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Last week : - manifold
- rector bundle
- differential forms
riX)=

&

d : exterior diff . on a

Integrations on manfolds
dimX = M

Let : E- X real rector bundle of rank

defined by (GapE CalNg , GLrIIR)
E is called oventable of Gage GLCIRI

(Ant is det Gap*0

Ref : The menfold X is called orientable If
TX is anorentable real vector bundle.

Ep : X is a connected menfold ,
then X is orrentable
doe to the treal bandle I# MT*X is Tomory

In the case
,
an orientation (X) is defined as

one choice of two connected components of1*T
*

X 1507.



②
Lef :

we call X an orented manefold when it is

ovventable and an orientation (X) is given.

Given (X , o(X)
,
for stoMIX

on a local chart Wa = Va < IRM

Sa = faMdXndx* --
- ndX"
um

oriented as o(X)
we define CraSai = SfaMdXdx-dee
m

Lebesque integral in VERM

Hop : X = NW2 open over by local chants

locality finite
5423 partition of 1
F SEMIX

C

Sys := 2) S eR
Wa

is independent of the choice of SU23 or 34a3.
If : Va Vol overted

- J4p =det
54paty = fa

Stad = (vJ4pafgdx* = Sufgext #
f

Let : (x : Rix1 + RR If we
switch

o(X] to
- o(X/

we get a minus sign
sit SxS[n] &this integral

where SIMS is the degree - m component of 5.



Imm : If X is an orented compact manifold , then
③

F SEiX)

(yds = 0.
Then we can define

(x =Hix) +> IR
. #

# Differential operator
E
,
F two ventor bundle on X of rank ,

U
, resp.

Let : P : ((X ,
El -> CYX, F1 is a differential

operator of order b

2 · EX= Wa local charts st

ElraVXY Flua = VaxeR

· P2=I=(i;-- im) EN
.

M

Ill= ij
: C(V

,
(4) -> CV,

imwis a
,

Hom ,Y
It . If s = 1Sa/ze CX , El

,
then

(Pasaley defines a section in COCX
, F1.

Example : - COCX
,
HouIE

, F11G1 defines a diff- op.
of order 0.

· d t MiCX) is a diff - op. of order 1.



= Pf - fP ⑭

: If FfECTX ,
[P

, f] is a doff up of
order
bt,

then I is a diff . op , of order b.

TTEP : With the above hypodess :

I is locally defined ,
E.e. VXEX

if S1 = 52 on a mbd UX of X , then

xeV & Wx , Is ,
= PS

open
Take SECUREfsi = fsz on X

fPs = Pfsi-sht induction forI the order.
= PfSz-TP

,f]Sz
#= fPS2

↳> reduced to diff , op , on a local chart
Y

Chence on RM)

Symbol : on local that Wa,+ is E
Stotal (12) : = 2 a (iz 1

7

12*Rlocal total symbol
E CB/Wa

, Poly&T*XI@ HomCFF1)
~

polynomials along T
*
X of degree -*

Poly=ET
*
X) =&BSRITX) via duality betwea

TX and
*
X



⑤
Howevertotal (P2172-A does not define a global sectionEk

of Poly CT
*
XI &HOME, #)

Pop/Def : Principal symbol
GiPal = zamfig/I

121 = R ECa
,P

*
X(HE,F

= Sk(TXQHMIE,FI
35CP21Y

de defines a global section
514) in CIX , SMITCE

,
#)

If : Take fECIX) ,

to 0

e-itf peitf is a diff - op.

On local chant 52

eittp
,
citf = Fit= Fert

11k

= tRzMlidf)F +0

Emetpeicif
= scPa) Idf)

So GCP1 is globally well-defined by
5)(p) (X , 3) :=Lim gitfpeit HEx,-

where dfix = 3 eTX #



Let DiffERCE , Fl = off . op , of order < * ⑳

Rop : We have exact sequence x
procopal symbol

&

0 -> Diff
=R-E

, FIDAFRE ,FIG CX
, ShiEH)

I is injectivewhich means

:& is surjective ↓
kerg = Im i

pf : NW 1 . 8

Lef : A diff up I is called elloptic of
6x , 5) E HanEx , Fxl is invertible

for XEX ,
and OFSET&X .

( = rE = - Fl

Examples :

- Diraco
on IR" 4=

610) = = z(5/ )2
& is elloptic.



⑰
statementsof Atryah-singer index theorem

sact manifold of dim onThere : X Cony slex rector bolles on X
E

,
F cong

1 : IX ,
El + C

&
IX ,
F1 elloptic deff - op.

Then

① Ken1 and Coker1 are finite-dimensional
Ind(1)i = dim Ker 1 - dim Coker ?

is well-defined
② If m = odd

,
End (1) = 0

③ If m = even ,
we have

Ind(41 = S Ch16cPI/CT*** ) (*)

T*X
7 evented

where
Ch16111 El: CT

*

XI integrable

E*T*X) = 1 + ...... EricX)
- : T

*
X -> X.

"Approach" : ① Construct a Divac up. D on a new manifold
sit

. Ind(11 = Ind (DI

② Bone (*) for D.



In this Lecture :
⑧

I Define characteristic classes and forms *IT
*

XI
, ChIGCP)

2) Dirac operator D (and Spin structure (

3) A-S
Mdex Berry wa heat kernel
"Local indexBeorey

"

4) Geometric applications :
Thr /Gauss-Bonnet-chern /

Xopt ,
even-dom

,
overtable

↓
Zuler class

2 -115 dim HERX) =) esTX)
or form

j
Thr /Hirsebruch) X cpt , orientable

,
dim = 4k

We have a symmetric bilinear form

7 : HoX , IR) XH ,
- R

C12]
, [g5) + Sxaxt

HW2 . 2
well-defined and non-generate (Poincare duality) ,

and

- signature (7) = Sx LCTXL-class
Thm Riemann-Roch-Horsebruch) X Cpt complex rfd

and Kahlen
dimeX
z (15dimOx =xTdT Todaj= 0

= 1605 (X) Dolbeault ooh.


