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Introduction to the Atiyah-Singer index theory - Homework 1

Exercise 1.
[Local charts for m-sphere] We consider the m-sphere
m+1
S™i={(x1, 22, ., Tmy1) ER™ 1 Y "ad =1} CR™
j=1
Define the open sets
U :=S"\{(0,0,...,0,—1)}, Uy:=5"\{(0,0,...,0,1)}.

These sets cover S™ since every point on the sphere has z,.1 # 1 or x,41 # —1. We
consider the standard stereographic projections:
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Prove that ¢, and 1, are homeomorphisms, and write down explicit local charts for
S™ using U; and U,, and determine the corresponding transition function.

Exercise 2.
[Paracompactness| Prove that if X is a topological space which is Hausdorff, second-
countable and locally compact, then X is paracompact.

Exercise 3.
[Partition of Unity] Let X be a smooth manifold and let {U,},ca be an open cover
of X.

(a) Show that if the open cover {U,} is locally finite, then there exists a smooth
partition of unity {¢a}aca subordinate to {U,}, i.e.,

supp(pa) C Uy, and Zcpa(x) =1 forall z € X.
a€cA

(b) Prove that in general (i.e. without assuming the cover is locally finite) there
exists a collection of smooth functions

{a}sen € €(X,[0,1])

with the property that
e For each 8 € B, there exists o € A such that supp ¢z C U,;

e The sum Z wg(x) is locally finite and equals 1 for all x € X:

BeB
D palx)=1.

BeB

Exercise 4.
[Submanifolds] Let f : N — M be a smooth map between smooth manifolds. We
say that f is an immersion at a point p € N if the differential

dfp : TpN — Tf(p)M
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is injective. The map f is called an immersion if it is an immersion at every point
pe N.
Now let f: N — M be an injective smooth immersion:

(a) Prove that the image f(/NV) is an immersed submanifold of M.

Hint: Use the local immersion property of f and the constant rank theorem
to show that around each point of N, there exist coordinate charts in which
f is given by an inclusion.

(b) Suppose that f is a topological embedding (i.e. f is a homeomorphism onto
its image). Prove that in this case, f(IV) is an embedded submanifold of M.
Hint: Show that the smooth structure on N and the subspace topology
induced from M agree via f, so that the local charts provided by part (a)
actually define a smooth structure on f(INV) as a subset of M.

(¢) Provide an example of a smooth immersion f : N — M that is not an em-
bedding. Explain why it is an immersion and point out which property fails
for it to be an embedding.

Exercise 5.

[Quotient Vector Bundles| Let 7 : E — X be a vector bundle over a smooth manifold
X, and let F' C E be a subbundle. Work out a system of transition functions for
the quotient vector bundle E/F over X.

Exercise 6.
[Exterior differential on manifold] Let X be a smooth manifold. Recall that on a
local chart (U,,V, C R™,1,) of X, for a 1-form

B(x) = Bj(x)da’, with §; € €= (Va)
j=1
the action of differential d on [ is defined as
dB = dB; Ada.
j=1

Prove that:
(a) For B € QY(X), the 2-form df € Q?(X) satisfies that for U,V € TX,

(@B)(U,V) =U(B(V)) = V(B(U)) = (U, V]).
(b) In general, for 3 € QF(X), and Vy, V4,...,V, € TX, we have

@0 Vi Vi) = P80 T )

<

_|_

S (DB VL Vo Vs Ve V),

0<j<t<m

where the notation XA/J means that the vector V; is removed.
(c) Verify the Jacobi identity: for Vi, Vs, V3 € T X,

(d) Prove that d* = 0 using the formula in (b).



Exercise 7.
[Differential Operators] Let X be a smooth manifold and let E, F' be two vector
bundles over X. Consider a differential operator
P:E€%(X,E)— € (X, F).
Prove the following assertions:

(a) If P is a differential operator of order k, then for any smooth function f €
¢>°(X), the commutator

[P, f]: s = P(fs) = [ P(s)
is a differential operator of order k£ — 1.

(b) Prove that every differential operator is locally defined.

(c) In the case where X is an open subset U of R" and E, F' are trivial vector
bundles, prove the following assertion: if P is a differential operator on U
such that for any f € €>*(U), [P, f] is a differential operator of order k — 1
on U, then P is a differential operator of order k.

(d) Use a partition of unity to extend the above assertion to the general case.

Exercise 8.
[Exact Sequence of Differential Operators| Consider the sequence

0 — DifF (B, F) & DiffH(E, F) & ¢ (X, Sym* T'X ® Hom(E, F)) 0,

where i is the natural inclusion of differential operators (hence it is injective), and
o denotes the principal symbol map. Prove that this sequence is exact, i.e.,

Kero =1Im(i) and o is surjective.



