
①Lecture 5 30104/2025

Last time : connection & curvature

Today : Applications to characteristic classes

& characteristic forms (Chern-Weil Theory

AB First chern forms and chern classes of des love bolles
cor

Xdes loneble on marfold12 , TH is a com
↑ connection -ok= 1 , Lx = I

Then R = (42 = & (X
, End(L))ER2(X , C)

End(LIE
somaphos

ef: (L ,
D4 :=EREMX ,

D

is called the first chern form of 12 , XH

Ep : 1) G1L ,
M4 is a closed form , i. e, dEIL .

M4 = 0

2) If D2-X = HE R9X , C = End (4) ,
the

(h
,M = Git ,Th +

so the coh
.
class [GIL , DY] @HR(X ,C is

independent of the connectionIt



②
: Locally , Th = d+ ↓ PEREIN

, (4)
'
local chart

R = EXP = (d+41(d+ 41
= d + d4 + P14 = dP

" !
=> dRt = ddy = 0 = 1)

For 2) : we wate M = d+My on
4 - 1 = A

R2 - RE = &4, -dx = d(4, -2) =d

Def : For a complex
lne balle 2 + X

,
the first chern clars

CCLI E HRIX ,
Cl is defined as

2.
2 More properties [ClL , D4] for a cometo Ah on L.

Ch: IfTh
is a metric connection for 12 , 441 , - en
E(L ,

D4 E R2(X
, IRI

Hence
,
for any L ,

C(L1 EH(X , IR).

If : In the case
, lically Dh = d+5 14

,
PEREX

,
IRI

RE=Fd4
GIL . TH = - 2d4 real 2-form #

Rank : In generaL , D4 = Re , L , D4 +F ,

74

then L , x4 = If exact
.



③
HW2 . 5 : concrete example on $2
-

Rink : A complex live balle 2 is determined by &Gay = CQUalUp , D
* 13

de conditionwith coly
ut defines an element [L] in it= /X ,(** = HFX ,(** (

firstech cohomology=for tecohmology
Consider the exact sequence of sheaves on X

2expCITIFI viajena
0 - z + i -> (

*
-> 0

↑ ↑ ↑
constantsheat germs gernes of

of -fets nonvanishing fets
Then weget the long exact sequence for sheaf chomology

.... - HiX , (1- 1f
+
(X
,(**=H , 2) - HiX, + ....

p 4

↓ [24 is LI !

Note that Since [ is soft

-

pological first stern class
-

H(X , (1 =0 for p =1

Consider H(X , 210K = 12(X
,
) = HERIX , e)

cih 112) given by CelL , D4



B : For a smooth manifold X, ④
FRIX , (1 = HE(X

, 41 = HERIX , D)
HW2 . 4 R R R
-

constant wheatDov R over X .

In the Sequel , we denote 16k,X1 .

# characteristic classes (topological (
We will define the characteristic classes for

chern class
· complex vector bundles

I herncharta
·
real rector bundles

Portrayinas aI
I L-class

·
orrated real vector bundles : Euler class.

Toy
: dopologeal versione

theory
-getmap is sujective

deWe admit the following splitting print↑ of rank

Complex version : Given E-> X complex vector bundle
, then

= : M-X Smoot submersion

·: 162x) -> HM) ingett
·
*

E = LPLP----D2p as water balle on M

vk((j) = 1.
In this

,
M is called a split manifold for E.

(Actually it is a proper fibration (
HW 2 .

5

Ref : Lawson
, Spin Geometry , ChapI S11.



Thm : I ! map,
called Chern class ⑤

s complex retor bundles -> 12X(x)
VX on X

E/isompton-> CIE)

At :
0 CEl

= 1+ -El + (IE) +... EHEiX

G(E) - 125(X)
② CEPF = CE/CIF)(= CEl <(F1)

.

③ For
anycool f=

-> X

f
*
clEl = cif

*
El

& (12) = 1 + 212) of rakh = 1
CIL) is the first Chevr class of L.

If : Uniquenes : If the mapa exists for all X
wisD-

Then for any E+X ,
1 : M -> X

**E = 40 -- - Ohr
The

ECCEl = <14 , 0---P(r) =C H + celly)
This determines CIEl uniquely !

Existence= we define CEl by
C(E) = T (+ (11) =12 M/

& If Li@--@Li = L , 0--- Pr on M

then (1+ (1))
=ICH (1)1)



② If itj : My -> X Go splot menfolds ⑳
: M , XyM2

== M -> X

M is also splot
=YCIE) =

*
cEl EnYEl

*: H(x) -> 15 M /

So it is enough to prove Hat

Cl+ ((Lj)) E ImageofM
Using symmetric polynomials

El = [detE Id+REl] -EiX.
Since FREE ( -culLrl] #

Chern-Weil

Let : f : R
+ IR real analytic fot with fil =-

The elicative clays frilEl forax v
.

b. E-X
multig

is defined by *filEl= f(Ghj
F v

=
Example : · If fix = 1 +X -> chern class CIE)

·If fM =FEx we Todd class TdCE)



Def : The additive class facEl is defined by ⑦
**f(E) = f((j)A

Example : of fix = ex , facEl -> cherncharacter ChIE)

Real version : Splitting proscope
E-> X real vector balle of rank r .

Then It : M+ X
M

smoot proper fibration
s .

t. real

· : 16) - HM injective
· Exp() = L@[Q--OLmOIr if r = zh

& L@[, --- ①LRPIRQI of r=2k+1
rk(j = 1

Rnk : We can not distinguish 15 and Ij.
Lemma = (12) = -GIL) -H(X) Lop love bale

Ref : Fix (h . h4) and a metric connection Th

locallyTh = d+ TFP ↑ real 1-form

So the induced connection It on I

xl = d- 54
us Cl) = [RE] = [tdP] = -21 .

#

even fet (f(x = fi-X)Lef : FRrealmayT is defined by
R

fMIEl= fly) H4
↑

we can also use ([j)
=
-

((kj)



Examples= ⑧
① fix = 1 +X2 Pontjagin class PLE

② fix=4/2)
* - class FIEL

③ fex=(4/2
L-clay LCEl.

:In theaboveconstructo
me complacereal anyE


