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Functional central limit theorem (CLT) for excursion sets

Setup
> F:={F(2)},cre = centered Gaussian random field
> Stationarity ~ F(- +z) 2 F(), z € R¢
~ (F(zy),...,F(x,)) Gaussian random vector, r1, ..., z, € R?
> Covariance function

C(z,y) = Cov(F(z), F(y))

> A(u; F) = {x: F(x) > u} = excursion set

Betti numbers
> Bo, 81, 82 = number of connected components, loops, cavities
> Bgn(u) = fy (A(u; Fyn W’,L) = [y (A(u; F)ynjo, n]d)

Dream goal. Functional central limit theorem (CLT)

Wl =2(Bgun () — E[Byn(w)]) £ N(0, 02(w)).

as a stochastic process in u.
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Motivation and state-of-the-art

Motivation from natural sciences
> Cosmic microwave background
> Materials science

> CLT used for hypothesis tests

(Estrade & Ledn, '16)
> CLT for Euler characteristic
> More local than Betti number

> Malliavin calculus

(Beliaev, McAuley, Muirhead, '23+)
> CLT for component count
> Martingale CLT & stabilization

> Finite moments for critical points
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Morse theory

Morse theory

~+ Bq.n(u) only changes at values u of critical points

~~» Marked point process of critical points of the field

V(W x I):={(z,F(x)) € W x I: VF(z) =0} https://bastian.rieck.me

Major problem. Notoriously difficult to get moments of critical points
> Progress by (Gass & Stecconi, '23) and (Ancona & Letendre)

> Functional CLT needs control of the moment for the number of critical points with
values in small intervals

> Restrict to subcritical level-set percolation
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Assumptions

Gaussian fields assumptions

> Regularity. F should be of class C*

> Spectral regularity. su pp(C) contains an open set

= Correlation decay. C should decay at oo as ||z|| = for some 3 > 0

C(Q; A) := union of connected components of A hitting (.

Percolation assumption

For () compact, for some u. € R thereis A > 0 such that

O 1 . , >
lim sup logp(dlam(c(Ql\A(MC))) >m) <0
mtoo m

~~ (Severo, '22)
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Fixed-level CLT

Represent Betti numbers as

BW,I) = Z 3. (W) + (facet contributions)
(z,w)eY (1)

where 0, = 1{m ref. point 0fC}ﬁq(O7 I)

Theorem (Fixed-level CLT)
Letu > uc. Then, for 5, (u) := B(W,,, A(u; F)),

Bra(w) := (Wi | 7H2(B,(w) — E[Bn(w)]) = N(0, 0(u)?).

Iflim inf 1o0 [Wy| "'E[B,, (w)] > 0, then o(u)? > 0.

Theorem (FCLT for regular Betti numbers)

. . . 5 d
On any compact contained in [uc, oo), it holds that 3,, = (G, for some centered
Gaussian process G on [u., o).
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White-noise representation

A Gaussian white noise is a random signed measure VY such that
> W(A) ~ N(0, |A]) for A C R? measurable
> W(AU B) = W(A) + W(B) for disjoints A, B C R4
= W(A) and W(B) are independent for disjoint A, B C R.

In particular for f1, fo square integrable

ccv( Al@Wdz), | folz) dT /fl ) fo(z)dz.

Rd R

Let g : R — R be symmetric, square integrable and define F'(z) := g = W.

Then,

Therefore,
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El Fixed-level CLT
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Proof of fixed-level CLT

Idea. Martingale decomposition
For B C R%, define the independent resampling of VW in B, i.e.

WB)(A) = W(A\ B) + W (AN B)

where W' is a white noise independent of V.

> G, := o-algebra generated by the restriction of WV to boxes ); := i + [0, 1]¢
with 7 <jex J lexicographically

Then, with BY" (u) := 8, (us F') — B, (u; F(@),

Bn ( ) 6n U Z E B(n> |g] \/ Z UJ n
jezd jezd
Conditions for martingale CLT (McLeish, '74); (BMM, '23+).
sup;eza |Ujn| — 0 in probability
. SUp, > E[supjezd Uj,n} < 00;

-

2

'l

3. ngzd U, " L2 52 for some o2 > 0.
4. E{Zjezd |Uj,'n,|:| < ooforalln >1

i
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Proof of fixed-level CLT

Issue. How to check conditions in practice?
> Simplifications (Penrose & Yukich, '01); (BMM, '23+)
~+ Reduction to a stabilization and a moment condition.

Proposition (Stabilization condition; Lemma 3.7 of (BMM, "23+))

The sequence {B(A"’l}n converges almost surely to some a.s. finite B(AOZ).

Proof idea.
> Sety := (3/d — 1/2 and consider the decomposition

(")
BAJ w) Z BAaijs
i€EW,

Key task

P(Ba,i,0 # 0) = [i| 77 +°W

Borel-Cantelli ~ a.s. only finitely many of the BA%O are different from 0.
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Moment condition

> dj,, = dist(j, W,,) = distance of j € Z< from W,

Proposition (Moment conditions; Lemma 3.6 of (BMM, *23+))

For any sufficiently small e > 0, it holds with ¢ = q(€) = 2 + ¢ that
1. SUp,,>; SUP;ezd IEHBXZ-H < 00;
2.

< 2 jend: dj,n>k]E[|BXl,;\q]
by TWalPk=B73 (kd + K|W,,|(@=D/4)

< oQ;

3. S5UDpsy (Wl ™' X, ez0 ElIBR]Y] < .
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Moment bound

Lemma (Moment bound on Bg”])

Let3 < m < qo(1 —1/7) and E[Y(Q,)%] < co. Then,

EHB Tl)lm] c O(|W ‘md vd(go—m /qo |W |/\d ))

Gl

Proof sketch. First,

E[|BR™] < W,

iEW,
By Hélder with ¢’ = go/m and p’ = qo /(g0 — m),

E[BR; ;] SE[BY, ]V P(Bai; # 07 = |i —j|74/7 4
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Moment bound (II)

Now,
.= d/ / ) _ d/ Y
2 =TS C 2 iR B ®
€W, Z0djn
€ O((IWal Ad2,)d; 147, K
where J

Gin(k) = |{i € Wyt i — j| = k}| € O(k4} And-1),
Proof of Proposition. Putting o := ¢/qo, we note that for k > n,

> BB € Y gl Wt e 0
Jidy >k 0>k

where g\ = |{i € Z: dist(i,W,)) = (}]. Since g™ € O(¢3=1), this is of
order O (|W,, |21 kd=7d(1=2)),
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Moment bound (ll)

#{j: d;jn < n} € O(|W,]) ~ suffices to consider d; ,, > n. djn <1

Then, by the previous result with k& = n,
n

W, |7t Z ]EHBX?H(]]EO(‘Wn|q+1_7(1_U))-

Jidjnz2n
Part (2). For k > n,

Wal™ 30 EIBL)IY) € O(Wa |7 k(0 =o)d),
Jidjnzk
In particular,
|W,, |0t (1= (1=a))d

- 4—2},(1/6-(2/3-0))d
‘Wn|3]€d_ﬂ/3 B ‘Wn| k € O(l)
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Smallness of perturbations

Goal. Show P(Ba i, # 0) = |i| 7 7d¢t+e()

> Set Ag(z) := F(z) — FP)(z) := F(z) — gx» WB) (x)
> Need: topology of {F' > u} NC; isthe same as {F' + A > u} NC; ifno
“topological event” occurs in the evolution t — F; := F + tA.

Lemma (Deterministic topological lemma)

Assume that
1. There is no critical point in OC; (i.e. such that V Fy(xz) = 0, Fy(z) = w)
2. Nox € QQ; shall lose (or gain) the “reference point” status

Then,
Ba,ij =0

Proof idea.
> Lemma 4.1 in (BMM, '23+)
> Morse-type theory; homotopy extension theorem
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Dealing with topological events

Question. How to bound probabilities of topological events?
> Why are they unlikely?
Idea. “More equations than unknowns”

\Y

Let A= (z,9) €Q xRI1:5¢€Q.

>
> Define the operator D*F(z,9) := ||z — g|| ' (VF (z) — VF(7)).
>

Relevant event. 3t € [0, 1]:
VF(z)+tVA(x) = VF(j) + tVA(g) = 0.
or, equivalently
VF(z) 4+ tVA(z) = D*F(z,§) + tD?*A(z,9) = 0.
In particular,

IVF (@)l < [VA@)], | D*F (2,9l < |D* Az, §)ll-

CLT for Betti numbers - October 06, 2023 - Page 16

For (,9) = (2, (2, - -, ya)) € R*"!, denote by § = (21,42, - ..

,Yd)-

P



Bulinskaya lemma

Lemma (Bulinskaya)

Let

~ A C R™ compact withm' < m.

> (fi(x),..., fm(x)), z € A: non-degenerate centred Gaussian field.
Then,
Jimn sup log P(inf ;e 4 max;<m, | fi(x)| < 7) <—1.
T—0 log T

Sketch.
> Iffor some z € A, max;<,, | fi(x)| < 7, thenfory € B(zx, 1),

Igax|fi,(y)‘ < 7—(1 + va”B(lT))

1%

Letp € (0,1),and X := [, [, | fil2)| "da.
Work from now under the event 2 := { inf,c 4 max;<pm | fi(z)| < 7}
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Bulinskaya lemma

/=

> [[ 1@l = H 1+||Vf||3(“> o —m

i<m i<m

Hence, by Jensen’s inequality,

roy <o) < e st T o))

i<m

<CTm"_ml|A|]E[/ IT it \AJ o

i<m

> Choose y such thatmpy —m/ =1 —ecandsetp := (1 —¢)/p.
> As the field is non-degenerate, it is uniformly comparable with an iid vector, and

EEEEH:[ \fi(m)I‘“”] < o0.
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Bulinskaya lemma

Corollary

Let o, ¢ two centred Gaussian fields R™ — R™. Then

P(int o @)/ 0@l < 1) < inf (er® + exp(~r sup Var(y(@)) ™))

Apply this result to the field

on A= {(x,y): z1 =y} € R?~1 Then,

lell < IdS2FIL 9l < [ldS*A].
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Non-degeneracy

Proposition (Non-degeneracy of partial derivatives)

For all , the derivatives 0 F (x) form a non-degenerate Gaussian vector.

Sketch. By continuity, if > 5, A;0%* F'(0) = 0 a.s. Then, for some polynomial P,

~ supp(p) C {A: P(A) =0}
~> {A: P(\) = 0} contains an open set

~~ P vanishes in a neighbourhood of some point
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Smallness of perturbations

> Remains to bound the derivatives

Define

Ap(z) := F(z) — FB)(2) := F(z) — g » WP ()

Proposition

Let|a| < 3. Iffor some B > d, |8ag(z)| € O((1 + |z])~#), for A C R?

stjp |0aAp(x)| < c(log(diam(A)) + U)d(A, B)™Y).

where U 4 has a Gaussian tail.
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Smallness of perturbations

First, by the Borell-TIS inequality and the entropy bound we have the following result

Proposition

Given any continuous centered Gaussian field G on some domain A C R¢,

IG|la := 51612 |G(x)| < (Ua + ¢(1 + log(diam(A) + 1))) sgp Var(G(x))

where P(Us > s) € O(exp(—cs?))

Proof idea.

Leto = d(A, B). Then,

Var(Ap(z / lg(xz — y)|?dy < / 1+ ||z — y||)725dy < co™ 4,
B(0,0)¢

Hence, the maximum over some A behaves as
|Az[la € O((log(1 + diam(A)) + Ua)(1+ p) %)

where U 4 has Gaussian tails.
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B Positivity of limiting variance
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Positivity of limiting variance

Idea. By martingale CLT,
o(u)? = E[E[BSY) | Fol].,
where ]:() = (T(W N Qz Qz < Ql)

Key step. Expected Betti numbers decrease after perturbation

Lemma (Reduction of expected Betti number by perturbation)

There exists m > 1 and an open set S C R such that

sup lim (E[B,,(F + s(g * Ly, ), w)] — E[Bn(F,w)]) <0

ses ntoo
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Positivity of limiting variance

For w € C*, we set

D(w) = lim (B, (F + w;u) — B, (F(Ql);u)).

ntoo

In particular, D(0) = B,

,0

Positivity of the limiting variance (sketch).

> In the proof, we rely on a variant B(A O)m of B( ) , where instead of a partition

into side-length 1 boxes, we use boxes of side Iength m 2 1.

> Decompose the white noise W on mQ) into Zy1,,0, () and an orthogonal
part, where Zj is a standard normal random variable.

Consider G(z) := E[BA 0o | Zo = z]. Then,

E[G(Zo + )] = E[D(s(g » 1,,q,))], so that E[G(Z)] = 0.

= Reduction lemma ~ infyer E[G(Zy + s)] < 0.

v

> Jensen’s inequality ~ o2 > Var(G(Zy)) > 0.
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Proof of Lemma

Key observation. lim, 4o, pt(u) = 0.

Reduction lemma ~» 3¢ > 0 and S C R4 open such that
Sup e 1 — 8) — plu) < 7

~ E[B(B(k), F +s)] — E[B(B(k), F)] < —6¢k".

Four steps, valid for n > m, k := m — y/m, s € S and where we set
W= W, 1= 8G * Lyt

E[|B(B(n), F) = B(B(k), F) = 8(B(n) \ B(k), F)|] < ¢m*
E[|8(B(n), F+w) B(B(k), F+w) B(B(n)\B(k), F+w)|] < (m*
E[|3(B(n)\ B(k), F +w) — B(B(n) \ B(k), F)[] < ¢m?
E[|8(B(k), F+w) B(B(k)vFJrS)H < ¢m.

~~ Sup hTm (E[Bn(F + 5(g * Ling,))] — E[Bn(F)]) < —¢m?,
Eé n|Too

A WO DN =

CLT for Betti numbers - October 06, 2023 - Page 26 /v



First two bounds

Expression |.

Betti numbers of components contained in B(k) are taken into account in

B(B(n), F). Also the Betti numbers of components contained in B(n) \ B(k) are
accounted for in 5(B(n), F).

~~ deviations come from components intersecting B (k).

> Stationarity ~ suffices to show that E[3(C(B(1)))] < .
> Let
Oy, :={m > 1is minimal such that all components

hitting B(1) are contained in B(m)}.

Then, by stationarity and Cauchy-Schwarz

E[8(C(B))] < Y E[Y(B(m))1{2}]

m2>=1

<WEY(B1))?] Y [B(m)|V/P(Q) < oo,

m>1
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Third and fourth bound

> First, decompose

BB(k),F+w)= >  Bj(F+uw).

jeB(k)nzd

> Next,

sup Jw(z)| < |s| sup / l9(z — )|dy < |s| sup / 9z — )ldy < oo,
zER4 z€R4 J B(m) reRd JRE

and similarly for the derivatives.
> Now, by Holder, bound E[| B, (F + w) — B;(F)|] by

P(B,(F) # B;(F +w)) """ (EIIB, ()|] /7 + E[|B; (F + w)|’] /7).

<oo <oo
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Variance positivity (lll)

E[|B(B(n) \ B(k), F +w) — B(B(n) \ B(k), F)|]
< ) E[B(F+w)-By(F)l+ ) E[Bj(F+w)-B(F)]
Jk<lilsm j: ljl=m+vm

Hence, need to show that

max P(B;(F + w) # B;(F)) € o(1),

j: k<|jl<m
ST B(Bi(F +w) £ By(F) € ofm).
it lilzmym
Here, we consider the perturbations F'(*) := F + tw. Then, for € B(m)°,
()| = ) / g(z — u)du‘ < / lg(w)|du € O(dist(z, B(m))*?).
B(m) |u|>dist(x,B(m))
Thus, by Bulinskaya, P( B, (F' + w) # B;(F)) = dist(x, B(m))?= 71 Also,
Z dist(j, B(m))~(#=d/am 632 i (i—m) = B=D/am ¢ O(ma=1/2),
J:lilzm+vm izm+y/m
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H Functional CLT
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Functional CLT

We prove tightness by verifying the Chentsov condition,
E[Bn(l)ﬂ < chd|I|5/47
where 3, ([u—, u]) == B, (us) — B, (u-)

Cumulant expansion
E[B,(I)*] = 3Var(3,(I))* + ca(B,(I)).

Key step. Show that

sup sup Wi || 7EVar(B, (1)) + Wi Ces (B, (1)) < o0,

n>1 1 is n-big
where I is n-bigif |I| = [W,,|~?/% and to show that
Proof of tightness. Note that
E[5,(1)"] < 3clWal[1P/* + c/W[7/°.

Then,

< |W,|?|I]°/* because |I| is n-big.
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Moment bounds
Lemma (Moment bounds)

Let M > 1. Then, E[Y (Co x R)M] < oo and

sup sup 1| 3V/32E [y (C; x I)™] < oo for every compact I, C R
ICIy €74

Part (1). Let K > 1 be minimal with Cy C B(0, K).
> Then, by Cauchy-Schwarz and stationarity,

E[Y(Co x R)M] <) E[Y(B(0,k) x R)MI{K = k}]
k>1
<3 VEY(B0.k) x R)2M] VEE = F)
k=1
< VEY(B(0.1) x R)2M] 3" (2k) M /B(K = ).
k>1

Part (2). Proceed similarly as in the proof of part (1). Moreover,

E[Y(B(0,1) x I)"] < E[Y(B(0,1) x R)PM* VM B[y (B(0,1) x I)]"/?
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Reduction step

Idea. Consider the approach from (Davydov, '96)
> Write 3, as (3, (u) = 3,5 (u) — 3, (u) with 3,7 (u) and 3,, (u) decreasing in u.
~> may assume that [3,, is decreasing (sum of tight processes is tight)
Need to check that E[3,,(1)] € o(+/|WW,,]) for n-small I

EB.(D] < Y E[Y(Q; x I)] = [Wo[E[Y(Q, x I)] € O(IWa|lI|"/®).
JEW,
Proof of cumulant bound. Martingale decomposition

> G, := o-algebra generated by the restriction of JV to boxes of the form Q; with
1 preceding j in the lexicographic order <|ex.

Then, with B(” GI) = Bl F) = Bull; F@)),

ﬁn( ) ﬁn Z EBXI; ‘gj]

=/
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Variance bounds

First, since {Bgl)i}iezd is a martingale-difference sequence,
Var(Bu(1) = 3 Var(BIBL(1)16,]) < 3 E[BL; (7]
JEZL JEZL
Now, E[Ba;;(1)?] < E[Ba;(1)*]"MP(Bai;(I) # 0)/7 where
P(Baiy(1) #0) =i - *Wd/w“uws
~ IE[B(") 1/2 < Z [Bais( 1/2 <c Z li — || TJ3/8.
iEW, 1€EW,
> W dj, = dist(j, W,,) < n, then E[BY(1)?] € O(|112/4).
> If dist(j, W,,) = n, then
n 2 1—~/8)d| |t
E[BL)(1)’] € O3y, /1.

Finally,
2(1—~/8)d
Z dg(n v/8) e O(|w,, |3 7/4)
j: dist(3,Wy,)2n
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Cumulant bounds

First, by multilinearity of cumulants,

c4(Bn(I)) = Z a’bjk,ﬁcﬁl(B(AnZ*Bgn;*BX?@B(A”)[)
i,5,k,0€Z

where each summand is bounded as
lea(BY), BY, BEL B e o [T EUBLL)TYY).
me{i,j,k.L}
We now distinguish indices in Z := {i: d; ,, < n} and those outside Z. First,
[\B<")\ | = [Wa|°d; , 1400 1y particular,
> EBLYE = (W /A e,
i din2n

so that
D lea(BR BR), B BR)| = W[/ /ot

N
Tc
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Cumulant bounds (Il)

Remains to deal with indices in Z. Here, partition the sum into 21 + >o.

D({Z’ 7, k7 [}) ‘= Maxys 73 <{i,j,k,0} diSt({S}5657 {t}tET)
%31 contains indices with 9({i, 7, k, £}) < |W,,[°(V)

v

v

Y5 contains rest

v

v

¥y~ O(|[W,|'T°()) summands; each in O(1)
Yo ~ O(|W,|*) summands.
Key step. Show that each of the Xy-factors decays at speed |1/, |7/ ¢*+o(1)

v

Lemma (Spatial decorrelation)

It holds that

lea(B), B, B, BE))| = o({ 4, k. £3) 7+,

CLT for Betti numbers - October 06, 2023 - Page 36 /v



Spatial decorrelation
Idea. Cluster-decomposition of the cumulant derived in (Penrose & Yukich, 2001).
Consider ko := d(z) := dist({i, k}, {j,¢}). Then, need to bound

Cov(BUIBY), BYLBY)) = 37 Cov(Ba,iriBak s Bayyr i Baw.s)-

> Now, use a resampling representation
For B ;,; resample in half-space of points closer to ¢ than to j.

~ ‘COV(BA,ﬂ,iBA,k',k» BA,j’,jBAl’l)’
= ‘]E|:BA7lv/7iBA,k/7kBA7j/7jBA,é/,Z - BA,i’,iBA,k’,kBA,j’J'BAve/ve} )v
Then, by Hdlder,
’COV(BA,i’,iBA,k’,kv BA,j’,jBAl’l)‘
< 2P(Ba,iriBaw 1Baj i Bae o # BA,i',iBA,k',kBA,j',jBAJ'J)Up,
X E[|Baw| M =0y,
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B Outlook
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Outlook

> CLTs for excursion set of Gaussian sets

B Functional in the level v/

Level sets !

v

Shot-noise fields !

v

Critical/Super-critical regime !

v

Persistent Betti numbers !

v
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