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Today | will talk about recent work with Volker Genz and Gleb
Koshevoy.

Outline of the talk:
@ Crystal structures on PBW-type bases
@ Rhombic tilings
© Crystal structures via Rhombic tilings

@ Connection to MV-polytopes

© A proof of the Anderson-Mirkovic conjecture via Rhombic
tilings
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o g=sl,:={Ae M,(C) | traceA = 0}
e h) = {diagonal matrices} C s/, Cartan subalgebra
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o Ot ={ak1=e—e | k,0e{l,....,n}; k< {} Ch*
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Setup

o g=sl,:={Ae M,(C) | traceA = 0}
e h) = {diagonal matrices} C s/, Cartan subalgebra

o Ot ={ak1=e—e | k,0e{l,....,n}; k< {} Ch*
positive roots of g, where €, (diag(hi, h, ..., hy)) = hg.

@ A total ordering < on ®* is called convex if for each
B1, B2, B3 € ®F with 1 + 83 = 2

p1 < B2 < B3 or B3 < Br < Br.

If we replace 81 < B2 < B3 by B3 <’ B <’ 31, we call the
convex ordering <’ a flip of <.
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PBW-type bases

For each convex ordering 81 < B2 < ... < [y on
&t = {B1,B2,...,Bn} Lusztig defined a PBW-type basis of U
(=positive part of the quantized enveloping algebra of g)
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PBW-type bases

For each convex ordering 81 < B2 < ... < [y on
&t = {B1,B2,...,Bn} Lusztig defined a PBW-type basis of U
(=positive part of the quantized enveloping algebra of g)

(mg,) (mgy)
= (FPE L E | (g, m. . mg,) € 22}
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PBW-type bases

For each convex ordering 81 < B2 < ... < [y on
&t = {B1,B2,...,Bn} Lusztig defined a PBW-type basis of U
(=positive part of the quantized enveloping algebra of g)

(mg,) (mg,) (msy)
BS:{Fﬁl A1 Fﬁg B2 Fﬁ Bn ’(mﬂl’mﬁy...,mg,\,)ezgo}.

N

B< is in natural bijection with the canonical basis of U,
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PBW-type bases

For each convex ordering 81 < B2 < ... < [y on
&t = {B1,B2,...,Bn} Lusztig defined a PBW-type basis of U
(=positive part of the quantized enveloping algebra of g)

= (FPOET BT | (g, . ms, ) € ZY).

N

B< is in natural bijection with the canonical basis of U,

~» we have a crystal structure (= a particular coloured graph
structure) on each Bx.
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Crystal structure

o {Vertices of the crystal} = { elements of B<}
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Crystal structure

o {Vertices of the crystal} = { elements of B<}

@ Foreach i€ {1,...,n— 1} we have an operator
f,' . BS — BS'
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Crystal structure

o {Vertices of the crystal} = { elements of B<}

@ Foreach i€ {1,...,n— 1} we have an operator
fi - B« — B<. For b, b/ € B<, we have an arrow in the crystal

graph bib «— fib=V
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Crystal structure

o {Vertices of the crystal} = { elements of B<}

@ Foreach i€ {1,...,n— 1} we have an operator
fi - B« — B<. For b, b/ € B<, we have an arrow in the crystal

graph bib «— fib=V

@ ¢;(b) =length of string of consecutive arrows of colour i
ending at b.
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Crystal structure

o {Vertices of the crystal} = { elements of B<}

@ Foreach i€ {1,...,n— 1} we have an operator
fi - B« — B<. For b, b/ € B<, we have an arrow in the crystal

graph bib «— fib=V

@ ¢;(b) =length of string of consecutive arrows of colour i
ending at b.

o f; is given explicitly if «; is the <-minimal positive root.
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Crystal structure

o {Vertices of the crystal} = { elements of B<}

@ Foreach i€ {1,...,n— 1} we have an operator
fi - B« — B<. For b, b/ € B<, we have an arrow in the crystal

graph bib «— fib=V

e ¢j(b) =length of string of consecutive arrows of colour i
ending at b.

e f; is given explicitly if «; is the <-minimal positive root.
Otherwise f; is given recursively via transition between
different PBW-type bases obtained from each other by a
sequence of flips of the corresponding convex orderings
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Crystal structure

o {Vertices of the crystal} = { elements of B<}

@ Foreach i€ {1,...,n— 1} we have an operator
fi - B« — B<. For b, b/ € B<, we have an arrow in the crystal

graph bib «— fib=V

e ¢j(b) =length of string of consecutive arrows of colour i
ending at b.

e f; is given explicitly if «; is the <-minimal positive root.
Otherwise f; is given recursively via transition between
different PBW-type bases obtained from each other by a
sequence of flips of the corresponding convex orderings
(difficult to compute in general).
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Aim:

Find nice description of ;b for < arbitrary!
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Aim:

Find nice description of ;b for < arbitrary!

(nice=withouth using piecewise-linear maps)
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).

Example (n = 5)

O <1 <o <013 <014<04<024<034<023<03
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

ap <o <o <013<014<04<024<034<023<03
=ep—e€3
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

o < 12 <o <o13<014 <0 <a4<034<023<03
=€1—€3
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

o <12 < a1 <0a13<01a<ag <04 <034<023<03
=€1—€2
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

o <12 < a1 <0a13<01a<ag <04 <034<023<03
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

o <o <o < o013 <014 <o <aq<o3zqa<azsz<ag
161*64
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

o <o <o <0o13< 14 <o <a4<03q4<a3<03
=€1—¢5
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
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o <o <o <0o13< 14 <o <a4<03q4<a3<03
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

oy <o <o <ap3<ore< g < o4 <034<023<03
=e4—¢5
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

oy <o <o <ap3<ore< g < o4 <034<023<03
=e4—¢5
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

o <o <o <013<014<04< 024 <034<023<03
162*65
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

o <o <o <013<014<04< 024 <034<023<03
162*65
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

o <o <o <013 <014 <og<o24< 034 <a3<03
=e3—e€5
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

o <o <o <013 <014 <og<o24< 034 <a3<03
=e3—e€5
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

o <o <o <013 <014 <04<024<034< 023 <03
:62*64
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

o <o <o <013 <014 <04<024<034< 023 <03
:62*64
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

O <12 <o <013<014<04<024<034<023< Q3
:63—64
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).
Example (n = 5)

O <12 <o <013<014<04<024<034<023< Q3
:63—64
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Rhombic tilings

Elnitsky associated to each convex ordering on ®* a decomposition
of the regular 2n—gon into rhombi (Rhombic tilings).

Example (n = 5)

O <1 <o <013 <014<04<024<034<023<03
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Lusztig data

For a convex ordering 81 < B2 < ... < f3j, let T< be the
corresponding tiling.
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Lusztig data

For a convex ordering 81 < B2 < ... < f3j, let T< be the
corresponding tiling.
We identify each positive root o ¢—1 = €x — €, with the tile

L
(k, 0y =
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Lusztig data

For a convex ordering 81 < B2 < ... < f3j, let T< be the
corresponding tiling.
We identify each positive root o ¢—1 = €x — €, with the tile

L
(k, 0y =

and an element

(ngy) =(ng,) (nsy)
Fﬁl ' Fﬁz ’ .”F,BNN EBS
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Lusztig data

For a convex ordering 81 < B2 < ... < f3j, let T< be the
corresponding tiling.
We identify each positive root o ¢—1 = €x — €, with the tile

L
(k, 0y =

and an element
(ngy) ~(ng,) (ngy)
F511F522.”F5NN EBS

with the vector

(nﬂj)ﬁjGTS
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Lusztig data

For a convex ordering 81 < B2 < ... < f3j, let T< be the
corresponding tiling.
We identify each positive root o ¢—1 = €x — €, with the tile

l
(k, 0y =

and an element
(ngy) ~(ng,) (ngy)
Fﬁl ' Fﬁz ’ .”F,BNN € BS
with the vector

(ng;)peT< called < —Lusztig-datum.
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Strips

For i € {1,..., n} we define the i-strip S; to be the sequence
consisting of all rhombi parallel to the edge with label .

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann



Strips

For i € {1,..., n} we define the i-strip S; to be the sequence
consisting of all rhombi parallel to the edge with label .

Example (2-strip in 7))
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Strips

For i € {1,..., n} we define the i-strip S; to be the sequence
consisting of all rhombi parallel to the edge with label .
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Strips

For i € {1,..., n} we define the i-strip S; to be the sequence
consisting of all rhombi parallel to the edge with label .

Example (2-strip in 7))
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Strips

For i € {1,..., n} we define the i-strip S; to be the sequence
consisting of all rhombi parallel to the edge with label .

Example (2-strip in 7))

5
4
o~
3
2
1
S
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Combs

For i€ {1,...,n— 1} we define the i-comb )V; to be the set of
rhombi lying in the region starting at the left boundary cut out by
the j-strip S; and the (i + 1)-strip Sj41 -
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Combs

For i€ {1,...,n— 1} we define the i-comb )V; to be the set of
rhombi lying in the region starting at the left boundary cut out by
the j-strip S; and the (i + 1)-strip Sj41 -

Example (W; and W5 in T)

5
4
3
| — N\
=
Y
\
2
1
Wi
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Combs

For i€ {1,...,n— 1} we define the i-comb )V; to be the set of

rhombi lying in the region starting at the left boundary cut out by
the j-strip S; and the (i + 1)-strip Sj41 -

Example (W; and W5 in T)

5

o~ — \\
i \
3 3 X
| — ~ |
. >
)
\
2 2
T N
Wh
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;
connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;
connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.

Example (A 3-crossing in T)

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann



Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;
connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.

Example (A 3-crossing in T)

5
4
3
va
2
—
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;
connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.

Example (A 3-crossing in T)

5
4
3
va
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;
connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.

Example (A 3-crossing in T)

5
4
3(
2
1
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;
connecting the first rhombus of S; with the first rhombus of S;1

following strips oriented from S; to Sj41.

Example (A 3-crossing in T)

Bea Schumann
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;
connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.

Example (A 3-crossing in T)
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;
connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.

Example (A 3-crossing in T)
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;
connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.

Example (A 3-crossing in T)
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;
connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.

Example (A 3-crossing in T)
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;

connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.

Example (A 3-crossing in T)

5
W~ =
o —
AY
===
T
2
1
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;

connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.

Example (A 3-crossing in T)

5

W~ =
—
AY
==
T
2
1
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Crossings

An i-crossing 7 is a sequence of neighbour rhombi in W;
connecting the first rhombus of S; with the first rhombus of S;1
following strips oriented from S; to Sj41.

Example (A 3-crossing in T)
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Crossings

Example (All 3-crossings in T)
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Crossings

Example (All 3-crossings in T)
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Crossings

Example (All 3-crossings in T)
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Crossings

Example (All 3-crossings in T)

oODS
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Crossings

Example (All 3-crossings in T)

oODE
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Crossings

Example (All 3-crossings in T)

o
O
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Crossings

Example (All 3-crossings in T)

©Og
OO E
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Crossings

Example (All 3-crossings in T)

oOD e
©OOY
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Crossings

Example (All 3-crossings in T)

-2 1
DO T

@@@
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Crossings

Example (All 3-crossings in T)
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Ordering on crossings

We order the set of all i-crossings by

Y1 =X Y2 & 7 is left of
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Ordering on crossings

We order the set of all i-crossings by

Y1 =X Y2 & 7 is left of

Example (Ordering of 3-crossings in T)
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Ordering on crossings

We order the set of all i-crossings by

Y1 =X Y2 & 7 is left of

Example (Ordering of 3-crossings in T)
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Ordering on crossings

We order the set of all i-crossings by

Y1 =X Y2 & 7 is left of

Example (Ordering of 3-crossings in T)
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Ordering on crossings

We order the set of all i-crossings by

Y1 =X Y2 & 7 is left of

Example (Ordering of 3-crossings in T)

~
~ ~
~ ~
~
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Ordering on crossings

We order the set of all i-crossings by
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Ordering on crossings

We order the set of all i-crossings by

Y1 =X Y2 & 7 is left of

Example (Ordering of 3-crossings in T)
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Vectors associated to crossings

To an i-crossing v we associate the vector [v] € yAM given by
(1<k<t<n)

1 if v turns from the k-strip to the {-strip at (k, ¢),
Voo = 0 if v does not turn at (k, ¢),
— 1 if v turns from the {-strip to the k-strip at (k,¢).
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Vectors associated to crossings

To an i-crossing v we associate the vector [v] € yAM given by
(1<k<t<n)

1 if v turns from the k-strip to the {-strip at (k, ¢),
Voo = 0 if v does not turn at (k, ¢),
— 1 if v turns from the {-strip to the k-strip at (k,¢).

Example
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Vectors associated to crossings

To an i-crossing v we associate the vector [v] € yAM given by
(1<k<t<n)

1 if v turns from the k-strip to the {-strip at (k, ¢),
Voo = 0 if v does not turn at (k, ¢),
— 1 if v turns from the {-strip to the k-strip at (k,¢).

Example

3 ['Y]ak,zq =1
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Vectors associated to crossings

To an i-crossing v we associate the vector [v] € yAM given by
(1<k<t<n)

1 if v turns from the k-strip to the {-strip at (k, ¢),
Voo = 0 if v does not turn at (k, ¢),
— 1 if v turns from the {-strip to the k-strip at (k,¢).

Example

[’7]04;(,1:71 =-1
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Vectors associated to crossings

To an i-crossing v we associate the vector [v] € yAM given by
(1<k<t<n)

1 if v turns from the k-strip to the {-strip at (k, ¢),
Voo = 0 if v does not turn at (k, ¢),
— 1 if oy turns from the {-strip to the k-strip at (k, ¢).

Example
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Vectors associated to crossings

To an i-crossing v we associate the vector [v] € yAM given by
(1<k<t<n)

1 if v turns from the k-strip to the {-strip at (k, ¢),
Voo = 0 if v does not turn at (k, ¢),
— 1 if oy turns from the {-strip to the k-strip at (k, ¢).

Example

[A‘](‘k.» 1 O
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Description of Kashiwara operators

For a <-Lusztig datum m we define for 1 < k </ <n

Fi(m,v) = Z Moy g1 — Z Moy -

(k,0yey (k.b)yey
i€k, i¢[k,
[’Y]U‘k,é—l =0
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Description of Kashiwara operators

For a <-Lusztig datum m we define for 1 < k </ <n

Fi(m,v) = Z Moy g1 — Z Moy -

(k0 ey (k,£)Er
i€k, i¢[k,0]
[’Y]U‘k,é—l =0

Theorem 1 (Genz, Koshevoy, S.)
Let i€ {1,...,n—1} and let m be a <-Lusztig datum. Then

ei(m) = max Fi(m,7)
¥

and 3
fi(m) = m=[y"],

where 4™ is the maximal i-crossing with F;(m,y™) = ¢;(m).
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MV-polytopes

e [, =chamber weights of g <+ proper subsets of {1,..., n}.
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P(M):={hebgr | (h,x) > M, Vxel,}.
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MV-polytopes

e [, =chamber weights of g <+ proper subsets of {1,..., n}.

o Let M = (My)xer, € Z" and

P(M):={hebgr | (h,x) > M, Vxel,}.

e P(M) is called a Mirkovic-Vilonen (MV) polytope if M is a
Berenstein-Zelevinsky (BZ) datum (satisfies certain relations).
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MV-polytopes

e [, =chamber weights of g <+ proper subsets of {1,..., n}.

o Let M = (My)xer, € Z" and

P(M):={hebgr | (h,x) > M, Vxel,}.

e P(M) is called a Mirkovic-Vilonen (MV) polytope if M is a
Berenstein-Zelevinsky (BZ) datum (satisfies certain relations).

@ The set of <-Lusztig data is in bijection with the set of
(normalized) BZ data as illustrated in the following example:
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Vertices of a tiling as chamber weights

We identify the vertices of the tiling with a subset of I, by
collecting the indices of the strips running below each vertex.
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Vertices of a tiling as chamber weights

We identify the vertices of the tiling with a subset of I, by
collecting the indices of the strips running below each vertex.

4
ey,

2

Example
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Vertices of a tiling as chamber weights

We identify the vertices of the tiling with a subset of I, by
collecting the indices of the strips running below each vertex.

4
0

2

Example
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How to associate a BZ datum to a Lusztig datum

@ The vertices on the right boundary of T get the value 0
(normalization).
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How to associate a BZ datum to a Lusztig datum

@ The vertices on the right boundary of 7 get the value 0
(normalization).

@ The values for the other vertices are determined inductively by
the following rule.

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann



How to associate a BZ datum to a Lusztig datum

@ The vertices on the right boundary of 7 get the value 0
(normalization).

@ The values for the other vertices are determined inductively by
the following rule. For a tile T € 7 we have

X2
X4 X1, X4 = X3+ Xp — X1 — mT.

X3
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How to associate a BZ datum to a Lusztig datum

@ The vertices on the right boundary of 7 get the value 0
(normalization).

@ The values for the other vertices are determined inductively by
the following rule. For a tile T € 7 we have

X2
X4 X1, X4 = X3+ Xp — X1 — mT.
X3

@ The values of the chamber weights not lying in the vertex set
of T are determined by the relations of BZ-data.
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Crystal structure on MV-polytopes

Using the correspondence of <-Lusztig data with BZ-data, we can
compute the action of the Kashiwara operator f; on a BZ-datum:
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Crystal structure on MV-polytopes

Using the correspondence of <-Lusztig data with BZ-data, we can
compute the action of the Kashiwara operator f; on a BZ-datum:
For x € ', we define: spx = (x \ {i}) U {i + 1}.
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Crystal structure on MV-polytopes

Using the correspondence of <-Lusztig data with BZ-data, we can
compute the action of the Kashiwara operator f; on a BZ-datum:
For x € ', we define: spx = (x \ {i}) U {i + 1}.

Theorem 2 (Genz, Koshevoy, S.)

Let M be a BZ-datum and M’ = f;M. Then

M. = My —1 ifiexi+1 ¢ x and My — Ms,'x > M{lv,‘,i} - Ms,-{l ,,,,, i}
M, else.
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Crystal structure on MV-polytopes

Using the correspondence of <-Lusztig data with BZ-data, we can
compute the action of the Kashiwara operator f; on a BZ-datum:
For x € ', we define: spx = (x \ {i}) U {i + 1}.

Theorem 2 (Genz, Koshevoy, S.)
Let M be a BZ-datum and M’ = £ M. Then

M, =

X

M, —1 ifi6x,i+1§éxand My — Mg, > M{luu,i}_Ms,-{l AAAAA iy
M, else.

Remark
Since in the first case in Theorem 2 the equality

My — Ms;x = Mg iy — Mg, iy

follows directly from Theorem 1, we obtain the Anderson-Mirkovic
conjecture (originally proved by Kamnitzer) as a corollary.
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Proof of Thoerem 2

@ We pick a tiling 7 such that x is a vertex of 7.
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Proof of Thoerem 2

e We pick a tiling 7 such that x is a vertex of 7. If i ¢ x then
the j-strip does not pass below x, if i + 1 € x then the
i + 1-strip passes below x
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Proof of Thoerem 2

e We pick a tiling 7 such that x is a vertex of 7. If i ¢ x then
the j-strip does not pass below x, if i + 1 € x then the
i + 1-strip passes below x

Example (n=5, i=1)

5
4 =\
Va 4
~Z—
3
)=
=
\\\
) v
1

i ¢ x = x lies in the red region
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Proof of Thoerem 2

e We pick a tiling 7 such that x is a vertex of 7. If i ¢ x then
the j-strip does not pass below x, if i + 1 € x then the
i + 1-strip passes below x

Example (n=5, i=1)

1
i+ 1€ x = x lies in the red region
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Proof of Thoerem 2

e We pick a tiling 7 such that x is a vertex of 7. If i ¢ x then
the j-strip does not pass below x, if i + 1 € x then the
i + 1-strip passes below x = x ¢ W;

Example (n=5, i=1)

5
4 =\
fa
&
3
2
1

i¢xori+1lex
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Proof of Thoerem 2

e We pick a tiling 7 such that x is a vertex of 7. If i ¢ x then
the j-strip does not pass below x, if i + 1 € x then the
i 4 1-strip passes below x = x ¢ W; = fix = x.

Example (n=5, i=1)

5
4 =\
fa
&
3
2
1
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Proof of Theorem 2 (continued)

e If i€ xand i+ 1 ¢ x, by a theorem of Danilov, Karzanov and
Koshevoy, there exists a tiling 7 such that x and s;x is a
vertex of 7.
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Proof of Theorem 2 (continued)

e If i€ xand i+ 1 ¢ x, by a theorem of Danilov, Karzanov and
Koshevoy, there exists a tiling 7 such that x and s;x is a
vertex of 7. In this tiling x and s;x must be the left and right
vertex of the tile (i, i+ 1).

o fix % x = f; acts by the <-maximal crossing o on the
corresponding Lusztig datum m
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Proof of Theorem 2 (continued)

e If i€ xand i+ 1 ¢ x, by a theorem of Danilov, Karzanov and
Koshevoy, there exists a tiling 7 such that x and s;x is a
vertex of 7. In this tiling x and s;x must be the left and right
vertex of the tile (i, i+ 1).

° f,-x % x = f, acts by the <-maximal crossing g on the
corresponding Lusztig datum m

SiX

Crystal structures on PBW-type bases via Rhombic tilings Bea Schumann



Proof of Theorem 2 (continued)

e If i€ xand i+ 1 ¢ x, by a theorem of Danilov, Karzanov and
Koshevoy, there exists a tiling 7 such that x and s;x is a
vertex of 7. In this tiling x and s;x must be the left and right
vertex of the tile (i, i+ 1).

° f,-x % x = f, acts by the <-maximal crossing g on the
corresponding Lusztig datum m <= Fi(m,v) = €;(m)

SiX
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Proof of Theorem 2 (continued)

e If i€ xand i+ 1 ¢ x, by a theorem of Danilov, Karzanov and
Koshevoy, there exists a tiling 7 such that x and s;x is a
vertex of 7. In this tiling x and s;x must be the left and right
vertex of the tile (i, i+ 1).

° f,-x % x = f, acts by the <-maximal crossing g on the
corresponding Lusztig datum m <= Fi(m,v) = €;j(m)
= f,-x =x—-1.

SiX
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Proof of Theorem 2 (continued)

e If i€ xand i+ 1 ¢ x, by a theorem of Danilov, Karzanov and
Koshevoy, there exists a tiling 7 such that x and s;x is a
vertex of 7. In this tiling x and s;x must be the left and right
vertex of the tile (i, i+ 1).

° f,-x % x = f, acts by the <-maximal crossing g on the
corresponding Lusztig datum m <= Fi(m,v) = €;j(m)
= f,-x =x—-1.

e Translating ¢;(m) and F;(m, ) into the language of BZ-data
yields the statement.
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Thank you!
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