. Let
eo,- -+ , €9 be an oriented orthonormal basis of T0X so that eq,eo, -+ ,e9 is an
oriented orthonormal basis of TX|sx. Then using parallel transport with re-
spect to VTX along the unit speed geodesics perpendicular to 90X, eq, s, - - , ey
forms an oriented orthonormal basis of T X over %..

Definition 2.3 Let BX : T(X,S(U,L) ® W)|ox — ['(X,S(U,L) @ W)|sx be
the differential operator on 0X defined by

2l

BX=-%"¢ (i) c(e;) VEUDEW, (2.6)

i=2
Let BY be the restrictions of BX to T'(X,S+(U,L) @ W)|sx.
By [1], BX is a formally self-adjoint first order elliptic differential operator

intrinsically defined on X, which is the canonical boundary operator associated
to DX and preserves the natural Zs-grading of (S(U, L) ® W)|sx.



We now recall the Dirac type operator [5, Definition 1.1] as well as the
boundary condition of Atiyah-Patodi-Singer type [I].

Definition 2.4 By a Dirac type operator on I'(X,S(U,L) ® W), we mean a
first order differential operator D : T'(X,S(U,L) @ W) — I'(X,S(U,L) @ W)
with the canonical boundary operator B, such that D — DX is an odd self-

adjoint element of zeroth order. We will also call the restrictions Dy of D to
I'X,S+(U,L) ® W) a Dirac type operator.

Let now D be a Z/k Dirac type operator with canonical boundary operator
B. Obviously, B preserves the Zg-grading of I'(X, S(U, L) ® W)|sx,
Following [1], the boundary problem

(D, Psoy): {s]|sel(X,S4(U,L)@W),Pso4(s|,y) =0}

(2.7)
S T(X,S_(U,L) @ W),

defines an elliptic boundary problem whose adjoint is (D_, P~ —). Moreover, it
induces a Fredholm operator [I]. We will call the boundary problem (D4, P> +)
the Atiyah-Patodi-Singer boundary problem associated to D . Set

APS-ind(D) = dimker(Dy, P>o4) — dimker(D_, Psg ). (2.8)

2.2 Z/k circle actions and a variation formula

Definition 2.5 We will call a circle action on X a Z/k circle action if it
preserves 0X and there exists a corresponding circle action on'Y such that these
two actions are compatible with w. The circle action is said to be nontrivial if
it 1is not equal to identity.

In what follows we assume that X admits a nontrivial Z/k circle action
preserving the orientation and that the Z/k circle action on X lifts to Z/k
circle actions on V', L and W, respectively. Without loss of generality, we may
and we will assume that these Z/k circle actions preserve g™, 4V, ¢v, ¢V, VY,
VE and VW, respectively. We also assume that the Z/k circle actions on T'X,
V and L lift to a Z/k circle action on S(U, L) and preserve its Zo-grading.

Let & be a Z/k S'-equivariant vector bundle over X. Let & be the S'-
equivariant vector bundle over Y induced from & through the map 7 : 0X — Y.
Recall that the circle action on I'(X, &) is defined by (g-s)(x) = g(s(g~'x)) for
ge St scT(X,&), » € X. Similarly, the group S* acts on I'(X, &)|sx and
I'(Y,&y). For £ € Z, by the weight-£ subspace of I'(X, &) (resp. I'(X, &)|ax,
(Y, &y)), we mean the subspace of T'(X, &) (resp. T'(X,&)|sx, (Y, 8y)) on
which S1 acts as multiplication by g¢¢ for g € S*.

For any £ € 7Z, let Egi (resp. Eza, Exj?,g) be the weight-£¢ subspaces of
(X, S+ (U, L)@ W) (resp. [(X,S+(U,L) ® W)|ax, (Y, (S(U,L) @ W)y)).

Let D be a Z/k S'-equivariant Dirac type operator on I'(S(U, L) ® W) with
canonical boundary operator B acting on I'(X, S(U, L) ® W)|gx. Let P>g 4+ be
the Atiyah-Patodi-Singer projection associated to By. For £ € Z, let D4 ¢ and
P> 4 (resp. Psg,—¢) be the restrictions of D4 and P> 4 (resp. Pso,—) on the



corresponding weight-£ subspaces Eét and Ega (resp. Eg_a) respectively. Then
(D4 ¢, P>0,+,¢) forms an elliptic boundary problem. Set

APS-ind(D, §) = dimker(Dy ¢, P> 1 ¢) —dimker(D_¢, Pso—¢) . (2.9)

Let {D; : T(X,S(U, L)@ W) — T'(X,S(U,L) @ W) |0 < ¢t < 1} be a one
parameter family of Z/k S'-equivariant Dirac type operators, with the canonical
boundary operators { B ’ 0 <t <1} (cf. Definition . For any ¢ € [0, 1], let
D{ + be the induced operator from By through the map 7 : 0X — Y, and
let B, 1 ¢ (resp. DZ—{—,&) be the restriction of By 4 (resp. D}, ) on the weight-¢

subspace Ega (resp. E{, g)' We have the following variation formula.
Theorem 2.6 (Compare with [5, Theorem 1.2]) The following identity holds,

APS-ind(Dy, &) — APS-ind(Dg, &) = —sf {B; 1 ¢ |0 <t <1}

2.10
= —ksf{D), (|[0<t <1}, (2.10)

where st is the notation for the spectral flow of [2]. In particular,
APS-ind(Dy, ) = APS-ind(Dy, &) mod kZ.

Proof The proof is the same as that of [5, Theorem 1.2].

2.3 A mod k localization formula for Z/k circle actions

Let H be the canonical basis of Lie(S') = R, i.e., for t € R, exp(tH) =
2™V =It ¢ Sl Let H be the Killing vector field on X corresponding to H.
Since the circle action on X is of Z/k, H|px C TOX induces a Killing vector
field Hy on Y. Let Xp (resp. Yp) be the zero set of H (resp. Hy) on X (resp.
Y). Then Xp is a Z/k manifold and there is a canonical map wx,, : 0Xg — Yy
induced by 7. In general, X is not connected. We fix a connected component
X, of Xy, and we omit the subscript « if there is no confusion.

Clearly, Xy intersects with X transversally. Let g”*# be the metric on
Xpg induced by ¢g7X. Then ¢g7X# is naturally of product structure near 9Xp.
In fact, by choosing € > 0 small enough, we know %/ = %. N Xy carries the
metric naturally induced from g7y, .

Let 7 : N — Xy be the normal bundle to Xy in X, which is identified to
be the orthogonal complement of TXp in TX|x,,. Then TX|x,, admits a Z/k
Sl-equivariant decomposition (cf. [20, (1.8)])

TX|x, =P N & TXy, (2.11)
v#£0

where N, is a Z/k complex vector bundle such that g € S! acts on it by g¥ with
v € Z\{0}. We will regard N as a Z/k complex vector bundle and write Ng
for the underlying real vector bundle of N. Clearly, N = @®,.0N,. For v # 0,
let N, r denote the underlying real vector bundle of IV,.



Similarly, let

Wixy, =P W, Vixy, =PV (2.12)
v v#£0

be the Z/k S'-equivariant decompositions of the restrictions of W and V' over
Xp respectively, where W, and V,, (v € Z) are Z/k complex vector bundles
over Xy on which g € S! acts by ¢?, and Vo]R is the real subbundle of V such
that S' acts as identity. For v # 0, let Vi r denote the underlying real vector
bundle of V. Denote by 2p’ = dim V} and 2/’ = dim Xp.

Let us write

-1

Lp=L® | XdetN, @ (R)detV, | . (2.13)
v#£0 v#£0

Then TXy @ Vi has a Z/k Spin‘-structure since wo(TXy @ Vg') = c1(Lr)
mod (2). Let S(T Xy @V}, Lr) be the fundamental spinor bundle for (T Xy &
VR, Lr) as in Section

Recall that N, g and V, g (v 75 0) are canonically oriented by their complex
structures. The decomp081tlons , induce the orientations of T' X g
and V§¥ respectively. Let {e;}?L 1, { f]} be the corresponding oriented or-
thonormal basis of (T Xy, g?*#) and (VR, Vo 0 ). There are two canonical ways
to consider S(T Xy ® VOR, Lp) as a Zs-graded vector bundle . Let

7o = (V=1)"c(e1) - - cear), (2.14)
V-1

Te = (V=1 e(er) - elear)e(f1) -+~ e fop)

be two involutions of S(T Xy ® V3%, Lr). Then 72 = 72 = 1. We decompose
S(TXpaVy, Lr) = S (TXyoVE, Lp)®S— (TXHEBVO , Lr) corresponding to
7s (vesp. ) such that 7s|g, (px,@vz L) = £1 (Tesp. Telg, (rxyavE L) = £1)-

Let C'(Ng) be the Clifford algebra bundle of (NR,g ). Then A(N7) is a
C(Ng)- Chfford module. Namely, for e € N, let ¢ € N correspond to e by the
metric gV, and let

cle) =V2en, @) =—V2ig, (2.15)

where A and ¢ denote the exterior and interior multiplications, respectively. Let
7N be the involution on A(i*) given by TN\Aeven/odd(N )= +1.

Slmﬂarly, we can define the Clifford action of C(V,, g) on the C(V;, r)-Clifford
module A(Vv) with the involution 7, ‘ACVCH/Odd(VZ) =41.

Upon restriction to X, one has the following Z/k isomorphisms of Zs-
graded Clifford modules over Xy (compare with [20, (1.49)]),

(S, L), 7)Ixy = (S(TXu & V5, Lr),7) ® (AN, 7V)@ Q) (AV,,1d),
v#£0
(2.16)



where id denotes the trivial involution, and

(S(U,L),7) Ixy ~ (S(T Xy © VE, L), 7) & (AN", 7V ®® AV, 1Y)
v#0
(2.17)
Here we denote by & the Zo-graded tensor product (cf. [14, pp. 11]). Fur-
thermore, isomorphisms , give the identifications of the canonical
connections on the bundles (compare with [20, (1.13)]). We still denote the
involution on (S(T'Xy @ Vi, L) by 7.

Let R be a Z/k Hermitian vector bundle over Xy endowed with a Z/k
Hermitian connection. We make the assumption that the Hermitian metric
and the Hermitian connection are both of product structure near 0 Xg. We will
denote by DX# @ R the twisted Spin® Dirac operator on S(T Xy ® VY, Lp)® R
and by DX#.e ® R its restriction to Xp o (cf. Definition .

We denote by K(Xp) the K-group of Z/k complex vector bundles over Xy
(cf. [7, pp. 285]). We use the same notations as in [20, pp. 128],

Sym,(R) =Y ¢"Sym"(R) € K(Xg)[[q]l,
- (2.18)

“+oo
= ¢"A"(R) € K(Xg)[[q]],
n=0

for the symmetric and exterior power operations in K (X )[[g]], respectively.
Let S act on L|x, by sending g € S* to gl (I, € Z) on Xp. Then [. is

locally constant on X . Following [20, (1.50)], we define the following elements

. 1

in K(Xm)llg2]],

1 . 1 . 1
R:I:(Q) =q2 oy vl dim Ny —5 37 vdim Vo +35le ® (Squv (NU) ® det Nv)
v>0

® Q) Symy—.(Ny) @ (X) Axge (V, (ZQUW> (2.19)

v<0 v#£0

= Z R:I:,nqn )
n

1 . 1 . 1 .
R/:t(q) —q 2 2y vl dim Ny —5 35 vdim Vo +51e ® Squ—v (Nv)

v>0
® (X (Symy (Ny) @ det Ny) @ (X) Mg (V, (Zq W) (2.20)
v<0 v#0

= Z R .q".
n
As explained in [20, pp. 139], since TX & V & L is spin, one gets

> wdim N, + Y vdimV, +1. =0 mod (2). (2.21)
Therefore, Ry ¢(q), R ((q) € K(Xnu)[[q]]-

9



Clearly each Ry¢, R, ; (£ € Z) is a Z/k vector bundle over Xp carrying
a canonically induced Z/k Hermitian metric and a canonically induced Z/k
Hermitian connection, which are both of product structure near 0Xg.

We now state a mod k localization formula which generalizes [20, Theorem
1.2] to the case of Z/k-manifolds. It also generalizes the Z/k equivariant index
theorem in [27, Theorem 2.1] to the case of Spin®-manifolds.

Theorem 2.7 For any & € Z, the following identities hold,

APS-ind,, (D¥,€) = > (—1)%0<v MmN APS-ind, (D¥e @ Ry ¢)

E]

[0}

= (-1)Zw<o MmN APS ind, (DY @ R () mod kZ, (2.22)

APS-ind,, (DX,¢) = Y (~1)Zo<s SN APS ind,., (DXHe @ R_ )

e
e

= Z(_l)zv@ dmNe APS-ind,, (D*"> @ R () mod kZ .  (2.23)

Proof The proof will be given in Section 3.

2.4 A Z/k extension of Hattori’s vanishing theorem

In this subsection, we assume that TX has a Z/k S'-equivariant almost
complex structure J. Then one has the canonical splitting

TX @pg C=TW0X ¢ TOVX, (2.24)

where T(10) X and T(O1) X are the eigenbundles of J corresponding to the eigen-
values /—1 and —v/—1, respectively.

Let Kx = det(T0 X) be the determinant line bundle of 739X over X.
Then the complex spinor bundle S(TX, Kx) for (TX, Kx) is A(T*OVX) (cf.
[14, Appendix DJ).

We suppose that c; (T X) = 0 mod (N) (N € Z,N > 2). Then the
complex line bundle K)I(/N is well defined over X. After replacing the S! action
by its N-fold action, we can always assume that S' acts on K)lc/N. For s € Z, let
DX ® K)S(/N be the twisted Spin°-Dirac operator on A(T*1) X) @ K)S(/N defined
as in .

Using Theorem we can generalize the main result of Hattori [§] to the
case of Z/k almost complex manifolds.

Theorem 2.8 Assume that X is a connected Z/k almost complex manifold
with a nontrivial Z/k circle action. If ¢;(TM9X) =0 mod (N) (N € Z,N >
2), then for s € Z, —N < s < 0, DX ® K}g(/N has vanishing property in Z/k
category. In particular, the following identity holds,

tind(DX @ KN) =0 in Z/kZ . (2.25)

10



Proof Using the almost complex structure on T' Xy induced by the almost
complex structure J on T'X and by (2.11)), we know

THOX], =P N eTOXy, (2.26)
v#£0

where N, are complex subbundles of 710X | X, On which g € S! acts by
multiplication by g.
We claim that for each & € Z, the following identity holds,

APS-ind(D¥ @ KV,¢) =0 mod kZ . (2.27)

In fact, if Xy = 0, the empty set, by Theorem (2.27) is obvious.
When X # 0, we see that »_, |v|dim N, > 0 (i.e., at least one of the N,’s
is nonzero) on each connected component of Xp. Consider Ry(q), R (q) of

d2.19|) and d2.20|) for the case that V =0, W = K)S(/N. We deduce that

. . 1 . 1 s .
Rie=0 if £<a :12f(2zv:\v]d1m]\fv+ (§+N> ZUdlva),

v
1 1
Roe=0 if ¢>ap=sup(—5 Y PoldimN, + (5 +) D vdim N, ).
[0}
v v

Since —N < s < 0, we know a1 > 0 and as < 0. By using Theorem we see

that (2.27) holds for any £ € Z.

Now Theorem follows easily from (1.1f), (1.3)) and (2.27). The proof of
Theorem is completed.

Remark 2.9 From the proof of Theorem 2.8, one also deduces that if X is
a connected Z/k almost complex manifold with a nontrivial Z/k circle action,
then DX, DX @ K)}l are rigid in Z/k category.

3 A proof of Theorem

In this section, following Zhang [27] and by making use of the analysis of
Wu-Zhang [26] and Dai-Zhang [5] as well as Liu-Ma-Zhang [20], which in turn
depend on the analytic localization techniques of Bismut-Lebeau [3], we present
a proof of Theorem

This section is organized as follows. In Section |3.1] we recall a result from
[26] concerning the Witten deformation on flat spaces. In Section we es-
tablish the Taylor expansions of DX and ¢(H) (resp. BX) near the fixed point
set X (resp. 0Xpg). In Section following [5 Section 3(b)], we decompose
the Dirac type operators under consideration to a sum of four operators and
introduce a deformation of the Dirac type operators as well as their associated
boundary operators. In Section by using the techniques of [5, Section 3(c)],
[20, Section 1.2] and [3, Section 9], we carry out various estimates for certain
operators and prove the Fredholm property of the Atiyah-Patodi-Singer type
boundary problem for the deformed operators introduced in Section [3.3] In
Section we complete the proof of Theorem

11



3.1 Witten deformation on flat spaces

Recall that H is the canonical basis of Lie(S') = R. In this subsection, let
W be a complex vector space of dimension n with an Hermitian form. Let p be
a unitary representation of the circle group S' on W such that all the weights
are nonzero. Suppose W are the subspaces of W corresponding to the positive
and negative weights respectively, with dim¢ W~ = v, dim¢ W+ =n — v. Let
z = {2} be the complex linear coordinates on W such that the Hermitian
structure on W takes the standard form and p is diagonal with weights \; €
Z\{0} (1 <i < n),and \; <0 for ¢ < v. The Lie algebra action on W is given
by the vector field

. ;0 L0
H_27r\/—1;)\i <z i W.). (3.1)

Set
KE(W) = Sym((W*)*) @ Sym(W¥) @ det(WT). (3.2)

Let E be a finite dimensional complex vector space with an Hermitian form
and suppose E carries a unitary representation of S?.

Let O be the twisted Dolbeault operator acting on Q%*(W, E), the set of
smooth sections of A(W") ® E on W. Let 8 be the formal adjoint of 8. Let
D =+2(0+9"). Let ¢(H) be the Clifford action of H on A(W") defined as in
. Let %y be the Lie derivative along H acting on QU*(W, E).

The following result was proved in [26], Proposition 3.2].

Proposition 3.1 1. A basis of the space of L?-solutions of D + /—1c(H)
(resp. D —/—1¢(H)) on the space of C* sections of A(W ) is given by

(H zlk’) ( H Zfi)e_ i=1 7r|>\iHZi|2d5V+1 -edzy, (k’z c N) (3'3)
=1 i=v+1

with weight Y7 kil As| + 70,11 (ki 4+ 1)|A| (resp.

(T2 I e ZamNl=laz, oz, (kieN)  (3.4)
i=1 i=v+1

with weight — Y"1 kil Al = >0 (ki + 1) Ail).

So the space of L?-solution of a given weight of D + /—1c(H) (resp. D —
V—=1c(H)) on the space of O sections of AW )®E is finite dimensional. The
direct sum of these weight spaces is isomorphic to K~ (W)®FE (resp. K+ (W)®
E) as representations of S*.

2. When restricted to an eigenspace of Ly, the operator D + /—1c(H)
(resp. D —\/—1c(H)) has discrete eigenvalues.

3.2 A Taylor expansion of certain operators near the fixed-
point set

Following [3, Section 8(e)], we now describe a coordinate system on X near

Xpg. For e > 0, set B, = {Z € N‘ |Z] < 6}. Since X and Xy are compact,

12



there exists €9 > 0 such that for 0 < € < gg, the exponential map
(y,Z) € N —> expif(Z) eX

is a diffeomorphism from 4. onto a tubular neighborhood ¥, of Xy in X.
From now on, we identify 9. with ¥ and use the notation = = (y, Z) instead
of x = expf(Z). Finally, we identify y € Xy with (y,0) € N.

Let 7 ((S(U,L) ® W)|x,,) be the vector bundle on N obtained by pulling
back (S(U,L) ® W)|x, form: N — Xpg.

Let g7X# | gN be the corresponding metrics on TX 5 and N induced by g7 .
Let dvx, dvy, and dvy be the corresponding volume elements on (T'X, g™ ),
(TXp,g"X#) and (N, g"). Let k(y,Z) ((y,Z) € 2.) be the smooth positive
function defined by

dvx (y, Z) = k(y, Z)dvx, (y)dvn, (Z). (3.5)

Then k(y) = 1 and g—é(y) = 0 for y € Xg. The latter follows from the well-
known fact that Xy is totally geodesic in X.

For ¢ = (y,Z) € 7, we will identify S(U, L), with S(U, L), and W,
with W, by the parallel transport with respect to the S Linvariant connections
VSW.L) and VW respectively, along the geodesic ¢ — (y,tZ). The induced
identification of (S(U, L) ® W), with (S(U, L) ® W), preserves the metric and
the Zs-grading, and moreover, is S'-equivariant. Consequently, DX can be
considered as an operator acting on the sections of the bundle 7*((S(U, L) ®
W)|x, ) over A, commuting with the circle action.

For € > 0, let E(¢) (resp. E) be the set of smooth sections of 7*((S(U, L) ®
W)|x,) on %A, (resp. on the total space of N). If f,g € E have compact
supports, we will write

va=(5)" [ ([uawzmm@)ww. 6o

Then kY2DXE~1/2 is a (formally) self-adjoint operator on E.

The connection VY on N induces a splitting TN = N @ T N, where THN
is the horizontal part of TN with respect to V. Moreover, since X is totally
geodesic, this splitting, when restricted to Xpg, is preserved by the connection
VX on TX|x,. Let V be the connection on (S(U,L) @ W)|x,, induced by
the restriction of VS(WL®W 4 X We denote by 7*V the pulling back of the
connection V on (S(U, L) ® W)|x, to the bundle 7*((S(U,L) ® W)|x,).

We choose a local orthonormal basis of T'X such that ey, -+, ey form a
basis of T Xp, and egy41,--- ,eg, that of Ng. Denote the horizontal lift of
e; (1 <i<2l') to THN by ef. We define

2l 2l

DY =% " c(e)@ V), DN = Y cle)(FV)e. (3.7)

=1 1=20"+1

Clearly, DV acts along the fibers of N. Let 3" be the O-operator along the
fibers of N, and let 3" be its formal adjoint with respect to 1) It is easy

13



to see that DN = /2 (5N + 5N*). Both DY and D¥ are formally self-adjoint
with respect to (3.6)).
For T > 0, we define a scaling f € E(go) — Srf € E(coVT) by

Srf(, 7) = f <y ff) w2 B (3.8)

For a first order differential operator

2! 21
Qr=) ar(y.Z) @ V) + Y Vp(y, 2)7V)e, +er(y.2)  (3.9)
i=1 i=21'+1

acting on E(goV/T), where a}., bl., and cr are endomorphisms of 7*((S(U, L) ®
W)|x,) which depend smoothly on (y, Z), we write

Qr = O(|Z]?N +|z|o" + |Z| + |Z]P), (3.10)

if there is a constant C' > 0, p € N such that for any T > 1, (y,2) € %EO T
we have

ldr(y, Z)| < C|1Z] (1<i<2l),
b (y, Z)| < C|Z|2 (2 +1<i < 2l), (3.11)
ler(y, 2)] < C(1Z| +|ZP).

Let Ep be the set of smooth sections of 7*((S(U, L) ® W)|x, ) over N|ax,, -
On the boundary of X, we choose the local orthonormal basis as in Definition

Similarly as in (2.6)), we define

2l

BH—_zy(gjc@xﬁﬁmﬁ BN—_CQQ)DMMﬂ (3.12)

1=2

on Ey (compare with (3.7))).
Let Jy be the representation of Lie(S') on N. Then Z — JyZ is a Killing

vector field on N. We have the following analogue of [3, Theorem 8.18], [20),
Proposition 1.2] and [26, Proposition 3.3].

Proposition 3.2 AsT — +oo,

Srk/2DXE12571 = VTDN 4 DH 4 —_o( 220" + (210" + | 7)),
VT
1 1
Srk'2e(H)k™ V287 = —c(JpZ) + —0(|Z?),
T C( ) T \/TC( H ) \/ﬁ (| | )
1
Spk'2BX k1250 = TBN + BT + ﬁO(IleaN +1210™ +12)).
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3.3 A decomposition of Dirac type operators under considera-
tion and the associated deformation

For p > 0, let EP (resp. EbL, EP, FP, Fg) be the set of sections of the
bundles S(U, L) ® W over X (resp. (S(U,L) ® W)|gx over 0X, 7*((S(U,L) ®
W)|x,) over N, S(TXy ® Vit, Lp) @ K~ (N) ® (@U#)AVU @ W)|x, over Xg,
(S(TXg & VE Lp) @ K~ (N) ® ®y20AV, ® W)|ax, over 0Xp) which lie in
the p-th Sobolev spaces. The group S! acts on all these spaces (cf. Section
. For any ¢ € Z, let EZ, Eg 8 E’g , F? and Fg 5 be the corresponding weight-¢£
subspaces, respectively.

Recall that the constant g9 > 0 is defined in last subsection. We now take
£ €(0,%]. Let p: R —[0,1] be a smooth function such that

1
2 3.13
. (3.13)

For Z € N, set p.(Z) = p(1Z).

By Proposition the solution space of the operator DV 4 /—1T¢(Jy Z)
along the fiber N, (y € Xp) is the L? completion of K~ (Ny)®(®,20AV, @W),.
They form an infinite dimensional Hermitian complex vector bundle K~ (V) ®
(@v;ﬁoAvv ® W)|x, over Xpg, with the Hermitian connection induced from
those on N, V|x,, = Xy and W|x, — Xpg. Let § be the isomorphism from
L*(Xpg, K~ (N)®(®y20AVo @ W)|x,,) to L2(N, 7 (AN @ @yoAVy @ W)|x,))
given by Proposition (3.1

Let « € I'(Xp,S(IT Xy @ V3, Lr)), ¢ € LA Xpg, K~ (N) ® (RuzoAV, ®
W)lxy), 0 = a® ¢. We define a linear map

dim N

Ire :F{ —Ef,  or—T 2 p(Z)T aAS; (09). (3.14)

In general, there exist c¢(¢) > 0 and C' > 0, such that c(e) < || Ir¢| < C.

Let the image of I7¢ from F}g be Ef, £ = ITngg - Eg . Denote the orthogonal

complement of E%g in Eg by Egié, and let Eglé = Ezg N Eglé. Let pr¢ and pf ¢

be the orthogonal projections from Eg to E%yg and EOTé respectively.

—

We denote by (( Q20 Vs )@ (D, W, ))5_1 S Jo|dim N the subbundle of
2 £av v

(@v;&oA%) ® (@, Wy ) whose weight equals to &€ — 2 >~ |v|dim N, with re-
spect to the given circle action. Let g¢ be the orthogonal bundle projection
from the vector bundle

— —

(&), AN (), ,AV) @ (D Wo) — Xn

to its subbundle

p—

X) det N, @ ((®U¢OAVL) ® (@Wv))g—éiv ldimN, s

v>0

We now proceed to deduce a formula which computes pr¢s for s € Eg
explicitly under a local unitary trivialization of V.

15



For yo € Xp, on a small neighborhood 7, C Xg of yg, choose a unitary
trivialization Ny, =%, xC" ={(y,2) |y € ¥y, Z = (21, -+, 2,) € C"} such

that for t € R,
0 9 o,
t L ﬂ\/jl)\zti.
exp(tH) o7 e o7,
Without loss of generality, we assume that \; < 0 for ¢ < v and A; > 0 for
v<i<n. Forany T >0, k = (k1,--- ,kn) € N", and (y, Z) € ¥, x C", set

n

fT,?(Z) = (szkl)( H Zfi)e_Tz?:1 7r‘>\i||zi|2’
i=1 i=v+1
n

2 H 12Ki —2T7r|)\i|\zi|2> dvn
— = / ( - .
OéT X (y) /NR’y ps( ) |Zl’ € (27T)d1mNR

’ i=1

Computing directly, we have for s € Eg that (compare with [3, Proposition 9.2])

_ -1
pres(y, Z) = - > a,wp(2) I 7(2)
k&2, s.t. Z:'l=1 ki|/\i‘+£2:£ (3 15)
. / (Z T = (2)s( Z’)M
sz NR,y Pe T k Y, (27r)dimNR .
Using (3.15), we get the following analogue of [3, Proposition 9.3].
Proposition 3.3 There exists C > 0 such that if T > 1, 0 € F%, then
Iz olley < Cllolle: + Vo). (3.16)
There exists C > 0 such that for any T > 1, any s € EL, then
Ipreslis < Clslley + VTlsler). (3.17)

Given v > 0, there exists C' > 0 such that for T > 1, for s € Eg, then

!

C
IprelZ|"sllmg < EHSHEE' (3.18)

Since we have the identification of the bundles
(S(U,L) @ W)y, ~
7 (S(TXH O VE Lp) @ AN") @ (BuroAV, @ W) yXH)

Bey
we can consider k~1/ 2Ir¢o as an element of E’g for o € F’g . Set
Jre=k"Y2Ipg. (3.19)

We denote by Jre g : Flg 5 — E’g o the restriction of Jr¢ on the boundary. Let
E%g = JT7§F’£ (resp. Egﬂ,f’a = JT,&@FZQ) be the image of Jy¢ (resp. Jrgeg).
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Denote the orthogonal complement of E%. g (resp. EY, 5 5) in E0 (resp. Eg ) by
0,1 ) , 0,1
Er¢ (resp. ETg ») and let Ebry Fe=E¢N ET& (resp. ETga = Ep NEz; o). Let
Pr.e (resp. Preo) and pT ¢ (resp. pT ¢ ) be the orthogonal prOJectlons from Eg
(resp. Eg’a) to E%g (resp. EOT’&a) and EOTé (resp. E%,éa) respectively. It is
clear that pre = k'_l/sz,gkrl/Q (resp. preo = k:_l/QpT@ak‘l/z).
For any (possibly unbounded) operator A (resp. B) on Eg (resp. Ega)a we

wite 1) 4@ W B
A A B B
?Lccording to the decomposition E? = E%E b EOT: (resp. E£ s =E% oD ET o)
ie.,
AW = preApre , AP =preApt, (3.21)
AB) = PreADbre | AW = PreADTe -

( resp. BY =preoBpres . B® =preoBpres (3.22)
B® = preoBpreo, BY =preaBpres - )

For T' > 0, set
Dy = DX +/=1T¢(H), Br = B* —/-1Tc (8‘1) c(H). (3.23)

Then By is the canonical boundary operator associated to the Dirac type op-
erator Dp in the sense of . Let D7¢ and Br¢ be the restrictions of D
and Br on Eg and Eg > respectively.

We now introduce a deformation of Dr¢ (resp. Brg) according to the

decomposition (3.21)) (resp. (3.22)).

Definition 3.4 (cf. [5, Definition 3.2], [20, (1.39)]) For any T > 0, u € [0,1],
set

Dre(u) = DY) + DY) +u(DE)L + DY)

(3.24)
Bre(u) = By} + By + u(By) + B(T%)

One verifies that Br¢(u) is the canonical boundary operator associated to
Dr¢(u) in the sense of ([2.5)).

3.4 Various estimates of the operators as 7" — 4o

We continue the discussion in the previous subsection. Corresponding to the
involution 7 on S(U, L), for 7 = 75 (resp. 7 = 7¢), let D?H be the restriction
of the twisted Spin® Dirac operator DX# ® R, (1) (resp. DX# ® R_(1)) on Fg,
and let B€X H be the restriction of the canonical boundary operator associated
to DX# @ R, (1) (resp. DX# @ R_(1)) on Fga.
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With (3.15)), (3.23) and Propositions[3.1] at our hands, by proceeding

exactly as in [3, Sections 8 and 9], we can show that the following estimates for
BY), (1 <i<4) hold.
Proposition 3.5 (Compare with [5, Proposition 3.3]) There exists € > 0 such
that

(i) As T — 400,

_ 1 X 1
JrtoBitJres = BX" +0 (ﬁ) : (3.25)

where O(ﬁ) denotes a first order differential operator whose coefficients

are dominated by % (C>0).

(ii) There exist C1 > 0, Cy > 0 and Ty > 0 such that for any T > Ty, any
s GE%Jga , SIEE%Fga , then

2 1
|B5esley, < 1 (sl + Islsg,, )

" . (3.26)
8525 ey, < (0 ey, + 5y, ).
and )
1B sllge , = Ca(lsllsg, + VT lslsg,, ). (3.27)

From here, proceeding as in [5, Section 3(c)], we can deduce that there
exists 71 > 0 such that for T' > T4, each Br¢(u), for u € [0,1], is self-adjoint,
elliptic and has discrete eigenvalues with finite multiplicity. Let Pr¢(u) denote
the Atiyah-Patodi-Singer projection associated to Brg¢(u). In the following
proposition, we will show that the boundary problems (D7 ¢(u), Pre(u)), v €
[0,1], are Fredholm when 7 is large enough.

For any T'> T} and u € [0, 1], let

Dapsre(u): {se Eé | Pre(u)(slox) =0} — Eg
be the uniquely determined extension of Dy ¢(u).

Proposition 3.6 (Compare with [5, Proposition 3.5]) There exists To > 0 such
that for any u € [0,1] and T > Ty, Daps,1¢(u) is a Fredholm operator.

To prove Proposition we modify the process in [5, Section 3(d)]. For
the case where s is supported in X\ % (0 < €’ < €), we need an analogue of [5],
Lemma 3.7]. As a matter of fact, using , as well as Propositions
and proceeding exactly as in [3, Sections 8 and 9], we deduce the

following interior estimates.

Proposition 3.7 There exists € > 0 such that

18



(i) As T — 400,

_ 1
Jrt DYV Jre = DX 4 0 <ﬁ> , (3.28)

where O denotes a first order differential operator whose coefficients
f

are dominated by & Wi (C >0).

(ii) There exist C, > 0, C4 > 0 and T} > 0 such that for any T > T}, any
s EE%F’Jg‘ , 8 EEle , then

sl
Wﬁw@sa<¢;+w@>

/ (3.29)
D8y < 05 (2 4 1y
T7€ E5 - \/T
and ,
| D sl = €5 (llslley + VT sl )- (3.30)

With Proposition 3.7 at our hands, we can complete the proof of Proposition
in the same way as in the proof of [5, Proposition 3.5] by applying the gluing
argument in [3, pp. 115-117].

3.5 A proof of Theorem

Let DE/H (resp. D?i) be the induced operator from Bg( A (resp. Bg )
through 7y, . For any § € Z, choose a¢ > 0 be such that
Spec(D{) N [~2ag, 2a¢] C {0}. (3.31)

By restricting Br¢ on I'(X, Sy (U, L) ® W)|sx, we know the estimates in
Proposition still hold for By ;. Using the techniques in [3, Section 9], one
gets the following analogue of [3], (9.156)].

Lemma 3.8 There exist T3 > 0 such that for any T > T,

#{\ € Spec(Bre y) | A € [~ag, ag] } = dim(ker BXY) = k dim (ker D).

We first assume that D, H is invertible, then B f is invertible. Moreover,
we have the following analogue of [5, Proposition 3. 8]

Proposition 3.9 If DéH 18 invertible, then there exists Ty > 0 such that for
any T > Ty, u € [0,1], the boundary operator Br¢ (u) is invertible.

By Propositions [3.6| and we have a continuous family of Fredholm oper-
ators {Daps 1¢(u) fo<u<i when T is large enough. Furthermore, by Proposition
and Green’s formula, we know that the operators Dapsr¢(u), 0 < u <1,
are self-adjoint. Under the assumption of Proposition we have

APS-ind DT,&(U) =Tr [T‘ker(DAPS,T,ﬁ(u))} ’
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Theorem 3.10 (Compare with [20, (1.43)]) If D H is invertible, then there
exists Ts > 0 such that for any T > Ty, the followmg identity holds,

APS-ind(Dr¢) = Y (—1)>=0<v @™ o APS.ind (D XH“) . (3.32)

«

Proof From above discussions and the homotopy invariance of the index of
Fredholm operators, we get that

APS-ind(Dr¢) = APS-ind(Dr(0)). (3.33)

Let Prgey (resp. Prgea) be the Atiyah-Patodi-Singer projection associated
to Bgé (resp. B%%) acting on E%&a (resp. E%’Jéa). Using Proposition and
proceeding as in the proof of [5, Proposition 3.5, one sees easily that the bound-

ary problems (DFEF1 )§7PT7§,1) and (DFEF4 )gvPT,EA) are both Fredholm. Furthermore,
we can deduce that for T' large enough,

APS-ind(Dy)) = 0. (3.34)

On the other hand, for T" large enough and u € [0, 1], set

D%(’?(u)—uDXH—i—( )JTgD(T)gJT§7

o u B h (3.35)

Bri(u) =uB: " +(1- )JTgaBngTSB

Following the proof of [5, Proposition 3.8], one sees that when 7 is large enough,
B%{? (u) is invertible for every u € [0, 1].

We denote by P;f f (u) the Atiyah-Patodi-Singer projection associated to

Bi,)f? (u). Using , and the same argument as in the proof of [5]
Proposition 3.5], one sees that when 7' is large enough, (D%(’g (u),Pffé’ (v)),
u € [0, 1], form a continuous family of formally self-adjoint Fredholm boundary
problems. Thus by the homotopy invariance of the index of Fredholm operators,
one gets

APS-ind(D{") = APS-ind (J7 £ DY) Jre). (3.36)
From (2.16), (2.17), (3.14) and (3.19), one gets
JT_E oToJpe = (—1)Zo< dmNor - where 7 = 7, or 7, . (3.37)
From and (| - -, one finds
APS-ind(Drg) = Y (~1)Zo<vdimNe Apg. md(DXH‘“) : (3.38)

«

The proof of Theorem [3.10] is completed.
In general, dim ker(Dz’i) need not be zero. To control the eigenvalues of

Brg 4 lying in [—ag, ag], we use the method in [5, Section 4(a)] to perturb the
Dirac operators under consideration.
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Let € > 0 be sufficiently small so that there exists an S'-invariant smooth
function f : X — R such that f =1 on %, /3 and f = 0 outside of %5 3.

Let D? H . be the Dirac type operator defined by

a

Dt =D —agfe (;) : (3.39)

H

where for 7 = 74 (resp. Te), D? A is considered as a differential operator acting

ag

onT( Xy, S(TXp &V, Lr)®Ry¢) (vesp. I'(Xp, S(TXu @V, Lp) @ R_¢)).
By Theorem [2.6] we get

XH,oz
£7+

XH,oz
6770{

By (3.31)), the right hand side of (3.40)) is equal to zero.
For any T' € R, let Dr, 4, : I'(X,S(U, L) @ W) — T'(X, S(U, L) ® W) be
the Dirac type operator defined by

) — APS-ind(D; ") = —st{B

APS-ind(D :

—agt|0<t <1} . (3.40)

0
Dr o, = Dy — a¢fc (87") . (3.41)

Let Dy —q, be its restriction to the weight-§ subspace.
Let B; fag be the canonical boundary operator of Dg( A ac in the sense of

(2.5). Since DE/H — ag, which is the induced operator from Bg( " ag through mx,,,
is invertible, by the proof of Theorem [3.10} we get when T is large enough,

APS-ind(Drg,—q.) = 3 (—1)Z0<0 N APS-ind (D, ™) . (3.42)

«

By Theorem [2.6] we deduce that, for £ € Z,
APS-ind(Drg o) = APS-ind(Dr¢) mod KZ. (3.43)

From (3.40), (3.42) and (3.43), we get
APS-ind(Drg) = Y (~1)Zo<o i No APS ind(D; ") mod kZ .  (3.44)

o

On the other hand, by Theorem one knows the mod k invariance of
APS-ind(D7¢) with respect to T' € R, from which and (3.32)), (3.44), one gets

APS-ind(D, €) = Y (~1) o< im0 APS ind (D ") mod kZ .  (3.45)
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By taking 7 = 74 (resp. 7¢), we get the first equation of (resp. (2.23)).
To get the second equation of (2.22)) (resp. ), we only need to apply the
first equation of (resp. (2.23) to the case where the circle action on X
defined by the inverse of the original circle action on X.

The proof of Theorem [2.7) is completed.
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4 Rigidity and vanishing theorems on Z/k Spin‘ man-
ifolds

In this section, combining the S'-equivariant index theorem we have estab-
lished in Section [2| with the methods of [19], we prove the rigidity and vanishing
theorems for Z/k Spin® manifolds, which generalize [16, Theorems A and BJ.
As will be pointed out in Remark when applied to Z/k spin manifolds, our
results provide a resolution to a conjecture of Devote [6]. Both the statement
of the main results and their proof are inspired by the corresponding results
as well as their proof for closed manifolds in [I9, 20]. As explained in Section
2.1, when we regard the considered Z/k manifold as a quotient space which has
the homotopy type of a CW complex, by using splitting principle [I1, Chapter
17], we can apply the topological arguments in [19] 20] in our Z/k context with
little modification. Thus we will only indicate the main steps of the proof of
our results.

This section is organized as follows. In Section we state our main
results, the rigidity and vanishing theorems for Z/k Spin® manifolds. In Section
we present two recursive formulas which will be used to prove our main
results stated in Section In Section we prove the rigidity and vanishing
theorems for Z/k Spin® manifolds.

4.1 Rigidity and vanishing theorems

Let X be a 2l-dimensional Z/k-manifold, which admits a nontrivial Z/k
circle action. We assume that TX has a Z/k S!'-equivariant Spin¢ structure.
Let V be an even dimensional Z/k real vector bundle over X. We assume that
V has a Z/k S'-equivariant spin structure. Let W be a Z/k S'-equivariant
complex vector bundle of rank r over X. Let Ky = det(W) be the determinant
line bundle of W, which is obviously a Z/k complex line bundle.

Let Kx be the Z/k complex line bundle over X induced by the Spin® struc-
ture of TX. Let S(TX, Kx) be the complex spinor bundle of (TX, Kx) as in
Section Let S(V) = S*(V)@® S~ (V) be the spinor bundle of V.

Let K(X) be the K-group of Z/k complex vector bundles over X (cf. [T,
pp. 285]). We define the following elements in K (X)[[¢"/?]] (cf. [19, (2.1)])

Ra(V) = (5°(0) 4 5(V)) & @ A (V)
n=1

=l (4.1)
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For N € N, let y = €2™/N & C be an Nth root of unity. Set
QyW) = @Ay 1.0 (W) @ Q) Ayqn (W) € K(X)[[g] - (4.2)
n=0 n=1

Then there exist Q,(W) € K(X)[[¢]], 0 < ¢ < N such that

N—-1

Qy(W) =" ' Qe(W). (4.3)

=

Let HY, (X, Z) = H*(X x g1 ES',Z) denote the S'-equivariant cohomology
group of X, where ES! is the universal S'-principal bundle over the classifying
space BS! of S'. So H%,(X,Z) is a module over H*(BS',Z) induced by the
projection 7 : X xg1 ES! — BS'. Let pi(-)g1 and ws(-)g1 denote the first
Sl-equivariant pontrjagin class and the second S'-equivariant Stiefel-Whitney
class, respectively. As V xgq ES! is spin over X x g ES', one knows that
3p1(V)g1 is well defined in H}, (X, Z) (cf. [24, pp. 456-457]). Recall that

H*(BSY,7) = Z[[u]] (4.4)

with u a generator of degree 2.

In the following, we denote by DX ® R the twisted Spin® Dirac operator
acting on S(T'X, Kx)® R (cf. Deﬁnition. Furthermore, for m € %Z, heZ
and R(q) = EmE%Z q"R,, € Kq1(X)[[¢"?]], we will also denote APS-ind(DX ®
Ry, h) (cf. (2:9)) by APS-ind(DX ® R(q), m,h).

Now we can state the main results of this paper as follows, which generalize
[16, Theorems A and B] to the case of Z/k Spin® manifolds.

Theorem 4.1 Assume that wa(W)s1 = wa(TX)s1, sp1(V +W — TX)g1 =
e-mu* (e € Z) in H5 (X, Z), and ¢ (W) =0 mod (N). For0<{<N,i=1,
2, 3, 4, consider the S'-equivariant twisted Spin® Dirac operators

DX @ (Kw ® Kx")'? @ Q) Symn (TX) @ Ri(V) ® Qe(W) . (4.5)
n=1
(i) If e =0, then these operators are rigid in Z/k category.

(ii) If e <0, then they have vanishing properties in Z/k category.

Remark 4.2 (Compare with [I9] Remark 2.1]) As wa(W)g1 = wa(TX)g1,
c(Kw ® Ky')st = 0 mod (2). We note that in our case, X xg ES' has
the homotopy type of a CW complex [21]. By [9, Corollary 1.2], the circle ac-
tion on X can be lifted to (Kw ® Kx")'/? and is compatible with the circle
action on Ky ® K)}l.

Remark 4.3 If X is a Z/k spin manifold, by taking V. = TX, W = 0 and
i =3 in Theorem[{.1], we resolve a conjecture of [6].
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Actually, as in [I9], our proof of Theorem works under the following
slightly weaker hypothesis. Let us first explain some notations.

For each n > 1, consider Z, C S, the cyclic subgroup of order n. We
have the Zj,-equivariant cohomology of X defined by Hj (X,Z) = H*(X Xz,
ES'.7Z), and there is a natural “forgetful” map «(S',Z,) : X xz, ES' —
X xg1 ES' which induces a pullback o(S',Z,)* : H% (X, Z) — Hy (X,Z).
We denote by a(S!, 1) the arrow which forgets the S'-action. Thus a(S*,1)* :
H% (X,Z) — H*(X,Z) is induced by the inclusion of X into X xg1 ES! as a
fiber over BS'.

Finally, note that if Z, acts trivially on a space M, then there is a new
arrow t* : H*(M,Z) — Hy (M,Z) induced by the projection t : M Xz, ES! =
M x BZ, — M.

Let Zoo = S1. For each 1 < n < 400, let i : X(n) — X be the inclusion of
the fixed point set of Z, € S' in X, and so 4 induces ig1 : X(n) xg1 ES! —
X xgq1 EST.

In the rest of this paper, we use the same assumption as in [19, (2.4)].
Suppose that there exists some integer e € Z such that for 1 < n < 400,

1
a(Sl,Zn)* Oi*51(§p1(V +W -TX)g1 — e-ﬁ*u2>
. (4.6)
=t* OO[(SI’ 1)* oigl<§p1(v+ W — TX)Sl) .

Remark that the relation clearly follows from the hypothesis of Theo-
rem by pulling back and forgetting. Thus it is a weaker hypothesis.

Let Gy be the multiplicative group generated by y. Following Witten [25],
we consider the action of yo € Gy on W (resp. W) by multiplication by yo
(resp. yy ) on W (resp. W). Set

Q) = QA (W) © QA (W) € K(X)[[g] - (4.7)
n=0 n=1

Then the actions of G, on W and W naturally induce the action of Gy on
Q(W). Clearly, y - Q(W) = Qy(W). By (4.3), we know that for 0 < ¢ < N,

Yo - Qe(W) = ngg(W), where yo € Gy. (4.8)

In what follows, for m € 17, 0 < ¢ < N, h € Z and R(q) € Kg: (X)[[¢"/?]],
we will denote APS-ind(D* ® R(q) ® Q¢(W),m, h) by APS-ind(D* @ R(q) ®
QW),m, L, h).

We can now state a slightly more general version of Theorem

Theorem 4.4 Under the hypothesis (4.6)), consider the St ox Gy -equivariant
twisted Spin® Dirac operators

DX ® (KW®K;(1)1/2®(§Squn(TX) @ Ri(V) 2 QW) . (4.9)

n=1
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(i) Ife:O,formE%Z,hEZ,h;«é0,0§£<N, one has

APS-ind (DX © (Kw @ Kx")'? © () Symy (TX) o
n=1 4.10

@ Ri(V)®@Q(W),m, L, h) =0 mod kZ .
(ii) Ife <0, form € %Z, heZ,0< ¢ <N, one has

APS-ind(DX ® (Kw © Kx)"? © R) Symy (TX) .
n=1 4.11

@ Ri(V)®@Q(W),m, ¢, h) =0 mod kZ .

In particular, one has

APS-ind(DX ® (Kw © Kx)Y? @ Q) Symn (TX) )
n=1 4.12

®@R;(V)® Q(W),m,€> =0 mod kZ .

The rest of this paper is devoted to a proof of Theorem

4.2 Several intermediate results

Recall that Xy = {Xp o} be the fixed point set of the circle action. As in
[19, pp. 940], we may and we will assume that

TX|xy =TXny &P N,

v=0 (4.13)

TX|x, ®r C=TXp @rCa& P (N, & Ny),
v>0

where N, is the complex vector bundles on which S! acts by sending g to g°.
We also assume that

V‘XH = VO]R D @Vv ) W‘XH = @WU , (4.14)

v>0

where V,,, W, are complex vector bundles on which S' acts by sending g to ¢?,
and VJ is a real vector bundle on which S! acts as identity.

By (4.13), as in (2.16)) or (2.17)), there is a natural Z/k isomorphism between
the Zs-graded C(T X )-Clifford modules over Xy,

S(TX, Kx)|x, ~ S(TXH,KX ®u>0 (det Nv)‘1> B8R, AN, (415)
For a Z/k complex vector bundle R over Xy, let DX# @ R, DXH.e @ R be

the twisted Spin® Dirac operators on S(TXp, Kx ®y>0 (det N,)™!) ® R over
Xu, XH,a, respectively (cf. Definition .
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Fori=1, 2, 3, 4, we set
R = (Kw @ Kx")'/? @ Ry(V) @ Q(W). (4.16)

Then by Theorem [2.7] we can express the global Atiyah-Patodi-Singer index
via the Atiyah-Patodi-Singer indices on the fixed point set up to kZ.

Proposition 4.5 (Compare with [19, Proposition 2.1]) For m € 1Z, h € Z,
1<i<4,0</¢< N, we have

APS-ind (DX ® ®%%,Sym. (TX) @ R\, m, ., h)

=3 (~1)Zws0dimNe APS.ing (DXH’Q ®ply Symgn (TX) @ B! (4.17)

® Sym (Bu>0Ny) @ys0 det Ny, m, £, h) mod kZ .

To simplify the notations, we use the same convention as in [19, pp. 945].
1
For ng € N*, we define a number operator P on Kg1(X)[[g"0]] in the following
1
way: if R(q) = @, 1 ,Rnq" € Kg1(X)[[gm]], then P acts on R(q) by multipli-
nQ
cation by n on R,. From now on, we simply denote Sym»(T'X), Ay (V) and
Agn (W) by Sym(T'X,,), A(Vy,) and A(W,,), respectively. In this way, P acts on
TX,, V, and W,, by multiplication by n, and the actions of P on Sym(7T'X,,),

A(V,,) and A(WW,,) are naturally induced by the corresponding actions of P on
TX,, V, and W,,. So the eigenspace of P = n is just given by the coefficient of ¢"

of the corresponding element R(q). For R(q) = ®,c 1 ,Rnq" € KSI(X)[[(]%H,
no
we will also denote APS-ind (DX ® Ry, h) by APS-ind(DX ® R(g),m,h).
Recall that H is the Killing vector field on X corresponding to H, the
canonical basis of Lie(S1). If F is a Z/k S'-equivariant vector bundle over X,
let .Zy denote the corresponding Lie derivative along H acting on I'(X g, E|x,, ).
The weight of the circle action on I'(X g, E|x,,) is given by the action

Recall that the Zg-grading on S(T'X, Kx) ®32; Sym(T'X,,) is induced by the
Zs-grading on S(TX, Kx). Write

FUX) = ® Symn (T'X) ® Sym(Dy>0Ny) @p>0 det Ny

n=1
F=5(V)o @AV, = Q) AV, (4.18)
n=1 n€N+%
Q' (W) =QRQAW,) @ Q) A(Wy)
n=0 n=1

There are two natural Zo-gradings on Fy{, FZ (resp. Q'(W)). The first grading
is induced by the Zs-grading of S(V') and the forms of homogeneous degrees in
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@2, A(Vy), ®n€N+%A(Vn) (resp. QY(W)). We define TE\F‘Z} =41 (=1, 2)
(resp. Ti|giw)x = £1) to be the involution defined by this Zs-grading. The
second grading is the one for which F{, (i = 1, 2) are purely even, i.e., Fit = Fi.
We denote by 75 = id the involution defined by this Zs-grading. Then the
coefficient of ¢ (n € 3Z) in of R1(V) or Ry(V) (resp. R3(V), Ry(V) or
Q(W)) is exactly the Zs-graded Z/k vector subbundle of (Fl, 7s) or (Fb, 7e)
(resp. (FZ,7e), (F2,7s) or (QY(W), 1)), on which P acts by multiplication by
n.

Furthermore, we denote by 7, (resp. 7s) the Zs-grading on S(TX, Kx) ®
®2,Sym(TX,) ® F{, (i = 1, 2) induced by the above Zs-gradings. We will
denote by 7.1 (resp. 7s1) the Zg-grading on S(TX, Kx) ® ®°2°,Sym(TX,,) ®
Fi, ® QY(W) (i =1, 2) defined by

Tel = Te@”—l y  Tsl = 7_5@7—1 . (419)

Let h"* be the Hermitian metric on Vj, induced by the metric A" on V. In
the following, we identity AV, with AVZ by using the Hermitian metric A" on
Vy. By , as in , there is a natural Z/k isomorphism between the
Zs-graded C(V)-Clifford modules over Xy,

SOVl = S (VE, @usofet V) ) 0 @), (4.20)

Let Vy = VO]R ®r C. By using the above notations, we rewrite (4.18) on the
fixed point set X,

FO(X) = @ Sym(TXn) @ (R Sym(@050(No & Non))

n=1 n=1

& Sym(@U>ONv) ®v>0 det Nv )

= (§)A(V0,n ® Du>0(Von @ Vo))
n=1

4.21
® S(‘/OR> ®v>0(det Vv)_1> ®v>0 A‘/v,O ) ( )

F‘% = ® A(%,n ® EBU>0(‘/U,” D Vv7n)) ’
nENJr%

o0

Q' W) =R A& W) @R M@BWorn) -
n=0 n=1

We introduce the same shift operators as in [19, Section 3.2], which follow
[24] in spirit. For p € N, we set

Tyt Nv,n - Nv,n+pv y  Txl Nv,n — Nv,n—pv )
Tyt V;),n — %,n—&-pv , Tyt Vv,n — Vv,n—pv , (422)
st Wv,n — Wv,n+pv o Tl Wv,n — Wv,nfpv .
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Furthermore, for p € N, we introduce the following elements in K g1 (X#)[[q]]
(cf. [19, (3.6)]),

Fo(X) = R Sym(TXp) ® ®(® Sym (Nyn) ) Sym (N,,0) ) ,
n=1

v>0 n=l1 n>pv
4.23
F0=Q @ (Sym®V. ) @det(N,)) . (4.23)
v>0 0<n<pv
FPX)=Fp(X)® F(X) .
Note that when p = 0, FP(X) is exactly the F9(X) in (4.21). The Zy-grading
on S(TXpy, Kx ®y>o (det N,)™1) @ F7P(X) is induced by the Zy-grading on
S(TXp, Kx ®yso (det N)7h).
As in [19] (2.9)], we write
L(N) = ®y>0(det Ny)* ,  L(V) = ®@yso(det V)7,

7 (4.24)
L(W) = @yzo(det W,)" , L =L(N)"'® L(V)® LW) .

Using the similar Z/k S'-equivariant isomorphism of complex vector bun-
dles as in [20, (3.14)] and the similar Z/k G, x S'-equivariant isomorphism of
complex vector bundles as in [19, (3.15) and (3.16)], by direct calculation, we
deduce the following proposition.

Proposition 4.6 (cf. [19, Proposition 3.1]) Forp € Z, p > 0, i = 1, 2, there
are natural Z/k isomorphisms of vector bundles over Xp,

r(FP(X)) = FUX) @ LN, ra(F) = Fy @ L(V)P . (4.25)

For anyp € Z, p > 0, there is a natural Z/k Gy X St -equivariant isomorphism
of vector bundles over Xy,

r(QYW)) ~ QY (W) ® L(W)™P. (4.26)
On Xy, as in [19, (2.8)], we write
e(N) = ZU2 dimN, , d(N)= Zvdiva ,

v>0 v>0
e(V) = Z v?dimV, , d(V)= Zv dimV, , (4.27)
v>0 v>0
e(W) = Zv2 dimW, , d(W)= Zvdiva .
v v

Then e(N), e(V), e(W), d'(N), d' (V) and d'(W) are locally constant functions
on XH.

Take Zs = S' in the hypothesis . By using splitting principle [11]
Chapter 17], we get the same identities as in [19, (2.11)],

ci(L)=0, eV)+eW)—e(N)=2e. (4.28)

As indicated in Section means L is a trivial complex line bundle over
each component Xz, of Xp, and S! acts on L by sending g to ¢%¢, and G,
acts on L by sending y to y@ W),

The following proposition is deduced from Proposition
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Proposition 4.7 (cf. [19, Proposition 3.2]) Forp € Z, p > 0, i = 1, 2, the
Z/k Gy-equivariant isomorphism of vector bundles over Xg induced by (4.25),
(4.26),

e+ S(TXw, Kx ®uso (det N) ™) @ (K @ Ky')Y/?
@ FP(X)® F,o QW)

. IN1/2 (4.29)
— S(TXw, Kx ®p=0 (det N) 1) @ (Kw @ Ky')Y
FX)@F, Q' (W) L™,
verifies the following identities
rit - Jgre =Jn
1 4.30
T;l'P-T*:P+pJH+p2€—inG(N)—gd/(N). (4.30)
For the Zo-gradings, we have

P e =710, it =15, roimre = (=1)PYWpy (4.31)

Then we get the following recursive formula.

Theorem 4.8 (Compare with [19, Theorem 2.4]) For each o, m € %Z, 1<
L <N, h,peZ,p>0, the following identity holds,

1
APS-ind (DXHva ® F(X) @ R',m + Jpte(N) + gd’(N), l h) (4.32)
= (—1)*" V) APS-ind (DXHva ® FO(X)® R ® L™P,m + ph + p?e, {, h) .

Now we state another recursive formula whose proof will be presented in
Section 5.

Theorem 4.9 (Compare with [I9, Theorem 2.3]) For 1 < i < 4, m € 3Z,
1<¢<N, h,peZ,p>0, we have the following identity,

S (—1) om0 dimNo AP ind (DXH’C* ® FO(X) @ R, m, ¢, h)

«

= 3 (1 RN ApS ind (DYre @ FP(X) @ B, (4.33)

67

m + 1p?e(N) + Bd'(N), ¢, h) mod kZ .

4.3 A proof of Theorem 4.4

Recall we assume in Theorem [{4.1| that ¢;(W) = 0 mod (N). Then by [10,
Section 8] and [19, Lemma 2.1], d'(W) mod(N) is constant on each connected
component Xg o of Xg. So we can extend L to a trivial complex line bundle
over X, and we extend the S'-action on it by sending ¢ on the canonical section
1 of L to g*¢ -1, and G, acts on L by sending y to y? W),
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As %pl (TX —W)g1 € H: (X, Z) is well defined, one has the same identity
as in [19, (2.27)],
d(N)+d(W)=0 mod (2). (4.34)

From Proposition Theorems and , for1<i<4,me %Z,

1<l¢<N,h,p€eZ,p>0, we get the following identity (compare with [19]
(2.28)]),
APS-ind(D¥ @ (R) Symyn (TX) ® R',m, {, h) (4.35)
n=1

= APS-ind(D* @ ® Symg. (TX)® R'® L™P,m’,¢,h) mod kZ ,
n=1

with
m' = m + ph + pe. (4.36)

By (4.1)), , if m < 0 or m’ < 0, then either side of (4.35) is identically
zero, which completes the proof of Theorem [£.4] In fact,

(i) Assume that e = 0. Let h € Z, my € %Z, h #£ 0 be fixed. If h > 0, we
take m’ = myg, then for p large enough, we get m < 0 in (4.35)). If h < 0,
we take m = myg, then for p large enough, we get m’ < 0 in ({4.35]).

(ii) Assume that e < 0. For h € Z, my € %Z, we take m = myg, then for p
large enough, we get m’ < 0 in (4.35)).

The proof of Theorem [4.4] is completed.

5 A proof of Theorem 4.9

In this section, following [19] Section 4], we present a proof of Theorem 4.9

This section is organized as follows. In Section [5.1} we first introduce the
same refined shift operators as in [19, Section 4.2]. In Section we construct
the twisted Spin® Dirac operator on X (n;), the fixed point set of the naturally
induced Zj,;-action on X. In Section by applying the S'-equivariant index
theorem we have established in Section [2, we prove Theorem

5.1 The refined shift operators

We first introduce a partition of [0,1] as in [I9, pp. 942-943]. Set J = {v €
N ‘ there exists « such that NV, £ 0 on XH,a} and

®={Be(0,1] | there exists v € J such that fv € Z} . (5.1)

We order the elements in ® so that ® = {ﬂi ‘ 1<i< Jy,Jp € Nand §; < ﬂi+1}.
Then for any integer 1 < ¢ < Jy, there exist p;, n; € N, 0 < p; < n;, with
(pi,m;) = 1 such that

Bi = pi/ni - (5.2)

Clearly, 85, = 1. We also set pg = 0 and 3y = 0.
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For 0 < j < Jp, p € N*, we write

If:{(v,n)ENxN‘UEJ, (p—1v <n<po, ﬁ:p+1+&}’
B . Z? (5.3)
I?I{(U,TL)GNXN‘UEJ, (p—1v<n<pv, —>p+1—|——3}.

[ n;

Clearly, I} = 0, the empty set. We define F, j(X) as in [19} (2.21)], which are
analogous with (4.23). More specifically, we set

fp,j<X>=®Sym<TXH>®®< Sym(Nyn)® Q) Sym<NU,n>)
n=1 1

v>0 \ n=

n>(p—1)v+%v

® ® . (Sym (Ny,—n) @ det Nv) (5.4)

v>0 by
0<n<(p—1)v+
<n<(p—1) [njv]

—HRX)eFR X)e Q@  (SymN,n)@detN,) & Sym(Non)

(v,n)eugzolf (v,n)€l

where we use the notation that for s € R, [s] denotes the greatest integer which
is less than or equal to s. Then

Fpo(X) = F X)), Fpp(X) = FP(X). (5.5)

From the construction of 3;, we know that for v € J, there is no integer in

Pj—1 Pj
(nj_1 Uy v). Furthermore,

{ij_iv] = [Zjv} —1if v=0 mod (n;), .

) 2] oo oo

We use the same shift operators rj,, 1 < j < Jy as in [19, (4.21)], which
refine the shift operator r, defined in (4.22)). For p € N*, set
Tjx Nv,n - Nv,n+(p71)v+pjv/nj y o Tyx it Wv,n — Nv,nf(pfl)vfpjv/nj ’
/rj* : V'u,n — ‘/v,nJr(pfl)anpjv/nj 3 Tj* . VU,TL — vanf(pfl)vfpjv/nj ) (57)
Tjx W’U,'rl — Wv,n—i—(p—l)v—i—pjv/nj y o Thx W'U,TL - Wv,n—(p—l)v—pjv/nj .

For 1 < j < Jy, we define F(8;), Fi-(B;), F2(3;) and Qw(B;) as in [19,
(4.13)].

FB)) = Q) Sym(TXpn) @ ) &R Sym(Nyp @ Nuy)

n; j
0<n€eZ u>0,v£0,7] mod(n;) 0<n€Z+%v

» & sym( e (P v & Nv,n)>,

0<v’'<n;/2 v=v',—v’ mod(n;) 0<n€Z+%v O<n€Zf%v
J J
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@) =A| D Vom D ( D Vi D VM)

O<n€Z v>0,v50,% mod(n;) 0<n€Z+%v 0<n62—%v

o ( @ (@ v @ )|

0<v'<n; /2 =v’,—v’ mod(n;) 0<n62+%v O<nEZ—%v
J i

RE)=A P vin B (B Ve P V)

0<n€Z+% v>0, ’UEO,?] mod(nj)0<n€Z+%v+% 0<n€Zf%v+%
J J

@( e ( & v & v))

0<v'<n;/2 \ v=v’,—v’ mod(n; pj 1 P o1
J () 0<n€Z+nj v+3 0<n€Z n; v+3
Qw (8)) = A( ey ( B W P Won )) . (5.8)
v b5 b5
0<n€eZ+ oy v 0<nezZ— n; v

Using the definition of rj, and computing directly, we get an analogue of
Proposition [4.6] as follows.

Proposition 5.1 (cf. [19, Proposition 4.1]) There are natural Z/k isomor-
phisms of vector bundles over Xy,

ri(Fpi-1(X)) = F(Bj) © X Sym (No,0)

v>0, v=0 mod (n; )

gv —1)v
®® (deth)[”; [+t ® ® (det N,)~ 1,

v>0 v>0, v=0 mod (nj)
ri(Fpg (X)) = F(B) © X Sym(Ny.0)
v>0, v=0 mod (n;)
Biy —1)v
® ) (det Nv)[nj | +(r—1)v+1 |

v>0
rin(F) = S(ViF, @soldet V)71 ) @ F(8))

2i 1 o1
® ® A(%,O)®®(detvv)[nj J+@-1) |

v>0, v=0 mod (n;) v>0

bj 1 1w
Tj*(FIZ/) =~ F{Z/(,BJ) X ® A(V;),O) ® ®(det7v) [nj U+2]+(P 1) .

v>0, ’UE% mod (n;) v>0
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There is a natural Z/k Gy X Sl -equivariant isomorphism of vector bundles
over Xy,

@) = G (5 @t 7y [0
v>0
%v]—(p—l)v
R (et o Q(detW,)! ™ |
v>0, v=0 mod (n;) v<0

5.2 The Spin® Dirac operators on X(n;)

Recall that there is a nontrivial Z/k circle action on X which can be lifted
to the Z/k circle actions on V and W.

For n € N*, let Z,, C S! denote the cyclic subgroup of order n. Let X (n;)
be the fixed point set of the induced Z,; action on X. Let N(n;) — X(n;) be
the normal bundle to X (n;) in X. Asin [, pp. 151] (see also [19, Section 4.1],
[20, Section 4.1] or [24]), we see that N(n;) and V can be decomposed, as Z/k
real vector bundles over X (n;), into

Nnj)= @ N@j)o®N(ny s,
O<v<nj/2

Vi) =Vn)s® @ Vinga V(n)m o s
0<’U<7Lj/2

(5.9)

where V(n])o is the Z/k real vector bundle on which Z,; acts by identity, and
N(n;)E /2 (resp. V(nj)% /2) is defined to be zero if n; is odd. Moreover, for
0 < v <n;/2, N(nj (resp V(n;)y) admits unique Z/k complex structure
such that N(n;), (resp. V(n;),) becomes a Z/k complex vector bundle on
which g € Zy; acts by g¥. We also denote by V(n;)o, V (1), /2 and N(1;),; /2
the corresponding complexification of V (n;)§, V(n;)& /2 and N(n;)® /2

Similarly, we also have the following Z, —equlvarlant decomp0s1t10n of W,
as Z/k complex vector bundles over X (n;),

W= P Win)e, (5.10)

0<v<n;

where for 0 < v < nj, g € Zy, acts on W(n;), by sending g to g".
By [19, Lemma 4.1] (see also [4, Lemmas 9.4 and 10.1] or [24, Lemma 5.1]),
we know that the Z/k vector bundles 7X (n;) and V(n;)§ are orientable and
. . . . R
even dimensional. Thus N(n;) is orientable over X (n;). By 1D V(”j)nj /2

and N (nj)ﬂsj /o are also orientable and even dimensional. In what follows, we
fix the orientations of N(nj)R /2 and V(n;)® 2 Then TX (n;) and V(n;)&
are naturally oriented by (5.9) and the orientations of TX, V, N(n;)% /2 and
V(”J)R

By (4.13] - -, and -, upon restriction to Xz, we get the fol-

lowing identifications of Z / k complex vector bundles (cf. [19] (4.9) and (4.12)]),
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for 0 < v < nj/2,

N(n;), = P Ny & &y Ny |

v’/ >0, v'=vmod(n; v’ >0, v'=—vmod(n;
> (ny) > ( J)i (511)
V(nj)v = @ Vo @ @ Voo,
v'>0, v'=v mod(n;) v’/ >0, v'=—vmod(n;)
for 0 < v < ny,
W(n;)y = P Wy . (5.12)

v'>0, v'=v mod(n;)

Also we get the following identifications of Z/k real vector bundles over Xy (cf.
[19; (4.11)]),

TX(nj)=TXge® @ N, Ny n= Q%) No s

v>0,v=0mod (n;) >0, UE% mod (n;)

V(s =V & &P Vo, V(nj)s o= . Vo .

v>0,v=0mod(n;) v>0,v5% mod(n;)

Moreover, we have the identifications of Z/k complex vector bundles over X
as follows,

TX(TZ]‘)(X)]R(C:TXH@R(CEB @ (NU@NU),
v>0,v=0mod(n;)

V(n)o=Vs ®r C & P (Vo ®Vy) .

v>0, v=0mod(n;)

(5.13)

As (pj,n;) =1, we know that, for v € Z, pjv/n; € Z if and only if v/n; € Z.
Also, pjv/nj € Z + % if and only if v/n; € Z + %. Remark if v = —v' mod(n;),
then {n|0<neZ+2v} ={nl0<neZ- Z—;v’}. Using the identifications

, (5.12) and 5 1 , we can rewrite F(53;), F(8;), F2(B;) and Qw(8;)
defined in (j5.8)) as follows (cf. 19 (4.7))),

- @ sm(TXm)) e Q@ Sm( D Nmgn

0<neZ 0<v<n,/2 0<n€Z+%v
o ’ (5.14)
& P No,)e D SymVpn) -
O<n€Zf%v 0<nezZ+:
FL(8;) A( D vions P ( B Vnen
O<nez 0<v<ni/2  o<nezt By
’ (5.15)

& @ Vi) B Ve

b5 1
0<neZ— n; v 0<n€Z+2

34



F2(8;) = ( D Vi pne P ( @ V(nj)on

0<neZ 0<v<n;/2 0<n€Z+*v+2
(5.16)
® @ V(”j)vm) @ V(n;) 0,n>7
0<nezZ-Llyil 0<n€eZ+3
J
B =A B ( B Wowme B W,,)) 617
Osv<n; 0<nez+%v OSnEZ—%v

Thus F(8;), Fi-(8;), F2(8;) and Qw (5;) can be extended to Z/k vector bundles
over X (n;).

We now define the Spin® Dirac operators on X (n;) following [19, Section
4.1].

Consider the hypothesis in (4.6)). By splitting principle [I1, Chapter 17] and
computing as in [4, Lemmas 11.3 and 11.4], we get

( Z 4 v <V(nj)v + W(n;)o = W(nj)n;—o — N(”j)ﬂ)
O<v<n7] (518)

)

+r(ng) - 5 w2 (W(Nj)nj/2 V(1)) /2 — N(nj)".fﬂ)) Hting =0

where r(n;) = 3(1+ (—1)"), and Un; € H*(BZ,, ) ~ Ly, is the generator of

H*(BZn;,Z) ~ Lluy;]/(n;j - un;) . Then by (5.18), we know that
Z v-a (V(nj>v + W(nj)v - W(”j)ﬂj—v - N(”j)l})
O<v<%
U (W v N
1) 5 wr (W), 2+ Vg2 = Ny, o)

is divided by n;. Therefore, we have
Lemma 5.2 (cf. [19, Lemma 4.2]) Assume that (4.6) holds. Let
L) = & <det(N(nj)v) ® det(V (1))
0<v<n;/2 (5.19)
___ (r(nj)+1)v
@ det(W(ny),) ® det(W(nj)nj_v)>
be the complex line bundle over X (nj;). Then we have

(i) L(nj) has an nEh root over X (n;).

(i) Let Ur = TX(n;) & V(ny)§, Uz = TX (n;) & V(nj)y 5. Let

—Kx@ @ (det(N(n;).) @ det(V(ny),))

0<v<n;/2
® det (W(nj)nj/2> ® L(nj)r("j)/nj ’

=Kx® X) (det (N(n )) ® det(W(nj)nj/Q) @ L(ng) m)/mi,
0<v<n,/2
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Then Uy (resp. Us) has a Z/k Spin® structure defined by Ly (resp. La).

Remark that in order to define an S' (resp. G,) action on L(n;)"(")/m we
must replace the S! (resp. Gy) action by its n;-fold action. Here by abusing
notation, we still say an S' (resp. G,) action without causing any confusion.

In what follows, by DX (") we mean the S'-equivariant Spin® Dirac operator
on S(Ut, Ly) or S(Us, Ly) over X (n;) (cf. Definition [2.2)).

Corresponding to , by , we denote by

SWLL) =S(TXpa Vi Lo @ (det N, @detV,)™")
v>0,v=0mod (n;)
® (029 AV, | (5.20)
v>0,v=0mod (n;)

S(Us, Ly = S(TXH, Lie &  (detN,)

v>0,0=0 mod(n;)

® K etV ) 0% AV, . (5.21)
v>0, ’UE% mod (n;) v>0, ’UE% mod (n;)

Then by (2.16) and (2.17)), for i = 1,2, we have the following isomorphisms of
Clifford modules over Xg,

S(U;, L) ~ S(Us, L)' ® (19 AN,. (5.22)

v>0,v=0mod (n;)
We define the Zo-gradings on S(U;, L;)" (i = 1,2) induced by the Zs-gradings
on S(Ui, Li) (i =1,2) and on ®y>0,v=0mod (n;) ANy such that the isomorphisms

(5.22) preserve the Zs-gradings.
As in [19] pp. 952], we introduce formally the following Z/k complex line

bundles over Xy,

=

=(r'e @  (detN,@detV,) () (det Ny @ det V) @ Kx ),

v>0,v=0mod (n;) v>0
1
I, — (L;l © X detN, R etV R (detN,) '@ KX> 2,
v>0,v=0mod (n;) v>0, ,UE% mod () v>0

In fact, from , , Lemma and the assumption that V is spin, one
verifies easily that ¢1(L?) =0 mod (2) for i = 1,2, which implies that L} and
LY, are well defined Z/k complex line bundles over Xy (cf. Section [2.1).

Then by , and the definitions of Ly, Lo, L} and L}, we get the
following identifications of Z/k Clifford modules over X (cf. [19, (4.19)]),

S(U, L) ® Ly = S(TX g, Kx ®ys0 (det N,) ) @ S(VF, @uso(det V) 1)

0  AW), (5.23)
v>0,v=0mod (n;)
S(Usz, o) ® Ly = S(T X, Kx @vo (det N,) 1) @ (09 A(V,) .

v>0, vE% mod (n;)
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Lemma 5.3 (cf. [19, Lemma 4.3]) Let us write

P P
L(Bj)1 = Li® ® det Ny) [ ] Hp—lot ® ® det V) [ y ]+(P—1)U
v>0 >0
o @ wen @yl
v>0,v=0mod(n ) v<0
® ® (det W +(p—1)v+1 - ® (det WU)*l
v>0 v>0,v=0mod(n;)
pj 1
L(Bj)2 = L X ® (det Ny) Hp Do+l ® ® detV [ oL +2]+(p—1)u
v>0 >0
® Q) (detNy) ' @ (X)(det W) [y e] -1y
v>0,v=0mod(n ) v<0
® ® (det Wy) ] HomhuH & ® (det Wv)_l
v>0 v>0,v=0mod(n;)

Then L(B;)1 and L(Bj)2 can be extended naturally to Z/k Gy x S'-equivariant
complex line bundles over X (n;) which we will still denote by L(B;)1 and L(B;)2
respectively.

Now we compare the Zs-gradings in (5.23)). Set

A(nj,N) = ) > dimNy+o(Nmy)E, )

. _ 2
%<v’<nj 0<v,v=v' mod (n;)

A V)= > > dmVeto(Vin)i,)

%<U’<nj 0<v,v=v" mod (n;)

(5.25)

with o(N(n;)%,;) (resp. o(V(n;)%,) equals 0 or 1, depending on whether the
2 2
given orientation on N(n;)%, (resp. V(n;)% n; ) agrees or disagrees with the

2 2
U>0,UE% mod (nj)Nv (resp. @U>0,’UE% mod(nj)%).

By [19, pp. 953], we know that for the Zs-gradings induced by 75, the
differences of the Zs-gradings of and are both (—1)2-N): for the
Zo-gradings induced by 7, the difference of the Zs-gradings of (resp.
B is (—1)20mNHA0Y) (regp, (1) re(V )

To simplify the notations, we introduce the same functions as in [19] (4.30)],

complex orientation of @
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which are locally constant on Xy,

c(W) = _% S (@imw,) - (([20] + (o~ 1)) ([20] + (o~ 1w+ 1)
v>0

— (Bo+(p - 1)o) (2([Zo] + (0~ 1) +1)) (5.26)

e = % S (dim N, — dim V) (([20] + (p = 1)o) ([20] + (p— 1o + 1)
v>0

~ (B + (p— 1) 2([Eo] + (- 1) + 1)) , (5.27)

ey — %Z(diva) : (([%v] +p— D) ([Fo] + (- Dv+1)
v>0

~(Bo+ (p— 1)) (2([20] + (p - 1)) + 1))

— %Z(diva) : (([ﬁ—;’_ +3]+ (- 1)p)°

v>0

(5.28)

—2(%1} + (p—1)v) ([% + 3]+ (- 1)v)> .
As in [19] (2.23)], for 0 < j < Jp, we set

e(p, B, N) = %Z(diva) . ([%v] + (p—1)v) ([%v]—i—(p —Do+1),

v>0

d(p,Bj,N) = Z(diva) : ([%v] +(p—1)v) . (5.29)
v>0

Then e(p, 3;, N) and d'(p, 5, N) are locally constant functions on Xpg. In
particular, we have

¢(p, o, N) = = (p— 1)2e(N) + = (p — ' (N) |

2 2
e(p, By N) = %er(N) + %pd/(N) , (5.30)

d'(p,Bs, N) =d(p+1,60,N) = pd(N) .

By Proposition (5.23) and Lemma we deduce an analogue of Propo-
sition [4.7]

Proposition 5.4 (cf. [19, Proposition 4.2]) Fori = 1,2, the Z/k G-equivariant
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isomorphisms of complex vector bundles over Xp,
riv s S(TXp, Kx ®ys0 (det Ny) ™) @ (K @ Ki')'?
® Fpj-1(X) @ F, ® Q1(W)
— (U, L) ® (Kw ® Kx")"/? @ F(8;) @ F(5)
® Qw (85) ® L(B;): ® (09 Sym (Nyo) ,
v>0,v=0mod (n;)
riz : S(TXp, Kx ®ys0 (det Ny) ™) @ (K @ Ki')'/?
® Fpj(X) ® Fy @ Q' (W)
— (U, Li) ® (Kw © Kx")"/? © F(8;) @ F/(5)
® Qw (B;) ® L(B))i ® (129 (Sym (Ny0) ® det N,)
v>0,v=0mod (n;)
have the following properties:
(i) fori=1,2, y=1,2,
-1

ri’y

ri—wl.P-rm:PJr(%Hp—l))JHJrfivv
J

where ej1 = €; + (W) —e(p, Bj—1,N), €ia = €; + (W) —e(p, B;, N).
(ii) Recall that O(V(nj)]&) is defined in (5.25)). Let
2

Ju-riy=Jg ,
(5.31)

p ==Y [Zo]dimV, + A(ng, N) + A(n;, V) mod (2),
v>0 !

== [Bv+ §]dimV, + A(n, N) +o(V(ny)5,)  mod (2),
v>0 2

p3 = A(n;, N) mod (2),

gy = Z([&v] + (p— 1)v) dim W, + dim W + dim W (n;)o mod (2).

n;
v
Then fori=1,2, v =1,2, we have
Ti_leeTi’y = (-DHir. , ri_vlTsrw = (=1)"71g,
S s (5.32)
7’1»7 T Tiy = (—1) T1 -

5.3 A proof of Theorem (4.9

Let X’ be a connected component of X (n;). By [19, Lemmas 4.4, 4.5, 4.6],
we know that for ¢ = 1,2, k = 1,2, 3, the following functions are independent
on the connected components of Xp in X/,

€ + E(W) mod (2) ) d/(pa 6]7 N) + it g mod (2) )
Z[%v] dimV, + A(n;,V) mod (2),

v>0
Z[%v + 3] dim V, + O(V(”j)]%) mod (2) ,

v>0
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which implies that d'(p, Bj_1, N)+ > ., dim Ny +pp+p4 mod (2) (k= 1,2,3)
are constant functions on each connected components of X (n;).

By (5.14), (5.15)), (5.16), (5.17) and Lemma we know that the Dirac
operator DX() @ F(B;) @ Fi-(3;) ® Qw(B;) @ L(B;)i (i = 1,2) is well defined
on X (nj). Observe that the two equalities in Theorem are both compatible
with the G, action. Thus, by using Proposition and applying both the
first and the second equalities of Theorem to each connected component of
X (n;) separately, we deduce that for i =1,2,1 < j < Jy, m € %Z, 1<{< N,
h €Z,T=Te OF Ts1,

Z(—l)d/(p’ﬂj_l’N)+Zv>0 dim N, APS—indT (DXH#X ® (KW ®K)}1)1/2

«

®fp7j_1(X) ® F‘Z/ @ Ql(W)7m +€(p, 6j—17N)7£7 h)

= Z(_l)d/(p>/8j—17N)+Zv>0 dim Ny +p APS—lndT (DX(TL]) ® (KW ® K)}l)l/Q
B

® F(B)) ® Fy(8;) ® Qw (8;) ® L(Bj)ism + &
+e(W) + (2 + (p = 1)h, ¢, h)

= Z(—l)d,(p’ﬁij)"‘sz dim No APS-ind, (DXH»a @ (Kw @ Kx)Y?

@Fpi(X) @ Fy @ Q'(W),m + (p, 85, N),£,h) mod kZ, (5.33)

where )5 means the sum over all the connected components of X(n;). In
5.33)), if 7 = 751, then pu = pg + pg; if 7 = 721, then p = p; + pg4. Combining

5.30) with (5.33]), we get (4.33).
The proof of Theorem [£.9]is completed.
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