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0. Introduction

The familiar setting of geometric quantization is a compact Kähler manifold (X, ω)
with Kähler form ω endowed with a Hermitian holomorphic line bundle (L, hL), called 
prequantum line bundle, satisfying the prequantization condition

ω =
√
−1
2π RL = c1(L, hL), (0.1)

where RL denotes the curvature of the Chern connection on (L, hL) and c1(L, hL) denotes 
the Chern curvature form of (L, hL). The existence of the prequantum line bundle (L, hL)
allows to consider the Hilbert space of holomorphic sections H0(X, L) and construct 
a correspondence between smooth objects on X (classical observables) and operators 
on H0(X, L) (quantum observables) [2,20], stated in terms of the semi-classical limit 
in which Planck’s constant tends to zero. Changing Planck’s constant is equivalent to 
rescaling the Kähler form, and this is achieved by taking tensor powers Lp = L⊗p

of the line bundle, since the curvature of Lp is pRL. In this case the Planck constant 
corresponds to � = 1/p. A pivotal role in this correspondence is played by the orthogonal 
projection on H0(X, Lp), see [28,30]. Its integral kernel, called Bergman kernel, admits 
a full asymptotic expansion as p → +∞ to any order (cf. [5,12,28,29,36,37]).

Condition (0.1) is an integrality condition: a prequantum bundle exists if and only 
if the de Rham cohomology class [ω] is integral, [ω] ∈ H2(X, Z). What can one do in 
general if ω is a not necessarily integral Kähler form? We can then associate to ω a 
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more general sequence of positive line bundles (Lp, hp) such that their curvatures only 
approximate multiples of ω. Such a sequence can be thought as a “prequantization” of 
the nonintegral Kähler form ω.

In this paper we establish the asymptotic expansion of the Bergman kernel of the 
holomorphic space H0(X, Lp) on Kähler manifold X under a natural approximation 
assumption of ω by the curvatures of the positive line bundles Lp.

There are several motivations and possible applications of our result. The first one 
is the Tian-Yau-Donaldson program [21,36], that studies the connection between the 
existence of Kähler metrics of constant scalar curvature and K-stability. If the metric is 
polarized by a line bundle L (0.1), the expansion of the Bergman kernel of H0(X, Lp)
plays a central role through its second coefficient that equals the scalar curvature of the 
given metric (cf. (0.4)).

A further motivation is geometric quantization with the goal of constructing a strict 
deformation quantization and obtaining the correspondence principle between classical 
and quantum observables. Since on such a deformation the commutator of operators 
corresponds asymptotically to i� times the Poisson bracket in the classical limit [28,30,33], 
the construction using a general sequence of approximating line bundle is quite natural. 
This is linked to Fedosov’s “asymptotic operator representations” [22]. We will pursue 
this direction elsewhere.

Another motivation comes from questions arising around the “transcendental” holo-
morphic Morse inequalities [14,26]. The goal here is to extend to cohomology classes 
of type (1, 1), which are in general not algebraic or even analytic, certain asymptotic 
cohomology estimates known for tensor powers of line bundles. The estimates of the 
asymptotic cohomology functions should involve Monge-Ampère integrals of the given 
cohomology class.

Let (X, ϑ, J) be a compact Kähler manifold of dimC X = n with Kähler form ϑ and 
complex structure J . Let (Lp, hp), p � 1, be a sequence of holomorphic Hermitian line 
bundles on X with smooth Hermitian metrics hp. Let ∇Lp be the Chern connection on 
(Lp, hp) with curvature RLp = (∇Lp)2. Denote by c1(Lp, hp) the Chern curvature form 
of (Lp, hp). Let gTX(·, ·) = ϑ(·, J ·) be the Riemannian metric on TX induced by ϑ and 
J . The Riemannian volume form dvX has the form dvX = ϑn/n!. We endow the space 
C∞(X, Lp) of smooth sections of Lp with the inner product

〈s1, s2〉 :=
∫
X

〈s1(x), s2(x)〉 ϑ
n

n! , s1, s2 ∈ C∞(X,Lp), (0.2)

and we set ‖s‖2
L2 = 〈s, s〉. We denote by L2(X, Lp) the completion of C∞(X, Lp) with 

respect to this norm. Let H0(X, Lp) be the space of holomorphic sections of Lp and let 
Pp : L2(X, Lp) → H0(X, Lp) be the orthogonal projection. The integral kernel Pp(x, x′)
(x, x′ ∈ X) of Pp with respect to dvX(x′) is smooth and is called the Bergman kernel. The 
restriction of the Bergman kernel to the diagonal of X is the Bergman kernel function 
of H0(X, Lp), which we still denote by Pp, i.e., Pp(x) = Pp(x, x).
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The main result of this paper is as follows.

Theorem 0.1. Let (X, ϑ) be a compact Kähler manifold of dimC X = n. Let (Lp, hp), 
p � 1, be a sequence of holomorphic Hermitian line bundles on X with smooth Hermitian 
metrics hp. Let ω be a Kähler form on X such that

A−1
p c1(Lp, hp) = ω + O(A−a

p ), as p → +∞, in the C∞-topology, (0.3)

where a > 0, Ap > 0 and limp→+∞ Ap = +∞. Then as p → +∞, in the C∞- topology,

Pp(x) = An
pb0(x) + An−1

p b1(x) + . . . + An+�−a�+1
p b−�−a�−1(x) + O(An−a

p ), (0.4)

where b0(x) = ωn/ϑn and b1 = 1
8π (ωn/ϑn)rXω , where rXω is the scalar curvature of ω, 

and 
−a� the integer part of −a.

Note that the following general result was obtained in [6, Theorem 1.2]. Let (X, ϑ)
be a compact Kähler manifold of dimension n and (Lp, hp), p � 1, be a sequence of 
holomorphic Hermitian line bundles on X with singular Hermitian metrics hp that satisfy 
c1(Lp, hp) � ap ϑ, where ap > 0 and limp→+∞ ap = +∞ . If Ap =

∫
X
c1(Lp, hp) ∧ ϑn−1

denotes the mass of the current c1(Lp, hp), then 1
Ap

logPp → 0 in L1(X, ϑn) as p → +∞ . 
Theorem 0.1 refines this result under the stronger assumptions that the metrics are 
smooth and (0.3) holds.

Our assumption (0.3) means that for any k ∈ N, there exists Ck > 0 such that∣∣A−1
p c1(Lp, hp) − ω

∣∣
Ck � CkA

−a
p , (0.5)

where the C k-norm is induced by the Levi-Civita connection ∇TX . We will give several 
natural examples of sequences (Lp, hp) as above. The most straightforward is (Lp, hp) =
(L⊗p, h⊗p) for some fixed prequantum line bundle (L, h). Then it follows from (0.1) that 
(0.3) holds for Ap = p and all a > 0. In this case we recover from (0.4) the known 
result on asymptotic expansion of Bergman kernel of H0(X, Lp) (cf. [5,12,28,36,37]). 
Other examples include (Lp, hp) = (L⊗p, hp) where hp is not necessarily the product 
hp, e. g. hp = hpe−ϕp , with suitable weights ϕp, or tensor powers of several bundles, see 
Theorem 0.3.

Our approximation assumption (0.3) (or (0.5)) is natural in the following sense. Given 
a Kähler form ω one can first approximate its cohomology class [ω] ∈ H2(X, R) by 
integral classes in H2(X, Z) by using diophantine approximation (Kronecker’s lemma) 
and then one constructs smooth forms representing these approximating classes. By [14], 
[26, Théorème 1.3, p. 57] condition (0.5) holds true for any k, Ap = p and a = 1 +1/β2(X), 
where β2(X) denotes the second Betti number of X, but in general with a non-necessarily 
holomorphic Hermitian line bundle (Lp, hp). In this paper we show that if there is a good 
diophantine approximation with holomorphic line bundles we obtain corresponding good 
asymptotics of the Bergman kernel.
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The proof of Theorem 0.1 follows the general lines from the case of tensor powers Lp

with important technical changes. The hypothesis (0.3) says roughly that the curvatures 
c1(Lp, hp) grow to infinity at rate Ap with respect to ω. This implies via the Lichnerowicz 
formula that the corresponding Dirac operators Dp have a spectral gap of size ap → ∞, 
and this allows to show, via finite propagation speed for the wave operator, that the 
asymptotics have local nature and can be obtained by a scaling techniques from geometric 
data brought to Cn. In the case of tensor powers Lp the arguments are facilitated by 
the fact that once a local trivialization of L is chosen, it induces trivializations for all Lp

and straightforward formulas for the connection forms ΓLp = pΓL and the curvatures 
c1(Lp, hp) = pc1(L, h). The asymptotics are computed from the asymptotics of a local 
model, given by freezing the curvature of L at a given point.

In the general case of a family Lp we only have a condition on the growth of c1(Lp, hp). 
Moreover, it is not a priori clear what would be the local model. The first technical 
challenge is to choose in a coherent manner trivializations and connection forms ΓLp for 
each Lp with control of their Sobolev norms. In this way we reduce the study of the 
asymptotics to a local problem, and we can construct a local potential of the metric ω, 
which provides a “local prequantum bundle” (a trivial bundle with non-trivial metric) 
for ω. We then consider the local restrictions of (Lp, hp) as real powers of the local 
prequantum bundle and prove that their Bergman kernels converge to the Bergman 
kernel of the model operator given by its curvature, that is by ω. Thus, the convergence 
of the curvatures c1(Lp, hp) in (0.3) forces the convergence of the Bergman kernels Pp

and we can deduce their asymptotics (0.4).
If 0 < a < 1, then Theorem 0.1 reduces to the following result.

Corollary 0.2. Let (X, ϑ) be a compact Kähler manifold of dimC X = n. Let (Lp, hp), 
p � 1, be a sequence of holomorphic Hermitian line bundles on X with smooth Hermitian 
metrics hp. Assume that there exists a Kähler form ω on X such that

A−1
p c1(Lp, hp) = ω + O(A−a

p ), as p → +∞, in the C∞- topology, (0.6)

where 0 < a < 1, Ap > 0 and limp→+∞ Ap = +∞. Then

Pp(x) = An
pb0(x) + O(An−a

p ), as p → +∞, in the C∞- topology, (0.7)

where b0(x) = ωn/ϑn.

Note that a similar result was obtained in [6, Theorem 1.3] under different approxi-
mation assumptions.

An interesting situation when the previous results apply is when Lp equals a product 
of tensor powers of several holomorphic line bundles, Lp = F

m1,p
1 ⊗ . . . ⊗ F

mk,p

k , where 
{mj,p}p , 1 � j � k, are sequences in N such that mj,p = rj p + O(p1−a) as p → +∞, 
where a � 2 and rj > 0 are given. This means that (m1,p, . . . , mk,p) ∈ Nk approximate 
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the semiclassical ray R>0 · (r1, . . . , rk) ∈ Rk
>0 with a remainder O(p1−a), as p → +∞ (cf. 

also [6, Corollary 5.11]).

Theorem 0.3. Let (X, ϑ) be a compact Kähler manifold of dimC X = n. Let (Fj , hFj ) be 
smooth holomorphic Hermitian line bundles on X with c1(Fj , hFj ) � 0 for 1 � j � k

and one of them is strictly positive, say, c1(F1, hF1) � εϑ for some ε > 0. Let rj > 0, 
1 � j � k, be positive real numbers and set ω =

∑k
j=1 rjc1(Fj , hFj ). Assume that there 

exist sequences {mj,p}p, 1 � j � k, in N and a � 2, C > 0 such that

∣∣∣mj,p

p
− rj

∣∣∣ � C

pa
, 1 � j � k, for p > 1. (0.8)

Let Pp be the Bergman kernel function of H0(X, Fm1,p
1 ⊗ . . .⊗ F

mk,p

k ). Then

Pp(x) = pnb0(x) + pn−1b1(x) + . . . + pn−kbk(x) + O(pn−a), (0.9)

as p → +∞, in the C∞- topology,

where k = −
−a� − 1, b0(x) = ωn/ϑn and b1 = 1
8π (ωn/ϑn)rXω , where rXω is the scalar 

curvature of ω.

We apply Theorem 0.1 to study the asymptotic distribution of common zeros of 
random sequences of m-tuples of sections of Lp as p → +∞, see [6–10,18,19,34,35] for 
previous results and references. Let (X, ω) be a compact Kähler manifold of dimension 
n and let (Lp, hp), p � 1, be a sequence of Hermitian holomorphic line bundles on X. To 
study the equidistribution problem in a more general frame, we assume that the metrics 
hp are of class C 2 and verify condition (0.5) for k = 0. Namely, there exist a Kähler form 
ω on X and a > 0, C0 > 0, such that for every p � 1 we have∣∣A−1

p c1(Lp, hp) − ω
∣∣
C 0 � C0A

−a
p , where Ap > 0 and lim

p→+∞
Ap = +∞. (0.10)

As before we endow the space of global holomorphic sections H0(X, Lp) with the inner 
product (0.2) and we set ‖s‖2

p = 〈s, s〉p, dp = dimH0(X, Lp). Let Pp be the Bergman 
kernel function of H0(X, Lp). We assume that there exist M0 > 1 and p0 ∈ N such that

An
p

M0
� Pp(x) � M0A

n
p , (0.11)

holds for every x ∈ X and p > p0. Note that, under the stronger hypothesis (0.3), 
condition (0.11) follows easily from Theorem 0.1 (see (0.4)).

Given m ∈ {1, . . . , n} and p � 1 we consider the multi-projective space

Xp,m :=
(
PH0(X,Lp)

)m
, (0.12)
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equipped with the probability measure σp,m which is the m-fold product of the Fubini-
Study volume on PH0(X, Lp) � Pdp−1. If s ∈ H0(X, Lp) we denote by [s = 0] the 
current of integration (with multiplicities) over the analytic hypersurface {s = 0} ⊂ X, 
and we let

[sp = 0] := [sp1 = 0] ∧ . . . ∧ [spm = 0] , for sp = (sp1, . . . , spm) ∈ Xp,m,

whenever this current is well-defined (see Section 3). We also consider the probability 
space

(X∞,m, σ∞,m) :=
∞∏
p=1

(Xp,m, σp,m) .

In the above setting, we have the following theorem:

Theorem 0.4. Let (X, ϑ) be a compact Kähler manifold of dimension n and let (Lp, hp), 
p � 1, be a sequence of Hermitian holomorphic line bundles on X with metrics hp of 
class C 2. Assume that conditions (0.10) and (0.11) hold. Then there exist C > 0 and 
p1 ∈ N such that for every β > 0, m ∈ {1, . . . , n} and p > p1 there exists a subset 
Eβ

p,m ⊂ Xp,m with the following properties:

(i) σp,m(Eβ
p,m) � CA−β

p ;

(ii) if sp ∈ Xp,m \ Eβ
p,m then, for any (n −m, n −m) form φ of class C 2 on X,

∣∣∣〈 1
Am

p

[sp = 0] − ωm, φ
〉∣∣∣ � C

(
(β + 1) logAp

Ap
+ A−a

p

)
‖φ‖C 2 . (0.13)

Moreover, if 
∑∞

p=1 A
−β
p < +∞ then estimate (0.13) holds for σ∞,m-a.e. sequence 

{sp}p�1 ∈ X∞,m provided that p is large enough.

The question of characterizing the positive closed currents on X which can be ap-
proximated by currents of integration along analytic subsets of X, and its local version 
as well, are important problems in pluripotential theory and have many applications. 
Results in this direction are obtained in [8,11]. Theorem 0.4 shows in particular that the 
smooth positive closed form ωm can be approximated by currents of integration along 
analytic subsets of X of dimension n −m, for each m ∈ {1, . . . , n}.

The paper is organized as follows. In Section 1 we show that the asymptotic expansion 
of the Bergman kernel can be localized. In Section 2 we establish the asymptotic expan-
sion of the Bergman kernel near the diagonal and then prove Theorem 0.1. The proof 
of Theorem 0.4 is given in Section 3, using the technique of meromorphic transforms of 
Dinh and Sibony [19], as in the papers [10,11].
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1. Localization of the problem

In this Section we show that the problem has local nature by using the spectral 
gap for the Dirac operator (as consequence of the Lichnerowicz formula) and the finite 
propagation speed for wave operators.

1.1. Lichnerowicz formula

The complex structure J induces a splitting TX ⊗R C = T (1,0)X ⊕ T (0,1)X, where 
T (1,0)X and T (0,1)X are the eigenbundles of J corresponding to the eigenvalues 

√
−1

and −
√
−1 respectively. Let T ∗(1,0)X and T ∗(0,1)X be the corresponding dual bundles. 

Denote by Ω0,j(X, Lp) the space of smooth (0, j)-forms over X with values in Lp and 
set Ω0,•(X, Lp) = ⊕n

j=0Ω0,j(X, Lp). We still denote by 〈·, ·〉 the fibrewise metric on 
Λ(T ∗(0,1)X) ⊗ Lp induced by gTX and hp.

The L2-scalar product on Ω0,•(X, Lp) is given by

〈s1, s2〉 :=
∫
X

〈
s1(x), s2(x)

〉 ϑn

n! , s1, s2 ∈ Ω0,•(X,Lp), (1.1)

and we set ‖s‖2
L2 = 〈s, s〉. Let ∂Lp,∗ be the formal adjoint of the Dolbeault operator ∂Lp

with respect to the scalar product (1.1). The Dolbeault-Dirac operator is given by

Dp :=
√

2
(
∂
Lp + ∂

Lp,∗
)

: Ω0,•(X,Lp) → Ω0,•(X,Lp). (1.2)

The Kodaira Laplacian

�Lp := ∂
Lp

∂
Lp,∗ + ∂

Lp,∗
∂
Lp : Ω0,•(X,Lp) → Ω0,•(X,Lp) , (1.3)

preserves the Z-grading on Ω0,•(X, Lp). It is an essentially self-adjoint operator on the 
space L2

0,•(X, Lp), the L2-completion of Ω0,•(X, Lp). We have

D2
p = 2 �Lp . (1.4)

For any v ∈ TX with decomposition v = v1,0 + v0,1 ∈ T (1,0)X ⊕ T (0,1)X, let v∗1,0 ∈
T ∗(0,1)X be the metric dual of v1,0. Then c(v) =

√
2(v∗1,0 ∧ −iv0,1) defines the Clifford 

action of v on Λ(T ∗(0,1)X), where ∧ and i denote the exterior and interior product 
respectively.

Let ∇TX denote the Levi-Civita connection on (TX, gTX), then its induced connection 
on T (1,0)X is the Chern connection ∇T (1,0)X on (T (1,0)X, hT (1,0)X), where hT (1,0)X is the 
Hermitian metric on T (1,0)X induced by gTX . The Chern connection ∇T (1,0)X on T (1,0)X

induces naturally a connection ∇Λ(T∗(0,1)X) on Λ(T ∗(0,1)X). Then by [28, p. 31] we have 
for an orthonormal frame {ej}2n

j=1 of (X, gTX),
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Dp =
2n∑
j=1

c(ej)∇Λ(T∗(0,1)X)⊗Lp
ej , (1.5)

with

∇Λ(T∗(0,1)X)⊗Lp = ∇Λ(T∗(0,1)X) ⊗ Id+ Id⊗∇Lp . (1.6)

Denote by ΔΛ(T∗(0,1)X)⊗Lp the Bochner Laplacian on Λ(T ∗(0,1)X) ⊗ Lp. Then

ΔΛ(T∗(0,1)X)⊗Lp = −
2n∑
j=1

[
∇Λ(T∗(0,1)X)⊗Lp

ej ∇Λ(T∗(0,1)X)⊗Lp
ej −∇Λ(T∗(0,1)X)⊗Lp

∇TX
ej

ej

]
. (1.7)

Let KX = det(T ∗(1,0)X) be the canonical line bundle on X. The Chern connection 
∇T (1,0)

X on T (1,0)X induces the Chern connection ∇K∗
X on K∗

X = det(T (1,0)X). De-
note by RK∗

X the curvature of ∇K∗ and by rX the scalar curvature of (X, gTX). The 
Lichnerowicz formula (cf. [28, (1.4.29)]) reads

D2
p = ΔΛ(T∗(0,1)X)⊗Lp + rX

4 + 1
2

(
RLp + 1

2R
K∗

X

)
(ei, ej)c(ei)c(ej). (1.8)

We have used Einstein’s summation convention of summing over repeated indices from 
1 to 2n (or n) without sum symbol. This is also used throughout the paper.

1.2. Spectral gap of the Dirac operator

As in the case of powers Lp of a single line bundle we have a spectral gap for the 
square D2

p of the Dirac operator acting on Lp. The result and the proof are analogous to 
[27, Theorem 1.1], [28, Theorem 1.5.5]. For a Hermitian holomorphic line bundle (L, h)
on X set

aL := inf
{
RL

x (u, u)
|u|2

gTX

: x ∈ X,u ∈ T (1,0)
x X \ {0}

}
. (1.9)

Note that aL(x) = inf
{
RL

x (u, u)/|u|2gTX : u ∈ T
(1,0)
x X \ {0}

}
is the smallest eigenvalue 

of the curvature form RL
x with respect to gTX

x for x ∈ X and aL = infx∈X aL(x). We 
also set

CX := inf
{
R

K∗
X

x (u, u)
|u|2

gTX

: x ∈ X,u ∈ T (1,0)
x X \ {0}

}
. (1.10)

Here the curvature on the anticanonical line bundle K∗
X is induced by the Kähler form 

ϑ. Since X is compact, the quantities aL and CX are finite.
We denote by Spec(A) the spectrum of a self-adjoint operator A on a Hilbert space.
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Theorem 1.1. Let (X, ϑ) be a compact Kähler manifold. Then for every Hermitian holo-
morphic line bundle (L, h) on X, the Dirac operator D = DL on L satisfies the estimate

∥∥Ds
∥∥2
L2 � 2(aL + CX)

∥∥s∥∥2
L2 , s ∈ Ω>0(X,L) :=

n⊕
j=1

Ω0,j(X,L). (1.11)

Moreover, Spec(D2) ⊂ {0} ∪ [2(aL + CX), +∞).

Proof. We will use the Bochner-Kodaira-Nakano formula [28, (1.4.63)]. The Chern con-
nection on K∗

X ⊗ L is given by

∇K∗
X⊗L = ∇K∗

X ⊗ Id+ Id⊗∇L, (1.12)

and its curvature is

RK∗
X⊗L = RK∗

X ⊗ Id+ Id⊗RL. (1.13)

Let {wj}nj=1 be an orthonormal frame of T (1,0)X. Then [28, (1.4.63)] reads

�Ls = Δ0,•s + RL⊗K∗
X (wj , wk)wk ∧ iwj

s, for s ∈ Ω0,•(X,L) , (1.14)

where Δ0,• is a holomorphic Kodaira type Laplacian. More precisely, Δ0,• is the con-
jugate by a fiberwise isometry of the (1, 0)-Laplacian �L⊗K∗

X (cf. [28, Remark 1.4.16]). 
Thus 〈Δ0,•s, s〉 � 0 so (1.14) yields

∥∥∂L
s
∥∥2
L2 +

∥∥∂L,∗
s
∥∥2
L2 �

〈
RK∗

X⊗L(wj , wk)wk ∧ iwj
s, s
〉
, s ∈ Ω0,•(X,L). (1.15)

By (1.9) we have

〈
RL(wj , wk)wk ∧ iwj

s, s
〉
� aL

∥∥s∥∥2
L2 , s ∈ Ω>0(X,L). (1.16)

By (1.10) we have

〈
RK∗

X (wj , wk)wk ∧ iwj
s, s
〉
� CX

∥∥s∥∥2
L2 , s ∈ Ω>0(X,L). (1.17)

Then (1.11) follows immediately from (1.4) and (1.15)–(1.16). Since X is compact, D2

has a discrete spectrum consisting of eigenvalues of finite multiplicity. Let s ∈ C∞(X, L)
be an eigensection of D2 with D2s = λs and λ �= 0, then Ds �= 0 and

D2(Ds) = λDs. (1.18)

Now Ds ∈ Ω0,1(X, L), so by (1.11) we have λ � 2(aL + CX). �
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For a sequence (Lp, hp), p � 1, let us denote

ap := aLp
, (1.19)

with aLp
in (1.9). We have thus

∥∥Dps
∥∥2
L2 � 2(ap + CX)

∥∥s∥∥2
L2 , s ∈ Ω>0(X,Lp) =

n⊕
j=1

Ω0,j(X,Lp). (1.20)

Note that under hypothesis (0.3) we have limp→+∞ ap = +∞. As a consequence of 
Theorem 1.1 we obtain a Kodaira-Serre vanishing theorem for the sequence Lp.

Corollary 1.2. Let (X, ϑ) be a compact Kähler manifold and let (Lp, hp), p � 1, be a 
sequence of holomorphic Hermitian line bundles on X such that limp→+∞ ap = +∞. 
Then for p large enough the Dolbeault cohomology groups of Lp satisfy

H0,j(X,Lp) = 0, for j �= 0. (1.21)

Hence the kernel of D2
p is concentrated in degree 0 for p large enough, i.e.,

Ker(D2
p) = H0(X,Lp), p � 1. (1.22)

Proof. By Hodge theory we know that

KerD2
p

∣∣
Ω0,j(X,Lp) � H0,j(X,Lp), (1.23)

where H0,•(X, Lp) denotes the Dolbeault cohomology groups. Thus (1.21) follows from 
(1.20). Moreover, (1.23) and (1.21) yield (1.22). �

We also note the following generalization of the Kodaira embedding theorem. The 
proof follows the pattern of the classical proof given in [23, p. 189].

Corollary 1.3. Let (X, ϑ) be a compact Kähler manifold and let (Lp, hp), p � 1, be a 
sequence of holomorphic Hermitian line bundles on X such that limp→+∞ ap = +∞. 
Then for p large enough the Kodaira map

Φp : X → P (H0(X,Lp)∗), x �−→ {s ∈ H0(X,Lp) : s(x) = 0},

is well defined and a holomorphic embedding.

We also need a generalization for non-compact manifolds of Theorem 1.1. Let (X, ϑ)
be a Hermitian manifold and let (L, h) be a Hermitian holomorphic line bundle on X. 
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If (X, ϑ) is complete, then the square D2 of the Dirac operator on L is essentially self-
adjoint by the Andreotti-Vesentini lemma [28, Lemma 3.3.1] and we denote by Dom(D2)
the domain of its self-adjoint extension.

Theorem 1.4. Let (X, ϑ) be a complete Kähler manifold with Ricci curvature RK∗
X

bounded from below, that is, the infimum CX in (1.10) is finite. Then for every Her-
mitian holomorphic line bundles (L, h) on X with aL > −∞ we have

∥∥Ds
∥∥2
L2 � 2(aL + CX)

∥∥s∥∥2
L2 , s ∈ Dom(D2) ∩

n⊕
j=1

L2
0,j(X,L). (1.24)

Moreover, Spec(D2) ⊂ {0} ∪ [2(aL + CX), +∞).

Proof. The proof follows from the proofs of Theorem 1.5 and [28, Theorem 6.1.1]. �
1.3. Localization of the problem

Let aX be the injectivity radius of (X, gTX), and ε0 ∈ (0, aX/4). We denote by 
BX(x, ε0) and BTxX(0, ε0) the open ball in X and TxX with the center x and radius 
ε0, respectively. Then we identify BTxX(0, ε0) with BX(x, ε0) by the exponential map 
Z �→ expX

x (Z) for Z ∈ TxX. Let f : R → [0, 1] be a smooth even function such that 
f(v) = 1 for |v| � ε0/2 and f(v) = 0 for |v| � ε0. Set

F (a) =
( ∞∫
−∞

f(v)dv
)−1

∞∫
−∞

eivaf(v)dv. (1.25)

Then F (a) lies in the Schwartz space S(R) and F (0) = 1.

Proposition 1.5. For any l, m ∈ N, ε0 ∈ (0, aX/4), there exists Cl,m,ε0 > 0 such that for 
p � 1 and x, x′ ∈ X,∣∣F (Dp)(x, x′) − Pp(x, x′)

∣∣
Cm(X×X) � Cl,m,ε0A

−l
p , (1.26)∣∣Pp(x, x′)

∣∣
Cm(X×X) � Cl,m,ε0A

−l
p , if d(x, x′) � ε0. (1.27)

Here the Cm norm is induced by ∇Lp and ∇TX .

Proof. We adapt here the proof of [12, Proposition 4.1], [28, Proposition 4.1.5]. For 
a ∈ R, set

φp(a) = 1[√ap,+∞)(|a|)F (a). (1.28)

For ap > −2CX we have by Theorem 1.1 and (1.19),
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F (Dp) − Pp = φp(Dp), (1.29)

here we use the fact that the eigenspaces of the elliptic operator Dp furnish complete 
orthonormal systems for L2

0,•(X, Lp), i.e., there is a Hilbert space decomposition of 
L2

0,•(X, Lp) into the sum of the eigenspaces of Dp. By (1.25), for any m ∈ N there 
exists Cm > 0 such that

sup
a∈R

|a|m|F (a)| � Cm. (1.30)

Since X is compact there exist {xi}ri=1 such that {Ui := BX(xi, ε0)}ri=1 is a covering 
of X. We identify BTxi

X(0, ε0) with BX(xi, ε0) by the exponential map as above. For 
Z ∈ BTxi

X(0, ε0) we identify

(Lp)Z ∼= (Lp)xi
, Λ(T ∗(0,1)X)Z ∼= Λ(T ∗(0,1)

xi
X),

by parallel transport along the curve [0, 1] � u �→ uZ with respect to the connection 
∇Lp and ∇Λ(T∗(0,1)X), respectively.

Let {ej}2n
j=1 be an orthonormal basis of Txi

X. Let ẽj(Z) be the parallel transport of ej
with respect to ∇TX along the above curve. Let ΓLp , ΓΛ(T∗(0,1)X) be the corresponding 
connection forms of ∇Lp and ∇Λ(T∗(0,1)X) with respect to any fixed frame for Lp and 
Λ(T ∗(0,1)X) which is parallel along the above curve under the trivialization on Ui.

Denote by ∇U the ordinary differentiation operator on Txi
X in the direction U . By 

(1.5),

Dp =
2n∑
j=1

c(ẽj)
(
∇ẽj + ΓLp(ẽj) + ΓΛ(T∗(0,1)X)(ẽj)

)
. (1.31)

Let {ρi} be a partition of unity subordinate to {Ui}. For  ∈ N, let H�
p be the set of 

sections of Lp over X which lie in the -th Sobolev space. We define a Sobolev norm on 
the -th Sobolev space H�

p by

∥∥s∥∥H�
p

=
r∑

j=1

�∑
k=0

2n∑
i1,...,ik=1

∥∥∇ei1
. . .∇eik

(ρjs)
∥∥
L2 . (1.32)

Denote by R =
∑

j Zjej the radial vector field. By [28, (1.2.32)], LRΓLp = iRRLp . Set

ΓLp =
2n∑
j=1

aj(Z)dZj , aj ∈ C∞(Ui). (1.33)

Then
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(LRΓLp)Z =
2n∑

j,k=1

(
Zk

∂aj
∂Zk

(Z)
)
dZj +

2n∑
j=1

aj(Z)dZj . (1.34)

Evaluating at the point tZ yields

∂

∂t

(
taj(tZ)

)
dZj = (LRΓLp)tZ = (iRRLp)tZ . (1.35)

From (1.35) we obtain immediately ΓLp

0 = 0 and (cf. also [16, (2-16)])

ΓLp

Z =
1∫

0

(LRΓLp)tZ dt =
1∫

0

(iRRLp)tZ dt, (1.36)

which allows us to estimate the term ΓLp in (1.31). From (0.5), (1.31), (1.32) and (1.36),

‖s‖H1
p
� C

(
‖Dps

∥∥
L2 + Ap‖s‖L2

)
. (1.37)

The quantity Ap appears in (1.37) through formula (1.31) for Dp, which involves the 
connection form ΓLp given by (1.36), where we can apply the estimate (0.5) of the 
curvature.

Let Q be a differential operator of order m with scalar principal symbol and with 
compact support in Ui, then

[
Dp, Q

]
=

2n∑
j=1

[
c(ẽj)ΓLp(ẽj), Q

]
+

2n∑
j=1

[
c(ẽj)(∇ẽj + ΓΛ(T∗(0,1)X)(ẽj)), Q

]
, (1.38)

where the sums are differential operators of orders m − 1 and m, respectively. By (1.37)
and (1.38), ∥∥Qs

∥∥
H1

p
� C

(
‖DpQs‖L2 + Ap‖Qs‖L2

)
(1.39)

� C
(
‖QDps‖L2 + Ap‖s‖Hm

p

)
.

Due to (1.39), for every m ∈ N there exists C ′
m > 0 such that for p � 1,∥∥s∥∥Hm+1

p
� C ′

m

(
‖Dps‖Hm

p
+ Ap‖s‖Hm

p

)
. (1.40)

This means that

‖s‖Hm+1
p

� C ′
mAm+1

p

m+1∑
j=0

A−j
p ‖Dj

ps‖L2 . (1.41)

Using the Sobolev estimate (1.41) we can now repeat the proof of [12, Proposition 4.1], 
[28, Proposition 4.1.5] and conclude the proof of (1.26).
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By (1.25) we have

F (Dp) =
( ∞∫
−∞

f(v)dv
)−1

ε0∫
−ε0

cos(vDp)f(v)dv. (1.42)

By [28, Theorem D.2.1] (finite propagation speed of solutions of hyperbolic equations), 
F (Dp)(x, x′) = 0 if d(x, x′) � ε. This yields (1.27). �

Proposition 1.5 shows that for ε ∈ (0, aX/4), Pp(x, x′) is negligible of order O(A−∞
p )

outside a neighborhood {(x, x′) ∈ X × X : d(x, x′) < ε} of the diagonal of X × X. 
In this neighborhood Pp(x, x′) is approximated up to O(A−∞

p ) by F (Dp)(x, x′). In the 
next section (Proposition 2.3) we show that given x0 ∈ X and ε ∈ (0, aX/4), the kernel 
F (Dp)(x, x′) for x, x′ ∈ BX(x0, ε) is close up to a term of order O(A−∞

p ) to the Bergman 
kernel P 0

p (x, x′) constructed from the local data given by restrictions of (Lp, hp) and ϑ
to BX(x0, ε). Thus the asymptotics of Pp(x, x′) for x, x′ ∈ BX(x0, ε) depend only on the 
local geometric data in BX(x0, ε), up to a negligible term O(A−∞

p ).

2. Asymptotic expansion of Bergman kernel

In this Section we establish the asymptotic expansion of the Bergman kernel and then 
prove Theorem 0.1.

2.1. Uniform trivialization

To get uniform estimates of the Bergman kernel in terms of p, we adapt the approach 
of [16, §2] by using holomorphic coordinates instead of normal coordinates as it was 
done in [12, §4.2] and [28, §4.1.3]. The advantage of using holomorphic coordinates is 
that we can recover the holomorphic structure of a Hermitian holomorphic line bundle 
under a unitary trivialization by solving the ∂-equation for the local weight function as 
in Lemma 2.1, and then we can transfer the problem of having to deal with different 
holomorphic line bundles by working directly with the corresponding weight functions.

Let ψ : U → V ⊂ Cn, U ⊂ X, be a holomorphic local chart on X such that V is 
convex and 0 ∈ V (we identify U with V and by abuse of notation, we sometimes write 
x instead of ψ(x)). Let B(x, ε) be the standard ball in Cn with center x and radius ε. 
Then for x ∈ 1

2V := {y ∈ Cn, 2y ∈ V }, we will use the holomorphic coordinates induced 
by ψ and let 0 < ε0 < 1 be such that B(0, 8ε0) ⊂ V .

Recall that the Riemannian volume form dvX is given by ϑn/n!. The L2-norm on 
B(0, ε) ⊂ V is given by

‖s‖2
L2,ε =

∫
|s(y)|2dvX(y). (2.1)
B(0,ε)
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Let Sp be a unitary section of (Lp, hp) which is parallel with respect to ∇Lp along the 
curve [0, 1] � u �→ uZ for |Z| � 8ε0.

Lemma 2.1. For each p � 1 there exists a holomorphic frame σp := e−fpSp of Lp over 
B(0, 8ε0) such that for any k ∈ N there exists Ck > 0 independent of p, so that

‖fp‖Ck(B(0,6ε0)) � Ck‖RLp‖k+n+1, (2.2)

where ‖ · ‖k+n+1 denotes the Sobolev norm.

Proof. Denote by ΓLp the connection form of ∇Lp with respect to the frame Sp of Lp

and by (ΓLp)0,1 the (0, 1)-part of ΓLp . As ∂(ΓLp)0,1 = 0, by [15, Chapter VIII, Theorem 
6.1 and (6.4)], there exists fp ∈ C∞(B(0, 8ε0)) orthogonal to Ker(∂) in the L2-space 
satisfying

∂fp = (ΓLp)0,1, (2.3)

and

‖fp‖L2,8ε0 � c1‖ΓLp‖L2,8ε0 , (2.4)

where c1 is a constant independent of p. Using elliptic estimates we obtain

‖fp‖k+1,ε � c2,k,ε,ε′
(
‖∂fp‖k,ε′ + ‖fp‖L2,ε′

)
, (2.5)

where ‖ · ‖k,ε denotes the Sobolev norm on the Sobolev space Hk(B(0, ε)) and c2,k,ε,ε′ is 
a constant dependent on k, 0 < ε < ε′ < 1 and independent of p. Denote by ϕp be the 
real part of fp. From (2.3) we know that σp := e−fpSp forms a holomorphic frame of Lp

on B(0, 8ε0) with

|σp|2hp
(Z) = e−2ϕp(Z). (2.6)

The estimate (2.2) follows from (1.36), (2.3)-(2.5), and the Sobolev embedding theo-
rem. �
Remark 2.2. Note that on a Stein manifold M we have H1(M, O∗) ∼= H2(M, Z) due 
to Cartan’s theorem B (see e. g. [25, p. 201]), thus any holomorphic line bundle L over 
a Stein contractible manifold, for example a coordinate ball, is holomorphically trivial 
(this is due to Oka [31]). Lemma 2.1 gives a proof with estimates of this result over a 
coordinate ball.

For x ∈ B(0, 2ε0) consider the holomorphic family of holomorphic local coordinates

ψx : ψ−1(B(x, 4ε0)) → B(0, 4ε0), ψx(y) := ψ(y) − x . (2.7)
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Consider the holomorphic family of holomorphic trivializations of Lp associated with the 
coordinate ψx and the frame σp. These trivializations are given by

Ψp,x : Lp|ψ−1(B(x,4ε0)) → B(0, 4ε0) ×C (2.8)

with Ψp,x(y, vp) := (ψx(y), vp/σp(y)) for vp a vector in the fiber of Lp over the point y.
Consider a point x0 ∈ B(0, 2ε0). Denote by fp,x0 = fp ◦ ψ−1

x0
, ϕp,x0 = ϕp ◦ ψ−1

x0
the 

function fp, ϕp in (2.6) in local coordinate ψx0 . Denote by ϕ[1]
p,x0 and ϕ[2]

p,x0 the first and 
second order Taylor expansion of ϕp,x0 , i.e.,

ϕ[1]
p,x0

(Z) :=
n∑

j=1

(∂ϕp

∂zj
(x0)zj + ∂ϕp

∂zj
(x0)zj

)
, (2.9)

ϕ[2]
p,x0

(Z) := Re
n∑

j,k=1

(1
2

∂2ϕp

∂zj∂zk
(x0)zjzk + ∂2ϕp

∂zj∂zk
(x0)zjzk

)
,

where we write z = (z1, . . . , zn) the complex coordinate of Z.
Let ρ : R → [0, 1] be a smooth even function such that

ρ(t) = 1 if |t| < 2; ρ(t) = 0 if |t| > 4. (2.10)

We denote in the sequel X0 = R2n � Tx0X and equip X0 with the metric gTX0(Z) :=
gTX

(
ψ−1
x0

(ρ(|Z|/ε0)Z)
)
. Now let 0 < ε < ε0 be determined and define

φp,ε(Z) := ρ(|Z|/ε)ϕp,x0(Z) +
(
1 − ρ(|Z|/ε)

)(
ϕp(x0) + ϕ[1]

p,x0
(Z) + ϕ[2]

p,x0
(Z)
)
. (2.11)

Let hLp,0
ε be the metric on Lp,0 = X0 ×C defined by

|1|2
h
Lp,0
ε

(Z) := e−2φp,ε(Z). (2.12)

Let ∇Lp,0
ε be the Chern connection of (Lp,0, h

Lp,0
ε ) and let RLp,0

ε be the curvature of 
∇Lp,0

ε . By (0.5), (2.2) and the Taylor expansion of the function fp,x0 , there exists C > 0
independent of p such that for x0 ∈ B(0, 2ε0), |Z| � 4ε, 0 � j � 2, we have∣∣∣fp,x0(Z) −

(
fp(x0) + f [1]

p,x0
(Z) + f [2]

p,x0
(Z)
)∣∣∣

C j
� CAp|Z|3−j . (2.13)

From (0.5) and (1.19), we may assume that ap/Ap � μ0 holds for all p ∈ N∗, here μ0 is 
a constant depending only on ω. By (2.11)–(2.13), there exists 0 < ε < ε0 small enough 
such that the following estimate holds for every x0 ∈ B(0, 2ε0), we have BX(x0, ε) ⊂ U

and

inf
{√

−1RLp,0
ε,Z (u, Ju)

/
|u|2gTX0 : u ∈ TZX0 \ {0} and Z ∈ X0

}
� 4

ap. (2.14)
5



18 D. Coman et al. / Advances in Mathematics 414 (2023) 108854
In the sequel we fix ε > 0 small such that (2.14) holds. Let

DX0
p =

√
2
(
∂
Lp,0 + (∂Lp,0)∗

)
(2.15)

be the Dolbeault-Dirac operator on X0 associated to the above data, where (∂Lp,0)∗ is 
the adjoint of ∂Lp,0 with respect to the metrics gTX0 and hLp,0

ε . Note that over the ball 
B(x0, 2ε), Dp is just the restriction of DX0

p .
Let ∇T (1,0)X0 be the holomorphic Hermitian connection on (T (1,0)X0, hT (1,0)X0) with 

curvature RT (1,0)X0 . It induces naturally a connection ∇T (0,1)X0 on T (0,1)X0. Set ∇̃TX0 =
∇T (1,0)X0 ⊕∇T (0,1)X0 . Then ∇̃TX0 is a connection on TX0 ⊗R C.

Let T0 be the torsion of the connection ∇̃TX0 and T0,as be the anti-symmetrization of 
the tensor V, W, Y → 〈T0(V, W ), Y 〉. Let ∇Cl0 be the Clifford connection on Λ(T ∗(0,1)X0)
(cf. [28, (1.3.5)]). Define the operator c(·) on Λ(T ∗X0) ⊗R C by c(ei1 ∧ . . . ∧ eij ) =
c(ei1) . . . c(eij ) for 1 � i1 < . . . < ij � 2n. Set

∇A0
U = ∇Cl0

U − 1
4

c(iUT0,as). (2.16)

Then as explained in [28, (1.4.27)-(1.4.28)], ∇A0 preserves the Z-grading on Λ(T ∗(0,1)X0). 
Let ∇A0⊗Lp,0 be the connection on Λ(T ∗(0,1)X0) ⊗ Lp,0 induced by ∇A0 and ∇Lp,0

ε as 
in (1.6). Denote by ΔA0⊗Lp,0 the Bochner Laplacian on Λ(T ∗(0,1)X0) ⊗ Lp,0 associated 
with ∇A0⊗Lp,0 . By [3, (2.29)], [28, (1.2.51), (1.4.29)], we have

(DX0
p )2 = ΔA0⊗Lp,0 + rX0

4 + c
(
RLp,0 + 1

2Tr[RT (1,0)X0 ]
)

− 1
4

c(dT0,as) −
1
8
∣∣T0,as

∣∣2, (2.17)

where the norm |A| for A ∈ Λ3(T ∗X0) is given by |A|2 =
∑

i<j<k |A(ei, ej , ek)|2. By 
Theorem 1.4 we get from (2.14) the existence of C > 0 such that for any p ∈ N∗,

Spec
(
(DX0

p )2
)
⊂ {0} ∪ [ap − C,+∞). (2.18)

Note that (DX0
p )2 preserves the Z-grading on Ω0,•(X0, Lp).

Let Sp,x0 be a unit section of (Lp,0, hp,0) which is parallel with respect to ∇Lp,0
ε along 

the curve [0, 1] � u → uZ for any Z ∈ X0. As in [16, p. 78] we choose

Sp,x0(Z) = exp

⎛⎝−ϕp(x0) + 2
1∫

0

(iZ∂φp,ε)tZ dt

⎞⎠ 1. (2.19)

The unit frame Sp,x0 provides an isometry Lp,0 � C. Let P 0
p be the orthogonal projection

P 0
p : L2(X0, Lp,0) � L2(X0,C) → KerDX0

p , (2.20)
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and let P 0
p (x, x′) be the smooth kernel of P 0

p with respect to the volume form dvX0(x′).

Proposition 2.3. For any l, m ∈ N, there exists Cl,m > 0 such that for x, x′ ∈ BTx0X(0, ε),∣∣∣P 0
p (x, x′) − Pp(x, x′)

∣∣∣
Cm

� Cl,mA−l
p . (2.21)

Proof. Using (1.25) and (2.18), we know that P 0
p −F (Dp) verifies also (1.26) for x, x′ ∈

BTx0X(0, ε), thus we get (2.21). �
This shows that the asymptotics of Pp(x, x′) depend only on the local geometric data 

given by the restrictions of (Lp, hp) and ϑ to a neighborhood of a fixed point up to a 
negligible term O(A−∞

p ).

2.2. A family of holomorphic line bundles on X0

Up to now we have shown that Pp(x, x′) has the same asymptotics as the local 
Bergman kernel P 0

p (x, x′) associated to the local model DX0
p of Dp. The next task is 

to find the asymptotics of P 0
p (x, x′) in terms of a local model defined by the Kähler 

form ω. In the case of powers Lp of a line bundle L, we used in [12,16,28,29] the scaling 
technique of Bismut-Lebeau [4] with scaling parameter 1/√p. This allows to use con-
tinuous parameter t in the neighborhood of 0, take derivatives with respect to t as in 
[28, (4.1.56), (4.1.58)] and set t = 1/√p at the end. In the general case of an arbitrary 
sequence (Lp, hp) we will construct a local smooth family (Lτ )τ of Hermitian holomor-
phic line bundles that interpolates between (Lp, hp) and the Hermitian holomorphic line 
bundle L0 with curvature ω (cf. (2.43)). This allows to perform analysis with respect 
to τ . The associated Bergman kernels will then interpolate between the Bergman kernel 
P 0
p (x, x′) and the limit Bergman kernel.
The idea is that the proof of Lemma 2.1 and (0.3) allow us to approximate the line 

bundle Lp|BX(x,4ε0) by powers of a locally defined holomorphic line bundle with curvature 
ω. Note that this is not possible globally on X since ω is not an integral class. Although 
ω is not the curvature of a line bundle we define on X0 a “connection form” Γ inspired 
by (1.36). We set

Γ = −2π
√
−1

1∫
0

(iRω)tZdt. (2.22)

Since we work with complex coordinates, the (0, 1)-part of Γ is

Γ0,1 = −2π
√
−1

1∫
0

(izω)tZdt, (2.23)
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with z =
∑n

j=1 zj
∂

∂zj
. Set

αp = 1
Ap

c1(Lp, hp) − ω. (2.24)

Lemma 2.4. There exists f ∈ C∞(B(0, 8ε0)) such that for any k ∈ N there exists Ck > 0
so that

∂f = Γ0,1, ‖f‖Ck(B(0,6ε0)) � Ck‖ω‖k+n+1, (2.25)

and for every p � 1 we have∥∥∥ 1
Ap

fp − f
∥∥∥

Ck(B(0,6ε0))
� Ck‖αp‖k+n+1. (2.26)

Proof. By the argument (1.33)-(1.36), we get

√
−1
2π dΓZ =

1∫
0

t(diRω)tZdt =
1∫

0

t(LRω)tZdt = ωZ , (2.27)

and

iRΓ = 0, Γ|Z=0 = 0. (2.28)

As ω is a (1, 1)-form, from (2.23) and (2.27) we get

∂Γ0,1 = 0. (2.29)

Again by [15, Chapter VIII, Theorem 6.1 and (6.4)], there exists f ∈ C∞(B(0, 8ε0))
orthogonal to Ker(∂) in L2-space satisfying

∂f = Γ0,1 (2.30)

and

‖f‖L2,8ε0 � c1‖Γ‖L2,8ε0 . (2.31)

Applying the above procedure for 1
Ap

(ΓLp)0,1 − Γ0,1, we obtain also

∥∥∥ 1
Ap

fp − f
∥∥∥
L2,8ε0

� c1

∥∥∥ 1
Ap

(ΓLp)0,1 − Γ0,1
∥∥∥
L2,8ε0

, (2.32)

where c1 is a constant independent of p. Using elliptic estimates as in (2.5), we get 
Lemma 2.4 from (2.30), (2.31) and (2.32). �
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Denote by ϕ the real part of f and identify f, ϕ as functions on U via ψ. From (2.25)
we know σ = e−f forms a holomorphic frame of L0 = C|B(0,8ε0) which is trivial as 
smooth line bundle with metric h,

|σ|2h(Z) = e−2ϕ(Z) (2.33)

and its curvature of Chern connection on (C|B(0,8ε0), h) is

RL0 = −2π
√
−1ω. (2.34)

For 0 � τ � 1, set

fτ,p = f + τ
( 1
Ap

fp − f
)
Aa

p, φτ,p = Refτ,p. (2.35)

Now we get a smooth family of holomorphic line bundles Lτ,p on B(0, 8ε0) given by

B(0, 8ε0) ×C → Lτ,p, (y, v) → (y, ve−fτ,p). (2.36)

Thus we have the isomorphism of holomorphic line bundles on B(0, 8ε0) via (2.8) and 
(2.36):

L
Ap

A−a
p ,p

= Lp and L0,p = L0. (2.37)

Thus for x ∈ B(0, 2ε0),

B(0, 4ε0) ×C → B(x, 4ε0) ×C = Lτ,p|B(x,4ε0)

(y, v) �→ (y + x, ve−fτ,p(x+y))
(2.38)

is an isomorphism of holomorphic line bundles.
For x0 ∈ B(0, 2ε0) endowed with the local coordinates ψx0 from (2.7), denote by

ϕx0 = ϕ ◦ ψ−1
x0

, fx0 = f ◦ ψ−1
x0

, (2.39)

and we can define ϕ[1]
x0 , ϕ

[2]
x0 , φε, f [1]

x0 , f
[2]
x0 as in (2.9) and (2.11) by replacing ϕp, fp by ϕ, f . 

Then we have for x0 ∈ B(0, 2ε0), |Z| � 4ε, 0 � j � 2,∣∣∣fx0(Z) −
(
f(x0) + f [1]

x0
(Z) + f [2]

x0
(Z)
)∣∣∣

C j
� C|Z|3−j . (2.40)

Let φτ,p,ε be defined as in (2.11) by replacing fp by fτ,p. Let hLτ
ε,p be the metric on 

Lτ = X0 ×C defined by

|1|2
hLτ
ε,p

(Z) = e−2φτ,p,ε(Z). (2.41)
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Let ∇Lτ
τ,p be the Chern connection on (Lτ , hLτ

ε,p) and RLτ
τ,p be the curvature of ∇Lτ

τ,p, then 
by (0.5), (2.26), (2.35) and (2.40), we can take ε small enough and τ0 > 0 such that 
(2.14) holds and for any p large enough, x ∈ B(0, 2ε0) and τ ∈ [0, τ0],

inf
{√

−1RLτ

τ,p,Z(u, Ju)
/
|u|2gTX0 : u ∈ TZX0 \ {0} and Z ∈ X0

}
� 4

5μ0. (2.42)

We can summarize the above discussion as follows. We work on the trivial holomorphic 
line bundle Lτ = X0 × C with the canonical section 1, and the metric hLτ

ε,p defined by 
(2.41). Then the curvature RLτ

τ,p of the Chern connection ∇Lτ
τ,p on (Lτ , hLτ

ε,p) verifies (2.42), 
and for x0 ∈ B(0, 2ε0), we have the isometry of holomorphic line bundles on B(0, 4ε0)

(Lτ , h
Lτ
ε,p)⊗Ap

∣∣
τ=A−a

p
� (Lp, hp), and (Lτ , h

Lτ
ε,p)
∣∣
τ=0 � (L0, h). (2.43)

Since Lτ is trivial we can consider real powers of Lτ . This means that the global weight 
of the Hermitian metric is multiplied by the corresponding real number. Let ∇LN

τ
τ,p be the 

Chern connection on (Lτ , hLτ
ε,p)⊗N for N ∈ R>0. Let DX0

p,τ,N be the Dolbeault-Dirac opera-
tor defined in (2.15) associated with the holomorphic Hermitian line bundle (Lτ , hLτ

ε,p)⊗N .
Now for (Lτ , hLτ

ε,p), we use as frame a unit section Sτ,p,x0 of (Lτ , hLτ
ε,p) which is parallel 

with respect to ∇Lτ
τ,p along the curve [0, 1] � u → uZ, in particular, we can take as in 

(2.19):

Sτ,p,x0(Z) = exp

⎛⎝−φτ,p(x0) + 2
1∫

0

(iZ∂φτ,p,ε)tZ dt

⎞⎠ 1. (2.44)

The unit frame Sτ,p,x0 provides an isometry Lτ � C, where the trivial line bundle C is 
endowed with the canonical metric. Thus under this identification we consider (DX0

p,τ,N)2
acting on C∞(X0, C) and we have

DX0
p = DX0

p,A−a
p ,Ap

. (2.45)

Let P0,p,τ,N be the orthogonal projection

P0,p,τ,N : L2(X0, L
N
τ ) � L2(X0,C) → Ker(DX0

p,τ,N )2 (2.46)

and P0,p,τ,N (x, x′) be the smooth kernel of P0,p,τ,N with respect to dvX0(x′). Let dvTX be 
the Riemannian volume form of (Tx0X, gTx0X). Let κ(Z) be the smooth positive function 
defined by the equation

dvX0(Z) = κ(Z)dvTX(Z), (2.47)

with κ(0) = 1. For s ∈ C∞(R2n, C), Z ∈ R2n and t = 1√ , set

N
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(δts)(Z) =s(Z/t),

∇τ,t,• =δ−1
t tκ1/2∇LN

τ
τ,p κ

−1/2δt,

L t
τ,2 =δ−1

t t2κ1/2(DX0
p,τ,N )2κ−1/2δt.

(2.48)

Denote by 〈·, ·〉 and ‖ · ‖0 the inner product and the L2-norm on C∞(X0, C) induced by 
dvTX(Z). For s ∈ C∞

0 (X0, C), set

‖s‖2
t,0 := ‖s‖2

0 =
∫

R2n

|s(Z)|2dvTX(Z),

‖s‖2
τ,t,m :=

m∑
l=0

2n∑
j1,...,jl=1

‖∇τ,t,ej1
. . .∇τ,t,ejl

s‖2
t,0 .

(2.49)

Let P0,p,τ,t(Z, Z ′) = P0,p,τ,t,x0(Z, Z ′) be the smooth kernel of the spectral projection

P0,p,τ,t : (L2(X0,C), ‖·, ·‖0) → Ker(L t
τ,2) (2.50)

with respect to dvTX(Z ′).

2.3. Asymptotics of the scaled operators and Bergman kernel

Let {wj}nj=1 be an orthonormal basis of T (1,0)
x0 X. Then

e2j−1 = 1√
2
(wj + wj) and e2j =

√
−1√
2

(wj − wj), j = 1, . . . , n, (2.51)

form an orthonormal basis of Tx0X. Set

∇0,• =∇• + 1
2γx0(Z, ·), with γ = −2π

√
−1ω,

L 0
2 = −

2n∑
j=1

(∇0,ej )2 − γx0(wj , wj).
(2.52)

Then by [28, Theorem 4.1.7], we have:

Theorem 2.5. The operator L t
0,2 has the following expansion as t → 0,

L t
0,2 = L 0

2 +
k∑

r=1
trOr + O(tk+1), (2.53)

where Or are second order differential operators on C∞(R2n, C).
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Now we discuss the eigenvalues and eigenfunctions of L 0
2 in detail. We choose {wj}nj=1

an orthonormal basis of T (1,0)
x0 X such that

γx0(wj , wj) = aj , aj > 0. (2.54)

Let {wj}nj=1 be its dual basis. Then {ej}2n
j=1 given by (2.51) forms an orthonormal basis 

of Tx0X. We use the coordinates on R2n � Tx0X induced by ej as

R2n � (Z1, . . . , Z2n) �−→
2n∑
j=1

Zjej ∈ Tx0X. (2.55)

In what follows we also introduce the complex coordinates z = (z1, . . . , zn) on Cn � R2n. 
Thus Z = z + z, and wj =

√
2 ∂
∂zj

, wj =
√

2 ∂
∂zj

. We will also identify z to 
∑

j zj
∂

∂zj
and 

z to 
∑

j zj
∂

∂zj
when we consider z and z as vector fields. Remark that

∣∣∣ ∂

∂zj

∣∣∣2 =
∣∣∣ ∂

∂zj

∣∣∣2 = 1
2 , so that |z|2 = |z|2 = 1

2 |Z|2. (2.56)

It is very useful to rewrite L 0
2 by using the creation and annihilation operators. Set

bj = −2∇0, ∂
∂zj

, b+j = 2∇0, ∂
∂zj

, b = (b1, . . . , bn). (2.57)

Then by (2.52) and (2.54), we have

bj = −2 ∂

∂zj
+ 1

2ajzj , b+j = 2 ∂

∂zj
+ 1

2ajzj . (2.58)

Then

L 0
2 =

n∑
j=1

bjb
+
j . (2.59)

Let P :
(
L2(R2n), ‖ · ‖L2

)
→ Ker(L 0

2 ) be the orthogonal projection. Denote by P(x, y)
the Schwartz kernel of P. By [28, (4.1.84)],

P(Z,Z ′) =
n∏

j=1

aj
2π exp

[
− 1

4

n∑
j=1

aj
(
|zj |2 + |z′j |2 − 2zjz′j

)]
. (2.60)

In particular,

P(0, 0) =
n∏ aj

2π = ωn

ϑn
· (2.61)
j=1
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2.4. Proof of Theorem 0.1

By the arguments of [28, p. 194] we know that the constant in [28, Theorem 4.1.16]
is uniformly bounded if with respect to a fixed metric gTX

0 , the C 2n+m+m′+r+4-norms 
on B(0, 6ε0) of the metric hL are bounded (here we use the power N as parameter). 
Moreover, the Cm′-norms in [28, (4.1.58)] can also include the parameters if the Cm′-
norms with respect to the parameter and x0 ∈ B(0, 2ε0) of the derivatives of the data 
hL with order � 2n +m +r+4 are bounded. Here we have a family of metrics hLτ

ε,p which 
certainly verify these conditions for τ ∈ [0, τ0] and p large enough. Thus applying [28, 
Theorem 4.1.16] with parameter τ ∈ [0, τ0] and r = 0, we obtain the following statement.

Theorem 2.6. For any m, m′ ∈ N, q > 0, there exists C > 0 such that for t ∈ [0, t0], 
Z, Z ′ ∈ Tx0X, |Z|, |Z ′| � q, τ ∈ [0, τ0],

sup
|α|+|α′|�m

∣∣∣ ∂|α|+|α′|

∂ZαZ ′α′
∂

∂τ
P0,p,τ,t

∣∣∣
Cm′ (B(0,2ε0))

� C. (2.62)

By (2.62) we get

sup
|α|+|α′|�m

∣∣∣ ∂|α|+|α′|

∂ZαZ ′α′ (P0,p,0,t − P0,p,A−a
p ,t)(Z,Z

′)
∣∣∣
Cm′ (B(0,2ε0))

� CA−a
p . (2.63)

Taking Z = Z ′ = 0 in (2.63) yields∣∣∣P0,p,0,t(x0, x0) − P0,p,A−a
p ,t(x0, x0)

∣∣∣
Cm′ (B(0,2ε0))

� CA−a
p . (2.64)

By [28, (4.1.96)] we have

P0,p,τ,N (0, 0) = NnP0,p,τ,t(0, 0). (2.65)

Moreover, P0,p,0,t(x0, x0) does not depend on p and by the argument in [28, §4.1.4-4.1.5]
and Theorem 2.5, we see that for any k ∈ N there exists C > 0 such that for t ∈ [0, t0], 
we have

∣∣∣P0,p,0,t(x0, x0) −
k∑

r=0
t2rbr(x0)

∣∣∣
Cm′ (B(0,2ε0))

� Ct2k+2, (2.66)

with br(x0) is computed exactly as in [28, Theorem 4.1.21] associated with −2π
√
−1ω. 

In particular, b0(x) = P(0, 0) is given by (2.61). By (2.45) we have also

P 0
p (x0, x0) = P0,p,A−a

p ,Ap
(x0, x0). (2.67)

Proposition 2.3, relations (2.64), (2.65), (2.66) for t = 1√
Ap

and (2.67), yield the conclu-
sion of Theorem 0.1.
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3. Equidistribution of zeros of random sections

In this section we prove Theorem 0.4. We assume throughout this section the setting 
of Theorem 0.4 and let m ∈ {1, . . . , n}. We will denote by ωFS the Fubini-Study form on 
a projective space Pd, normalized so that ωd

FS
is a probability measure.

Let us start by introducing notation and recalling some facts needed for the proof. If 
{Sp

j }
dp

j=1 is an orthonormal basis of H0(X, Lp) then the Bergman kernel function Pp of 
H0(X, Lp) is given by

Pp(x) =
dp∑
j=1

|Sp
j (x)|2hp

, x ∈ X. (3.1)

Let U be a contractible Stein open set in X and write Sp
j = fp

j ep, where ep is a 
local holomorphic frame of Lp and fp

j is a holomorphic function on U . The Fubini-Study 
current γp of H0(X, Lp) is defined by

γp |U = 1
2 ddc log

dp∑
j=1

|fp
j |2 , (3.2)

where d = ∂ + ∂, dc = 1
2πi (∂ − ∂). These are positive closed currents of bidegree (1, 1), 

smooth away from the base locus BsH0(X, Lp) of H0(X, Lp). We have

γp = c1(Lp, hp) + 1
2 ddc logPp . (3.3)

Let Φp : X ��� Pdp−1 be the Kodaira map defined by the basis {Sp
j }

dp

j=1, so

Φp(x) = [fp
1 (x) : . . . : fp

dp
(x)] for x ∈ U. (3.4)

Then γp = Φ∗
p(ωFS).

If s ∈ H0(X, Lp) we denote by [s = 0] the current of integration (with multiplicities) 
along the analytic hypersurface {s = 0}. One has the Lelong-Poincaré formula (see [28, 
Theorem 2.3.3])

[s = 0] = c1(Lp, hp) + ddc log |s|hp
. (3.5)

Recall that Xp,m =
(
PH0(X, Lp)

)m, dp = dimH0(X, Lp). Set

dp,m := dimXp,m = m(dp − 1). (3.6)

Let πk : Xp,m → PH0(X, Lp) be the canonical projection onto the k-th factor. We endow 
Xp,m with the Kähler form
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ωp,m := cp,m
(
π∗

1ωFS + . . . + π∗
mωFS

)
,

where the constant cp,m is chosen so that ωdp,m
p,m = σp,m is a probability measure on Xp,m. 

It follows that

cp,m =
((

(dp − 1)!
)m

dp,m!

)1/dp,m

. (3.7)

Lemma 3.1. In the hypotheses of Theorem 0.4, the following hold for p > p0:
(i) γp are smooth (1, 1) forms on X.
(ii) For σp,m-a.e. sp = (sp1, . . . , spm) ∈ Xp,m we have that the analytic set {spi1 =

0} ∩ . . . ∩ {spik = 0} has pure dimension n − k for each 1 � k � m and 1 � i1 < . . . <

ik � m. In particular the current [sp = 0] := [sp1 = 0] ∧ . . . ∧ [spm = 0] is well defined 
and is equal to the current of integration with multiplicities over the common zero set 
{sp = 0} := {sp1 = 0} ∩ . . . ∩ {spm = 0}.

Proof. By (0.11) we have Pp(x) > 0 for all x ∈ X and p > p0, hence BsH0(X, Lp) = ∅
and (i) follows from (3.3). Since BsH0(X, Lp) = ∅ for p > p0, [9, Proposition 4.1]
implies that, for σp,m-a.e. sp = (sp1, . . . , spm) ∈ Xp,m, the analytic hypersurfaces {sp1 =
0}, . . . , {spm = 0} are in general position, i.e. {spi1 = 0} ∩ . . .∩{spik = 0} has dimension 
at most n − k for each 1 � k � m and 1 � i1 < . . . < ik � m. Hence

R := [spi1 = 0] ∧ . . . ∧ [spik = 0] (3.8)

is a well defined positive closed current of bidegree (k, k) by [13, Corollary 2.11], sup-
ported in the set {spi1 = 0} ∩ . . .∩{spik = 0}. Moreover, by the Lelong-Poincaré formula 
(3.5), ∫

X

R ∧ ϑn−k =
∫
X

c1(Lp, hp)k ∧ ϑn−k > 0 .

So {spi1 = 0} ∩ . . .∩{spik = 0} �= ∅, hence it has pure dimension n −k. The last assertion 
of (ii) now follows from [13, Corollary 2.11, Proposition 2.12]. �

The proof of Theorem 0.4 uses results of Dinh and Sibony [19, Section 3.1] on 
meromorphic transforms. As in [19, Example 3.6 (c)], [10, Section 4.2], [17] we con-
sider the meromorphic transform Φp,1 from X to PH0(X, Lp) defined by its graph 
Γp,1 =

{
(x, s) ∈ X × PH0(X, Lp) : s(x) = 0

}
. This is related to the Kodaira map 

Φp from (3.4). Its m-fold product Φp,m (see [19, Section 3.3]) is the meromorphic trans-
form from X to Xp,m with graph

Γp,m =
{
(x, sp1, . . . , spm) ∈ X ×Xp,m : sp1(x) = . . . = spm(x) = 0

}
.
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Using Lemma 3.1 (ii) and arguing as in [10, Section 4.2], it follows that Φp,m is a 
meromorphic transform of codimension n −m, with fibers

Φ−1
p,m(sp) = {x ∈ X : sp1(x) = . . . = spm(x) = 0} , where sp = (sp1, . . . , spm) ∈ Xp,m .

Moreover, for sp ∈ Xp,m generic, the current

Φ∗
p,m(δsp) = [sp = 0] = [sp1 = 0] ∧ . . . ∧ [spm = 0] = Φ∗

p,1(δsp1) ∧ . . . ∧ Φ∗
p,1(δspm)

is a well defined positive closed current of bidegree (m, m) on X. Here δx denotes the 
Dirac mass at a point x, and F ∗(T ) denotes the pull-back of a current T by a meromor-
phic transform F as defined in [19, Section 3.1]. Following the proof of [9, Theorem 1.2]
(see also [10, Lemma 4.5]), we can show that

Φ∗
p,m(σp,m) = γm

p , for all p > p0.

We consider the intermediate degrees of Φp,m of order dp,m, resp. dp,m − 1 [19, Section 
3.1]:

δ1
p,m :=

∫
X

Φ∗
p,m(ωdp,m

p,m ) ∧ ϑn−m , δ2
p,m :=

∫
X

Φ∗
p,m(ωdp,m−1

p,m ) ∧ ϑn−m+1. (3.9)

We have

δ1
p,m =

∫
X

c1(Lp, hp)m ∧ ϑn−m , δ2
p,m = 1

cp,m

∫
X

c1(Lp, hp)m−1 ∧ ϑn−m+1. (3.10)

Indeed, using (3.3), we infer by above that

δ1
p,m =

∫
X

γm
p ∧ ϑn−m =

∫
X

c1(Lp, hp)m ∧ ϑn−m,

and the formula for δ2
p,m follows as in the proof of [10, Lemma 4.4]. We will need the 

following estimates:

Lemma 3.2. (i) For every p � 1 and m ∈ {1, . . . , n}, we have 1
2em < cp,m < 2e

m .
(ii) There exist constants M1 > 1 and p1 > p0 such that, for every p > p1, we have

M−1
1 An

p � dp � M1A
n
p , (3.11)

M−1
1 Am

p � δ1
p,m � M1A

m
p , M−1

1 Ap �
δ1
p,m

δ2 � M1Ap , ∀m ∈ {1, . . . , n} . (3.12)

p,m
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Proof. (i) We have that [32, p. 200]

e
7
8 <

k!(
k
e

)k √
k
� e , for every k � 1.

Since k
1
2k < 2 this implies that ke <

(
k!
) 1

k

< 2k. Hence by (3.7) and (3.6),

1
2em < cp,m =

(
(dp − 1)!

)1/(dp−1)(
dp,m!

)1/dp,m
<

2e
m

.

(ii) We infer from (0.10) that there exists p1 ∈ N such that

ω

2 � 1
Ap

c1(Lp, hp) � 2ω , for all p > p1. (3.13)

By (3.10) we obtain

2−mAm
p

∫
X

ωm ∧ ϑn−m � δ1
p,m � 2mAm

p

∫
X

ωm ∧ ϑn−m,

which readily implies the first estimate from (3.12). Using this and part (i), we obtain 
the estimate on δ1

p,m/δ2
p,m from (3.12), by increasing the constant M1. Finally, using 

(0.11), we get

An
p

M0

∫
X

ϑn

n! � dp =
∫
X

Pp
ϑn

n! � M0A
n
p

∫
X

ϑn

n! , for all p > p0. �

Our next result deals with the part of the proof of Theorem 0.4 which uses the Dinh-
Sibony meromorphic transform technique and equidistribution theorem [19, Theorem 
4.1, Lemma 4.2 (d)]. For p > p0, m ∈ {1, . . . , n} and ε > 0, let

Ep,m(ε) :=
⋃

‖φ‖C2�1

{
sp ∈ Xp,m :

∣∣〈[sp = 0] − γm
p , φ

〉∣∣ � Am
p ε
}
, (3.14)

where φ is a (n − m, n − m) form of class C 2 on X. We also assume that the set of 
sp ∈ Xp,m for which the current [sp = 0] is not well defined is contained in Ep,m(ε). Note 
that, by Lemma 3.1, this is a set of measure 0 since p > p0.

Proposition 3.3. In the hypotheses of Theorem 0.4, there exist constants ν, α, ζ > 0 and 
p1 > p0, such that for every p > p1, m ∈ {1, . . . , n} and ε > 0 we have

σp,m(Ep,m(ε)) � ν Aζ
p e

−αApε.
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Proof. Fix m ∈ {1, . . . , n}. We apply [19, Lemma 4.2 (d)] to the sequence of meromorphic 
transforms Φp,m : (X, ϑ) ��� (Xp,m, ωp,m) of codimension n − m and the probability 
measures σp,m = ω

dp,m
p,m on Xp,m. Let

E′
p,m(ε) :=

⋃
‖φ‖C2�1

{
sp ∈ Xp,m :

∣∣〈[sp = 0] − γm
p , φ

〉∣∣ � δ1
p,mε

}
,

where p > p0 and δ1
p,m is the degree of Φp,m defined in (3.9). By [19, Lemma 4.2 (d)] it 

follows that

σp,m(E′
p,m(ε)) � Δp(ηε,p) , where ηε,p := ε

δ1
p,m

δ2
p,m

− 3Rp.

Here

Rp := R(Xp,m, ωp,m, σp,m) , Δp(t) := Δ(Xp,m, ωp,m, σp,m, t), where t > 0,

are quantities defined in [19, Sections 2.1, 2.2] and are related to the Alexander-Dinh-
Sibony capacity [1,19,24]. We recall their definition in the present situation. Let Sp,m

denote the class of quasiplurisubharmonic functions ϕ on Xp,m such that ddcϕ � −mωp,m

and 
∫
Xp,m

ϕ dσp,m = 0. Then

Rp = sup
{

max
Xp,m

ϕ : ϕ ∈ Sp,m

}
, Δp(t) = sup {σp,m(ϕ < −t) : ϕ ∈ Sp,m} .

By the appendix of [19] (see also [10, Lemma 4.6]) we infer that

Rp � ν′m
(
1 + log dp,m

)
, Δp(t) � ν′

(
dp,m

)ζ′
e−α′t, t > 0,

where ν′, ζ ′, α′ > 0 are constants depending only on m. Let M1, p1 be as in Lemma 3.2. 
Then by (3.12) we have for p > p1,

ηε,p � εAp

M1
− 3Rp � εAp

M1
− 3ν′m

(
1 + log dp,m

)
.

Hence

σp,m(E′
p,m(ε)) � Δp(ηε,p) � ν′′

(
dp,m

)ζ′′
e−α′′Apε,

where ν′′, ζ ′′ > 0 are constants depending only on m and α′′ = α′/M1. Using again (3.12)
we have δ1

p,m � M1A
m
p , so Ep,m(ε) ⊂ E′

p,m(ε/M1). Therefore

σp,m(Ep,m(ε)) � σp,m(E′
p,m(ε/M1)) � ν′′

(
dp,m

)ζ′′
e−α′′Apε/M1 .

Since by (3.11), dp,m < mdp � mM1A
n
p for p > p1, the conclusion follows. �
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Proposition 3.4. In the hypotheses of Theorem 0.4, there exist C > 0 and p1 ∈ N such 
that for every β > 0, m ∈ {1, . . . , n} and p > p1 there exists a subset Eβ

p,m ⊂ Xp,m with 
the following properties:

(i) σp,m(Eβ
p,m) � CA−β

p ;
(ii) if sp ∈ Xp,m \ Eβ

p,m then, for any (n −m, n −m) form φ of class C 2 on X,

∣∣∣ 1
Am

p

〈
[sp = 0] − γm

p , φ
〉∣∣∣ � C (β + 1) logAp

Ap
‖φ‖C 2 .

Moreover, if 
∑∞

p=1 A
−β
p < +∞ then the last estimate holds for σ∞,m-a.e. sequence 

{sp}p�1 ∈ X∞,m provided that p is large enough.

Proof. For every β > 0, m ∈ {1, . . . , n} and p > p1, let

εp = (β + ζ) logAp

αAp
, Eβ

p,m := Ep,m(εp),

where p1, α, ζ are as in Proposition 3.3 and the set Ep,m(ε) is defined in (3.14). By 
Proposition 3.3, we have that

σp,m(Eβ
p,m) � ν Aζ

p e
−αApεp = νA−β

p .

If sp = (sp1, . . . , spm) ∈ Xp,m \ Eβ
p,m then, by the definition of Eβ

p,m, the current [sp =
0] = [sp1 = 0] ∧ . . . ∧ [spm = 0] is well defined and

∣∣∣ 1
Am

p

〈
[sp = 0] − γm

p , φ
〉∣∣∣ � εp ‖φ‖C 2 ,

for any (n −m, n −m) form φ of class C 2. So assertions (i) and (ii) hold with the constant 
C := max

{
ν, 1α , 

ζ
α

}
. The last assertion follows from these using the Borel-Cantelli lemma 

(see e.g. the proof of [10, Theorem 4.2]). �
Proposition 3.5. In the hypotheses of Theorem 0.4, there exist C > 0 and p1 ∈ N such 
that for every m ∈ {1, . . . , n}, p > p1 and every (n −m, n −m) form φ of class C 2 on 
X, we have

∣∣∣〈 γm
p

Am
p

− ωm, φ
〉∣∣∣ � C

(
logAp

Ap
+ A−a

p

)
‖φ‖C 2 .

Proof. There exists c > 0 such that for every real (n −m, n − m) form φ of class C 2, 
m ∈ {1, . . . , n}, and every real (1, 1) form θ on X one has

−c‖φ‖C 2 ϑn−m+1 � ddcφ � c‖φ‖C 2 ϑn−m+1, (3.15)
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−c‖φ‖C 0‖θ‖C 0 ϑn−m+1 � φ ∧ θ � c‖φ‖C 0‖θ‖C 0 ϑn−m+1. (3.16)

For p > p0 let

Rp :=
γm
p

Am
p

− ωm , ρp :=
m−1∑
j=0

γj
p

Aj
p

∧ ωm−1−j , αp := c1(Lp, hp)
Ap

− ω .

By (0.10), respectively by (3.3), we have that

‖αp‖C 0 � C0

Aa
p

,
γp
Ap

− ω = αp + 1
2Ap

ddc logPp .

Hence if φ is a real (n −m, n −m) form of class C 2 we obtain that

〈Rp, φ〉 =
〈( γp

Ap
− ω
)
∧ ρp, φ

〉
=
∫
X

ρp ∧ αp ∧ φ +
∫
X

logPp

2Ap
ρp ∧ ddcφ . (3.17)

Using (3.16) we infer that

−cC0

Aa
p

‖φ‖C 0 ϑn−m+1 � αp ∧ φ � cC0

Aa
p

‖φ‖C 0 ϑn−m+1,

hence ∣∣∣ ∫
X

ρp ∧ αp ∧ φ
∣∣∣ � cC0

Aa
p

‖φ‖C 0

∫
X

ρp ∧ ϑn−m+1. (3.18)

By (3.15), the total variation of the signed measure ρp ∧ ddcφ verifies

|ρp ∧ ddcφ| � c‖φ‖C 2 ρp ∧ ϑn−m+1.

Therefore ∣∣∣ ∫
X

logPp

2Ap
ρp ∧ ddcφ

∣∣∣ � c‖φ‖C 2

∫
X

| logPp|
2Ap

ρp ∧ ϑn−m+1.

We choose p1 > p0 such that (3.13) holds for p > p1 and Ap > M0 for p > p1, 
where M0 is the constant from (0.11). By (0.11) it follows that An−1

p � Pp � An+1
p , so 

| logPp| � (n + 1) logAp, hold on X for p > p1. We infer that

∣∣∣ ∫
X

logPp

2Ap
ρp ∧ ddcφ

∣∣∣ � nc‖φ‖C 2 logAp

Ap

∫
X

ρp ∧ ϑn−m+1 for p > p1. (3.19)

Using (3.3) and (3.13) we have, for p > p1 and 0 � j � m − 1, that
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∫
X

γj
p

Aj
p

∧ωm−1−j ∧ϑn−m+1 =
∫
X

c1(Lp, hp)j

Aj
p

∧ωm−1−j ∧ϑn−m+1 � 2j
∫
X

ωm−1∧ϑn−m+1.

Hence

∫
X

ρp ∧ ϑn−m+1 =
m−1∑
j=0

∫
X

γj
p

Aj
p

∧ ωm−1−j ∧ ϑn−m+1 < 2m
∫
X

ωm−1 ∧ ϑn−m+1. (3.20)

By (3.17), (3.18), (3.19) and (3.20) we conclude that if p > p1 then

|〈Rp, φ〉| � 2m
(cC0

Aa
p

‖φ‖C 0 + nc logAp

Ap
‖φ‖C 2

)∫
X

ωm−1 ∧ ϑn−m+1,

for every m ∈ {1, . . . , n} and every real (n −m, n −m) form φ of class C 2. This implies 
the proposition. �

Proof of Theorem 0.4. Theorem 0.4 follows at once from Propositions 3.4 and 3.5. �
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