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INTRODUCTION & MOTIVATION

OUTLINE

(@ INTRODUCTION & MOTIVATION
o Equidistribution on K&hler manifolds
o Large deviation & Hole probability
@ Our main question ...
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INTRODUCTION & MOTIVATION EQUIDISTRIBUTION ON KAHLER MANIFOLDS

EQUIDISTRIBUTION OF RANDOM ZEROS

o (X,w) compact K&hler manifold with Hermitian line bundle (L, h),

w = C (L7 h)

o T, Gaussian probability measure on H°(X, LP) w.r.t. £2-metric.

o Shiffman-Zelditch (1999): (Sp)pen € ]'[p(HO(X, LP),Tp), with probability one
(almost surely), we have weak convergence of (1, 1)-currents

1. i
E[Dlv(sp)] — ci(L, h) = EHL, as p — oo.

o Ingredients in proof:

o Poincaré-Lelong formula, as (1, 1)-currents on X,
. i =
[Div(sp)] = 50810 splo + poi (L, h).

o Bergman kernel: Bp(x, x) ~ pdimc X 4 lower order terms.
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INTRODUCTION & MOTIVATION EQUIDISTRIBUTION ON KAHLER MANIFOLDS

EXAMPLE: SU(2)-POLYNOMIAL

BOGOMOLNY-BOHIGAS-LEBOEUF ’96, SHIFFMAN-ZELDITCH ’99:

o Kéahler manifold (CP', wrs), prequantum line bundle (L, h) = (O(1), hgs).
H°(CP', O(p) = O(1)®P) ~ Cp[Z].
o Random SU(2)-polynomial:

p o\ i
W2 =Y (p+1)<j)z'.

j=0

©

° 1Mo, M1,Me, -+ i.i. d. (independent and identically distributed) standard complex
Gaussian random variables.

Random zeros are asymptotically uniformly distributed on CP', as p — +oo.

(]

REMARK
Quantum chaotic dynamics on torus: Nonnenmacher-Voros (1998).
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INTRODUCTION & MOTIVATION EQUIDISTRIBUTION ON KAHLER MANIFOLDS

ZEROS OF SU(2)-POLYNOMIAL

Simulation of random zeros on local chart Uy 22 C, RIGHT = density histogram w.r.t.
modulus of zeros.

zeros of SU(2)-polynomial: degree=50, num =200 Density of random zeros w.r.t. modulus r=|z|
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INTRODUCTION & MOTIVATION EQUIDISTRIBUTION ON KAHLER MANIFOLDS

EQUIDISTRIBUTION OF RANDOM ZEROS: GENERALIZATIONS

Extensions (for random holomorphic sections) on compact complex manifolds or
normal Kahler spaces:

o ... via meromorphic transformation: Dinh-Sibony (2006), with convergence speed.

o Singular Hermitian line bundle, normal Kahler space, general sequence of line
bundles ... : Coman-Marinescu (2015, 2020), Dinh-Ma-Marinescu (2016),
Coman-Ma-Marinescu (2017), Coman-Marinescu-Nguyén (2018),
Coman-Lu-Ma-Marinescu (2020), etc.

o ... general class of probability measures on holomorphic sections:
Bayraktar-Coman-Marinescu (2020), etc.

o Linear statistics/Variance of random zeros : Bleher-Shiffman-Zelditch (2000),
Shiffman-Zelditch (2008, 2010), Shiffman (2021), etc.

BINGXIAO L1U (UzK) ZEROS OF RANDOM HOLOMORPHIC SECTIONS COLOGNE, 26TH JULY 2023 7129



INTRODUCTION & MOTIVATION LARGE DEVIATION & HOLE PROBABILITY

LARGE DEVIATION & HOLE PROBABILITY

Shiffman-Zelditch-Zrebiec (2008): Large Deviation Estimates.
Compact Kahler manifold (X, w) with (L, h) and w = ¢¢(L, h).
Gaussian probability measure T, on H°(X, LP).

Set m = dimc X, for o € Q1™ (X), § > 0, as p large,

© © 0 o

T ({sp : ‘(%[Div(sp)] —ci(L,h),9)| > a}) < eGP

©

Hole Probability: fix U C X open

1
T, ({s, has no zeros in U}) < e~ """

©

With a further assumption for small open set U,

/ 1
T, ({s, has no zeros in U}) > e """

BINGXIAO L1U (UzK) ZEROS OF RANDOM HOLOMORPHIC SECTIONS COLOGNE, 26TH JULY 2023 8/29



INTRODUCTION & MOTIVATION OUR MAIN QUESTION ...

QUESTION: FOR NONCOMPACT COMPLEX MANIFOLDS

©

Compact = noncompact ?

(]

(X, w) noncompact complete Hermitian manifold, bounded geometry.

©

(L, h) uniformly positive ...

©

H(°2)(X7 L): separable Hilbert space of £2-holomorphic sections,

dp := dime Hy(X, L) € No U {oc}.

©

If dp = O(p™), e.g. cusp forms on arithmetic surface (with cusps)
o By Dinh-Marinescu-Schmidt (2012), Drewitz-L.-Marinescu (2021), etc.
o ... not just Gaussian probability measures.

o Bergman kernel expansions and estimates: Ma-Marinescu (2007),
Auvray-Ma-Marinescu (2016, 2021).

©

What happens if dp = 00?
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‘WHEN DIMENSION dp = 00....

OUTLINE

(2 WHEN DIMENSION 0 = o0....
o Complete Hermitian manifold....
o Main results
o Bargmann-Fock space and result of Sodin-Tsirelson & Zrebiec
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‘WHEN DIMENSION dp = oo.... COMPLETE HERMITIAN MANIFOLD....

COMPLETE HERMITIAN MANIFOLD....

GEOMETRIC SETTING

o (X™ J,w) noncompact such that g™ (-, -) = w(-, J-) is complete,
iRETOX 5 Cow,  [Bwlgm < Co.

o (L, h) holomorphic line bundle such that

iRt > sqw.

o dp =dimg H(Oz)(X7 LP) € No U {o0}.

o Bergman projection By : £L?(X, LP) — Hy (X, L?).

o Ma-Marinescu (2007): Bergman kernel expansion uniformly on compact subsets...
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‘WHEN DIMENSION dp = oo.... COMPLETE HERMITIAN MANIFOLD....

BERGMAN KERNEL EXPANSIONS

o Sp={SP}, ONB of (HY (X, LP), (-,) z2)-
o Bergman function: By(x,x) = 27:”1 187 (X)[5o-

BERGMAN KERNEL EXPANSION

On any given compact subset of X, and in any local *-norm, we have

Bo(x,x) = br(x)p" "+ O(p~*).
r=0
@ bo(x) = det AL > (£20)7 5 0,
@ on any compact subset, for p > 0,
90 log Bp(x, x) = O(1).....

@ if prequantum condition also holds, i.e. w = ¢; (L, h), then

30 log By(x, x) = O(p) .....
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‘WHEN DIMENSION dp = oo.... COMPLETE HERMITIAN MANIFOLD....

GAUSSIAN RANDOM HOLOMORPHIC SECTIONS (I)

on= {17,-}721 i.i.d. standard complex Gaussian random variables.

GAUSSIAN RANDOM HOLOMOPHIC SECTION
Define

%
W (x) = > pSP(x).
j=1

@ If dp < o0, it is equivalent to equip H(Oz)(X, LP) with Gaussian probability measure.

@ Focus on case dp = ...

@ ... from random functions or random power series: Littlewood-Offord, Offord, Kahane,
Edelman-Kostlan, Sodin-Tsirelson, Peres-Virag, etc.
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‘WHEN DIMENSION dp = oo.... COMPLETE HERMITIAN MANIFOLD....

GAUSSIAN RANDOM HOLOMORPHIC SECTIONS (II)

WHEN DIMENSION Op = 0 ...
S o0
WP (x) = > S (x).
j=1

We have:
Sp : q q
o W,” is almost surely a holomorphic section of L” over X

©

Uniqueness: probability distribution of \IJ,S{’ is independent of choices of ONB S,.

©

Sp .
W,” is almost never £2 integrable on X.

0 ... Prob(}- %, [nj? = 00) = 1.
o As (1,1)-currents, we have
. V=1
E[IDiv(W3")]] = s (X, L°) = pey (L, h) + ~5— 00 log By(X, X)-
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‘WHEN DIMENSION dp = oo.... MAIN RESULTS

MAIN RESULTS: LARGE DEVIATION & HOLE PROBABILITY

THEOREM 1 (DREWITZ-L.-MARINESCU, 2023)

We have the weak convergence of (1, 1)-currents on X as p — oo,
%E[[Div(\vf”)]] — ci(L, h).
For ¢ test form with compact support, almost surely,
SDVEPL) = (LA )
Large Deviation Estimate:
Prob({] ( [D1v (W) — (L, h),0)| > 8}) < @ Ces P

PROPOSITION 1 (DREWITZ-L.-MARINESCU, 2023)
Hole Probability: for U relatively compact (with 0U having measure zero),

Prob({\ll;g,p has no zeros in U}) < e~ P
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‘WHEN DIMENSION dp = oo.... MAIN RESULTS

MAIN RESULTS (II)

o For U open (non-empty) subset of X, s, € H°(X, LP), define

M (Sp) = sup |Sp(X) e
xeU

THEOREM 2 (DREWITZ-L.-MARINESCU, 2023)
For U relatively compact, for 6 > 0, there exists constant Cy s > 0 such that for p € N,

Prob(| log MY (WS)| > 6p}) < e CusP™

Applying Poincaré-Lelong formula, Theorem 1 follows as consequence of Theorem 2.

Div(WP)] = 500 log [ [} + pes (L, h).
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‘WHEN DIMENSION dp = oo.... BARGMANN-FOCK SPACE AND RESULT OF SODIN-TSIRELSON & ZREBIEC

EXAMPLE: BARGMANN-FOCK SPACE

o Bargmann-Fock space H(Oz)(X, L):

. m
X=C", wh = é S dzndz, L=C, [1}(z) = e "
j=1

©

Hg(C™, L) has a canonical ONB: o € N,

o Flat Gaussian random holomorphic function

Fi(2) = 3 maSa(2)

aeNM

—

or flat G.A.F. or G.E.F.) on C™:

©
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‘WHEN DIMENSION dp = oo.... BARGMANN-FOCK SPACE AND RESULT OF SODIN-TSIRELSON & ZREBIEC

RESULTS OF SODIN-TSIRELSON & ZREBIEC ON HOLE PROBABILITY

o How are zeros of F,, distributed in C™?

o Offord (1965, 1967), Edelman-Kostlan (1995), etc: as (1, 1)-currents on C™,
E[[Div(F,;)]] = ci(L, h) = what.

THEOREM (SODIN-TSIRELSON 2005, ZREBIEC 2007)
There are constants ¢ > ¢’ > 0 such that for r > 0,

¢ r2m+2

e < Prob({F, has no zerosinball B(0, r)}) < e~

o Nishry (2010, 2011, 2012): explicit asymptotics on hole probabilities as r — +oco
forC(m=1).
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‘WHEN DIMENSION dp = oo.... BARGMANN-FOCK SPACE AND RESULT OF SODIN-TSIRELSON & ZREBIEC

CONNECTION TO OUR RESULTS...

©

How to understand their results in our setting?

©

For integer p > 0, scaled Bargmann-Fock space (2)((2”” L?) has ONB:

P28, (v/Pz),a € N™

(]

Gaussian random holomorphic functions:

VP (2) = p"2F,(v/P2).

©

Our results read, fixing ro > 0,
—c pm+1 sp . 702pm+1
e < Prob({V;” hasnozerosinB(0, rp)}) < e
o ... is equivalent to

g avPT? < Prob({F, hasnozerosinB(0, \/pro)}) < e VP,

©

Approximating r by \/pro, we recover the results of Sodin-Tsirelson & Zrebiec.
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OUTLINE

1) INTRODUCTION & MOTIVATION
Equidistribution on K&hler manifolds
Large deviation & Hole probability
Our main question ...

2) WHEN DIMENSION @, = o0....
Complete Hermitian manifold....
Main results
Bargmann-Fock space and result of Sodin-Tsirelson & Zrebiec

(3 INGREDIENTS IN PROOF OF THEOREM 2

7 RANDOM £2-HOLOMORPHIC SECTIONS AND TOEPLITZ OPERATORS
Random £2-holomorphic sections
Equidistribution on the support of function



INGREDIENTS IN PROOF OF THEOREM 2

INGREDIENTS IN THE PROOF, |

m+1

@ Theorem 2: Prob({| log M,‘,’(\U?")\ > 6p}) < e Cu.sP

o First step: Prob({M})’(\Uf;p) > e%P}) < e Cu,sP™

o Basicidea: U C U’ C X, f holomorphic functions on U’, then
2oy < Cullfll c2quny-

For sp € H(X, L), Mg(sp) < Cupllspll c2ury-

Take sp = \U?":

©

(]

ELMp (W) < (Cup)™ o™ | Bolx x) aV(x)

< (Cup)*" %" 52, Gy > 0.
Key technique: control the dependence of Cy , on p > 0.
e, holomorphic frame of L on U’ such that

© ©

sup lec(X)|n =1, v=inf lec(X)|n < 1.
xel’ xel’

©

Then Cu, = %, for U’ sufficiently small, 1 < et

By Chebyshev inequality: Prob({MY(Wy?)2" > g2
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INGREDIENTS IN PROOF OF THEOREM 2

INGREDIENTS IN THE PROOF, 11

o Second step: Prob ({Mg(wflp) < e—ép}) < @ CusP™

o ... arguments from Shiffman-Zelditch-Zrebiec (2008), Drewitz-L.-Marinescu
(2021).

o ... near-diagonal expansions of By(x, y): Ma-Marinescu (2007)
Fix k € Nxo, b > \/16k/e0, as p — oo, for d(x, y) < b,/ “E2,

(]

Bo(X; V)=
VBo(X; X)\/Bo(y, )

~ (14 o() exp ( — LPu(x, 7).

No(x, ) = 4

©

a(x) > eo > 0.
Gaussian field U 3 x — WiP(x) € L2 ... correlation function Ny(x, y).
Consider lattice {z£}, (of points) in U of mesh ~ c/./p with large ¢ > 0...

©

(]

Values of \Ilﬁ” at z© are asymptotically uncorrelated/independent, which are a finite
family of Gaussian random varaibles.

Prob({sup, [W3"(28)|w < €%} < &~

(]

Cp’"ﬂ

(]
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RANDOM Ez -HOLOMORPHIC SECTIONS AND TOEPLITZ OPERATORS

OUTLINE

(@ RANDOM L2-HOLOMORPHIC SECTIONS AND TOEPLITZ OPERATORS
o Random £2-holomorphic sections
o Equidistribution on the support of function
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RANDOM Lz -HOLOMORPHIC SECTIONS AND TOEPLITZ OPERATORS RANDOM E2-HOLOMORPH1C SECTIONS

HOW TO RANDOMIZE £2-HOLOMORPHIC SECTIONS?

o Recall: when dj = co, a.s. WP ¢ HY (X, LP).

o How to find geometric way to randomize £2-holomorphic sections of L”, for all
large p ?
@ One construction: for ¢ = (¢j)jen € £2(C), set

o Abstract Wiener space by L. Gross (1965):

¢ = (¢)jen < Eigenvalues of Hilbert-Schmidt operator T on H(OZ)(X, LP)
v = TUP.

o Construct in a canonical way a family of such operators T, for all large p .....
o Toeplitz operators associated to a given suitable function f on X.

o Bordemann-Meinrenken-Schlichenmaier (1994).... they quantize the function f,
classical observable.
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RANDOM Ez -HOLOMORPHIC SECTIONS AND TOEPLITZ OPERATORS RANDOM EZ-HOLOMORPHIC SECTIONS

RANDOM £2-HOLOMORPHIC SECTIONS: HILBERT-SCHMIDT OPERATOR

o f smooth bounded function on X: T , = BoM;Bp € End(H(Oz)(X, LP)).

o Take f > 0, not identically zero, then Ty, is injective.

PROPOSITION
If f satisfies
/ f(X)Bo(x, X)dV(x) < oo,
X

then T , is Hilbert-Schmidt.

o True for f > 0 with compact support ...
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RANDOM Lz -HOLOMORPHIC SECTIONS AND TOEPLITZ OPERATORS RANDOM E2-HOLOMORPH1C SECTIONS

RANDOM £2-HOLOMORPHIC SECTIONS: ABSTRACT WIENER SPACE

o Abstract Wiener space (L. Gross 1965):
o Bs(X, LP)=Hilbert space as completion of H(°2)(X, LP) under norm || T¢ - || z2;
o there exists a unique Gaussian probability measure Py , on B;(X, LP) such that ...

o ... it extends Gaussian measures of any finite dimensional subspaces of H(Oz)(X, LP)
w.r.t. £2-metric.

o Tip: Bi(X,LP) — Hy) (X, L) isometrie of Hilbert spaces.
o ... we obtain a Gaussian probability measure Py , on H(°2)(X, LP).

Q (H(OZ)(X, LP),Ps,) = probability distribution of T,y,,\llf,”, as in Ancona-Le Floch
(2022, for compact Kahler manfiolds).
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RANDOM LZ-HOLOMORPHIC SECTIONS AND TOEPLITZ OPERATORS EQUIDISTRIBUTION ON THE SUPPORT OF FUNCTION

ZEROS OF RANDOM £2-HOLOMORPHIC SECTIONS ON SUPPORT OF f, (1)

@ Assume f > 0 smooth and compactly supported.
Q sf,p € (H(OZ)(Xv Lp)7]P>fqP)'

THEOREM 3 (DREWITZ-L.-MARINESCU, 2023)
As currents on open subset U C {f > 0}, we have

%EP”’[[DiV(Sf,p)]Iu] = ai(L ).

For a test form ¢ with f > 0 on supp ¢, then almost surely,

15<[Div(sf,p)1, o) = (or(L h), o).

o Expansion of Berezin-Toeplitz kernel Tﬁp(x, X):

T7p(x, x) = f(x)?o(x)p" + O(p" ).
o When X is compact, d, < oo, Ancona-Le Floch (2022, arXiv:2206.15112).
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RANDOM CZ-HOLOMORPHIC SECTIONS AND TOEPLITZ OPERATORS EQUIDISTRIBUTION ON THE SUPPORT OF FUNCTION

ZEROS OF RANDOM £2-HOLOMORPHIC SECTIONS ON SUPPORT OF f, (II)

o f can vanish on its support, the least possible vanishing order is 2 at a vanishing

point xo since f > 0: f(Y) = 3, ¢i(%0)yf + O(|Y[°), centered at xo.
o Assume prequantum condition: w = ¢y (L, h). Then we have (by Ma-Marinescu

2012)
nq-a)

Tip(x, X) = £(x)’p" + b (£, ((x)p" " + be(f, £)(x)p"~* + O(p
with b (f, f)(x) > 0 for x near xo and

1 _
be(f, F)(x0) = 75 (Zc, Xo ) + 531 D%191(x0) G- xorex > 0.

THEOREM 3 (DREWITZ-L.-MARINESCU, 2023)
Assume w = ¢4 (L, h), for open subset U where f vanishes up to order 2, we have

%Epf"’[[DiV(Snp)HU] — ci(L, h)lu-

For a test form ¢ with supp ¢ C U, then almost surely,

1p<[Div(sf,p>1, o) = (ei(L, h), ).
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