
Lecture 6 ①
Recall : last time ,

we define the characterister

classes for complex/real rector bundles
by the splitting principles based on

the first chern classes/forms for complex
line bundles

inE is real and orrented
, of rank v=2k ,then we can distinguish

In fact : it : M -> X

#and Ej
*EE ,

q --- Em
HW2. 6

each EJ is a real bundle of rank2
-

S .t. EjQD = Lj(j-

Euler class

Sef : eEl=tj) H2M(X)



②
#5 characteristic forms by chern-Weil theory

We need to use

& seesymmetricformatmaded.
Superspace and superfrace
Def : 0 A superspace is a E2-graded rector space

E = E+ &E-

② A superalgebra is an associative E2-graded
algetra with identity Imotal associative agetral

A = S
+S

stea+& &
A+S , 5f+ CA
AtSt , 55 c St

Zirk : A usual rector
space E is a

superspace
E = EQ0

+-

A usual algebra A is a superalg .

A = ADO
+ =

Example : Drix) = R+(XR- (X)
even degreeodd degree

superegebra
& For E = ET DE-superspace

End (E) is a superalgebra
S



End"CEl = SfE EudCE) : fpreservesETREY ③
= EndlE+ /O EndIE)

End IE) = HomCEt
, El @ Hom CET Et

(AB) = (0+
End+CEl EndEl

Set :· If S = A +OS is a superalgebra : a. b -> A

supercommutator/super-bracket lat= 30 atA
atf-

[a . b]s : = ab - 1)11b/ba
or simply Ia . b]

· A is (super commutative of [a . b) =0 a . b-A.

Rmk : D Fa . b
,
ce A

[a ,
[b

,c) = [la . b]
,
c) + (-1) allbl[b , [a ,]

HW 2. 7·
② MIX) is commutative

Lef : 2 = A- I

superfrace of Ploneanmap
is calledon

2([a , b] 1 = 0.

Pop : E = Et DE-superspace. Define
Ev : EndCE) -> I (or R of Eis R-space (

Y

M = <] -> FrETEAT-TrEEA]
Ther Trs is a superfrace on superalgebra End(E).

(Rock : here we consider the finite dimensional E(



# : 1) Trs[[(* ) , (1)] =Trs[/IDA)o 73 =0 @

2 Tr[T(i) , 10817] = is[/7) =
3) Trst[(0B)

,
(B) = irTBCABs]]-

-

= TrET [Bc'+ B'C] - TrEICB'+<'B]
MiT

T O cancel each other

#
Ru : Take T = /EdEtOY EndTCE , then for MEE

irsTE] = TrEZzM]
A usual trace of endomophone.

xeef : A ,

B two superalgebras ,
SB superalgebra is defieda

SB = AB

[SBjT = STQB 08
-

Q3- Y as sets

ABj- = StaB-5QBT
we put

Gblccb = c1) (allbladbb'
when there is no confusion ,

we also write a b
&

If B= 0, then &*B is just the normal & **

Let : A = St DA-sparagebra ,
commutative

E = I
+E- superspace

Trs : AGEndcEl -> S
aM> a Trs[M]



Lop :
VA . BE SEdIE) ,

where A is commutative ⑤
TrsIIA , BJj = 0 im S

If : A = a *Mi , B = bMa

[A , B] = (aMi) (bM2l-1-1)
DaltiMil((1bI+M2 Musa Mil

= ab()(blM1 M ,M2 - (1)
191b1+bl·Mil + 1M11 - 112)

ba McM
,

= (pblMil ab [Mi , M2]
since ab = cyatblba
A is commutative

=> TrsItA , B]) = cybblMil ab Trg[IM1 , M2J] = 0
.

#

chern-Weil theory
X marfold, E- X vector bundle

EXEX
. NTIX commutative superalgebra

Pointwise Ex = Ex00
axf

+ -

supertrace now is usual trace

Tri NT**X & EndlEx -> NEX
versionS

vanishes on the [
,
J.

Ri(X) superalgebra , commutative

Global RiCX
,
EndiEI) superalgebra

versionS TE : RICX
, El -> &

+
IX

, El
odd operator

RE = /DELE= IDE
,
DEJ even operator



we consider ⑯
T : 02'(X

,
EndEll -> Mix)

taking truce of End (Ex) pointwisely

Prop : For AE OL(X
,
EndCEl) , we have

dIrIA] = TrIITE, AJ]

If : Consider a local chart

DFIra = d+ odd operator

[PEIva
,

AJ = Id , A] + [P ,
A]

TrIEDEIra
.

AJ] = TrITd , AJ) + O

If AE C
*
CX , EndlEl

[d , A] = dA

TrIdA] = dTrIA]
If A = &XB & Eri(X)

,
BE CYX , End IE

dA = d2XB + (=1121dB

TrIdA] = da TrIB] + (1) RI21dTr[B]

= d(2TrIB]) = dTrIA]
. #

Def : (E ,
DE) -> X complex vector bundle with connection ME

f : R- IR analytic fet
falE , DELi= TrIfIcERE] er2X,
↑

additive



Thm (Chern-Weil ⑦
D facEXE ) is a closed form.

I

4) facE , D1-facE , Dol is
anexact form

3) [facE , DEl] - 18(X ,
I) is independent of choices

of DE
4) [faCE , DEl] = facEl# the topological version of

additive f-class,

If : 1) &falE , DEL
=

=d[falRY] = TrIE faRED
since Bianchi identity

IDE
,
RET = 0

-> IDE
,CRElky = 0

2) (DF)+ER DE
a smooth family↳

D
&

of smool connection
of E
e .g. DE = 11-tITE +I

*E E CIXXIR ,
*El = "ECX

,
El QCYRI"

↓ ↓ Define the connection
XXR=X y

TE
=dX + T



Then RT*E ed(XXR) ⑧
RE = dtXG++ RE

where 21= ETTEF(X , EdCE)

S RE = (DER
Take TE If(RE, ] = dANf +*TrEfERE
By 1) ,

it is &XR-closed
,

t.e.

(dNe + &Y((d+xf+ fa(E, TE)
= 0

dt(= dY(+fu(E , TE) = 0

=>falE , Del = d*It
Therefore facE , DF1-fE , Dl=exact

1) +2) = 3)
.

E4)
M=-X

#E= 4012-- PLr

**fiE , YEl = fITE , D
**El since RE

a

= falL , 0 - - PLr
,

Y
**E

,

cotemologous falL, 0--DLc ,
D4Q-BDLr

RL
=T) + I -) I



= /fich ,
Th ⑨

I-

f(Chr
,

Phrl
= Ifily ,

Dill ->*falE #


