
0. Introduction :

16th Aprof 2025 ①

Atiyah-Singer index theorem
Thm (Ayah-Singer , 19631

Goalt : Ind(D) = SxCTX1ch(E)-this Lecture ↑ cohomological classes
Divac operator characteristic classes

Analysis of the , Topology of the manifold
manifold

Geometre setting "

X sact manifoldcory
E
, F

two rector bundles over X

P : C#, El +> C
*

CX
,
F1

is an elloptic operator
=> P is Fredholm operator
that is Ker(P1

,
Coker(P) are finite

dimensional vector spaces
Lef : Ind(P) := dim Ker IP - dim Coker(P)E E

Rop : If Pt : CPIX ,
El -> C

Y

IX
,
F1 is



T
family of elloptic operators of order R .

There
a continuous

continuously Ind (Pt) is independent of telR.
depending E
on tfIR.
Historical remarks :

① Around 1960
, Gelfand's question : find a

topological formula for Ind(P).
② 1962

, Atryah and suger found a conceptual
argument to show : of X is Spin

(x = (TX) + z

um

* - genus of X
(A result by Afiyah-Horzebruch

B They conjectured :

Sx * CTX) = Ind(P) for some elliptic
operator P

# 1963 : P = D Dirac
op , when X is spin

⑤ Ayah-Sugen (1963 , 19681
: I elloptic

zecp1 = (
+
*

X

ACT*X1 * ch15c11)

GIP1 principal symbol of 1 ,
as an element in

K-group of T
*
X.



Lecture 1 ③
I

. Beliminary on smooth manifold ,

restor bundle and

differential operator
- Manifold and vector bundle

Def : A topological space X is a smooth manfold of him m

-

f : 1) X 3 Hausdorff . But is ,
FX

, y =X

of x +y , IWV
open subsets

# Xew
, yeu

2) X has a countable base :
WV = 0

X is St: WienXsecond-countable <) Eit any opensubsetof ef ubfamily
3) X isLocally Enclidean : of SWiS

① I X= W We open cover
det

A an index set.

②I Va CRM open
subset and

4 :Wak
homeomorphom
1 Ya is continuous and bijecting

Yet is also continuous

③ If War We + -1

YacWaMUg) It 4gIaNg
11 1)

RM IRM

is a differonopline (it is moot and
of has

a smoolt inverse



④

Let : Troplet (Wa ,
Va

,
Yal is called

a local chant of X , Va < IR" is called

local coordinate system.

Def : X menfold , f = X +> R or I

is a called a smooth function off any
local chant (Wa

. V . Ya

flucota" : Va -> Ror I

is smolt. im

Examples : &M
,

$8 = /E

↑
2
= RYz2 m-phere

$7 = S(Xo , X1 , -- : Xml ERMH : Ex = 13
② DCR2

,

or any open
subset VCRM

11

(HW1 ·1) Swyl : c+<13 here our nowfolds always
- have no boundary.

RRD A topological space X is paracompact of
for FX = W Wa open cover

2EA
= a refined open cover X

=WW
WW'q iscalledA thatis



II ⑤1Artis Fg +B, EHT YxX,Vsta
-

- such space
admit
#

SteBIrgnUt
subordPartforat untcrea

② Hauschuff
seand countableparacopais
leally cory

therefore , manfulds are always paracorpact
Prop (Partition of unity) X nowfold

X = WW2 open cover. Then
Get

1) IfSWGYdeA is locally finite.
Then I 42 E C

*

(X
,
Io
, 1])

such that

·

supp4 < Na
·2 = 1

LEA

2) In general , I54p ECX , [0 , 1714 peB sit.
· V feB ,

IGE A sit.

supply < Wa



·1 ,
where thesu

locally frite.
If:W 1 . 5

Use the fact But X is paracompact !
Rak :

local objects/constructions> global objects
(on local chants ( ↑ on manfold X

partition of
unity.

Defcrector bundles It : E-> X is a complexvector bundle of rank v
: E

, X both are smooth manifolds
it is a smould surjection

② EX= U2 open over
by local chants

F2 G2:Val Waxr

/πz
this is called Us

a local fromialization of E over Wa.



⑰
③ If WalWp

= 0 ,
then

= Gga eCIWarWg ,
GLuCKI)
f

Let ↑ transition function invertible
matrices

121Wg) ofSizeGa - ↓Ge vxr.

Wagixer s Natpixer
(x

, 01 - (X , Ge
.01

↑
matrox acts on et

In this case , XEX ,
Ex := = er

called the fiber of E at X.

Ruk : 1) Formally E = W Ex
xEX

"rector bundle is a smool family of vector spaces"
We can define real vector bundle on similar
Ex= IR and Gag EGLUCIRI S

way

2) We have Gap-Gg2t (matrox everse
(* )

Gaz = Idrx
Moreover

If WalWglNy +0 , then

(** )

(x)(**)UGFGUGmWN,



3) For X= Wa manifold ⑧

of Gape(WalNg ,
GLuCk1

E Gad 32 , pex satisfies the cony de condition

Then
E = W Waxcry↓

S(x
,
v) ~ (y ,w)E)WYE Tec

Pop : E is a smool menfold and
T : E -> X induced by Wax (* -> WacX
is a smooth vector bale on X of rank r.
1 dim E = dim X +20).

IR

Ex : ① Tronial vector bundle of rank r

⑭ : = XX(h I
= P1-X

or RV : = XXIRX

Here we can take the transation functions
Gap = Idrx

& Tangent space ortangent rector bundle
X smooth manifold of dim = m

Foray local
chant

Wa Un < R
*

= (4 ---

, Xm



Consider WaX Rm ⑨
M

(x

,za a
Transfor function

,
on Wal We

M

RM = YaadWgI
=Yor 415alWp) CR

2
IX1: Xil> (XP , "iXfm/

=
tan

Ga( =( (EGLR
Gary satrafes ccyde coroa

This defines target restor bundle TX
③ & = Wh dy

=> weget cotangent vector bundle
T
*X spanned by dx?

on Local chant (Wa
, Va

.
Pa)Esperation

tax =Get &



constructing new rector bundles out of old. ⑩

Let : If it
: E-X is a complex rector bale of

rack

given by dranation fots &Gap4a ,9
· E
*

=Ex Ex := mpEx , D

-is a codexvbd
· REN EOR definedby,Exo := I

·

SRIEl or gRE symmetrproduct of E
=Ex

NCE) or ARE anti-symmetric tensor product of E
= Ex ·

XEX

E ,
F are rector bales given by 36 3 , 3 Gag]

· E
,
F two vector bales

EQF = Ex Ex* Ex definedbyGa Gad
· Hom CE , Fl i = E

*

&F

· f : Y +> X snook map between two manfolds
f
*
E= Wyefyl rector bundle ony defined byGapof Ycalled pull-back bundle of E over y by f.de


