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Today I will talk about recent work with Volker Genz and Gleb
Koshevoy.

Outline of the talk:

1 Crystal structures on PBW-type bases

2 Rhombic tilings

3 Crystal structures via Rhombic tilings

4 Connection to MV-polytopes

5 A proof of the Anderson-Mirkovic conjecture via Rhombic
tilings
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Setup

g = sln := {A ∈ Mn(C) | traceA = 0}

h = {diagonal matrices} ⊂ sln Cartan subalgebra

Φ+ = {αk,`−1 = εk − ε` | k , ` ∈ {1, ..., n}; k < `} ⊂ h∗

positive roots of g, where εk (diag(h1, h2, . . . , hn)) = hk .

A total ordering ≤ on Φ+ is called convex if for each
β1, β2, β3 ∈ Φ+ with β1 + β3 = β2

β1 ≤ β2 ≤ β3 or β3 ≤ β2 ≤ β1.

If we replace β1 ≤ β2 ≤ β3 by β3 ≤′ β2 ≤′ β1, we call the
convex ordering ≤′ a flip of ≤.
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PBW-type bases

For each convex ordering β1 ≤ β2 ≤ . . . ≤ βN on
Φ+ = {β1, β2, . . . , βN} Lusztig defined a PBW-type basis of U+

q

(=positive part of the quantized enveloping algebra of g)

B≤ = {F (mβ1
)

β1
F

(mβ2
)

β2
· · ·F (mβN )

βN
| (mβ1 ,mβ2 , . . . ,mβN ) ∈ ZN

≥0}.

B≤ is in natural bijection with the canonical basis of U+
q

 we have a crystal structure (= a particular coloured graph
structure) on each B≤.
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Crystal structure

{Vertices of the crystal} = { elements of B≤}

For each i ∈ {1, . . . , n − 1} we have an operator
f̃i : B≤ → B≤. For b, b′ ∈ B≤, we have an arrow in the crystal

graph b
i−→ b′ ⇐⇒ f̃ib = b′

εi (b) =length of string of consecutive arrows of colour i
ending at b.

f̃i is given explicitly if αi is the ≤-minimal positive root.
Otherwise f̃i is given recursively via transition between
different PBW-type bases obtained from each other by a
sequence of flips of the corresponding convex orderings
(difficult to compute in general).
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Aim:

Find nice description of f̃ib for ≤ arbitrary!

(nice=withouth using piecewise-linear maps)
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Rhombic tilings

Elnitsky associated to each convex ordering on Φ+ a decomposition
of the regular 2n−gon into rhombi (Rhombic tilings).

Example (n = 5)

α2 < α1,2 < α1 < α1,3 < α1,4 < α4 < α2,4 < α3,4 < α2,3 < α3

1

2

3

4

5

2

3

1

4

5
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Lusztig data

For a convex ordering β1 ≤ β2 ≤ . . . ≤ βn, let T≤ be the
corresponding tiling.

We identify each positive root αk,`−1 = εk − ε` with the tile

k

〈k, `〉 :=

`

and an element

F
(nβ1

)

β1
F

(nβ2
)

β2
· · ·F (nβN )

βN
∈ B≤

with the vector

(nβj )βj∈T≤ called ≤ −Lusztig-datum.
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Strips

For i ∈ {1, . . . , n} we define the i-strip Si to be the sequence
consisting of all rhombi parallel to the edge with label i .

Example (2-strip in T )

2

3

S2
1

5

4
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Combs

For i ∈ {1, . . . , n − 1} we define the i-comb Wi to be the set of
rhombi lying in the region starting at the left boundary cut out by
the i-strip Si and the (i + 1)-strip Si+1 .

Example (W1 and W3 in T )
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Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

4

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

4

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

4

2

3

1

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

4

2

3

1

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

4

1

5

4

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

4

1

5

4

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

4

2

3

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

4

2

3

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

4

2

3

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

44

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

44

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

44

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

An i-crossing γ is a sequence of neighbour rhombi in Wi

connecting the first rhombus of Si with the first rhombus of Si+1

following strips oriented from Si to Si+1.

Example (A 3-crossing in T )

2

3

1

5

4

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 11/ 22



Crossings

Example (All 3-crossings in T )

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 12/ 22



Crossings

Example (All 3-crossings in T )

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 12/ 22



Crossings

Example (All 3-crossings in T )

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 12/ 22



Crossings

Example (All 3-crossings in T )

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 12/ 22



Crossings

Example (All 3-crossings in T )

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 12/ 22



Crossings

Example (All 3-crossings in T )

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 12/ 22



Crossings

Example (All 3-crossings in T )

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 12/ 22



Crossings

Example (All 3-crossings in T )

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 12/ 22



Crossings

Example (All 3-crossings in T )

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 12/ 22



Crossings

Example (All 3-crossings in T )

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 12/ 22



Ordering on crossings

We order the set of all i-crossings by

γ1 � γ2 ⇔ γ1 is left of γ2

Example (Ordering of 3-crossings in T )
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Vectors associated to crossings

To an i-crossing γ we associate the vector [γ] ∈ ZΦ+
given by

(1 ≤ k < ` ≤ n)

[γ]αk,`−1
=


1 if γ turns from the k-strip to the `-strip at 〈k , `〉,
0 if γ does not turn at 〈k , `〉,
− 1 if γ turns from the `-strip to the k-strip at 〈k , `〉.

Example

2

3

1

5

4
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Vectors associated to crossings

To an i-crossing γ we associate the vector [γ] ∈ ZΦ+
given by

(1 ≤ k < ` ≤ n)
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0 if γ does not turn at 〈k , `〉,
− 1 if γ turns from the `-strip to the k-strip at 〈k , `〉.

Example

01

2

0
3

0

1

−1

5

0

1
[γ]αk,`−1

= 0

0

4

0

0

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 14/ 22



Description of Kashiwara operators

For a ≤-Lusztig datum m we define for 1 ≤ k < l ≤ n

Fi (m, γ) :=
∑
〈k,`〉∈γ
i∈[k,`]

mαk,`−1
−

∑
〈k,`〉∈γ
i /∈[k,`]

[γ]αk,`−1
=0

mαk,`−1
.

Theorem 1 (Genz, Koshevoy, S.)

Let i ∈ {1, . . . , n − 1} and let m be a ≤-Lusztig datum. Then

εi (m) = max
γ

Fi (m, γ)

and
f̃i (m)−m = [γm],

where γm is the maximal i-crossing with Fi (m, γ
m) = εi (m).
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MV-polytopes

Γn =chamber weights of g↔ proper subsets of {1, . . . , n}.

Let M = (Mx)x∈Γn ∈ ZΓn and

P(M) := {h ∈ hR | 〈h, x〉 ≥ Mx ∀x ∈ Γn}.

P(M) is called a Mirkovic-Vilonen (MV) polytope if M is a
Berenstein-Zelevinsky (BZ) datum (satisfies certain relations).

The set of ≤-Lusztig data is in bijection with the set of
(normalized) BZ data as illustrated in the following example:
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Vertices of a tiling as chamber weights

We identify the vertices of the tiling with a subset of Γn by
collecting the indices of the strips running below each vertex.

Example

2

3

1

5

4
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Vertices of a tiling as chamber weights

We identify the vertices of the tiling with a subset of Γn by
collecting the indices of the strips running below each vertex.

Example

2

3

1

5

{2,3,4}
4
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How to associate a BZ datum to a Lusztig datum

The vertices on the right boundary of T get the value 0
(normalization).

The values for the other vertices are determined inductively by
the following rule. For a tile T ∈ T we have

x3

x4 mT

x2

x1, x4 = x3 + x2 − x1 −mT .

.

The values of the chamber weights not lying in the vertex set
of T are determined by the relations of BZ-data.
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Crystal structure on MV-polytopes

Using the correspondence of ≤-Lusztig data with BZ-data, we can
compute the action of the Kashiwara operator f̃i on a BZ-datum:

For x ∈ Γn we define: six = (x \ {i}) ∪ {i + 1}.

Theorem 2 (Genz, Koshevoy, S.)

Let M be a BZ-datum and M ′ = f̃iM. Then

M ′x =

{
Mx − 1 if i ∈ x , i + 1 /∈ x and Mx −Msix ≥ M{1,...,i} −Msi{1,...,i}

Mx else.

Remark

Since in the first case in Theorem 2 the equality

Mx −Msix = M{1,...,i} −Msi{1,...,i}

follows directly from Theorem 1, we obtain the Anderson-Mirkovic
conjecture (originally proved by Kamnitzer) as a corollary.
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Proof of Thoerem 2

We pick a tiling T such that x is a vertex of T .

Example (n=5, i=1)

2

3

1

5

4
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the i-strip does not pass below x , if i + 1 ∈ x then the
i + 1-strip passes below x
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Example (n=5, i=1)

2

3
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i /∈ x ⇒ x lies in the red region

55

44
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Proof of Thoerem 2

We pick a tiling T such that x is a vertex of T . If i /∈ x then
the i-strip does not pass below x , if i + 1 ∈ x then the
i + 1-strip passes below x ⇒ x /∈ Wi

Example (n=5, i=1)

2

3

1

i /∈ x or i + 1 ∈ x

55

44

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann 20/ 22



Proof of Thoerem 2

We pick a tiling T such that x is a vertex of T . If i /∈ x then
the i-strip does not pass below x , if i + 1 ∈ x then the
i + 1-strip passes below x ⇒ x /∈ Wi ⇒ f̃ix = x .

Example (n=5, i=1)

2

3

1

55

44
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Proof of Theorem 2 (continued)

If i ∈ x and i + 1 /∈ x , by a theorem of Danilov, Karzanov and
Koshevoy, there exists a tiling T such that x and six is a
vertex of T .

In this tiling x and six must be the left and right
vertex of the tile 〈i , i + 1〉.
f̃ix 6= x ⇐⇒ f̃i acts by the �-maximal crossing γ0 on the
corresponding Lusztig datum m

⇐⇒ Fi (m, γ0) = εi (m)

⇐⇒ f̃ix = x − 1.

2

3

1

5

x
six

4
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Proof of Theorem 2 (continued)

If i ∈ x and i + 1 /∈ x , by a theorem of Danilov, Karzanov and
Koshevoy, there exists a tiling T such that x and six is a
vertex of T . In this tiling x and six must be the left and right
vertex of the tile 〈i , i + 1〉.
f̃ix 6= x ⇐⇒ f̃i acts by the �-maximal crossing γ0 on the
corresponding Lusztig datum m ⇐⇒ Fi (m, γ0) = εi (m)
⇐⇒ f̃ix = x − 1.

Translating εi (m) and Fi (m, γ) into the language of BZ-data
yields the statement.

2

3

1

5

x
six

4
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Thank you!
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