
①Lecture 7 8th May 2025

Proposition : If XE is a metric connection of (E , hE1
,

then

for any f
:R+ IR real analytic ,

the form

falE , YEl := Tr[fIRE e Reven(X
, IR)

proof : Note that RE-RX , EndaicE)
We define an endomorphism
*: MIX

,
EndEl) -> MiX

, EndEl)

A = 2 ,x-1pOU #
A
*
=

1-Gr(x(-9k+ )x-x(-22(x(- 2 ,) Q
*

as 1- form
u
*

pointwise ↑uE ↑(EndCEl
adj. of n
w. r. t hE

Thena (***= A , (ANBI
*

= B
*
X**

Moreover

② For AERRER have

FIA
*

] = H7TrIA] * complex Cory
So (RE)

*

= RE
,

then foray REIN



②
[CRER) = Tr[(RER/*]

2k(2R+1
-

= ( -1) 2 TrICRE/R]

Then TICKERECR]
=> FEDEl = falE , MEL #

Lemma : Set fNx= AJXT , GER be a formal power sersa

Then - : cen(x) -> cere(X)
a1 +R : = 2 92]

is well-defined .
Moreover

, of de=0 ,
then

df(x) = 0.

Def (characteristic forms)
CE , DE l a complex recor bundle equipped with connection DE.

chern
· chIE

,
DEl = ErTexpeRED] eREXI form

character

·cE ,
TE) = det 1f+R total chern form

= exp(Tr [log CI+RED)

"defined via the Taylor series of log (1+X)
"



③

· THIE , DEl = det [RERE)
Todd form

EriX)
,

= exp(Tr[by/NJS
*

They are closed forms on X
,
and they are real of

E
is metric.

Let : For a real rector bundle (E ,
DE) , and for

f : R- R real analytic ,
even function

and flo) = 1. They define
frCE , DEl = detElfIFRE , ]Y

= esplTr[byfR])emtix , I
since log fix has a well-defined Talyor serves at X

=0

0 : /E , DEL real , flo = 1.Roy
1) fulE , DEl is a closed form.

2) The cohomological class [frCE ,XE] is independentE
3) [fmIE , TE) = falEl -14 X

,
DI

1 The topological version
Erof : 1) & 2) follow from the same carguments as for fact, D*

E3) : Recall that fruEl is defined by



it : M-> X a C-proper fibration ⑪
sit

. #EQK = L ,PI, D -- OLDOIR of rhE =2k
= L0[ ,0---OLRGIROD of

E=R+
Then we compute
#
* fmIE ,

DEl = detExc)f(ERE ,)
cohomo Ephe

&
= dete't( R .. )RE = 0

f(0) = 1 suppose DL is metric

↓ I
C1L,4

....= detact - ECL
,
D4,

fiseren

= det (f(
IQ

I
Ceball
+Cache)
+(2)
....
)

=f(y)
=fiEl

. #

Let :

FE , DEl =detIRE Er[(X)
LIE , DEl = det /RED



Euler form : ⑤

Let (V , <, >) be an oriented
Enclidean space (over IRI

Let: Let HiV-
V be an anti-symmetric linear map.

We define YIA) &AV
*

by
Y(A=j , Ate) enet

where Sej3 is ONB of IV ,<

sejs dual basis of V*

Rock : - HIA) is the usual correspondence of A in RV*

outhonoral basis

Let[Pfaftian] n= dimpV , let Sett be an ONB and

let en---ne
" bethe unit element on AV* representing the

orientation of V .

For At Endati ,VI , we define
PfIN] ERR by

exp(y(A1)
= PfIA] en--ne + terms of
- lower degree
top degree

Note PfIA] depends on the orientation of V and <,L.

Link : V= R2 A = 100 J DE IR

Y(A) = <1 , He exe = Oe'ne2

expcTCAl) = 1 + Pele

& PfIA) = O
,

note that detA = 0
:



Link : If U= dimpV= odd ,
we have PfIAT = 0. 6

Prop : PfIA]
"
= det i

Proof : If U = add , At
Endetivl

,
PfIAT = detA =o

If n= even , I + , 2
,
e3

, % ,

-

, Ey , Eck
= 2R

ovverted ONB of V S .5.

orthonormal bases

we can wate

↓ = 198818 I
I .

CoOnly
with OJERR
(1)=e

=> PfIA] = TOj deA =O
Def(Enter form) E- X Oriented real rector bundle

gE Enclidean metric on E

yE metric connection rkE
X

Define elE
, gE , DE i= PfIRX , R

defined pointwisely on CEX.)



⑰
Ank : If rRE-odd , elE , gE, YEl = 0.

Prop : 1) elE , gE , DEl is closed

2) Its class ItlE , gE , DEl]
is independent

3) [eCE ,gE,DEl] = ecEl E HiX , IRI.

&pot : Ifinot
a TrIf1 .1]

,
so the previous arguments

do not apply.
1) & OWB of CE , gEl
ei dual bass of E

*

Then RE-MRE= CeREggeernes erX ,NE*

Hlaim 1 : gE : E- E
* (since it is real (

a+ (gEa)(b) =gE(a, b)
Then [DE , gE] = 0 Since YE is metric connecting

It DEPgE-gEyE = 0 as HonCE , E* (
↑
induced connective

Va , bEE

< DE
*

gEa ,
b> = d gEa , bl-(gEa) (TEbl
= gE(FG ,b) +GEb)
-EDEb)
=>gEyEa , b) #



2
Im2
:DEREFOREI ⑧

HW2
8
&

-
it follows from Claim 1 + Bianchi [DE , RE = 0

⑭3i TN(en---ne TV WETX

ME* ex---neY = ECD,es ex-e
= -I , egee -xer
um

II since YE isTherefore metric

(2 -> MET< ex(YRE1) = 0
TNE

*

(PfIRE) el---ner + lower terms) = 0

& PfIRE) el--ner+ PfIRE] (ME
*

lex---nerl) + lower terms = O
m

↓ =o by claim 3
=> dPfIRE) = 0 .

2) Now we consider two pairs
DE metric connection w. r. t , gE
E IT metic cometim writ . I

claim : It a smooth family of pars (9EDI) connecting
spiecewise A metric connection
smooth) (gTE) for to and (fF

,
MF) for t=
-

At first : Take IEgEE t,
O



Define :=C + (T ⑨
A adycomea

w
.
r
.gE

Then
(F
= H-11 DE

M +12-ti
t=0

&
E gEgE for te[1 ,2

rescaling t
195 .

DE) ~ (gE
,
TELtE

,1)

E gi xE ↓

Xx[0 , 1) EX pTE := +Id+
II

g(de*a)(b) dex2
st
+dtXAy)

= degab = DE + de (+ <H+ )
= da . b) metric coration

Then RE = RE + dXBt ByEriX)

elE
, gE , prEl = elE , g

,
DEl + deXte

↑ riX)
d-closed on XXIo .1] =Get ,gD = d*It

=> elE
,g

,
GF)-tlE ,g Yel =d* fedt



3) Using the splot manfold it : M+ X - =2 D
**E = E ,

0 --- DER
each EJ

real rector balle of ok 2
Since E is mented -> each Eg is oriented.

E
*
elE

, gE , yEl = ec
*

E
, gi

*
E

, y
**El

col
.

- eCtE
, gEQ-DEm , pEQ--ODEM

=

IelEj , gEj , DE
Since Ej is orented -j
Ej IR2

=
*

eCE)
.

(e1 , el

Define the complex structure J : e ,
-> e

(R2
,
5) = I

2- - 2
/

5 F1 Since j2= -Idp

Je- Fiel ROC=
=
estFel Ja F1 -F1 evgenspaces of JQQ

A = 180) UIR - #O , FO

= EjQD = -j [j
KREj)= Dene2 R = - FO exe?

e ElLj) = Gener
.

#


