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Dedicated to Professor Jochen Brüning on the occasion of his 65th birthday

By Xiaonan Ma at Paris and George Marinescu at Köln and Bucharest

Abstract. We study Berezin–Toeplitz quantization on Kähler manifolds. We ex-
plain first how to compute various associated asymptotic expansions, then we compute
explicitly the first terms of the expansion of the kernel of the Berezin–Toeplitz operators,
and of the composition of two Berezin–Toeplitz operators. As an application, we estimate
the norm of Donaldson’s Q-operator.
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0. Introduction

Berezin–Toeplitz operators are important in geometric quantization and the proper-
ties of their kernels turn out to be deeply related to various problems in Kähler geometry
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(see e.g. [16], [17]). In this paper, we will study the precise asymptotic expansion of
these kernels. We refer the reader to the book [24] for a comprehensive study of the
Bergman kernel, Berezin–Toeplitz quantization and its applications. See also the survey
[23].

The setting of Berezin–Toeplitz quantization on Kähler manifolds is the following.
Let ðX ;o; JÞ be a compact Kähler manifold of dimC X ¼ n with Kähler form o and com-
plex structure J. Let ðL; hLÞ be a holomorphic Hermitian line bundle on X , and let ðE; hEÞ
be a holomorphic Hermitian vector bundle on X . Let ‘L, ‘E be the holomorphic Hermi-
tian connections on ðL; hLÞ, ðE; hEÞ with curvatures RL ¼ ð‘LÞ2, RE ¼ ð‘EÞ2, respec-
tively. We assume that ðL; hL;‘LÞ is a prequantum line bundle, i.e.,

o ¼
ffiffiffiffiffiffiffi
�1

p

2p
RL:ð0:1Þ

Let gTX ð� ; �Þ :¼ oð�; J�Þ be the Riemannian metric on TX induced by o and J. The
Riemannian volume form dvX of ðX ; gTX Þ has the form dvX ¼ on=n!. The L2-Hermitian
product on the space CyðX ;L p nEÞ of smooth sections of L p nE on X , with
L p :¼ Lnp, is given by

hs1; s2i ¼
Ð
X

hs1; s2iðxÞ dvX ðxÞ:ð0:2Þ

We denote the corresponding norm by k � kL2 and by L2ðX ;L p nEÞ the completion of
CyðX ;L p nEÞ with respect to this norm.

Given a continuous smoothing linear operator K : L2ðX ;L p nEÞ ! L2ðX ;L p nEÞ,
the Schwartz kernel theorem [24], Theorem B.2.7, guarantees the existence of an integral
kernel with respect to dvX , denoted by Kðx; x 0Þ A ðL p nEÞx n ðL p nEÞ�x 0 , for x; x 0 A X ,
i.e.,

ðKSÞðxÞ ¼
Ð
X

Kðx; x 0ÞSðx 0Þ dvX ðx 0Þ; S A L2ðX ;L p nEÞ:ð0:3Þ

Consider now the space H 0ðX ;L p nEÞ of holomorphic sections of L p nE on X and let
Pp : L2ðX ;L p nEÞ ! H 0ðX ;L p nEÞ be the orthogonal (Bergman) projection. Its kernel
Ppðx; x 0Þ with respect to dvX ðx 0Þ is smooth; it is called the Bergman kernel. The Berezin–

Toeplitz quantization of a section f A Cy
�
X ;EndðEÞ

�
is the Berezin–Toeplitz operator

fTf ;pgp AN which is a sequence of linear operators Tf ;p defined by

Tf ;p : L2ðX ;L p nEÞ ! L2ðX ;L p nEÞ; Tf ;p ¼ Pp fPp:ð0:4Þ

The kernel Tf ;pðx; x 0Þ of Tf ;p with respect to dvX ðx 0Þ is also smooth. Since EndðLÞ ¼ C, we
have Tf ;pðx; xÞ A EndðEÞx for x A X .

We introduce now the relevant geometric objects used in Theorems 0.1, 0.2 and 0.3.
Let T ð1;0ÞX be the holomorphic tangent bundle on X , and T �ð1;0ÞX its dual bundle. Let
‘TX be the Levi–Civita connection on ðX ; gTX Þ. We denote by RTX ¼ ð‘TX Þ2 the curva-
ture, by Ric the Ricci curvature and by r the scalar curvature of ‘TX (cf. (3.3)).
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We still denote by ‘E the connection on EndðEÞ induced by ‘E . Consider the (posi-
tive) Laplacian D acting on the functions on ðX ; gTX Þ and the Bochner Laplacian DE on
CyðX ;EÞ and on Cy

�
X ;EndðEÞ

�
. Let fekg be a (local) orthonormal frame of ðTX ; gTX Þ.

Then

DE ¼ �
P
k

ð‘E
ek
‘E

ek
� ‘E

‘TX
ek

ek
Þ:ð0:5Þ

Let Wq; r
�
X ;EndðEÞ

�
be the space of ðq; rÞ-forms on X with values in EndðEÞ, and

let

‘1;0 : Wq;��X ;EndðEÞ
�
! Wqþ1;��X ;EndðEÞ

�
ð0:6Þ

be the ð1; 0Þ-component of the connection ‘E . Let ð‘EÞ�, ‘1;0�; qE� be the adjoints of ‘E ,
‘1;0, qE , respectively. Let D1;0, D0;1 be the ð1; 0Þ and ð0; 1Þ components of the connection
‘T �X : CyðX ;T �X Þ ! CyðX ;T �X nT �XÞ induced by ‘TX .

In the following, we denote by

h� ; �io : W�;��X ;EndðEÞ
�
�W�;��X ;EndðEÞ

�
! Cy

�
X ;EndðEÞ

�
the C-bilinear pairing han f ; bn gio ¼ ha; bi f � g, for forms a; b A W�;�ðXÞ and sections
f ; g A Cy

�
X ;EndðEÞ

�
(cf. (0.14), (0.16), (0.17)). Put

RE
L ¼ hRE ;oio:ð0:7Þ

Let Rico ¼ RicðJ�; �Þ be the ð1; 1Þ-form associated to Ric. Set

jRicoj2 ¼
P
i<j

Ricoðei; ejÞ2; jRTX j2 ¼
P
i<j

P
k<l

hRTX ðei; ejÞek; eli
2;

and let

b2C ¼ �Dr

48
þ 1

96
jRTX j2 � 1

24
jRicoj2 þ

1

128
r2;

b2E ¼
ffiffiffiffiffiffiffi
�1

p

32
ð2rRE

L � 4hRico;R
Eio þ DERE

LÞ �
1

8
ðRE

LÞ
2

þ 1

8
hRE ;REio þ 3

16
qE�‘1;0�RE ;

b1 ¼ r

8p
þ

ffiffiffiffiffiffiffi
�1

p

2p
RE

L; b2 ¼ 1

p2
ðb2C þ b2EÞ:

ð0:8Þ

We use now the notation from (3.6). By our convention (cf. (3.5)), we have at
x0 A X ,

halm dzl5dzm; bkq dzk5dzqi ¼ �4almbml; hamq dzm n dzq; bkl dzk n dzli ¼ 4amqbmq

(note that jdzqj2 ¼ 2). Then by Lemma 3.1, (5.3) and (5.4), we have at x0 A X ,
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Ric
lk

¼ 2R
lkqq

¼ 2R
lqqk

; r ¼ 8Rllqq; Rico ¼
ffiffiffiffiffiffiffi
�1

p
Ric

lk
dzl5dzk;ffiffiffiffiffiffiffi

�1
p

RE
L ¼ 2RE

kk
; b1 ¼ 1

p
ðR

kkmm
þ RE

mmÞ;

b2C ¼ �Dr

48
þ 1

6
RklmqR

lkqm
� 2

3
RllmqR

kkqm
þ 1

2
RllqqR

kkmm
;ð0:9Þ

b2E ¼ RE
qqR

kkmm
� RE

mqR
kkqm

þ 1

2
ðRE

qqRE
mm � RE

mqRE
qmÞ

þ 1

4
ð�RE

kk;mm
þ 3RE

mk;km
Þ:

We say that a sequence Yp A Cy
�
X ;EndðEÞ

�
has an asymptotic expansion of the form

YpðxÞ ¼
Py
r¼0

ArðxÞpn�r þ Oðp�yÞ; Ar A Cy
�
X ;EndðEÞ

�
;ð0:10Þ

if for any k; l A N, there exists Ck; l > 0 such that for any p A N�, we have����YpðxÞ �
Pk
r¼0

ArðxÞpn�r

����
C lðXÞ

eCk; lp
n�k�1;ð0:11Þ

where j � jC lðX Þ is the C l-norm on X .

Theorem 0.1. For any f A Cy
�
X ;EndðEÞ

�
, we have

Tf ;pðx; xÞ ¼
Py
r¼0

br; f ðxÞpn�r þ Oðp�yÞ; br; f A Cy
�
X ;EndðEÞ

�
:ð0:12Þ

Moreover,

b0; f ¼ f ; b1; f ¼ r

8p
f þ

ffiffiffiffiffiffiffi
�1

p

4p
ðRE

L f þ fRE
LÞ �

1

4p
DEf :ð0:13Þ

If f A CyðXÞ, then

p2b2; f ¼ p2b2 f þ 1

32
D2f � 1

32
rDf �

ffiffiffiffiffiffiffi
�1

p

8
hRico; qqf ið0:14Þ

þ
ffiffiffiffiffiffiffi
�1

p

24
hdf ;‘ERE

Lio þ 1

24
hqf ;‘1;0�REio

� 1

24
hqf ; qE�REio �

ffiffiffiffiffiffiffi
�1

p

8
ðDf ÞRE

L þ 1

4
hqqf ;REio:

Theorem 0.2. For any f ; g A Cy
�
X ;EndðEÞ

�
, the kernel of the composition

Tf ;p � Tg;p has an asymptotic expansion on the diagonal

ðTf ;p � Tg;pÞðx; xÞ ¼
Py
r¼0

br; f ;gðxÞpn�r þ Oðp�yÞ; br; f ;g A Cy
�
X ;EndðEÞ

�
;ð0:15Þ
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in the sense of (0.11). Moreover, b0; f ;g ¼ fg and

b1; f ;g ¼ 1

8p
rfg þ

ffiffiffiffiffiffiffi
�1

p

4p
ðRE

L fg þ fgRE
LÞð0:16Þ

� 1

4p

�
fDEg þ ðDEf Þg

�
þ 1

2p
hqEf ;‘1;0gio:

If f ; g A CyðXÞ, then

b2; f ;g ¼ f b2;g þ gb2; f � fgb2ð0:17Þ

þ 1

p2

�
� 1

8
hqf ; qDgi� 1

8
hqDf ; qgiþ 1

2
hqf ; qgipb1

� 1

4
hqf5qg;REio þ 1

16
Df � Dg þ 1

8
hD0;1qf ;D1;0qgi

�
:

The existence of the expansions (0.12) and (0.15) and the formulas for the leading
terms hold in fact in the symplectic setting and are consequences of [27], Lemma 4.6 and
(4.79), or [24], Lemma 7.2.4 and (7.4.6), (cf. Lemma 2.2). The novel point of Theorems 0.1,
0.2 is the calculation of the coe‰cients b1; f , b2; f , b1; f ;g and b2; f ;g. Note that the precise for-
mula b1; f for a function f A CyðX Þ was already given in [24], Problem 7.2. In Theorem
5.1, we find a general formula of b2; f for any f A Cy

�
X ;EndðEÞ

�
.

If f ¼ 1, then Tf ;p ¼ Pp, and the existence of the expansion (0.12) and the form of the
leading term was proved by [30], [6], [33]. The terms b1, b2 were computed by Lu [22] (for
E ¼ C, the trivial line bundle with trivial metric), X. Wang [32], L. Wang [31], in various
degree of generality. The method of these authors is to construct appropriate peak sections
as in [30], using Hörmander’s L2 q-method. In [8], §5.1, Dai–Liu–Ma computed b1 by
using the heat kernel, and in [25], §2, [26], §2 (cf. also [24], §4.1.8, §8.3.4), we computed b1

in the symplectic case.

The expansion of the Bergman kernel Ppðx; xÞ on the diagonal, for E ¼ C, was re-
derived by Douglas and Klevtsov [11] by using path integral and perturbation theory. They
give physics interpretations in terms of supersymmetric quantum mechanics, the quantum
Hall e¤ect and black holes (cf. also [12]).

An interesting consequence of Theorem 0.2 is the following precise computation of
the expansion of the composition of two Berezin–Toeplitz operators.

Theorem 0.3. Let f ; g A Cy
�
X ;EndðEÞ

�
. The product of the Toeplitz operators Tf ;p

and Tg;p is a Toeplitz operator, more precisely, it admits the asymptotic expansion

Tf ;p � Tg;p ¼
Py
r¼0

p�rTCrð f ;gÞ;p þOðp�yÞ;ð0:18Þ

where Cr are bidi¤erential operators, in the sense that for any k f 0, there exists ck > 0 with����Tf ;p � Tg;p �
Pk
l¼0

p�lTCrð f ;gÞ;p

����e ckp�k�1;ð0:19Þ
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where k � k denotes the operator norm on the space of bounded operators. We have

C0ð f ; gÞ ¼ fg;

C1ð f ; gÞ ¼ � 1

2p
h‘1;0f ; qEgio A Cy

�
X ;EndðEÞ

�
;

C2ð f ; gÞ ¼ b2; f ;g � b2; fg � b1;C1ð f ;gÞ:

ð0:20Þ

If f ; g A CyðXÞ, then

C2ð f ; gÞ ¼ 1

8p2
hD1;0qf ;D0;1qgiþ

ffiffiffiffiffiffiffi
�1

p

4p2
hRico; qf 5qgið0:21Þ

� 1

4p2
hqf 5qg;REio:

The existence of the expansion (0.18) is a special case of [27], Theorem 1.1, (cf. also
[24], Theorems 7.4.1 and 8.1.10), where we found a symplectic version in which the
Toeplitz operators (0.4) are constructed by using the projection to the kernel of the Dirac
operator. Note that the precise values of b2 are not used to derive (0.21) (cf. Section 5.3).

The existence of the expansion (0.18) for E ¼ C was first established by Bordemann,
Meinrenken and Schlichenmaier [3], Schlichenmaier [29] (cf. also [19]) using the theory of
Toeplitz structures by Boutet de Monvel and Guillemin [4]. Charles [7] calculated C1ð f ; gÞ
for E ¼ C. The asymptotic expansion (0.18) with a twisting bundle E was derived by
Hawkins [18], Lemma 4.1, up to order one (i.e., (0.19) for k ¼ 0).

Also, there is related work of Engliš [13], [14] dealing with expressing asymptotic
expansions of Bergman kernel and coe‰cients of the Berezin–Toeplitz expansion (0.18)
in terms of the metric. Engliš [14], Corollary 15, computed C1ð f ; gÞ and C2ð f ; gÞ for a
smoothly bounded pseudoconvex domain X ¼ fz A Cn : jðzÞ > 0g, where j is a defining
function such that �log j is strictly plurisubharmonic, and for the trivial line bundle
L ¼ C over X , equipped with the nontrivial metric hL ¼ j of positive curvature.

Note that we work throughout the paper with a non-trivial twisting bundle E. More-
over, we have shown in [27], §5–6, (cf. also [24], §7.5) that Berezin–Toeplitz quantization
holds for complete Kähler manifolds and orbifolds endowed with a prequantum line bun-
dle. The calculations of the coe‰cients in the present paper being local in nature, they hold
also for the above cases.

For some applications of the results of this paper to Kähler geometry see the paper
[17] by Fine.

We close the introduction with some remarks about the Berezin–Toeplitz star-
product. Following the ground-breaking work of Berezin [1], one can define a star-product
by using Toeplitz operators. Note that formal star-products are known to exist on symplec-
tic manifolds by [9], [15]. The Berezin–Toeplitz star-product gives a very concrete and geo-
metric realization of such product. For general symplectic manifolds this was realized in
[24], [27] by using Toeplitz operators obtained by projecting on the kernel of the Dirac
operator.
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Consider now a compact Kähler manifold ðX ;oÞ and a prequantum line bundle L.
For every f ; g A CyðX Þ one defines the Berezin–Toeplitz star-product (cf. [19], [29] and
[24], [27] for the symplectic case) by

f � g :¼
Py
k¼0

Ckð f ; gÞ�hk A CyðXÞJ�hK:ð0:22Þ

This star-product is associative. Moreover, for f ; g A CyðX Þ we have (cf. [24], (7.4.3), [27],
(4.89))

C0ð f ; gÞ ¼ fg ¼ C0ðg; f Þ; C1ð f ; gÞ � C1ðg; f Þ ¼
ffiffiffiffiffiffiffi
�1

p
f f ; gg;ð0:23Þ

where f f ; gg is the Poisson bracket associated to 2po. Therefore

½Tf ;p;Tg;p� ¼
ffiffiffiffiffiffiffi
�1

p

p
Tf f ;gg;p þOðp�2Þ; p ! y:ð0:24Þ

Consider a twisting holomorphic Hermitian vector bundle E and f ; g A Cy
�
X ;EndðEÞ

�
as

in Theorem 0.3. This corresponds to matrix-valued Berezin–Toeplitz quantization, which
models a quantum system with r ¼ rank E degrees of freedom. By (0.18), this Berezin–
Toeplitz quantization has the expected semi-classical behaviour. Moreover, by [24], Theo-
rem 7.4.2, [27], Theorem 4.19, we have

lim
p!y

kTf ;pk ¼ k f ky :¼ sup
03u AEx;x AX

j f ðxÞðuÞjhE=jujhE :ð0:25Þ

Corollary 0.4. Let f ; g A Cy
�
X ;EndðEÞ

�
. Set

f � g :¼
Py
k¼0

Ckð f ; gÞ�hk A Cy
�
X ;EndðEÞ

�
J�hK;ð0:26Þ

where Crð f ; gÞ are determined by (0.18). Then (0.26) defines an associative star-product on

Cy
�
X ;EndðEÞ

�
. Set moreover

ff f ; ggg :¼ 1

2p
ffiffiffiffiffiffiffi
�1

p ðh‘1;0g; qEf io � h‘1;0f ; qEgioÞ:ð0:27Þ

If fg ¼ gf on X we have

½Tf ;p;Tg;p� ¼
ffiffiffiffiffiffiffi
�1

p

p
Tff f ;ggg;p þOðp�2Þ; p ! y:ð0:28Þ

The associativity of the star-product (0.26) follows immediately from the associativity
rule for the composition of Toeplitz operators, ðTf ;p � Tg;pÞ � Tk;p ¼ Tf ;p � ðTg;p � Tk;pÞ for
any f ; g; k A Cy

�
X ;EndðEÞ

�
, and from the asymptotic expansion (0.18) applied to both

sides of the latter equality.

Due to the fact that ff f ; ggg ¼ f f ; gg if E is trivial and comparing (0.24) to (0.28),
one can regard ff f ; ggg defined in (0.27) as a non-commutative Poisson bracket.
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Remark 0.5. Throughout the paper we suppose that gTX ðu; vÞ ¼ oðu; JvÞ. The re-
sults presented so far still hold for a general non-Kähler J-invariant Riemannian metric
gTX . To explain this point we follow [24, §4.1.9].

Let us denote the metric associated to o by gTX
o :¼ oð�; J�Þ. We identify the 2-form

RL with the Hermitian matrix _RRL A EndðT ð1;0ÞXÞ via gTX . Then the Riemannian volume
form of gTX

o is given by dvX ;o ¼ ð2pÞ�n detð _RRLÞ dvX (where dvX is the Riemannian volume

form of gTX ). Moreover, hE
o :¼ det

_RRL

2p

� 	�1

hE defines a metric on E. We add a subscript o

to indicate the objects associated to gTX
o , hL and hE

o . Hence h� ; �io denotes the L2 Hermi-
tian product on CyðX ;L p nEÞ induced by gTX

o , hL, hE
o . This product is equivalent to the

product h� ; �i induced by gTX , hL, hE .

Moreover, H 0ðX ;L p nEÞ does not depend on the Riemannian metric on X

or on the Hermitian metrics on L, E. Therefore, the orthogonal projections from�
CyðX ;L p nEÞ; h� ; �io

�
and

�
CyðX ;L p nEÞ; h� ; �i

�
onto H 0ðX ;L p nEÞ are the same.

Hence Pp ¼ Pp;o and therefore Tf ;p ¼ Tf ;p;o as operators. However, their kernels are dif-
ferent. If Tf ;p;oðx; x 0Þ, (x; x 0 A X ), denotes the smooth kernels of Tf ;p;o with respect to
dvX ;oðx 0Þ, we have

Tf ;pðx; x 0Þ ¼ ð2pÞ�n detð _RRLÞðx 0ÞTf ;p;oðx; x 0Þ:ð0:29Þ

For the kernel Tf ;p;oðx; x 0Þ, we can apply Theorem 0.1 since gTX
o ð� ; �Þ ¼ oð�; J�Þ is a Kähler

metric on TX . We obtain in this way the expansion of Tf ;pðx; xÞ for a non-Kähler metric
gTX on X . By (0.29), the coe‰cients of these expansions (0.12), (0.18) satisfy

br; f ¼ ð2pÞ�n detð _RRLÞbr; f ;o;

Crð f ; gÞ ¼ Cr;oð f ; gÞ:
ð0:30Þ

This paper is organized as follows. In Section 1, we recall the formal calculus on Cn

for the model operator L, which is the main ingredient of our approach. In Section 2, we
review the asymptotic expansion of the kernel of Berezin–Toeplitz operators and explain
the strategy of our computation. In Section 3, we obtain explicitly the first terms of the
Taylor expansion of our rescaled operator Lt. In Section 4, we study in detail the contri-
bution of O2, O4 to the term F4 from (2.20). In Section 5, by applying the formal calculi
on Cn and the results from Section 4, we establish Theorems 0.1, 0.2 and 0.3. We also
verify that our calculations are compatible with the Riemann–Roch–Hirzebruch Theo-
rem. In Section 6, we estimate the Cm-norm of Donaldson’s Q-operator, thus continuing
[20], [21].

We shall use the following notations. For a ¼ ða1; . . . ; anÞ A Nm, Z A Cm, we set

jaj :¼
Pm
j¼1

aj and Za :¼ Za1

1 � � �Zam
m . Moreover, when an index variable appears twice in a

single term, it means that we are summing over all its possible values.
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1. Kernel calculus on Cn

In this section we recall the formal calculus on Cn for the model operator L intro-
duced in [27], §2, [24], §7.1, (with aj ¼ 2p therein), and we derive the properties of the cal-
culus of the kernels ðFPÞðZ;Z 0Þ, where F A C½Z;Z 0� and PðZ;Z 0Þ is the kernel of the pro-
jection on the null space of the model operator L. This calculus is the main ingredient of
our approach.

Let us consider the canonical coordinates ðZ1; . . . ;Z2nÞ on the real vector space R2n.
On the complex vector space Cn we consider the complex coordinates ðz1; . . . ; znÞ. The two
sets of coordinates are linked by the relation zj ¼ Z2j�1 þ

ffiffiffiffiffiffiffi
�1

p
Z2j, j ¼ 1; . . . ; n.

We consider the L2-norm k � kL2 ¼
� Ð

R2n

j � j2 dZ

	1=2

on R2n, where dZ ¼ dZ1 � � � dZ2n

is the standard Euclidean volume form. We define the di¤erential operators:

bi ¼ �2
q

qzi

þ pzi; bþ
i ¼ 2

q

qzi

þ pzi; b ¼ ðb1; . . . ; bnÞ; L ¼
P

i

bib
þ
i ;ð1:1Þ

which extend to closed densely defined operators on
�
L2ðR2nÞ; k � kL2

�
. As such, bþ

i is the
adjoint of bi and L defines as a densely defined self-adjoint operator on

�
L2ðR2nÞ; k � kL2

�
.

The following result was established in [25], Theorem 1.15, (cf. also [24], Theorem 4.1.20).

Theorem 1.1. The spectrum of L on L2ðR2nÞ is given by

SpecðLÞ ¼ f4pjaj : a A Nng:ð1:2Þ

Each l A SpecðLÞ is an eigenvalue of infinite multiplicity and an orthogonal basis of the cor-

responding eigenspace is given by

Bl ¼ fbaðzbe
�pT

i

jzij2=2
Þ : a A Nn with 4pjaj ¼ l; b A Nngð1:3Þ

and
S
fBl : l A SpecðLÞg forms a complete orthogonal basis of L2ðR2nÞ. In particular, an

orthonormal basis of KerðLÞ is

jbðzÞ ¼
pjbj

b!

� 	1=2

zbe
�pT

i

jzij2=2
: b A Nn

( )
:ð1:4Þ

Let PðZ;Z 0Þ denote the kernel of the orthogonal projection P : L2ðR2nÞ ! KerðLÞ
with respect to dZ 0. Let P? ¼ Id �P. We call Pð� ; �Þ the Bergman kernel of L.

Obviously PðZ;Z 0Þ ¼
P
b

jbðzÞjbðz 0Þ so we infer from (1.4) that

PðZ;Z 0Þ ¼ exp

�
� p

2

Pn
i¼1

ðjzij2 þ jz 0
i j

2 � 2ziz
0
i Þ
	
:ð1:5Þ
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In the calculations involving the kernel Pð� ; �Þ, we prefer however to use the orthog-
onal decomposition of L2ðR2nÞ given in Theorem 1.1 and the fact that P is an orthogonal
projection, rather than integrating against the expression (1.5) of Pð� ; �Þ. This point of view
helps simplify a lot the computations and understand better the operations. As an example,

if jðZÞ ¼ baðzbe
�pT

i

jzij2=2
Þ with a; b A Nn, then Theorem 1.1 implies immediately that

ðPjÞðZÞ ¼ zbe
�pT

i

jzij2=2
; if jaj ¼ 0;

0; if jaj > 0:

(
ð1:6Þ

The following commutation relations are very useful in the computations. Namely, for any
polynomial gðz; zÞ in z and z, we have

½bi; bþ
j � ¼ bib

þ
j � bþ

j bi ¼ �4pdij;

½bi; bj� ¼ ½bþ
i ; b

þ
j � ¼ 0;

½gðz; zÞ; bj� ¼ 2
q

qzj

gðz; zÞ;

½gðz; zÞ; bþ
j � ¼ �2

q

qzj

gðz; zÞ:

ð1:7Þ

For a polynomial F in Z, Z 0, we denote by FP the operator on L2ðR2nÞ defined by the
kernel FðZ;Z 0ÞPðZ;Z 0Þ and the volume form dZ according to (0.3).

The following very useful lemma ([24], Lemma 7.1.1), describes the calculus of the
kernels ðFPÞðZ;Z 0Þ :¼ FðZ;Z 0ÞPðZ;Z 0Þ.

Lemma 1.2. For any F ;G A C½Z;Z 0� there exists a polynomial K½F ;G� A C½Z;Z 0�
with degree degK½F ;G� of the same parity as deg F þ deg G, such that�

ðFPÞ � ðGPÞ
�
ðZ;Z 0Þ ¼ K½F ;G�ðZ;Z 0ÞPðZ;Z 0Þ:ð1:8Þ

2. Expansion of the kernel of Berezin–Toeplitz operators

In this section, we review some results from [25], [27] (cf. also [24], §7.2). We explain
then how to compute the coe‰cients of various expansions considered in this paper. We
keep the notations and assumptions from the Introduction.

Kodaira–Laplace operator. Let qL pnE;� be the adjoint of the Dolbeault operator
qL pnE . Let rp ¼ qL pnE;�qL pnE be the restriction of the Kodaira Laplacian to
CyðX ;L p nEÞ. Let DL pnE be the Bochner Laplacian on CyðX ;L p nEÞ associated to
‘L, ‘E , gTX , defined as in (0.5). Then we have (cf. [24], Remark 1.4.8)

2rp ¼ DL pnE �
ffiffiffiffiffiffiffi
�1

p

2
REðei; JeiÞ � 2np:ð2:1Þ

Moreover, by Hodge theory (cf. [24], Theorem 1.4.1) we have

KerðrpÞ ¼ H 0ðX ;L p nEÞ:ð2:2Þ
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This identification is important since the computations are performed by rescaling rp and
expanding the rescaled operator.

Normal coordinates. Let aX be the injectivity radius of ðX ; gTX Þ. We denote by
BX ðx; eÞ and BTxX ð0; eÞ the open balls in X and TxX with center x and radius e, respec-
tively. Then the exponential map TxX C Z ! expX

x ðZÞ A X is a di¤eomorphism from
BTxX ð0; eÞ onto BX ðx; eÞ for ee aX . From now on, we identify BTxX ð0; eÞ with BX ðx; eÞ
via the exponential map for ee aX . Throughout what follows, e runs in the fixed interval
�0; aX=4½.

Basic trivialization. We fix x0 A X . For Z A BTx0
X ð0; eÞ we identify ðLZ; h

L
ZÞ,

ðEZ; h
E
Z Þ and ðL p nEÞZ to ðLx0

; hL
x0
Þ, ðEx0

; hE
x0
Þ and ðL p nEÞx0

by parallel transport with

respect to the connections ‘L, ‘E and ‘L pnE along the curve gZ : ½0; 1� C u ! expX
x0
ðuZÞ.

This is the basic trivialization we use in this paper.

Using this trivialization we identify f A Cy
�
X ;EndðEÞ

�
to a family f fx0

gx0 AX where
fx0

is the function f in normal coordinates near x0, i.e., fx0
: BTx0

X ð0; eÞ ! EndðEx0
Þ,

fx0
ðZÞ ¼ f � expX

x0
ðZÞ. In general, for functions in the normal coordinates, we will add

a subscript x0 to indicate the base point x0 A X . Similarly, Ppðx; x 0Þ induces in terms
of the basic trivialization a smooth section ðZ;Z 0Þ 7! Pp;x0

ðZ;Z 0Þ of p� EndðEÞ over
fðZ;Z 0Þ A TX �X TX : jZj; jZ 0j < eg, which depends smoothly on x0. Here we identify a
section S A Cy

�
TX �X TX ; p� EndðEÞ

�
with the family ðSxÞx AX , where Sx ¼ Sjp�1ðxÞ.

Coordinates on Tx0
X. Let us choose an orthonormal basis fwign

i¼1 of T
ð1;0Þ
x0 X . Then

e2j�1 ¼ 1ffiffiffi
2

p ðwj þ wjÞ and e2j ¼
ffiffiffiffiffiffiffi
�1

p ffiffiffi
2

p ðwj � wjÞ, j ¼ 1; . . . ; n, form an orthonormal basis of

Tx0
X . We use coordinates on Tx0

X FR2n given by the identification

R2n C ðZ1; . . . ;Z2nÞ 7!
P

i

Ziei A Tx0
X :ð2:3Þ

In what follows we also use complex coordinates z ¼ ðz1; . . . ; znÞ on Cn FR2n.

Volume form on Tx0
X. If dvTX is the Riemannian volume form on ðTx0

X ; gTx0
X Þ,

there exists a smooth positive function kx0
: Tx0

X ! R, Z 7! kx0
ðZÞ, defined by

dvX ðZÞ ¼ kx0
ðZÞ dvTX ðZÞ; kx0

ð0Þ ¼ 1;ð2:4Þ

where the subscript x0 of kx0
ðZÞ indicates the base point x0 A X .

Sequences of operators. Let Yp : L2ðX ;L p nEÞ ! L2ðX ;L p nEÞ be a sequence of
continuous linear operators with smooth kernel Ypð� ; �Þ with respect to dvX (e.g. Yp ¼ Tf ;p).
Let p : TX �X TX ! X be the natural projection from the fiberwise product of TX

on X . In terms of our basic trivialization, Ypðx; yÞ induces a family of smooth sections
Z;Z 0 7! Yp;x0

ðZ;Z 0Þ of p� EndðEÞ over fðZ;Z 0Þ A TX �X TX : jZj; jZ 0j < eg, which de-
pends smoothly on x0.

We denote by jYp;x0
ðZ;Z 0ÞjC lðX Þ the C l norm with respect to the parameter x0 A X .

We say that Yp;x0
ðZ;Z 0Þ ¼Oðp�yÞ if for any l;m A N, there exists Cl;m > 0 such that

jYp;x0
ðZ;Z 0ÞjCmðXÞ eCl;mp�l .
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Notation 2.1. Recall that Px0
¼ P was defined in (1.5). Fix k A N and e 0 A �0; aX ½.

Let fQr;x0
g0erek;x0 AX be a family of polynomials Qr;x0

A EndðEÞx0
½Z;Z 0� in Z, Z0, which

is smooth with respect to the parameter x0 A X . We say that

p�nYp;x0
ðZ;Z 0ÞG

Pk
r¼0

ðQr;x0
Px0

Þð ffiffiffi
p

p
Z;

ffiffiffi
p

p
Z 0Þp�r=2 þOðp�ðkþ1Þ=2Þ;ð2:5Þ

on fðZ;Z 0Þ A TX �X TX : jZj; jZ 0j < e 0g if there exist C0 > 0 and a decomposition

p�nYp;x0
ðZ;Z 0Þk1=2

x0
ðZÞk1=2

x0
ðZ 0Þ �

Pk
r¼0

ðQr;x0
Px0

Þð ffiffiffi
p

p
Z;

ffiffiffi
p

p
Z 0Þp�r=2ð2:6Þ

¼ Cp;k;x0
ðZ;Z 0Þ þOðp�yÞ;

where Cp;k;x0
satisfies the following estimate on fðZ;Z 0Þ A TX �X TX : jZj; jZ 0j < e 0g: for

every l A N there exist Ck; l > 0, M > 0 such that for all p A N�

jCp;k;x0
ðZ;Z 0ÞjC lðX ÞeCk; lp

�ðkþ1Þ=2ð1 þ ffiffiffi
p

p jZj þ ffiffiffi
p

p jZ 0jÞM
e�C0

ffiffi
p

p jZ�Z 0j:ð2:7Þ

The sequence Pp. By [8], Proposition 4.1, we know that the Bergman kernel decays
very fast outside the diagonal of X � X . Namely, for any l;m A N, e > 0, there exists
Cl;m; e > 0 such that for all pf 1 we have

jPpðx; x 0ÞjCm eCl;m; ep
�l on fðx; x 0Þ A X � X : dðx; x 0Þf eg:ð2:8Þ

Here the Cm-norm is induced by ‘L, ‘E , ‘TX and hL, hE , gTX .

By [8], Theorem 4.18 0, there exist polynomials Jr;x0
ðZ;Z 0Þ A EndðEÞx0

in Z, Z 0 with
the same parity as r, such that for any k A N, e A �0; aX=4½, we have

p�nPp;x0
ðZ;Z 0ÞG

Pk
r¼0

ðJr;x0
Px0

Þð ffiffiffi
p

p
Z;

ffiffiffi
p

p
Z 0Þp�r

2 þOðp�kþ1
2 Þ;ð2:9Þ

on the set fðZ;Z 0Þ A TX �X TX : jZj; jZ 0j < 2eg, in the sense of Notation 2.1.

The sequence Tf , p. From (2.9), we get the following result (cf. [27], Lemma 4.6, [24],
Lemma 7.2.4).

Lemma 2.2. Let f A Cy
�
X ;EndðEÞ

�
. There exists a family fQr;x0

ð f Þgr AN;x0 AX , de-

pending smoothly on the parameter x0 A X , where Qr;x0
ð f Þ A EndðEÞx0

½Z;Z 0� are polyno-

mials with the same parity as r and such that for every k A N, e A �0; aX=4½,

p�nTf ;p;x0
ðZ;Z 0ÞG

Pk
r¼0

�
Qr;x0

ð f ÞPx0

�
ð ffiffiffi

p
p

Z;
ffiffiffi
p

p
Z 0Þp�r=2 þOðp�ðkþ1Þ=2Þ;ð2:10Þ

on the set fðZ;Z 0Þ A TX �X TX : jZj; jZ 0j < 2eg, in the sense of Notation 2.1. Moreover,
Qr;x0

ð f Þ are expressed by

Qr;x0
ð f Þ ¼

P
r1þr2þjaj¼r

K Jr1;x0
;
qafx0

qZa
ð0ÞZa

a!
Jr2;x0


 �
:ð2:11Þ
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Especially,

Q0;x0
ð f Þ ¼ f ðx0Þ:ð2:12Þ

Our goal is of course to compute the coe‰cients Qr;x0
ð f Þ. For this we need Jr;x0

,
which are obtained by computing the operators Fr;x0

defined by the smooth kernels

Fr;x0
ðZ;Z 0Þ ¼ Jr;x0

ðZ;Z 0ÞPðZ;Z 0Þð2:13Þ

with respect to dZ 0. Our strategy (already used in [24], [25]) is to rescale the Kodaira–
Laplace operator, take the Taylor expansion of the rescaled operator and apply resolvent
analysis. In the remaining of this section we outline the main steps and continue the calcu-
lation in Section 3.

Rescaling rp and Taylor expansion. For s A CyðR2n;Ex0
Þ, Z A R2n, jZje 2e, and

for t ¼ 1ffiffiffi
p

p , set

ðStsÞðZÞ :¼ sðZ=tÞ;

‘ 0
t :¼ S�1

t t‘L pnESt;

‘t :¼ S�1
t tk1=2‘L pnEk�1=2St ¼ k1=2ðtZÞ‘ 0

tk
�1=2ðtZÞ;

Lt :¼ S�1
t k1=2t2ð2rpÞk�1=2St:

ð2:14Þ

Then by [24], Theorem 4.1.7, there exist second order di¤erential operatorsO r such that we
have an asymptotic expansion in t when t ! 0,

Lt ¼ L0 þ
Pm
r¼1

trO r þ Oðtmþ1Þ:ð2:15Þ

From [24], Theorems 4.1.21 and 4.1.25 (cf. also Theorem 3.2), we obtain

L0 ¼
P

j

bjb
þ
j ¼ L; O1 ¼ 0:ð2:16Þ

Resolvent analysis. We define by recurrence frðlÞ A End
�
L2ðR2n;Ex0

Þ
�

by

f0ðlÞ ¼ ðl�L0Þ�1; frðlÞ ¼ ðl�L0Þ�1 Pr

j¼1

O j fr�jðlÞ:ð2:17Þ

Let d be the counterclockwise oriented circle in C of center 0 and radius p=2. Then by [25],
(1.110), (cf. also [24], (4.1.91))

Fr;x0
¼ 1

2p
ffiffiffiffiffiffiffi
�1

p
Ð
d

frðlÞ dl:ð2:18Þ
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Since the spectrum of L is well understood we can calculate the coe‰cients Fr;x0
.

Recall than P? ¼ Id �P. From Theorem 1.1, (2.16) and (2.18), we get

F0;x0
¼ P; F1;x0

¼ 0;

F2;x0
¼ �L�1P?O2P�PO2L

�1P?;

F3;x0
¼ �L�1P?O3P�PO3L

�1P?;

ð2:19Þ

and

F4;x0
¼ 1

2p
ffiffiffiffiffiffiffi
�1

p
Ð
d



ðl�LÞ�1P?ðO2 f2 þO4 f0ÞðlÞð2:20Þ

þ 1

l
PðO2 f2 þO4 f0ÞðlÞ

�
dl

¼ L�1P?O2L
�1P?O2P�L�1P?O4P

þPO2L
�1P?O2L

�1P? �PO4L
�1P?

þL�1P?O2PO2L
�1P? �PO2L

�2P?O2P

�PO2PO2L
�2P? �P?L�2O2PO2P:

In particular, the first two identities of (2.19) imply

J0;x0
¼ 1; J1;x0

¼ 0:ð2:21Þ

Remark 2.3. Lt is a formally self-adjoint elliptic operator on CyðR2n;Ex0
Þ with re-

spect to the norm k � kL2 induced by hEx0 , dZ. Thus L0 andO r are also formally self-adjoint
with respect to k � kL2 . Therefore the third and fourth terms in (2.20) are the adjoints of the
first and second terms, respectively. In Lemma 4.1, we will show that PO2P ¼ 0, hence the
last two terms in (2.20) vanish. Set

F41 ¼ L�1P?O2L
�1P?O2P�L�1P?O4P:ð2:22Þ

3. Taylor expansion of the rescaled operator Lt

In this section we compute the operators L0 and O i (for 1e ie 4) from (2.15) (see
Theorem 3.2), which will be used in Sections 4, 5 for the evaluation of the coe‰cients of the
expansion of the kernels of the Berezin–Toeplitz operators.

We denote by h� ; �i the C-bilinear form on TX nR C induced by gTX . Let RTX be the
curvature of the Levi–Civita connection ‘TX . Let Ric and r be the Ricci and scalar curva-
ture of ‘TX . Then we have the following well know facts: for U , V , W , Y vector fields
on X ,
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RTX ðU ;VÞW þ RTX ðV ;W ÞU þ RTX ðW ;UÞV ¼ 0;

hRTX ðU ;VÞW ;Yi ¼ hRTX ðW ;YÞU ;Vi ¼ �hRTX ðV ;UÞW ;Yi:
ð3:1Þ

Now we work on Tx0
X FR2n as in (2.3). Recall that we have trivialized L, E. Let ‘U

denote the ordinary di¤erentiation operator on Tx0
X in the direction U .

We adopt the convention that all tensors will be evaluated at the base point x0 A X

and most of time, we will omit the subscript x0.

For W A Tx0
X , Z A R2n, let ~WW ðZÞ be the parallel transport of W with respect to ‘TX

along the curve ½0; 1� C u ! uZ. Because the complex structure J is parallel with respect
to ‘TX , we know that

JZ
~WW ðZÞ ¼ gJx0

WJx0
WðZÞ:ð3:2Þ

Recall that feig is a fixed orthonormal basis of ðTx0
X ; gTX Þ. Then for U ;V A Tx0

X ,

Ricx0
ðU ;VÞ ¼ �hRTX ðU ; ejÞV ; ejix0

; rx0
¼ �hRTX ðei; ejÞei; ejix0

:ð3:3Þ

We define

RTX
;� A

�
T �X nL2ðT �X ÞnEndðTX Þ

�
x0
;

RTX
; ð�;�Þ A

�
ðT �XÞn2 nL2ðT �XÞnEndðTXÞ

�
x0
;

Ric;� A
�
T �X n ðT �XÞn2�

x0
;

RE
;� A

�
T �X nL2ðT �X ÞnEndðEÞ

�
x0
;

RE
; ð�;�Þ A

�
ðT �XÞn2 nL2ðT �XÞnEndðEÞ

�
x0
;

by

hRTX
; ek

ðem; ejÞeq; eii ¼
�
‘ek

hRTX ð~eem; ~eejÞ~eeq; ~eeii
�

x0
;

hRTX
; ðek ; elÞðem; ejÞeq; eii ¼

�
‘el‘ek

hRTX ð~eem; ~eejÞ~eeq; ~eeii
�

x0
;

Ric; ek
ðei; ejÞ ¼

�
‘ek

Ricð~eei; ~eejÞ
�

x0
;

RE
; ek
ðei; ejÞ ¼

�
‘ek

REð~eei; ~eejÞ
�

x0
;

RE
; ðek ; elÞðei; ejÞ ¼

�
‘el‘ek

REð~eei; ~eejÞ
�

x0
:

ð3:4Þ

We will also use the complex coordinates z ¼ ðz1; . . . ; znÞ. Note that

e2j�1 ¼ q

qZ2j�1
¼ q

qzj

þ q

qzj

; e2j ¼
q

qZ2j

¼
ffiffiffiffiffiffiffi
�1

p q

qzj

� q

qzj

� 	
;

q

qzj

���� ����2 ¼ 1

2
:ð3:5Þ
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Set

Rkmlq ¼ RTX q

qzk

;
q

qzm

� 	
q

qzl
;
q

qzq

� 

x0

; RE

kl
¼ RE

x0

q

qzk

;
q

qzl

� 	
;

Rickl ¼ Ricx0

q

qzk

;
q

qzl

� 	
;

Rkmlq; s ¼ RTX
; q
qzs

q

qzk

;
q

qzm

� 	
q

qzl
;
q

qzq

� 

; RE

kq; s ¼ RE
; q
qzs

q

qzk

;
q

qzq

� 	
;

ð3:6Þ

and in the same way, we define Rkmlq; s, Rkmlq; ts, Rickq; s, RE
kq; s, RE

kq; ts.

Since RTX is a ð1; 1Þ-form and ‘E is the Chern connection on ðE; hEÞ, we deduce
from (3.1)–(3.3) the following.

Lemma 3.1. (1) Rkmlq ¼ Rlmkq ¼ Rkqlm ¼ Rlqkm, r ¼ 8Rmqqm, ðRE
kqÞ

� ¼ RE

qk
.

(2) Rkmlq; s ¼ Rlmkq; s ¼ Rkqlm; s ¼ Rlqkm; s.

(3) Ric is a symmetric ð1; 1Þ-tensor and Ricmq ¼ 2R
mkkq

, Ricmq; s ¼ 2R
mkkq; s

.

(4) RTX
; ek

, RTX
; ðek ; elÞ are ð1; 1Þ-forms with values in EndðTx0

XÞ which commute with Jx0
.

(5) RE
; ek

, RE
; ðek ; elÞ A EndðEx0

Þ.

Let divðRicÞ be the divergence of Ric. By [28], §2.3.4, Proposition 6,

dr ¼ 2 divðRicÞ ¼ 2ð‘T �X
~eem

RicÞð~eem; �Þ:ð3:7Þ

Lemma 3.1 and (3.7) entail

R
llmm;k ¼ R

llmk;m; Rllmm;k ¼ Rllkm;m;

�ðDrÞx0
¼ 2eqem

�
Ricð~eeq; ~eemÞ

�
x0
¼ 32R

kmqq;mk
¼ 32R

mmqq;kk
:

ð3:8Þ

Set

R :¼
P

i

Ziei ¼ Z; ‘0;� :¼ ‘� þ
1

2
RL

x0
ðR; �Þ:ð3:9Þ

Thus R is the radial vector field on R2n. We also introduce the vector fields z ¼
P

i

zi

q

qzi

and z ¼
P

i

zi

q

qzi

. By [24], Proposition 1.2.2, (3.2), we have

R ¼
P

i

Zi~eei; z ¼
P

i

zi

fq
qzi

q

qzi

; z ¼
P

i

zi

fq
qzi

q

qzi

:ð3:10Þ

By (0.1) and (1.1), we get

bi ¼ �2‘0; q
qzi

; bþ
i ¼ 2‘0; q

qzi

; RL
x0
¼ �2p

ffiffiffiffiffiffiffi
�1

p
hJ�; �ix0

:ð3:11Þ
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Let A1Z;A2Z A ðT �X Þn2 be polynomials in Z with values symmetric tensors, defined
by

A1Zðei; ejÞ ¼ hRTX
; ðZ;ZÞðR; eiÞR; ejix0

;

A2Zðei; ejÞ ¼ hRTX
x0

ðR; eiÞR;RTX
x0

ðR; ejÞRix0
:

ð3:12Þ

Recall that the operator L was defined in (1.1). Set

O 0
2 ¼ 1

3
hRTX

x0
ðR; eiÞR; eji‘0; ei

‘0; ej
� 2RE

kk
ð3:13Þ

þ p

3
RTX

x0
ðz; zÞR; ej

� 

þ 2

3
Ricx0

ðR; ejÞ � RE
x0
ðR; ejÞ

� 	
‘0; ej

;

and

O41 ¼ 1

20
A1Z � 4

3
A2Z

� 	
ðei; ejÞ‘0; ei

‘0; ej
;

O42 ¼ L;� 1

80
A1Z � 1

360
A2Z

� 	
ðej; ejÞ �

1

288
RicðR;RÞ2


 �
þ L

144
RicðR;RÞ2;

O43 ¼ � 1

144
RicðR;RÞLRicðR;RÞ;

O44 ¼
�
p

30
A1Zðz; eiÞ �

p

10
A2Zðz; eiÞ þ

q

qZj

1

20
A1Z þ 2

45
A2Z

� 	
ðei; ejÞ

� q

qZi

1

40
A1Z þ 1

45
A2Z

� 	
ðej; ejÞ

�
‘0; ei

;

ð3:14Þ

and

O45 ¼
�

2

9
hRTX

x0
ðR; ekÞR;RTX

x0
ðR; ekÞelix0

� 1

9
hRTX

x0
ðR; elÞR; ekix0

RicðR; ekÞ

þ 1

4
hRTX

x0
ðR; elÞR; emix0

RE
x0
ðR; emÞ �

1

4
RE

; ðZ;ZÞðR; elÞ
�
‘0; el ;

O46 ¼ � p2

36
A2Zðz; zÞ þ

p

30
hRTX

; ðZ; elÞðz; zÞR; elix0

� p

20
hRTX

x0
ðz; zÞR; emix0

RicðR; emÞ þ
4

9
Rickm Ricml zkzl

� 4

9
Rklmq Riclm zkzq þ

1

6
hpRTX

x0
ðz; zÞR; emiRE

x0
ðR; emÞ

ð3:15Þ
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þ 1

8
RicðR; emÞRE

x0
ðR; emÞ þ

1

2
ðRE

kmRE

ml
þ RE

ml
RE

kmÞzkzl

� 1

4
RE

; ðZ; elÞðR; elÞ � RE
; ðZ;ZÞ

q

qzl
;
q

qzl

� 	
:

The following result extends [24], Theorem 4.1.25, where L0, O1, O2 were computed.

Theorem 3.2. The following identities hold for the operators O r introduced in (2.15):

L0 ¼
P

j

bjb
þ
j ¼ L ¼ �

P
i

‘0; ei
‘0; ei

� 2pn; O1 ¼ 0;ð3:16aÞ

O2 ¼O 0
2 �

1

3
Ricx0

ðR; ejÞ‘0; ej
� rx0

6
;ð3:16bÞ

and

O3 ¼ 1

6
hRTX

;Z ðR; eiÞR; ejix0
‘0; ei

‘0; ej
ð3:17aÞ

þ



2p

15
hRTX

;Z ðz; zÞR; eiix0
þ 1

6
Ric;ZðR; eiÞ

þ 1

6
hRTX

; ej
ðR; ejÞR; eiix0

� 2

3
RE

;ZðR; eiÞ
�
‘0; ei

þ p

15
hRTX

; ej
ðz; zÞR; ejix0

� 1

6
Ric; ei

ðR; eiÞ

� 1

12
Ric;Zðei; eiÞ �

1

3
RE

; ei
ðR; eiÞ �

ffiffiffiffiffiffiffi
�1

p

2
RE

;Zðei; JeiÞ;

O4 ¼O41 þO42 þO43 þO44 þO45 þO46:ð3:17bÞ

Proof. Recall that ~eeiðZÞ is the parallel transport of ei with respect to ‘TX along the
curve ½0; 1� C u ! uZ. Let ~yyðZÞ ¼

�
y i

j ðZÞ
�2n

i; j¼1
be the 2n � 2n-matrix such that

ei ¼
P

j

y
j
i ðZÞ~eejðZÞ; ~eejðZÞ ¼

�
~yyðZÞ�1�k

j
ek:ð3:18Þ

Taking into account the Taylor expansion of y i
j at 0 we have (cf. [24], (1.2.27))

P
jajf1

ðjaj2 þ jajÞðqay i
j Þð0Þ

Za

a!
¼ hRTX ðR; ejÞR; ~eeiiZ:ð3:19Þ

From this equation, we obtain first that

ejðZÞ ¼ ~eejðZÞ þ 1

6
hRTX

x0
ðR; ejÞR; ekix0

~eekðZÞ þ OðjZj3Þ:ð3:20Þ

From (3.4), (3.10), (3.12), (3.19) and (3.20), we get further
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y i
j ¼ dij þ

1

6
hRTX

x0
ðR; eiÞR; ejix0

þ 1

12
hRTX

;Z ðR; eiÞR; ejix0
ð3:21Þ

þ 1

20

1

2
A1Zðei; ejÞ þ

1

6
A2Zðei; ejÞ

� 	
þ OðjZj5Þ:

Set gijðZÞ ¼ gTX ðei; ejÞðZÞ ¼ hei; ejiZ and let
�
gijðZÞ

�
be the inverse of the matrix

�
gijðZÞ

�
.

Then by (3.12), (3.18) and (3.21), we have

gijðZÞ ¼ yk
i ðZÞyk

j ðZÞð3:22Þ

¼ dij þ
1

3
hRTX

x0
ðR; eiÞR; ejix0

þ 1

6
hRTX

;Z ðR; eiÞR; ejix0

þ 1

20
A1Zðei; ejÞ þ

2

45
A2Zðei; ejÞ þ OðjZj5Þ:

In view of the expansion ð1 þ aÞ�1 ¼ 1 � a þ a2 þ � � � , we obtain

gijðZÞ ¼ dij �
1

3
hRTX

x0
ðR; eiÞR; ejix0

� 1

6
hRTX

;Z ðR; eiÞR; ejix0
ð3:23Þ

� 1

20
A1Zðei; ejÞ þ

1

15
A2Zðei; ejÞ þ OðjZj5Þ:

If Gl
ij are the Christo¤el symbols of ‘TX with respect to the frame feig, then

ð‘TX
ei

ejÞðZÞ ¼ Gl
ijðZÞel. By the explicit formula for ‘TX , we get (cf. [24], (4.1.102)) with

qj :¼
q

qZj

Gl
ijðZÞ ¼ 1

2
glkðqigjk þ qjgik � qkgijÞðZÞð3:24Þ

¼ 1

3
½hRTX

x0
ðR; ejÞei; elix0

þ hRTX
x0

ðR; eiÞej; elix0
� þ OðjZj2Þ:

For j fixed, Gl
jjðZÞ ¼ 1

2
glkð2qjgjk � qkgjjÞðZÞ, thus by (3.22) and (3.23),

Gl
jjðZÞ ¼ 2

3
hRTX

x0
ðR; ejÞej; elix0

þ 1

12
½4hRTX

;Z ðR; ejÞej; elix0
ð3:25Þ

þ 2hRTX
; ej

ðR; ejÞR; elix0
þ hRTX

; el
ðR; ejÞej;Rix0

�

� 2

9
hRTX

x0
ðR; elÞR;RTX

x0
ðR; ejÞejix0

þ q

qZj

1

20
A1Z þ 2

45
A2Z

� 	
ðej; elÞ

� 1

2

q

qZl

1

20
A1Z þ 2

45
A2Z

� 	
ðej; ejÞ þ OðjZj4Þ:
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Note that

detðdij þ aijÞ ¼ 1 þ
P

i

aii þ
P
i<j

ðaiiajj � aijajiÞ þ � � �

and

ð1 þ aÞ1=4 ¼ 1 þ 1

4
a � 3

32
a2 þ � � � :

By (3.3) and (3.22), we get

(3.26)
kðZÞ1=2 ¼

��det
�
gijðZÞ

���1=4

¼ 1 þ 1

12
hRTX

x0
ðR; ejÞR; ejix0

� 1

24
Ric;ZðR;RÞ þ 1

80
A1Zðej; ejÞ þ

1

90
A2Zðej; ejÞ

þ 1

36

P
i<j

�
hRTX

x0
ðR; eiÞR; eiix0

hRTX
x0

ðR; ejÞR; ejix0
� hRTX

x0
ðR; eiÞR; eji

2
x0

�
� 1

96

�P
j

hRTX
x0

ðR; ejÞR; ejix0

	2

þ OðjZj5Þ

¼ 1 � 1

12
RicðR;RÞ � 1

24
Ric;ZðR;RÞ

þ 1

80
A1Z � 1

360
A2Z

� 	
ðej; ejÞ

þ 1

288
RicðR;RÞ2 þ OðjZj5Þ:

Thus

(3.27)
kðZÞ�1=2 ¼ 1 þ 1

12
RicðR;RÞ þ 1

24
Ric;ZðR;RÞ

� 1

80
A1Z � 1

360
A2Z

� 	
ðej; ejÞ þ

1

144
� 1

288

� 	
RicðR;RÞ2 þ OðjZj5Þ:

Observe that J is parallel with respect to ‘TX , thus hJ~eei; ~eejiZ ¼ hJei; ejix0
. From

(3.9), (3.10), (3.18) and (3.21), we getffiffiffiffiffiffiffi
�1

p

2p
RL

ZðR; elÞ ¼ y
j
lðZÞhJ~eei; ~eejiZZi ¼ y

j
lðZÞhJR; ejix0

ð3:28Þ

¼ hJR; elix0
þ 1

6
hRTX

x0
ðR; JRÞR; elix0

þ 1

12
hRTX

;Z ðR; JRÞR; elix0
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þ 1

40
hRTX

; ðZ;ZÞðR; JRÞR; elix0

þ 1

120
hRTX

x0
ðR; JRÞR;RTX

x0
ðR; elÞRix0

þ OðjZj6Þ:

Let G� ¼ GE ;GL and R� ¼ RE ;RL, respectively. By [24], Lemma 1.2.4, the Taylor
coe‰cients of G�ðelÞðZÞ at x0 up to order r are only determined by those of R� up to order
r � 1, and

P
jaj¼r

ðqaG�Þx0
ðelÞ

Za

a!
¼ 1

r þ 1

P
jaj¼r�1

ðqaR�Þx0
ðR; elÞ

Za

a!
:ð3:29Þ

Thus by (3.28), (3.29) and since RTX is a ð1; 1Þ-form, we obtain

RTX ðR; JRÞ ¼ �2
ffiffiffiffiffiffiffi
�1

p
RTX ðz; zÞ; hRTX

; ðZ;ZÞðR; JRÞR; eiix0
¼ �2

ffiffiffiffiffiffiffi
�1

p
A1Zðz; eiÞ

and

t�1GLðeiÞðtZÞ ¼ �p
ffiffiffiffiffiffiffi
�1

p
hJR; eiix0

� t2 p

6
hRTX

x0
ðz; zÞR; eiix0

ð3:30Þ

� t3 p

15
hRTX

;Z ðz; zÞR; eiix0
� t4 p

60
A1Zðz; eiÞ

� t4 p

180
A2Zðz; eiÞ þ Oðt5Þ:

By (2.14), (3.4), (3.20), (3.29) and (3.30), for t ¼ 1ffiffiffi
p

p , we get

GEðeiÞðZÞ ¼ 1

2
RE

x0
ðR; eiÞ þ

1

3
RE

;ZðR; eiÞ

þ 1

8

�
RE

; ðZ;ZÞðR; eiÞ þ
1

3
hRTX ðR; eiÞR; ekix0

RE
x0
ðR; ekÞ

	
þ OðjZj4Þ;

‘ 0
t; ei

¼ ‘ei
þ 1

t
GLðeiÞðtZÞ þ tGEðeiÞðtZÞ

¼ ‘0; ei
� t2

6
hpRTX

x0
ðz; zÞR; eiix0

þ t2

2
RE

x0
ðR; eiÞ þ Oðt3Þ:

ð3:31Þ

By (2.1) and (2.14), we get

Lt ¼ �kðtZÞ1=2
gijðtZÞ½‘ 0

t; ei
‘ 0

t; ej
� tG l

ijðt�Þ‘ 0
t; el

�ðZÞkðtZÞ�1=2ð3:32Þ

� t2

ffiffiffiffiffiffiffi
�1

p

2
REð~eei; J~eeiÞðtZÞ � 2pn:

We will derive now (3.16a) and (3.16b) (they were already obtained in [24], Theorem
4.1.25). By using the Taylor expansion of the expressions from (3.32) (see (3.23), (3.24),
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(3.26), (3.27), (3.31)) we obtain immediately the formulas for L0 and O1 given in
(3.16a).

In order to compute O2, observe first that by (3.1) and the fact that RTX is a ð1; 1Þ-
form with values in EndðTXÞ, we get

‘ej
hRTX

x0
ðz; zÞR; eji ¼ 2

q

qzj

RTX
x0

ðz; zÞz; q

qzj

� 

þ q

qzj

RTX
x0

ðz; zÞz; q

qzj

� 
� 	
ð3:33Þ

¼ 0:

Thus from (3.13), (3.23), (3.24), (3.26), (3.31)–(3.33), we have

O2 ¼O 0
2 þ L0;

1

12
RicðR;RÞ


 �
:ð3:34Þ

By the formula of L0 (see (3.16a)) and since

½L0;RicðR;RÞ� ¼ �4 RicðR; ejÞ‘0; ej
� 2 Ricðej; ejÞ;

we get from (3.34) the formula for O2 given in (3.16b).

From (3.32), we have also

O3 ¼ 1

6
hRTX

;Z ðR; eiÞR; ejix0
‘0; ei

‘0; ej
ð3:35Þ

� � 2p

15
hRTX

;Z ðz; zÞR; eiix0
þ 2

3
RE

;ZðR; eiÞ

 �

‘0; ei

� q

qZi

� p

15
hRTX

;Z ðz; zÞR; eiix0
þ 1

3
RE

;ZðR; eiÞ

 �

þ 1

12
½4 Ric;ZðR; elÞ þ 2hRTX

; ej
ðR; ejÞR; elix0

þ Ric; el
ðR;RÞ�‘0; el

þ L0;
1

24
Ric;ZðR;RÞ


 �
�

ffiffiffiffiffiffiffi
�1

p

2
RE

;Zðei; JeiÞ:

In (3.35), the first (resp. second and third, resp. fourth, resp. fifth) term is the contribution
of the coe‰cient of t3 in gijðtZÞ (resp. ‘ 0

t; ei
, resp. tG l

iiðt�Þ, resp. k1=2ðtZÞ). By the same argu-
ment in (3.33) and the formula of L0 given in (3.16a), we get

q

qZi

hRTX
;Z ðz; zÞR; eiix0

¼ hRTX
; ej

ðz; zÞR; ejix0
;

½L0;Ric;ZðR;RÞ� ¼ �2
�
Ric; ei

ðR;RÞ þ 2 Ric;ZðR; eiÞ
�
‘0; ei

� 4 Ric; ei
ðR; eiÞ � 2 Ric;Zðei; eiÞ:

ð3:36Þ
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From (3.35) and (3.36) we get the formula for O3 asserted in (3.17a). Moreover,

O4 ¼O42 þ O 0
2;

1

12
RicðR;RÞ


 �
þO43 þO41 þ

1

3
hRTX

x0
ðR; eiÞR; ejix0

ð3:37Þ

�
�

� 1

3
hpRTX

x0
ðz; zÞR; ejix0

þ RE
x0
ðR; ejÞ

� 	
‘0; ei

� 1

6

q

qZi

hpRTX
x0

ðz; zÞR; ejix0
� 2

3
hRTX

x0
ðR; eiÞej; elix0

‘0; el

�

� � 1

6
hpRTX

x0
ðz; zÞR; eiix0

þ 1

2
RE

x0
ðR; eiÞ �

2

3
hRTX

x0
ðR; ejÞej; eiix0

� 	

� � 1

6
hpRTX

x0
ðz; zÞR; eiix0

þ 1

2
RE

x0
ðR; eiÞ

� 	

�
�
�O44 þ



� p

9
A2Zðz; eiÞ þ

1

12
hRTX ðR; eiÞR; emix0

RE
x0
ðR; emÞ

þ 2

9
hRTX

x0
ðR; eiÞR; ekix0

RicðR; ekÞ þ
1

4
RE

; ðZ;ZÞðR; eiÞ
�
‘0; ei

�

� q

qZi

�
� p

60
A1Zðz; eiÞ �

p

180
A2Zðz; eiÞ þ

1

8
RE

; ðZ;ZÞðR; eiÞ

þ 1

24
hRTX

x0
ðR; eiÞR; ekix0

RE
x0
ðR; ekÞ

	

�
ffiffiffiffiffiffiffi
�1

p

4
RE

; ðZ;ZÞðei; JeiÞ:

Here

� O42 is the contribution of the coe‰cients of t4 in k1=2ðtZÞ and k�1=2ðtZÞ,

� the second term is the contribution of the coe‰cients of t2 in k1=2ðtZÞ, k�1=2ðtZÞ
and in �gijðtZÞ

�
‘ 0

t; ei
‘ 0

t; ej
� tGl

ij ðtZÞ‘ 0
t; el

�
,

� O43 is the contribution of the coe‰cients of t2 in k1=2ðtZÞ and k�1=2ðtZÞ,

� O41 is the contribution of the coe‰cients of t4 in gijðtZÞ,

� the fifth term is the contribution of the coe‰cients of t2 in �gijðtZÞ and in�
‘ 0

t; ei
‘ 0

t; ej
� tGl

ij ðtZÞ‘ 0
t; el

�
,

� the sixth, seventh and eight terms are the contributions of the coe‰cients of t4 in
�
�
‘ 0

t; ei
‘ 0

t; ei
� tGl

ii ðtZÞ‘ 0
t; el

�
: the sixth term is the contribution of the coe‰cients of t2 in

‘ 0
t; ei

, �tGl
ii ðtZÞ and t2 in ‘ 0

t; ei
; the seventh and eighth terms are the contributions of the

coe‰cients of t4 in ‘ 0
t; ei

and �tGl
ii ðtZÞ.
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Now by (3.13),

1

12
½O 0

2;RicðR;RÞ�ð3:38Þ

¼ 1

36
hRTX

x0
ðR; eiÞR; ejix0

�
4 RicðR; ejÞ‘0; ei

þ 2 Ricðei; ejÞ
�

þ 1

6

p

3
RTX

x0
ðz; zÞR; ej

� 

þ 2

3
RicðR; ejÞ � RE

x0
ðR; ejÞ

� 	
RicðR; ejÞ:

And the same argument used to obtain (3.33) shows that

hRTX
x0

ðR; eiÞR; ejix0

q

qZi

hRTX
x0

ðz; zÞR; eji ¼ hRTX
x0

ðR; eiÞR;RTX
x0

ðz; zÞeii;

q

qZi

�
A1Zðz; eiÞ

�
¼ q

qZi

hRTX
; ðZ;ZÞðz; zÞR; eiix0

¼ 2hRTX
; ðZ; eiÞðz; zÞR; eiix0

;

q

qZi

�
A2Zðz; eiÞ

�
¼ q

qZi

hRTX
x0

ðz; zÞR;RTX
x0

ðR; eiÞRix0

¼ hRTX
x0

ðz; zÞei;R
TX
x0

ðR; eiÞRix0

þ hRTX
x0

ðz; zÞR; ejix0
RicðR; ejÞ:

ð3:39Þ

Finally, by (3.1) and since RTX is a ð1; 1Þ-form, we obtain

hRTX
x0

ðz; zÞel;RTX
x0

ðR; elÞRi ¼ hRTX
x0

ðz; zÞel; emihRTX
x0

ðR; elÞR; emi ¼ 0;

hRTX
x0

ðR; elÞR; emix0
Ricðel; emÞ ¼ �8Rklmq Riclm zkzq:

ð3:40Þ

Thus

O4 ¼
P5
a¼1

O4a �
p2

36
hRTX

x0
ðz; zÞR;RTX

x0
ðz; zÞRi� 1

4
RE

x0
ðR; ejÞ2ð3:41Þ

þ 1

6
hpRTX

x0
ðz; zÞR; ejiRE

x0
ðR; ejÞ þ

p

30
hRTX

; ðZ; eiÞðz; zÞR; eiix0

� p

20
hRTX

x0
ðz; zÞR; ejix0

RicðR; ejÞ þ
1

9
RicðR; ejÞRicðR; ejÞ

þ 1

18
hRTX

x0
ðR; eiÞR; ejix0

Ricðei; ejÞ þ
1

8
RicðR; ejÞRE

x0
ðR; ejÞ

� 1

4
RE

; ðZ; eiÞðR; eiÞ � RE
; ðZ;ZÞ

q

qzi

;
q

qzi

� 	
:

Putting together Lemma 3.1, (3.12), (3.14), (3.40), (3.41) and the fact that RTX is a ð1; 1Þ-
form, we infer (3.17b). The proof of Theorem 3.2 is completed. r
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4. Evaluation of F4 from (2.20)

We calculate in this section an explicit formula for the operator F4, defined by (2.13)
and appearing in the Bergman kernel expansion (2.9). This is necessary in Section 5 in
order to evaluate the expansion of the kernel of the Berezin–Toeplitz operators. We use
formula (2.20) to achieve our aim. Recall that explicit formulas for the operators L, O2,
O4 appearing in (2.20) were given in Theorem 3.2.

This section is organized as follows. In Section 4.1, we determine the terms in (2.20)
which involve O2. In Section 4.2, we calculate the terms in (2.20) which involve O4. In Sec-
tion 4.3, we obtain the formula for F4ð0; 0Þ (cf. Theorem 4.5).

We adopt the convention that all tensors will be evaluated at the base point x0 A X

and most of time, we will omit the subscript x0.

4.1. Contribution of O2 to F4(0, 0).

Lemma 4.1. The following identities hold:

PO2P ¼ 0;ð4:1aÞ

ðL�1O2PO2L
�1Þð0; 0Þ ¼ 1

4p2

�P
km

R
mmkk

þ
P
k

RE

kk

	2

;ð4:1bÞ

ðPO2L
�2O2PÞð0; 0Þ ¼ 1

36p2
R

mkql
Rkmlqð4:1cÞ

þ 1

4p2

4

3
Rqmml þ RE

ql

� 	
4

3
R

lkkq
þ RE

lq

� 	
:

Proof. Note that by (1.1) and (1.5),

ðbþ
i PÞðZ;Z 0Þ ¼ 0; ðbiPÞðZ;Z 0Þ ¼ 2pðzi � z 0

iÞPðZ;Z 0Þ:ð4:2Þ

For f A T �X , by (3.5), (3.11) and (4.2), we have

fðeiÞei ¼ 2f
q

qzj

� 	
q

qzj

þ 2f
q

qzj

� 	
q

qzj

; fðeiÞ‘0; ei
¼ f

q

qzj

� 	
bþ

j � f
q

qzj

� 	
bj;

fðeiÞ‘0; ei
PðZ; 0Þ ¼ �2pfðzÞPðZ; 0Þ:

ð4:3Þ

By Lemma 3.1, (3.1), (3.6), (3.16b), (4.3) and the fact that RTX is a ð1; 1Þ-form, we
get

O2 ¼ 1

3
Rkmlqzkzlbmbq þ

1

3
Rkqlmzkzmðbqbþ

l þ bþ
l bqÞ þ

1

3
Rkmlqzmzqbþ

k bþ
lð4:4Þ

� 4

3
Rmmqq þ

2

3
R

kmlk
zm � p

3
Rkmlqzkzmzq

� 	
bþ

l
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� 2

3
R

lkkq
zl þ

p

3
Rkmlqzkzmzl

� 	
bq

� 2RE
qq � RE z;

q

qzl

� 	
bþ
l þ RE z;

q

qzq

� 	
bq:

By Lemma 3.1, (1.7) and (4.4), we get ½Rkmlqzkzl; bmbq� ¼ 8bqR
kklq

zl þ 8Rmmqq, and

O2 ¼ 1

3
bmbqRkmlqzkzl þ bq � p

3
Rkmlqzkzlzm þ 2R

lkkq
zl þ RE

lqzl

� 	
ð4:5Þ

þ 2bq

3
Rkmlqzkzm � p

3
Rkmlqzkzmzq þ 2R

kklm
zm þ RE

lmzm

� 	
bþ
l

þ 1

3
Rkmlqzmzqbþ

k bþ
l :

Thus Lemma 3.1, (1.7), (4.2) and (4.5) yield

O2P ¼
(

1

3
bmbqRkmlqzkzl þ bq

 
� p

3
Rkmlqzkzl

bm

2p
þ z 0

m

� 	
ð4:6Þ

þ 2R
lkkq

zl þ RE
lqzl

!)
P

¼ 1

6
bmbqRkmlqzkzl þ

4

3
bqR

lkkq
zl �

p

3
bqRkmlqzkzlz

0
m þ bqRE

lqzl

� �
P:

Now, (4.1a) follows from Theorem 1.1, (1.6) and (4.6). These imply also

L�1O2P ¼ bmbq

48p
Rkmlqzkzl þ

bq

3p
R

lkkq
zl �

bq

12
Rkmlqzkzlz

0
m þ bq

4p
RE

lqzl

� �
P:ð4:7Þ

Due to (1.7) and (4.7) we have

ðL�1O2PÞðZ; 0Þ ¼ bmbq

48p
Rkmlqzkzl þ

bq

4p

4

3
R

lkkq
þ RE

lq

� 	
zl

� �
PðZ; 0Þ;

ðL�1O2PÞð0;ZÞ ¼ � 1

2p
ðRmmqq þ RE

qqÞPð0;ZÞ:
ð4:8Þ

SinceO2, L are symmetric (as explained in Remark 2.3) and ðRE
lqÞ

� ¼ RE

ql
, we get by (1.1),

(3.6) and (4.8),

ðPO2L
�1Þð0;ZÞ ¼

�
ðL�1O2PÞðZ; 0Þ

��
¼ P Ruvqszvzs

bþ
u bþ

q

48p
þ 4

3
Rqvvs þ RE

qs

� 	
zs

bþ
q

4p


 �� �
ð0;ZÞ;

ðPO2L
�1ÞðZ; 0Þ ¼

�
ðL�1O2PÞð0;ZÞ

�� ¼ � 1

2p
ðR

kkqq
þ RE

qqÞPðZ; 0Þ:

ð4:9Þ
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Note that Pð0; 0Þ ¼ 1 by (1.5). From (1.6), (1.7), (4.2), (4.8) and (4.9), we get (4.1b), and

ðPO2L
�2O2PÞð0; 0Þð4:10Þ

¼ P

(
32p2

ð48pÞ2
RmsqtzsztRkmlqzkzl

þ 1

4p

4

3
Rqsst þ RE

qt

� 	
zt

4

3
R

lkkq
þ RE

lq

� 	
zl

)
Pð0; 0Þ:

Let f A C½b; z� be a polynomial in b, z. By (1.7), (4.2), we have

ðzkfðb; zÞPÞðZ; 0Þ ¼ fðb; zÞ bk

2p
PðZ; 0Þ ¼ bk

2p
fþ 1

p

qf

qzk

� 	
PðZ; 0Þ;�

zkzlfðb; zÞP
�
ðZ; 0Þ ¼

�
fðb; zÞzkzlP

�
ðZ; 0Þ

¼ bkbl

4p2
fþ bk

2p2

qf

qzl

þ bl

2p2

qf

qzk

þ 1

p2

q2f

qzkqzl

 !
PðZ; 0Þ:

ð4:11Þ

Let FðZÞ be a homogeneous degree 2 polynomial in Z. By (4.2),

�
FðZÞP

�
ðZ; 0Þ ¼ 1

2

q2F

qziqzj

zizj þ
q2F

qziqzj

zi

bj

2p
þ 1

2

q2F

qziqzj

bibj

4p2

 !
PðZ; 0Þ:ð4:12Þ

Thus from (1.6), (4.11) and (4.12), we have

ðPFPÞðZ; 0Þ ¼
� P

jaj¼2

q2F

qza

za

a!
þ 1

p

q2F

qziqzi

	
PðZ; 0Þ;

ðPFzizjPÞð0; 0Þ ¼ 1

p2

q2F

qziqzj

:

ð4:13Þ

By (4.10) and (4.13), we get (4.1c). The proof of Lemma 4.1 is completed. r

Lemma 4.2. The following identity holds:

p2ðL�1P?O2L
�1O2PÞð0; 0Þð4:14Þ

¼ � 25

23 � 33
R

mkql
Rkmlq �

47

54
R

kkql
Rmmlq þ

1

8
R

kkll
Rmmqq

þ 1

4
RE

ll
Rmmqq �

7

6
RE

ql
Rmmlq þ

1

8
ðRE

ll
RE

qq � 3RE

ql
RE

lqÞ:

Proof. Set

I1 ¼ 1

3
bkblRsktl

zszt þ bl � p

3
R

sktl
zsztzk þ ð2Rtssl þ RE

tl
Þzt


 �� �

� bmbq

48p
Rimjqzizj þ

bq

4p

4

3
Rjiiq þ RE

jq

� 	
zj


 �
;

ð4:15Þ
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I2 ¼ 2bl

3
R

skql
zszk �

p

3
R

skql
zszkzl þ ð2R

ssqk
þ RE

qk
Þzk


 �

� bm

6
Rimjqzizj þ

4

3
Rjiiqzj þ RE

jqzj

� 	
:

ð4:15Þ

Then by Lemma 3.1, (1.7), (4.2), (4.5) and (4.8), we get as in (4.10) that

ðO2L
�1O2PÞðZ; 0Þ ¼ I1 þ I2 þ

2p

9
RmsqtzsztRkmlqzkzl

� �
PðZ; 0Þ:ð4:16Þ

Let hðzÞ ¼
P

i

hizi, h 0ðzÞ ¼
P

i

h 0
i zi with hi; h

0
i A C, and let FðZÞ be a homogeneous degree 2

polynomial in Z. By Theorem 1.1, (1.6), (1.7), (4.2), (4.11) and (4.12), we have

ðP?FPÞð0; 0Þ ¼ � 1

p

q2F

qziqzi

;ð4:17aÞ

ðL�1P?hbiPÞð0; 0Þ ¼ ðL�1bihPÞð0; 0Þ ¼ � 1

2p
hi;ð4:17bÞ

ðL�1P?FPÞð0; 0Þ ¼ � 1

4p2

q2F

qziqzi

;ð4:17cÞ

ðL�1bjFbiPÞð0; 0Þ ¼ �ðL�1bibjFPÞð0; 0Þ ¼ � 1

2p

q2F

qziqzj

;ð4:17dÞ

ðL�1P?FbibjPÞð0; 0Þ ¼ L�1P? bjFbi þ 2
qF

qzj

bi

� 	
Pð0; 0Þ ¼ � 3

2p

q2F

qziqzj

;ð4:17eÞ

ðL�1P?FzizjPÞð0; 0Þ ¼ L�1P?F
bibj

4p2
Pð0; 0Þ ¼ � 3

8p3

q2F

qziqzj

;ð4:17fÞ

ðL�1bkFzlPÞð0; 0Þ ¼ L�1bkF
bl

2p
Pð0; 0Þ ¼ � 1

4p2

q2F

qzkqzl

:ð4:17gÞ

In (4.17c) and (4.17d), we have used Fbi ¼ biF þ 2
qF

qzi

. Observe that (1.5), (1.7) imply that

for every homogeneous degree k polynomial G in Z, and every a A Nn, we have

ðbaGPÞð0; 0Þ ¼
0; if jaj3 k;

ð�2Þk q
aG

qza
; if jaj ¼ k:

8<:ð4:18Þ

By Theorem 1.1, (1.6) and (1.7), we also have

ðL�1bihbjh
0PÞð0; 0Þ ¼ bjbi

8p
hh 0 þ bi

2p
hjh

0
� 	

Pð0; 0Þ ¼ 1

2p
ðhih

0
j � hjh

0
i Þ;ð4:19aÞ

ðL�1P?hbih
0bjPÞð0; 0Þ ¼ � 1

2p
hjh

0
i �

3

2p
hih

0
j ;ð4:19bÞ
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where we use in the last equation that hbih
0bj ¼ bihh 0bj þ 2hih

0bj and further (4.17b),
(4.17d).

Let fðzÞ ¼ fijzizj, c ¼ cijzizj be degree 2 polynomials in z with symmetric matrices
ðfijÞ, ðcijÞ. Then by Theorem 1.1, (1.7), (4.11), (4.17d), (4.17e) and (4.19a), we obtain

ðL�1blbkfbjhPÞð0; 0Þ ¼ blbkbj

12p
fh þ blbk

4p

qf

qzj

h

� 	
Pð0; 0Þð4:20aÞ

¼ �2

3p

q3ðfhÞ
qzlqzkqzj

þ 2

p
ðfljhk þ fkjhlÞ;

ðL�1bkfblbjhPÞð0; 0Þ ¼ L�1 blbkfþ 2bk

qf

qzl

� 	
bjhPð0; 0Þð4:20bÞ

¼ �2

3p

q3ðfhÞ
qzlqzkqzj

þ 2

p
ðfkjhl þ flkhjÞ;

�pðL�1bkfzlbjhPÞð0; 0Þ ¼ � 1

2
L�1bkfbjðblh þ 2hlÞPð0; 0Þð4:20cÞ

¼ 1

3p

q3ðfhÞ
qzlqzkqzj

� 1

p
flkhj;

and

ðL�1bkhbibjcPÞð0; 0Þ ¼ bkbibj

12p
hcþ bk

4p
ðbihj þ bjhiÞc

� 	
Pð0; 0Þð4:21aÞ

¼ �2

3p

q3ðhcÞ
qzkqziqzj

þ 2

p
ðckihj þ ckjhiÞ;

ðL�1bkhzlbjcPÞð0; 0Þ ¼ L�1bkhbj

bl

2p
cþ 1

p

qc

qzl

� 	
Pð0; 0Þð4:21bÞ

¼ �1

3p2

q3ðhcÞ
qzlqzkqzj

þ 1

p2
ðckjhl þ cljhkÞ;

�pðL�1hzkzlbjcPÞð0; 0Þ ¼ 1

6p2

q3ðhcÞ
qzlqzkqzj

þ 3

2p2
clkhj:ð4:21cÞ

In fact, by (4.2), (4.11) implies

pðhzkzlbjcPÞðZ; 0Þ ¼ 1

2

 
bkhbjczl þ 2hkbjcþ 2hbj

qc

qzk

� 	
bl

2p

!
PðZ; 0Þ;

so from (4.17d), (4.19b) and (4.21b) we get (4.21c).

Set RmqðzÞ ¼ Rkmlqzkzl . By (1.7) and Lemma 3.1,

R
sk
ðzÞbmbqRmqðzÞ ¼

�
bmbqR

sk
ðzÞ þ 8bmR

qslk
zl þ 8R

msqk

�
RmqðzÞ;
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thus Theorem 1.1, (4.11), (4.20b) and (4.21a) show that

ðL�1bsbkR
sk

bmbqRmqPÞð0; 0Þ

¼ bsbk

bmbq

16p
R

sk
þ 2bm

3p
R

qslk
zl þ

1

p
R

msqk

� 	
RmqPð0; 0Þ

¼ 1

p

q4ðR
sk

RmqÞ
qzsqzkqzmqzq

� 16

3p

q3ðR
qslk

zlRmqÞ
qzsqzkqzm

þ 8

p
R

msqk
Rsmkq;

�ðpL�1bkzsRsk
bmbqRmqPÞð0; 0Þ

¼ �L�1bk

1

2
bsRsk

bmbqRmq þ
qR

sk

qzs

bmbqRmq þ R
sk

bmbq

qRmq

qzs

� 	
Pð0; 0Þ

¼ 1

6p

q4ðR
sk

RmqÞ
qzsqzkqzmqzq

þ 8

3p

q3ðR
qslk

zlRmqÞ
qzsqzkqzm

� 4

p
R

msqk
Rsmkq �

16

p
R

ssqk
Rmmkq:

ð4:22Þ

Due to (4.15), (4.17a)–(4.22), we get

p2ðL�1I1PÞð0; 0Þð4:23Þ

¼ 1

144

"
7

6

q4ðRstRmqÞ
qzsqztqzmqzq

� 8

3

q3ðRqsltzvRmqÞ
qzsqztqzm

þ 4RmsqtRsmtq

� 16RssqtRmmtq � 2
q3
�
ð2Rvuut þ RE

vt
ÞzvRmq

�
qztqzmqzq

þ 12ð2Rquut þ RE
qt
ÞRtmmq

#

þ 1

12

266664� 1

3

q3

 
Rst

4

3
R

lkkq
þ RE

lq

� 	
zl

!
qzsqztqzq

þ 4Rssqt

4

3
R

tkkq
þ RE

tq

� 	

� Rsstt

4

3
R

qkkq
þ RE

qq

� 	377775
þ 1

8



ð2Rtuut þ RE

tt
Þ 4

3
R

qkkq
þ RE

qq

� 	

� ð2Rquut þ RE
qt
Þ 4

3
R

tkkq
þ RE

tq

� 	�
:
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But from Lemma 3.1, we have

q4ðRstRmqÞ
qzsqztqzmqzq

¼ 4RmsqtRsmtq þ 4RssttRmmqq þ 16RssmtRqmtq;

q3ðRssvtzvRmqÞ
qztqzmqzq

¼ 2RssttRmmqq þ 4RssqtRmmtq;

q3ðRmsvtzvRmqÞ
qzsqztqzq

¼ 2RmsqtRsmtq þ 4RmsstRtmqq:

ð4:24Þ

Plugging (4.24) in (4.23) we see that the coe‰cient of RssqtRmmtq in the term
1

144
½� � �� of

(4.23) is
1

144

56

3
� 32

3
� 16 � 16 þ 24

� 	
¼ 0 and

p2ðL�1I1PÞð0; 0Þð4:25Þ

¼ 1

144

10

3
RmsqtRsmtq �

1

27
RssqtRmmtq

þ 1

144
� �10

3
þ 1

12
� �20

9
þ 1

3


 �
RssttRmmqq

þ �4

144
þ 1

12
� �5

3
þ 5

12


 �
RE

tt
Rmmqq

þ 4

144
þ 1

12
� 8

3
� 10

3 � 8


 �
RE

qt
Rmmtq þ

1

8
ðRE

tt
RE

qq � RE
qt

RE
tqÞ

¼ 5

23 � 33
RmsqtRsmtq �

1

27
RssqtRmmtq þ

1

8
RssttRmmqq

þ 1

4
RE

tt
Rmmqq �

1

6
RE

qt
Rmmtq þ

1

8
ðRE

tt
RE

qq � RE
qt

RE
tqÞ:

From (4.15), (4.17c), (4.17f), (4.17g), (4.21b), (4.21c) and (4.24), we get

p2ðL�1I2PÞð0; 0Þð4:26Þ

¼ 1

18



� 1

2

q3ðRusqtzuRmqÞ
qzsqztqzm

þ 4RssqtRtmmq

þ 3

2
RmsqtRsmtq þ 3ð2Ruuqs þ RE

qsÞ � 2

4

� 	
Rmmsq

�

þ � 1

12
Rtsqt �

1

4
ð2Ruuqs þ RE

qsÞ

 �

4

3
R

skkq
þ RE

sq

� 	
¼ 1

36
RmsqtRsmtq �

5

6
RssqtRmmtq � RE

sqRtsqt �
1

4
RE

qt
RE

tq:
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By (4.17f), we get

L�1 2p

9
RmsqtzsztRkmlqzkzlP

� 	
ð0; 0Þ ¼ � 1

6p2
RmsqtRsmtq:ð4:27Þ

Relations (4.16), (4.25), (4.26) and (4.27) imply the desired formula (4.14). r

4.2. Contribution of O4 to F4(0, 0). We will use the following remark repeatedly in
our computation.

Remark 4.3. Let F be a polynomial in bþ, z, b, z. Due to (1.7) and (4.2), the value of
the kernels of PFP, P?FP, L�1P?FP at ð0; 0Þ consists of the terms of F whose total
degree in b and z is the same as the total degree in bþ and z.

Lemma 4.4. We have the following identity:

�p2ðL�1O4PÞð0; 0Þ ¼ �Dr

96
þ 23

108
RmsqtRsmtq þ

41

54
RssqtRmmtqð4:28Þ

þ R
mmqk

RE
kq þ

1

8
ð�RE

mm;qq þ 3RE
qm;mqÞ þ

1

4
RE

kqRE

qk
:

Proof. By (1.7), (3.14), (4.2) and (4.3), as in (4.4), we have

�ðO41PÞðZ; 0Þ ¼ �
�

1

20
A1Z � 4

3
A2Z

� 	
q

qzi

;
q

qzj

� 	
bibjð4:29Þ

� 1

20
A1Z � 4

3
A2Z

� 	
q

qzi

;
q

qzj

� 	
bþ

i bj

�
PðZ; 0Þ

¼


� p2

5
A1Z � 4

3
A2Z

� 	
ðz; zÞ

þ p

5
A1Z � 4

3
A2Z

� 	
q

qzj

;
q

qzj

� 	�
PðZ; 0Þ:

and

�L�1O42P ¼ P? 4
1

80
A1Z � 1

360
A2Z

� 	
q

qzj

;
q

qzj

� 	
� 1

72
Ricðz; zÞ2


 �
P:ð4:30Þ

From (3.12), (3.14), (4.2) and (4.3), and since RTX is ð1; 1Þ-form, we have
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�ðO44PÞðZ; 0Þ ¼ 2p

(
p

30
A1Zðz; zÞ þ

 
q

qZj

1

20
A1Z þ 2

45
A2Z

� 	!
ðz; ejÞ

� p

10
A2Zðz; zÞ � zi

q

qzi

1

10
A1Z þ 4

45
A2Z

� 	
q

qzj

;
q

qzj

� 	)
PðZ; 0Þ;

�ðO45PÞðZ; 0Þ ¼ 2p

�
2

9
hRTX ðR; ekÞz;RTX

x0
ðR; ekÞzi� 1

9
hRTX ðz; zÞR; ekiRicðR; ekÞ

þ 1

4
hRTX ðz; zÞR; ejiREðR; ejÞ �

1

4
RE

; ðZ;ZÞðz; zÞ
�
PðZ; 0Þ:

ð4:31Þ

Let cijk be degree 3 polynomials in z which are symmetric in i, j. By (1.7), (4.2), we get

ðcijkzizjzkPÞðZ; 0Þ ¼ 1

8p3
ðcijkbibjbkPÞðZ; 0Þð4:32Þ

¼ 1

8p3

(
bibjbkcijk þ 2bibj

qcijk

qzk

þ 4bibk

qcijk

qzj

þ 8bi

q2cijk

qzjqzk

þ 4bk

q2cijk

qziqzj

þ 8
q3cijk

qziqzjqzk

)
PðZ; 0Þ:

Thus by Theorem 1.1, (1.1) and (4.32), we obtain

p2ðL�1P?cijkzizjzkPÞð0; 0Þð4:33Þ

¼ 1

8p2

(
bibjbk

12
cijk þ

1

4
bibj

qcijk

qzk

þ 1

2
bibk

qcijk

qzj

þ 2bi

q2cijk

qzjqzk

þ bk

q2cijk

qziqzj

)
Pð0; 0Þ

¼ � 11

24p2

q3cijk

qziqzjqzk

:

Since
q

qzj

���� ����2 ¼ 1

2
, Lemma 3.1, (3.6), (3.12) and the fact that RTX is a ð1; 1Þ-form entail

A1Zðz; zÞ ¼ hRTX
; ðZ;ZÞðz; zÞz; zi;

A2Zðz; zÞ ¼ 2hRTX ðz; zÞz;RTX ðz; zÞzi ¼ �4RusvtRkmtqzuzszvzkzmzq;

A1Z

q

qzq

;
q

qzq

� 	
¼ RTX

; ðZ;ZÞ z;
q

qzq

� 	
z;

q

qzq

� 

;

A2Z

q

qzq

;
q

qzq

� 	
¼ RTX z;

q

qzq

� 	
R;RTX z;

q

qzq

� 	
R

� 

¼ 2ðRqsktRlqtu þ RqstuRlqktÞzszuzkzl:

ð4:34Þ
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By Remark 4.3, we can replace A1Zðz; zÞ by 2Rkmlq; stzkzmzlzqzszt in our computation. We
deduce from (4.33) and (4.34) that

p2
�
L�1P?A1Zðz; zÞP

�
ð0; 0Þ ¼ � 11

6p2
ðRmmqq; tt þ 2Rtmqq;mtÞ;

p2
�
L�1P?A2Zðz; zÞP

�
ð0; 0Þ ¼ 11

3p2
ðRmsqtRsmtq þ 2RssqtRmmtqÞ:

ð4:35Þ

Let Fij be homogeneous degree 2 polynomials in Z. Then by (1.1), (4.11) and (4.17f), we
obtain

ðP?FijzizjPÞð0; 0Þ ¼ � 1

p2

q2Fij

qziqzj

;ð4:36aÞ

L�1P?zk

qðFijzizjÞ
qzk

P

� 	
ð0; 0Þ ¼ � 3

4p3

q2Fij

qziqzj

:ð4:36bÞ

(Note that by Remark 4.3 the contributions of zk

qðFijzizjÞ
qzk

and 2Fijzizj to (4.36b) are the
same, so (4.36b) follows from (4.17f).)

By Remark 4.3 and (4.34), only the term �2Rqmkq;ltzmzkztzl from A1Z

q

qzq

;
q

qzq

� 	
has

a nontrivial contribution in our computation at ð0; 0Þ, and from (4.17f), (4.36a) and
(4.36b), we get

 
P?A1Z

q

qzq

;
q

qzq

� 	
P

!
ð0; 0Þ ¼ 2

p2
ðRqmmq; tt þ Rqmtq;mtÞ;

1

2

 
L�1P?zm

q

qzm

A1Z

q

qzq

;
q

qzq

� 	
P

!
ð0; 0Þ

¼
 
L�1P?A1Z

q

qzq

;
q

qzq

� 	
P

!
ð0; 0Þ ¼ 3

4p3
ðRqmmq; tt þ Rqmtq;mtÞ;

 
P?A2Z

q

qzq

;
q

qzq

� 	
P

!
ð0; 0Þ ¼ � 2

p2
ðRqsstRuqtu þ 3RqsutRsqtuÞ;

1

2

 
L�1P?zm

q

qzm

A2Z

q

qzq

;
q

qzq

� 	
P

!
ð0; 0Þ

¼
 
L�1P?A2Z

q

qzq

;
q

qzq

� 	
P

!
ð0; 0Þ

¼ � 3

4p3
ðRqsstRuqtu þ 3RqsutRsqtuÞ:

ð4:37Þ
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Remark 4.3, (4.3), (4.17c) and (4.17f) yield�
L�1P?hRTX

; ðZ; emÞðz; zÞR; emix0
P
�
ð0; 0Þ

¼ 2
�
L�1P?ðRkqlm;ms � Rkqms;lmÞzkzqzlzsP

�
ð0; 0Þ ¼ 0;�

L�1P?hRTX
x0

ðz; zÞR; ekix0
RicðR; ekÞP

�
ð0; 0Þ

¼ 2
�
L�1P?ð�Rlskq Ric

mk
þ R

lsmk
RickqÞzlzszqzmP

�
ð0; 0Þ ¼ 0;�

L�1P? RicðR; eqÞRE
x0
ðR; eqÞP

�
ð0; 0Þ

¼ 2
�
L�1P?ð�Rickq RE

qs þ Ricqs RE
kqÞzkzsP

�
ð0; 0Þ ¼ 0;�

L�1P?RE
; ðZ; esÞðR; esÞP

�
ð0; 0Þ

¼ 2
�
L�1P?ðRE

ks; sq � RE
sq;ksÞzkzqP

�
ð0; 0Þ ¼ 0:

ð4:38Þ

By (3.39), (3.40), (4.3) and (4.38), we know that for a ¼ 1; 2,

L�1P? q

qZq

�
AaZðz; eqÞ

�
P

� 	
ð0; 0Þ ¼ 0;

 
L�1P? q

qZq

AaZ

� 	
ðz; eqÞP

!
ð0; 0Þ ¼ �2

 
L�1P?AaZ

q

qzq

;
q

qzq

� 	
P

!
ð0; 0Þ:

ð4:39Þ

By (3.5) and (4.17f), we have�
L�1P?hRTX

x0
ðR; ekÞz;RTX

x0
ðR; ekÞzix0

P
�
ð0; 0Þ

¼ 4
�
L�1P?ðRksluR

mkuq
þ R

mklu
RksuqÞzszlzmzqP

�
ð0; 0Þ

¼ � 3

2p3
ðRkssuR

qkuq
þ 3R

skqu
RksuqÞ;�

L�1P?hpRTX
x0

ðz; zÞR; ekiRE
x0
ðR; ekÞP

�
ð0; 0Þ

¼ 2p
�
L�1P?ð�RlskqRE

mk
� R

lsmk
RE

kqÞzlzszqzmP
�
ð0; 0Þ ¼ 3

p2
R

ssqk
RE

kq;�
L�1P?RE

; ðZ;ZÞðz; zÞP
�
ð0; 0Þ ¼ � 3

4p3
ðRE

ss;qq þ RE
qs; sqÞ:

ð4:40Þ

Note that by Lemma 3.1, RicðR;RÞ ¼ 2 Rickq zkzq, and by (1.2), (1.7) and (4.2),

LRicðR;RÞP ¼ 2bmbþ
m Rickq zkzqP ¼ 4bm Rickm zkP:ð4:41Þ

Thus by (3.14), (4.19b) and (4.41), we obtain

�ðL�1P?O43PÞð0; 0Þ ¼ 1

18
L�1P? Riclq zlbm Rickm zk

bq

2p
P

� 	
ð0; 0Þð4:42Þ

¼ � 1

72p2
ðRicmm Ricqq þ 3 Ricmq RicqmÞ:
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From (4.29)–(4.39) and (4.42), we get

�p2
�
L�1ðO41 þO42 þO43 þO44ÞP

�
ð0; 0Þð4:43Þ

¼ � 2

15
� �11

6
ðRllqq;uu þ 2Rulqq;luÞ

þ 1

15
� 11

3
ðRlsquRsluq þ 2RssquRlluqÞ

þ � 2

5
� 3

4
þ 1

10

� 	
ðRqmmq;uu þ Rqmuq;muÞ

� �12

15
� 3

4
� 2

90

� 	
ðRqssuRvquv þ 3RqsvuRsquvÞ

þ 1

72
ðRicll Ricqq þ Riclq RicqlÞ �

1

72
ðRicll Ricqq þ 3 Riclq RicqlÞ

¼ 2

45
Rllqq;uu þ

13

45
Rulqq;lu þ

19

9
RlsquRsluq þ RssquRlluq:

Moreover, (4.31), (4.38) and (4.40) yield

�p2ðL�1O45PÞð0; 0Þ ¼ � 2

3
ðRklluR

qkuq
þ 3R

lkqu
RkluqÞð4:44Þ

þ 3

2
R

llqk
RE

kq þ
3

8
ðRE

ll;qq
þ RE

ql;lq
Þ:

Further, (3.15), (4.17c), (4.35), (4.38) and (4.40) imply

�p2ðL�1O46PÞð0; 0Þ ¼ 11

108
ðRlsquRsluq þ 2RssquRlluqÞ þ

1

9
Rickq Ric

qk
ð4:45Þ

� 1

9
R

klqk
Riclq �

1

2
R

llqk
RE

kq þ
1

4
RE

kqRE

qk
� 1

2
RE

ll;qq

¼ 11

108
RlsquRsluq þ

23

54
RssquRlluq �

1

2
R

llqk
RE

kq

þ 1

4
RE

kqRE

qk
� 1

2
RE

ll;qq
:

By (3.8), (3.17b), (4.43)–(4.45), we get (4.28). The proof of Lemma 4.4 is completed. r

4.3. Evaluation of F4(0, 0).

Theorem 4.5. The following identity holds:

F4;x0
ð0; 0Þ ¼ b2:ð4:46Þ
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Proof. By Lemmas 4.2, 4.4 and (2.22), we have

p2F41ð0; 0Þ ¼ �Dr

96
þ 7

72
RmsquRsmuq �

1

9
RssquRmmuq þ

1

8
RssuuRmmqqð4:47Þ

þ 1

4
RE

uuRmmqq �
1

6
RE

quRmmuq

þ 1

8
ðRE

uuRE
qq � RE

quRE
uq � RE

mm;qq þ 3RE
qm;mqÞ:

Remark 2.3, Lemmas 3.1, 4.1, (0.9), (2.20), (4.47) and formula Pð0; 0Þ ¼ 1 entail

J4;x0
ð0; 0Þ ¼ F41ð0; 0Þ þF41ð0; 0Þ� þ

1

4p2


P
mq

Rmmqq þ
P

q

RE
qq

�2

ð4:48Þ

� 1

36p2
R

mkql
Rkmlq �

1

4p2

4

3
Rqvvl þ RE

ql

� 	
4

3
R

lkkq
þ RE

lq

� 	
¼ b2:

The proof of Theorem 4.5 is completed. r

5. The first coe‰cients of the asymptotic expansion

The lay-out of this section is as follows. In Section 5.1, we explain the expansion of
the kernel of Berezin–Toeplitz operators and verify its compatibility with the Riemann–
Roch–Hirzebruch Theorem. In Section 5.2, we establish Theorem 0.1. The results from
Sections 4.1, 4.2 play an important role here. In Section 5.3, we prove Theorems 0.2, 0.3,
i.e., the expansion of the composition of two Berezin–Toeplitz operators.

We use the notations and assumptions from the Introduction and Section 3.

5.1. Expansion of the kernel of Berezin–Toeplitz operators. For U A TX , we have
(cf. (3.2))

‘T �X
U

fdzjdzj ¼ 2 ‘TX
U

fq
qzj

q

qzj

;
gq
qzm

q

qzm

* +gdzmdzm ; ‘T �X
U

fdzjdzj ¼ 2 ‘TX
U

fq
qzj

q

qzj

;
gq
qzm

q

qzm

* +gdzmdzm :ð5:1Þ

For s ¼
P
kq

skq
fdzkdzk5fdzqdzq A W1;1

�
X ;EndðEÞ

�
, by [24], Lemma 1.4.4, (0.6) and (5.1), we get

‘1;0�s ¼ � 2‘Eeq
qzm

smq þ 4skq ‘TXeq
qzm

fq
qzk

q

qzk

;
gq
qzm

q

qzm

* +
þ 4s

ml
‘TXeq

qzm

fq
qzl

q

qzl

;
fq
qzq

q

qzq

* + ! fdzqdzq ;

qE�s ¼ 2‘Eeq
qzm

skm þ 4skq ‘TXeq
qzm

fq
qzq

q

qzq

;
gq
qzm

q

qzm

* +
þ 4slm ‘TXeq

qzm

fq
qzl

q

qzl

;
fq
qzk

q

qzk

* + ! fdzkdzk :

ð5:2Þ

We evaluate now (5.2) at the point x0 (identified to 0 A R2n). By using (3.29) applied for
r ¼ 0; 1 associated with the vector bundles E, T ð1;0ÞX , we get
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ð‘1;0�sÞx0
¼ �2

qsmq

qzm

ð0Þ dzq; ðqE�sÞx0
¼ 2

qskm

qzm

ð0Þ dzk;

ðqE�‘1;0�sÞx0
¼ 4

qskm

qzmqzk

ð0Þ þ 2½RE

mk
; skmð0Þ�:

ð5:3Þ

Note that by (0.9), (3.6) and (5.3), we have at x0,

o ¼
ffiffiffiffiffiffiffi
�1

p

2
dzq5dzq; Tr½RT ð1; 0ÞX � ¼ Rickq dzk5dzq ¼ �

ffiffiffiffiffiffiffi
�1

p
Rico;

RE ¼ RE
kq dzk5dzq; ‘1;0�RE ¼ �2RE

mq;m dzq; qE�RE ¼ 2RE
kq;q dzk:

ð5:4Þ

For f A Cy
�
X ;EndðEÞ

�
, recall that Tf ;pðx; x 0Þ is the smooth kernel of the Berezin–

Toeplitz operator Tf ;p defined according to (0.4). Then by (3.29), at x0,

q2fx0

qzqqzl
ð0Þ ¼ ð‘Eeq

qzq

‘Eeq
qzl

f Þðx0Þ �
1

2
½RE

ql
; f ðx0Þ�; DEf ¼ �4

q2fx0

qzqqzq

ð0Þ:ð5:5Þ

In view of Lemma 3.1, (0.7) and (5.5), we introduce the following coe‰cients:

bCf :¼ Rmmqq

q2fx0

qzkqzk

ð0Þ � R
lkkq

q2fx0

qzqqzl
ð0Þð5:6Þ

¼ � r

32
DEf �

ffiffiffiffiffiffiffi
�1

p

8
Rico;‘

1;0qEf � 1

2
½RE ; f �

� 

o

and

bEf 1 :¼ qfx0

qzu

ð0Þ 1

6
RE

kk;u
� 5

12
RE

qu;q

� 	
þ 1

4
RE

mu;m

qfx0

qzu

ð0Þ

þ 1

6
RE

kk;u
� 5

12
RE

uq;q

� 	
qfx0

qzu

ð0Þ þ 1

4

qfx0

qzu

ð0ÞRE
um;m

¼ 1

48
h‘1;0f ; 2

ffiffiffiffiffiffiffi
�1

p
qERE

L þ 5‘1;0�REio � 1

16
h‘1;0�RE ;‘1;0f io

þ 1

16
hqEf ; qE�REio þ 1

48
h2

ffiffiffiffiffiffiffi
�1

p
‘1;0RE

L � 5qE�RE ; qEf io;

bEf 2 :¼ 1

2

q2fx0

qzkqzk

ð0ÞRE
qq �

1

2

q2fx0

qzqqzl
ð0ÞRE

lq

þ 1

2
RE

qq

q2fx0

qzkqzk

ð0Þ � 1

2
RE

lq

q2fx0

qzqqzl
ð0Þ

¼ �
ffiffiffiffiffiffiffi
�1

p

16
½RE

LD
Ef þ ðDEf ÞRE

L � þ
1

8
‘1;0qEf � 1

2
½RE ; f �;RE

� 

o

þ 1

8
RE ;‘1;0qEf � 1

2
½RE ; f �

� 

o

:

ð5:7Þ
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The following result implies Theorem 0.1.

Theorem 5.1. Let f A Cy
�
X ;EndðEÞ

�
. There exist smooth sections br; f ðxÞ A EndðEÞx

such that (0.12) and (0.13) hold and

p2b2; f ¼ b2C f ðx0Þ þ
1

2
b2E þ 1

16
ðRE

LÞ
2

� 	
f ðx0Þ þ

1

2
f ðx0Þ b2E þ 1

16
ðRE

LÞ
2

� 	
ð5:8Þ

� 1

16
RE

L f ðx0ÞRE
L þ 1

32
ðDEÞ2

f þ bCf þ bEf 1 þ bEf 2:

Before giving the proof, we verify that Theorem 0.1 is compatible with the Riemann–
Roch–Hirzebruch Theorem. Note that by (0.1), the first Chern class c1ðLÞ of L is repre-
sented by o. By the Kodaira Vanishing Theorem and the Riemann–Roch–Hirzebruch
Theorem, we have for p large enough:

dim H 0ðX ;L p nEÞð5:9Þ

¼
Ð
X

TdðT ð1;0ÞX Þ chðEÞepo

¼ rkðEÞ
Ð
X

on

n!
pn þ

Ð
X

c1ðEÞ þ rkðEÞ
2

c1ðXÞ
� 	

on�1pn�1

ðn � 1Þ!

þ
Ð
X

�
rkðEÞfTdðT ð1;0ÞXÞgð4Þ þ 1

2
c1ðXÞc1ðEÞ þ fchðEÞgð4Þ

	
on�2pn�2

ðn � 2Þ!

þ Oðpn�3Þ:

As usual, chð�Þ, c1ð�Þ, Tdð�Þ are the Chern character, the first Chern class and the Todd class

of the corresponding complex vector bundles, f�gð4Þ is the degree 4-part of the correspond-
ing di¤erential forms. Note that

x

1 � e�x
¼ 1 þ x

2
þ x2

12
þ � � � ;

thus fTdðT ð1;0ÞXÞgð4Þ ¼ 1

12

�
c1ðX Þ2 þ c2ðXÞ

�
. Let RT ð1; 0ÞX be the curvature of the Chern

connection on T ð1;0ÞX which is the restriction of the Levi–Civita connection in our case.
Then by (5.4), we have the following identities at the cohomology level:

fchðEÞgð4Þ ¼ � 1

8p2
Tr½ðREÞ2�; c1ðX Þ ¼ 1

2p
Rico;

fTdðT ð1;0ÞXÞgð4Þ ¼ 1

32p2
ðRicoÞ2 þ 1

96p2
Tr½ðRT ð1; 0ÞX Þ2�:

ð5:10Þ

By Lemma 3.1 and (5.4), we have

1

32
hðRicoÞ2;o2=2i ¼ 1

2
ðRuuvvR

kkqq
� RuuqvRkkvq

Þ;

1

96
hTr½ðRT ð1; 0ÞX Þ2�;o2=2i ¼ 1

6
ðRkuqvR

ukvq
� RuuqvRkkvq

Þ;
ð5:11Þ
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hfchðEÞgð4Þ;o2=2i ¼ 1

2p2
Tr½RE

kk
RE

qq � RE
kqRE

qk
�;

1

2
c1ðX Þc1ðEÞ;o2=2

� 

¼ 1

2p2
TrðRE

kk
Ricqq � Ric

qk
RE

kqÞ:
ð5:11Þ

We set now f ¼ 1 in Theorem 0.1, take the pointwise trace of the expansion (0.12)
relative to E and then integrate the result over X with respect to the volume form on=n!.
Taking into account (0.9) and (5.10), (5.11), we recover the expansion up to Oðpn�3Þ given
in (5.9) for the Hilbert polynomial. Thus the value of b2 obtained in Theorem 0.1 is com-
patible with the Riemann–Roch–Hirzebruch Theorem.

5.2. Proof of Theorem 5.1. The first part of Theorem 5.1 follows from Lemma 2.2.
Moreover, by (2.10), we have for any r A N,

br; f ðx0Þ ¼ Q2r;x0
ð f Þð0; 0Þ:ð5:12Þ

Thus by (2.12), the formula b0; f ¼ f , and by (2.11) and (2.21), we get

Q2;x0
ð f Þ ¼ K½1; f ðx0ÞJ2;x0

� þK½J2;x0
; f ðx0Þ� þ

P
jaj¼2

K 1;
qafx0

qZa
ð0ÞZa

a!


 �
:ð5:13Þ

Further, (1.8), (2.13) and (2.19), entail

K½1; f ðx0ÞJ2;x0
�P ¼ �f ðx0ÞPO2L

�1P?;

K½J2;x0
; f ðx0Þ�P ¼ �ðL�1P?O2PÞ f ðx0Þ:

ð5:14Þ

From (1.8) and (4.13), we deduce

P
jaj¼2

K 1;
qafx0

qZa
ð0ÞZa

a!


 �
PðZ; 0Þ ¼

� P
jaj¼2

qafx0

qza
ð0Þ za

a!
þ 1

p

q2fx0

qziqzi

ð0Þ
	
PðZ; 0Þ:ð5:15Þ

Lemma 3.1, (4.8), (4.9), (5.5) and (5.12)–(5.15) yield the formula for b1; f from (0.12).

It remains to compute b2; f for a self-adjoint section f A Cy
�
X ;EndðEÞ

�
in order to

complete the proof of Theorem 5.1. Set

K2f ¼
P
jaj¼2

K 1;
qafx0

qZa
ð0ÞZa

a!
J2;x0


 �
:ð5:16Þ

By (2.11) and (2.21), we get

Q4;x0
ð f Þ ¼ K½1; f ðx0ÞJ4;x0

� þK½J2;x0
; f ðx0ÞJ2;x0

� þK½J4;x0
; f ðx0Þ�ð5:17Þ

þ
P
jaj¼2

K J2;x0
;
qafx0

qZa
ð0ÞZa

a!


 �
þK2f þK 1;

qfx0

qZi

ð0ÞZiJ3;x0


 �

þK J3;x0
;
qfx0

qZi

ð0ÞZi


 �
þ
P
jaj¼4

K 1;
qafx0

qZa
ð0ÞZa

a!


 �
:
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Since L0 and O r are formally self-adjoint, (2.17) and (2.18) show that ðFr;x0
Þ� ¼ Fr;x0

.
Hence, in the right-hand side of (5.17), the first, fourth and sixth terms are adjoints of the
third, fifth and seventh terms, respectively. When we take f ¼ 1 in (5.17), we get

J4;x0
¼ K½1; J4;x0

� þK½J2;x0
; J2;x0

� þK½J4;x0
; 1�;ð5:18Þ

which is also a direct consequence of (2.19), (2.20) and (4.1a), as by (1.8),

K½1; J4;x0
�P ¼ PO2L

�1P?O2L
�1P? �PO4L

�1P? �PO2L
�2O2P;

K½J4;x0
; 1�P ¼ L�1P?O2L

�1P?O2P�L�1P?O4P�PO2L
�2O2P;

K½J2;x0
; J2;x0

�P ¼ L�1P?O2PO2L
�1P? þPO2L

�2O2P:

ð5:19Þ

Set

K41 :¼ �Dr

96
þ 5

72
RmuqvRumvq �

5

9
RuuqvRmmvq þ

1

8
RuuvvRmmqq;

K42 :¼ 1

4
RE

vvRmmqq �
5

6
RE

qvRmmvq

þ 1

8
ðRE

vvRE
qq � 3RE

qvRE
vq � RE

mm;qq þ 3RE
qm;mqÞ;

K2f :¼ 1

4
ðRmmqq þ RE

qqÞ f ðx0ÞðRuuvv þ RE
vvÞ þ

1

36
R

mkql
Rkmlq f ðx0Þ

þ 1

4

4

3
Rqssl þ RE

ql

� 	
f ðx0Þ

4

3
R

lkkq
þ RE

lq

� 	
:

ð5:20Þ

By (2.22), (4.1c), (4.47) and (5.19), we have

K½J4;x0
; 1�ð0; 0Þ ¼ 1

p2
ðK41 þ K42Þ:ð5:21Þ

By (1.8) and (2.19), we see as in (5.19) that

K½J2;x0
; f ðx0ÞJ2;x0

�P ¼ L�1P?O2 f ðx0ÞPO2L
�1P?ð5:22Þ

þPO2L
�1f ðx0ÞL�1O2P:

Thus by (4.8), (4.9) and (5.22), as in Lemma 4.1, we get

K½J2;x0
; f ðx0ÞJ2;x0

�ð0; 0Þ ¼ 1

p2
K2f :ð5:23Þ

We next compute the fifth term in (5.17). From (2.19) and (5.16), we get

K2f ¼ P
P
jaj¼2

qafx0

qZa
ð0ÞZa

a!
ð�L�1O2P�PO2L

�1P?Þ:ð5:24Þ
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For a degree 2 polynomial FðZÞ we have by Remark 4.3, (1.6), (1.7), (4.2) and (4.8)

�ðPFL�1O2PÞð0; 0Þð5:25Þ

¼ �
 
P

q2F

qzuqzv

zuzv

bmbq

48p
Rkmlqzkzl þ

bq

4p

4

3
R

lkkq
þ RE

lq

� 	
zl

� �
P

!
ð0; 0Þ

¼ �
 
P

q2F

qzqqzv

zv

2p

4

3
R

lkkq
þ RE

lq

� 	
zlP

!
ð0; 0Þ

¼ � 1

2p2

q2F

qzqqzl

4

3
R

lkkq
þ RE

lq

� 	
;

where we have used (1.6), (1.7) and (4.13) in the last two equalities.

By (4.9), (4.13), (5.24) and (5.25), we get

K2f ð0; 0Þ ¼
1

2p2

q2fx0

qzkqzk

ð0ÞðRmmqq þ RE
qqÞ �

1

2p2

q2fx0

qzqqzl

ð0Þ 4

3
R

lkkq
þ RE

lq

� 	
:ð5:26Þ

By Lemma 3.1, (5.6), (5.7) and (5.26), we get

K2f ð0; 0Þ þK2f ð0; 0Þ� ¼
1

p2
ðbCf þ bEf 2Þ �

1

3p2
R

lkkq

q2fx0

qzqqzl

ð0Þ:ð5:27Þ

We compute now the last term in (5.17). By Remark 4.3, (1.8) and (4.13), we have

P
jaj¼4

K 1;
qafx0

qZa
ð0ÞZa

a!


 �
ð0; 0Þ ¼ 1

2p2

q4fx0

qziqzqqziqzq

ð0Þ:ð5:28Þ

We next turn to the computation of the sixth term in (5.17). Set

K3f :¼ 1

6
R

kkmm;u
� 1

3
R

kkmu;m

� 	
qfx0

qzu

ð0Þ þ 1

6
R

kkmm;u
� 1

3
R

kkum;m

� 	
qfx0

qzu

ð0Þð5:29Þ

þ qfx0

qzu

ð0Þ 1

6
RE

kk;u
� 1

2
RE

qu;q

� 	
þ 1

3
RE

mu;m

qfx0

qzu

ð0Þ

þ 1

6
RE

kk;u
� 1

2
RE

uq;q

� 	
qfx0

qzu

ð0Þ þ 1

3

qfx0

qzu

ð0ÞRE
um;m:

Lemma 5.2. The following identity holds with K3f defined in (5.29):

K J3;x0
;
qfx0

qZu

ð0ÞZu


 �
ð0; 0Þ þK 1;

qfx0

qZu

ð0ÞZuJ3;x0


 �
ð0; 0Þ ¼ 1

p2
K3f :ð5:30Þ
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Proof of Lemma 5.2. Set

B1ðb;ZÞ :¼
�

1

6
Rkslq;mzkzlbsbq þ

2p

3
Rqskq;mzszkð5:31aÞ

� 2p

15
Rkqls;mzlzq þ

1

3
Rllks;m � 1

3
Rksqm;q �

2

3
RE

ks;m


 �
zkbs

� 2p

15
Rksqm;qzkzs �

2

3
Rllqm;q �

2

3
Rllqq;m

þ 2

3
RE

qm;q � 2RE
qq;m

�
zm;

B1ðZÞ :¼ 2p2

5
Rkslq;mzkzlzszqzm þ 8p

15
Rksqm;qzkzszmð5:31bÞ

þ 4p

3
RE

ks;mzkzszm � 2

3
½Rllqm;q þ Rllqq;m � RE

qm;q þ 3RE
qq;m�zm:

Then by Lemma 3.1, (4.2), we have

B1ðb;ZÞPðZ; 0Þð5:32Þ

¼
�

4p2

6
Rkslq;mzkzlzszq þ

2p

3
Rqskq;mzszk

� 2p

15
Rkqls;mzlzq þ

1

3
Rllks;m � 1

3
Rksqm;q �

2

3
RE

ks;m


 �
zk � 2pzs

� 2p

15
Rksqm;qzkzs �

2

3
Rllqm;q �

2

3
Rllqq;m

þ 2

3
RE

qm;q � 2RE
qq;m

�
zmPðZ; 0Þ

¼ B1ðZÞPðZ; 0Þ:

Observe that the commutation relations (1.7) imply that

Rkslq;mzkzlbsbqbm ¼ bsbqbmRkslq;mzkzl þ bsbmð8Rqskq;m þ 4Rksqm;qÞzk

þ bmð8Rqssq;m þ 16Rssqm;qÞ:

By (1.7), (4.2) and (5.31b), we have

B1ðZÞPðZ; 0Þð5:33Þ

¼ 1

p

�
1

20
Rkslq;mzkzlbq þ

2

15
Rksqm;qzk þ

1

3
RE

ks;mzk

� 	
bsbm

� 1

3
½Rllqm;q þ Rllqq;m � RE

qm;q þ 3RE
qq;m�bm

�
PðZ; 0Þ
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¼ 1

p

�
bsbqbm

20
Rkslq;mzkzl þ bsbm

2

5
Rqskq;m þ 1

3
Rksqm;q þ

1

3
RE

ks;m

� 	
zk

þ bm

1

15
Rssqq;m þ Rssqm;q �

1

3
RE

ss;m þ RE
qm;q

� 	�
PðZ; 0Þ:

Note that by Theorem 1.1 and (4.2), we have ðP?zuPÞðZ; 0Þ ¼ ðPzuPÞðZ; 0Þ ¼ 0. Taking
into account that Pð0; 0Þ ¼ 1 and relations (1.8), (2.13) and (2.19), we get

K J3;x0
;
qfx0

qZu

ð0ÞZu


 �
ð0; 0Þ ¼ � L�1P?O3P

qfx0

qzu

ð0ÞzuP

� 	
ð0; 0Þð5:34Þ

� PO3L
�1P? qfx0

qzu

ð0ÞzuP

� 	
ð0; 0Þ:

By Remark 2.3, ðPO3L
�1zuPÞð0; 0Þ is the adjoint of ðPzuL

�1P?O3PÞð0; 0Þ, thus we will
compute only the latter. By Lemma 3.1, (1.7), (3.17a) and (4.3), we get as in (4.4),

O3 ¼ 1

6
Rkslq;Zzkzlbsbq þ

2p

3
Rqskq;Zzszk þ csðb; bþ;ZÞbþ

sð5:35Þ

�
�

2p

15
Rlqks;Zzlzq þ

1

3
Rllks;Z þ 1

3
ðRlqks;qzl � Rqmks;qzmÞ �

2

3
RE

ks;Z

	
zkbs

þ 2p

15
ðRkslq;qzl � Rksqm;qzmÞzkzs �

2

3
ðRllkq;qzk þ Rllqm;qzmÞ

� 2

3
Rllqq;Z � 2

3
ðRE

kq;qzk � RE
qm;qzmÞ � 2RE

qq;Z;

and csðb; bþ;ZÞ are polynomials in b; bþ;Z, whose precise formula will not be used, and

Rkqls;Z, RE
ks;Z are defined by replacing

q

qzs

by Z in (3.6).

From Lemma 3.1, (1.7), (5.31a) and (5.35) we deduce that the only term in O3 not
containing bþ and having total degree in b, z bigger than its degree in z, is B1ðb;ZÞ. Now,
Theorem 1.1, Remark 4.3, (1.6), (1.7), (5.32), (5.33) and (5.35) imply

�ðPzuL
�1P?O3PÞð0; 0Þ ¼ �

�
PzuL

�1P?B1ðb;ZÞP
�
ð0; 0Þð5:36Þ

¼ �
 
Pzu

bm

4p2

1

15
Rssqq;m þ Rssqm;q �

1

3
RE

ss;m þ RE
qm;q

� 	
P

!
ð0; 0Þ

¼ � 1

2p2

1

15
Rssqq;u þ Rssqu;q �

1

3
RE

ss;u þ RE
qu;q

� 	
:

By Remark 4.3, (1.6), (1.7) and (5.35), we also have

�ðL�1P?O3PzuPÞð0; 0Þ ¼ �
�
L�1P?B1ðb;ZÞzuP

�
ð0; 0Þð5:37Þ

¼ � L�1P? zuB1ðb;ZÞ � 2
q

qbu

B1ðb;ZÞ

 �

P

� �
ð0; 0Þ:
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Lemma 3.1, (4.17c), (4.17f), (4.33), (5.31b) and (5.32) yield

�
�
L�1P?zuB1ðb;ZÞP

�
ð0; 0Þð5:38Þ

¼ �
�
L�1P?zuB1ðZÞP

�
ð0; 0Þ

¼ 11

24p2
� 2

5
ð4Rssmu;m þ 2Rssqq;uÞ þ

3

8p2
� 16

15
Rssqu;q þ

4

3
RE

ss;u þ
4

3
RE

mu;m

� 	
� 1

6p2
ðRllqu;q þ Rllqq;u � RE

qu;q þ 3RE
qq;uÞ

¼ 1

p2

29

30
Rssmu;m þ 1

5
Rssqq;u þ

2

3
RE

mu;m

� 	
:

Moreover, by (5.31a),

q

qbu

B1ðb;ZÞ ¼ 1

3
Rkslu;mzkzlbszmð5:39Þ

� 2p

15
Rkqlu;mzlzq þ

1

3
Rllku;m � 1

3
Rkuqm;q �

2

3
RE

ku;m

� 	
zkzm:

Lemma 3.1, (4.2), (4.17c), (4.17f) and (5.39) yield

L�1P? q

qbu

B1ðb;ZÞ
� 	

P

� 	
ð0; 0Þð5:40Þ

¼ � 3

8p2
� 8

15
� 2Rssmu;m þ 1

4p2

1

3
Rmqqu;m � 1

3
Rmuqm;q �

2

3
RE

mu;m

� 	
¼ � 2

5p2
Rssmu;m � 1

6p2
RE

mu;m:

Formulas (5.37)–(5.40) entail altogether

�p2ðL�1P?O3PzuPÞð0; 0Þ ¼ 1

6
Rssmu;m þ 1

5
Rssqq;u þ

1

3
RE

mu;m:ð5:41Þ

Combining (5.34), (5.36) with (5.41), we get

p2K J3;x0
;
qfx0

qZu

ð0ÞZu


 �
ð0; 0Þð5:42Þ

¼ 1

6
Rssmu;m þ 1

5
Rssqq;u þ

1

3
RE

mu;m

� 	
qfx0

qzu

ð0Þ

þ � 1

30
Rssqq;u �

1

2
Rssuq;q þ

1

6
RE

ss;u �
1

2
RE

uq;q

� 	
qfx0

qzu

ð0Þ:

Since K 1;
qfx0

qZu

ð0ÞZuJ3;x0


 �
is the adjoint of K J3;x0

;
qfx0

qZu

ð0ÞZu


 �
, Lemma 3.1 yields
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p2K 1;
qfx0

qZu

ð0ÞZuJ3;x0


 �
ð0; 0Þð5:43Þ

¼ qfx0

qzu

ð0Þ 1

6
Rssum;m þ 1

5
Rssqq;u þ

1

3
RE

um;m

� 	

þ qfx0

qzu

ð0Þ � 1

30
Rssqq;u �

1

2
Rssqu;q þ

1

6
RE

ss;u �
1

2
RE

qu;q

� 	
:

Finally, (5.42) and (5.43) deliver (5.30). The proof of Lemma 5.2 is completed. r

We continue with the proof of Theorem 5.1. We’ll write now the formulas in terms
of connections. For f A Cy

�
X ;EndðEÞ

�
, we obtain by (2.1) (as in (3.32)) the following

formula in normal coordinates:

ðDEf ÞðZÞ ¼ �gijð‘E
ei
‘E

ej
� G l

ij‘
E
el
Þ f ; ‘Ef ¼ df þ ½GEð�Þ; f �:ð5:44Þ

By (3.31),

‘E
ei
‘E

ei
¼ q2

qZ2
i

þ REðR; eiÞ
q

qZi

þ 1

4
REðR; eiÞREðR; eiÞð5:45Þ

þ 2

3
RE

;ZðR; eiÞ
q

qZi

þ 1

3
RE

; ei
ðR; eiÞ

þ 1

8
2RE

; ðZ; eiÞðR; eiÞ þ
1

3
hRTX ðR; eiÞei; ekiREðR; ekÞ

� 	
þ OðjZj3Þ:

Note that by (3.4),
q2

qZ2
m

RE
; ðZ; eiÞðR; eiÞ ¼ 2RE

; ðem; eiÞðem; eiÞ ¼ 0. Thus from (3.1), (4.3), (5.45),

and taking into account that REðem; eiÞ is anti-symmetric in m, i, and Ricðem; eiÞ is symmet-
ric in m, i, we infer

q2

qZ2
m

‘E
ei
‘E

ei
f

 !
ð0Þð5:46Þ

¼ q4fx0

qZ2
mqZ2

i

ð0Þ þ 2 REðem; eiÞ;
q2fx0

qZiqZm

ð0Þ
" #

þ 1

2
½REðem; eiÞ; ½REðem; eiÞ; f ðx0Þ�� þ

2

3
RE

; em
ðem; eiÞ;

qfx0

qZi

ð0Þ

 �

¼ 16
q4fx0

qziqzqqziqzq

ð0Þ � 4½RE

kl
; ½RE

lk
; f ðx0Þ��

þ 8

3
RE

mq;m;
qfx0

qzq

ð0Þ

 �

� 8

3
RE

qm;m;
qfx0

qzq

ð0Þ

 �

:

By (3.3), (3.25), (3.31) and (5.44),
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� q2

qZ2
m

ðGl
ii ‘

E
el

f Þð0Þð5:47Þ

¼ � 4

3
Ricðem; elÞ

q2fx0

qZlqZm

ð0Þ þ 1

2
½REðem; elÞ; f ðx0Þ�

 !

� 1

6

�
4 Ric; em

ðem; elÞ � 2 Ric; eq
ðeq; elÞ þ Ric; elðem; emÞ

� qfx0

qZl
ð0Þ

¼ � 32

3
Ricml

q2fx0

qzlqzm

ð0Þ

� 4

3
ðRicml;m þ Ricmm;lÞ

qfx0

qzl
ð0Þ þ ðRiclm;m þ Ricmm;lÞ

qfx0

qzl
ð0Þ

� 	
:

Formulas (3.3), (3.23), (3.31), (5.5) and (5.44)–(5.47) yield

�
ðDEÞ2

f
�
ðx0Þð5:48Þ

¼ � q2

qZ2
m

DEf

 !
ð0Þ

¼ 2

3
Ricðei; eqÞð‘E

ei
‘E

eq
f Þð0Þ þ q2

qZ2
m

‘E
ei
‘E

ei
f

 !
ð0Þ � q2

qZ2
m

ðG l
ii‘

E
el

f Þð0Þ

¼ 16
q4fx0

qziqzqqziqzq

ð0Þ � 16

3
Ricml

q2fx0

qzlqzm

ð0Þ � 4½RE

kl
; ½RE

lk
; f ðx0Þ��

þ 8

3
RE

mq;m;
qfx0

qzq

ð0Þ

 �

� 8

3
RE

qm;m;
qfx0

qzq

ð0Þ

 �

� 4

3
ðRicml;m þ Ricmm;lÞ

qfx0

qzl
ð0Þ þ ðRiclm;m þ Ricmm;lÞ

qfx0

qzl
ð0Þ

� 	
:

By Lemma 5.2, the discussion after (5.17), formulas (5.17), (5.21), (5.23), (5.27) and (5.28),
we have

p2Q4;x0
ð f Þð0; 0Þ ¼ 2K41 f ðx0Þ þ K42 f ðx0Þ þ f ðx0ÞK42 þ K2f þ K3fð5:49Þ

þ bCf þ bEf 2 �
1

3
R

lkkq

q2fx0

qzqqzl
ð0Þ þ 1

2

q4fx0

qziqzqqziqzq

ð0Þ:

Note that ½RE

kl
; ½RE

lk
; f ðx0Þ�� ¼ RE

kl
RE

lk
f ðx0Þ � 2RE

kl
f ðx0ÞRE

lk
þ f ðx0ÞRE

kl
RE

lk
, so by (3.8),

(5.12), (5.48) and (5.49), we get (5.8). The proof of Theorem 5.1 is completed.

5.3. Composition of Berezin–Toeplitz operators: Proofs of Theorems 0.2 and 0.3.

Proof of Theorem 0.2. By Lemma 2.2, we deduce as in the proof of Lemma 2.2, that
for Z;Z 0 A Tx0

X , jZj; jZ 0j < e=4, we have (cf. [27], (4.79), [24], (7.4.6))
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p�nðTf ;p � Tg;pÞx0
ðZ;Z 0Þð5:50Þ

G
Pk
r¼0

�
Qr;x0

ð f ; gÞPx0

�
ð ffiffiffi

p
p

Z;
ffiffiffi
p

p
Z 0Þp�r

2 þOðp�kþ1
2 Þ;

where

Qr;x0
ð f ; gÞ ¼

P
r1þr2¼r

K½Qr1;x0
ð f Þ;Qr2;x0

ðgÞ� A EndðEÞx0
½Z;Z 0�;ð5:51Þ

is a polynomial in Z, Z 0 with the same parity as r.

The existence of the expansion (0.15) and the expression of b0; f ;g follow from (2.12),
(5.50) and (5.51); we get also

br; f ;gðx0Þ ¼ Q2r;x0
ð f ; gÞð0; 0Þ:ð5:52Þ

By (5.51),

Q2;x0
ð f ; gÞ ¼ K½ f ðx0Þ;Q2;x0

ðgÞ� þK½Q1;x0
ð f Þ;Q1;x0

ðgÞ�ð5:53Þ

þK½Q2;x0
ð f Þ; gðx0Þ�:

Formulas (1.8), (5.13)–(5.14) yield

K½Q2;x0
ð f Þ; gðx0Þ�P ¼

�
Q2;x0

ð f ÞP
�
Pgðx0Þ

¼
�
P
P
jaj¼2

qafx0

qZa
ð0ÞZa

a!
P�L�1O2Pf ðx0Þ

	
gðx0Þ;

K½ f ðx0Þ;Q2;x0
ðgÞ�P ¼ f ðx0ÞP

�
Q2;x0

ðgÞP
�

¼ f ðx0Þ
�
P
P
jaj¼2

qagx0

qZa
ð0ÞZa

a!
P� gðx0ÞPO2L

�1P?
	
:

ð5:54Þ

Using (0.9), (4.8), (4.9), (4.13), (5.5) and (5.54), we obtain

K½Q2;x0
ð f Þ; gðx0Þ�ð0; 0Þ ¼ � 1

4p
ðDEf Þðx0Þ þ

1

2
ðb1 f Þðx0Þ

� 	
gðx0Þ;

K½ f ðx0Þ;Q2;x0
ðgÞ�ð0; 0Þ ¼ f ðx0Þ � 1

4p
ðDEgÞðx0Þ þ

1

2
ðgb1Þðx0Þ

� 	
:

ð5:55Þ

By (1.8), (2.11) and (2.21), we have (cf. [24], (7.4.14)),

Q1;x0
ð f ÞðZ;Z 0Þ ¼ K 1;

qfx

qZq

ð0ÞZq


 �
ðZ;Z 0Þ ¼ qfx0

qzi

ð0Þzi þ
qfx0

qzi

ð0Þz 0
i :ð5:56Þ
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Thus from (4.13), (5.55), we get as in [24], (7.4.15) (cf. also [24], (7.1.11)),

K½Q1;x0
ð f Þ;Q1;x0

ðgÞ�ð0; 0Þ ¼
Pn
i¼1

1

p

qfx0

qzi

ð0Þ qgx0

qzi

ð0Þ:ð5:57Þ

Now, (5.52), (5.53), (5.55) and (5.57) imply the formula for b1; f ;g given in (0.16).

We prove next (0.17). It su‰ces to consider f ; g A CyðX ;RÞ, which we henceforth
assume. By (2.9), we have Qr;x0

ð1Þ ¼ Jr;x0
. Hence, taking f ¼ 1 in (5.51), we get

Q4;xðgÞ ¼ K½1;Q4;xðgÞ� þK½J2;x;Q2;xðgÞ� þK½J3;x;Q1;xðgÞ�ð5:58Þ

þ gðxÞK½J4;x; 1�:

Taking g ¼ 1 in (5.51) yields

Q4;xð f Þ ¼ f ðxÞK½1; J4;x� þK½Q1;xð f Þ; J3;x� þK½Q2;xð f Þ; J2;x�ð5:59Þ

þK½Q4;xð f Þ; 1�:

By (2.12) and (5.51), we get

Q4;x0
ð f ; gÞ ¼ K½ f ðx0Þ;Q4;x0

ðgÞ� þK½Q1;x0
ð f Þ;Q3;x0

ðgÞ�ð5:60Þ

þK½Q2;x0
ð f Þ;Q2;x0

ðgÞ� þK½Q3;x0
ð f Þ;Q1;x0

ðgÞ�

þK½Q4;x0
ð f Þ; gðx0Þ�:

Set

~QQ3;x0
ðgÞ ¼ K 1;

qgx0

qZq

ð0ÞZqJ2;x0


 �
þK J2;x0

;
qgx0

qZq

ð0ÞZq


 �

þK



1;
P
jaj¼3

qagx0

qZa
ð0ÞZa

a!

�
;

I4; f ;g ¼ K



K



1;
P
jaj¼2

qagx0

qZa
ð0ÞZa

a!

�
;K



1;
P
jaj¼2

qagx0

qZa
ð0ÞZa

a!

��
:

ð5:61Þ

Note that by (2.13) and (2.19), we have

J3;x0
¼ K½1; J3;x0

� þK½J3;x0
; 1�ð5:62Þ

and (2.11), (2.21) together with (5.62) imply

Q3;x0
ðgÞ ¼ gðx0ÞJ3;x0

þ ~QQ3;x0
ðgÞ:ð5:63Þ

Since g A CyðX ;RÞ, (5.13) entails

Q2;x0
ðgÞ ¼ gðx0ÞJ2;x0

þK



1;
P
jaj¼2

qagx0

qZa
ð0ÞZa

a!

�
:ð5:64Þ
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By Remark 4.3, (5.18), (5.58)–(5.64), we get

Q4;x0
ð f ; gÞ ¼ f ðx0ÞQ4;x0

ðgÞ þ gðx0ÞQ4;x0
ð f Þ � f ðx0Þgðx0ÞJ4;x0

ð5:65Þ

þK½Q1;x0
ð f Þ; ~QQ3;x0

ðgÞ� þK½ ~QQ3;x0
ð f Þ;Q1;x0

ðgÞ� þ I4; f ;g:

By (4.13) and (5.15), we get

ðI4; f ;gPÞð0; 0Þð5:66Þ

¼
�
P
P
jbj¼2

qbfx0

qZb
ð0ÞZb

b!

� P
jaj¼2

qagx0

qza
ð0Þ za

a!
þ 1

p

q2gx0

qziqzi

ð0Þ
	
P

�
ð0; 0Þ

¼ 1

p2

1

2

q2fx0

qziqzq

ð0Þ q
2gx0

qziqzq

ð0Þ þ q2fx0

qzqqzq

ð0Þ q
2gx0

qziqzi

ð0Þ
 !

:

By Remark 2.3, Q1;x0
ð f Þ, Q3;x0

ðgÞ are self-adjoint for f ; g A CyðX ;RÞ, thus by (5.63),

K½ ~QQ3;x0
ð f Þ;Q1;x0

ðgÞ� ¼ K½Q1;x0
ðgÞ; ~QQ3;x0

ð f Þ��:ð5:67Þ

Thus we only need to compute the fourth term in (5.65).

An examination of (4.4) shows that in each term of the sum giving O2, the total de-
gree in bþ, z equals the total degree in b, z. Hence Remark 4.3, (1.8), (2.19), (4.8), (4.9),
(4.13), (5.25) and (5.56) yield

K Q1;x0
ð f Þ;K 1;

qgx0

qZq

ð0ÞZqJ2;x0


 �
 �
Pð0; 0Þð5:68Þ

¼ P
qfx0

qzu

ð0Þzu

qgx0

qzv

ð0ÞzvF2;x0

� 	
ð0; 0Þ

¼ 1

2p2

qfx0

qzu

ð0Þ qgx0

qzv

ð0Þ duvðRssqq þ RE
qqÞ �

4

3
R

ukkv
� RE

uv


 �
:

Using (2.19), and the formula ðP?ziPÞðZ; 0Þ ¼ ðPziPÞðZ; 0Þ ¼ 0 (cf. (1.6)), we get

K J2;x0
;
qgx0

qZq

ð0ÞZq


 �
P

� 	
ðZ; 0Þð5:69Þ

¼ F2;x0

qgx0

qZq

ð0ÞZqP

� 	
ðZ; 0Þ

¼ �L�1O2P
qgx0

qzq

ð0ÞzqP�PO2L
�1P? qgx0

qzq

ð0ÞzqP

� 	
ðZ; 0Þ:

By Remark 4.3, (1.7), (1.8), (5.56) and (5.69), we obtain as in (5.68)
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K Q1;x0
ð f Þ;K J2;x0

;
qgx0

qZq

ð0ÞZq


 �
 �
Pð0; 0Þð5:70Þ

¼ P
qfx0

qzu

ð0ÞzuK J2;x0
;
qgx0

qZq

ð0ÞZq


 �
P

� 	
ð0; 0Þ

¼ � P
qfx0

qzu

ð0ÞzuL
�1O2P

qgx0

qzq

ð0ÞzqP

� 	
ð0; 0Þ ¼ 0;

since by (1.6) and (4.11) we have ðPzubazbPÞðZ; 0Þ ¼ 0 for jajf 1.

Note that for homogeneous degree 3 polynomials H in Z the analogue of formula
(4.12) holds for ðHPÞðZ; 0Þ. Using this analogue together with (1.6) and (4.11) we ob-
tain

ðPHPÞðZ; 0Þ ¼
� P

jaj¼3

q3H

qza

za

a!
þ zq

p

q3H

qzqqziqzi

	
PðZ; 0Þ:ð5:71Þ

Finally, (1.8), (4.13), (5.56), (5.71) and the equality Pð0; 0Þ ¼ 1 imply

K



Q1;x0

ð f Þ;K



1;
P
jaj¼3

qagx0

qZa
ð0ÞZa

a!

��
ð0; 0Þ ¼ 1

p2

qfx0

qzu

ð0Þ q3gx0

qzuqziqzi

ð0Þ:ð5:72Þ

By Lemma 3.1, (3.23), (3.25) and (5.44) for E ¼ C, we get

q

qzq

ðDgÞð0Þ ¼ �4
q3gx0

qzqqziqzi

ð0Þ þ 4

3
Ricql

qgx0

qzl
ð0Þ:ð5:73Þ

Lemma 3.1, (5.61) and (5.68)–(5.73) entail

p2K½Q1;x0
ð f Þ; ~QQ3;x0

ðgÞ�ð0; 0Þð5:74Þ

¼ qfx0

qzu

ð0Þ q3gx0

qzuqziqzi

ð0Þ

þ 1

2

qfx0

qzu

ð0Þ qgx0

qzv

ð0Þ duvðRssqq þ RE
qqÞ �

4

3
R

ukkv
� RE

uv


 �
¼ � 1

8
hqf ; qDgiþ 1

4
hqf ; qgiðRssqq þ RE

qqÞ �
1

8
hqf5qg;REio:

From (5.67) and (5.74), we have

p2K½ ~QQ3;x0
ð f Þ;Q1;x0

ðgÞ�ð0; 0Þð5:75Þ

¼ � 1

8
hqDf ; qgiþ 1

4
hqf ; qgiðRssqq þ RE

qqÞ �
1

8
hqf 5qg;REio:

By (0.9), (5.5), (5.65), (5.66), (5.74) and (5.75), we get (0.17). The proof of Theorem 0.2 is
completed. r
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Proof of Theorem 0.3. The existence of the expansion (0.18) and formula
C0ð f ; gÞ ¼ fg were established in [27], Theorem 1.1 (cf. also [24], Theorem 7.4.1) in general
symplectic settings.

By (0.18), (2.10), (5.12), (5.50) and (5.52), we obtain (cf. also [24], (7.4.9)),

C1ð f ; gÞ ¼
�
Q2;xð f ; gÞ � Q2;xð fgÞ

�
ð0; 0Þ ¼ b1; f ;g � b1; fg:ð5:76Þ

Hence (0.5), (0.13), (0.16) and (5.76) yield the formula for C1ð f ; gÞ given in (0.20). More-
over, (0.18), (5.12) and (5.52) imply the formula for C2ð f ; gÞ from (0.20).

We will prove (0.21) now. Let feig be an orthonormal frame of ðTX ; gTX Þ, and fwig
be an orthonormal frame of T ð1;0ÞX . Let r ¼ q�qþ qq� be the Kodaira Laplacian on
LðT �XÞnR C, and let D be the Bochner Laplacian on LðT �X ÞnR C associated with the
connection ‘LðT �XÞ on LðT �XÞ induced by ‘TX (cf. (0.5)). Let RLðT �ð1; 0ÞXÞ be the curvature
of the holomorphic Hermitian connection on LðT �ð1;0ÞXÞ. By the Lichnerowicz formula
[24], Remark 1.4.8, and (5.4), we have

RLðT �ð1; 0ÞXÞ ¼ �hRTX wl ; wkiwl5iwk
;

2r ¼ D� RLðT �ð1; 0ÞX Þðwq; wqÞ þ ð2RLðT �ð1; 0ÞXÞ þ RicÞðwl ; wkÞwk5iwl
:

ð5:77Þ

Since ðX ;o; JÞ is Kähler, r commutes with the operators q, q, d (cf. [24], Corollary
1.4.13), and (5.77) shows that 2r f ¼ Df for any f A CyðXÞ. From Lemma 3.1, (5.4) and
(5.77), we have for any f A CyðXÞ:

Dqf ¼ qDf � Ricð�; wkÞwkð f Þ;

Dqf ¼ qDf � Ricð�;wkÞwkð f Þ;

Ddf ¼ dDf � Ricð�; ejÞejð f Þ:

ð5:78Þ

Thus (0.5), (5.78) yield for any f ; g A CyðX Þ:

Dð fgÞ ¼ gDf þ f Dg � 2hdf ; dgi;

Dhqf ; qgi ¼ hDqf ; qgiþ hqf ;Dqgi� 2h‘T �Xqf ;‘T �Xqgi

¼ hqDf ; qgiþ hqf ; qDgi� 2h‘T �Xqf ;‘T �Xqgi

� 2 Ricðwm; wqÞwmðgÞwqð f Þ:

ð5:79Þ

Using (0.5), (5.78) and (5.79), we infer

D2ð fgÞ ¼ f D2g þ gD2f þ 2ðDf ÞDg � 4hdDf ; dgi� 4hdf ; dDgið5:80Þ

þ 4h‘T �X df ;‘T �X dgiþ 4 Ricðei; ejÞeiðgÞejð f Þ:

We examine now closely the expression of p2C2ð f ; gÞ given by (0.20). Using (0.14),
(0.17), (0.20), we see that the term of di¤erential order 0 in f , g from the expression of
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p2C2ð f ; gÞ is zero, and the term of total di¤erential order 2 in f , g, disregarding the term
involving RE , in p2C2ð f ; gÞ is

C22 ¼
ffiffiffiffiffiffiffi
�1

p

8
hRico;�f qqg � gqqf þ qqð fgÞi:ð5:81Þ

The term of total di¤erential order 4 in f , g in the expression of p2C2ð f ; gÞ is

C24 ¼ 1

32
f D2g þ 1

32
gD2f � 1

8
hqf ; qDgi� 1

8
hqDf ; qgiþ 1

16
ðDf ÞDgð5:82Þ

þ 1

8
hD0;1qf ;D1;0qgi� 1

32
D2ð fgÞ � 1

8
Dhqf ; qgi:

By (5.79), (5.80), (5.82) and by the formula hD1;0qf ;D0;1qgi ¼ hD0;1qf ;D1;0qgi, we get

C24 ¼ 1

8
hD1;0qf ;D0;1qgiþ

ffiffiffiffiffiffiffi
�1

p

8
hRico; qf 5qg � qg5qf i:ð5:83Þ

Finally, by inspecting (0.14), (0.17), (0.20), we see that the term involving RE in the
expression of p2C2ð f ; gÞ isffiffiffiffiffiffiffi

�1
p

8

�
�f Dg � gDf þ Dð fgÞ

�
RE

L þ 1

4
hgqqf þ f qqg � qqð fgÞ;REioð5:84Þ

þ
ffiffiffiffiffiffiffi
�1

p

4
hqf ; qgiRE

L � 1

4
hqf 5qg;REio þ

ffiffiffiffiffiffiffi
�1

p

4
hqf ; qgiRE

L:

Combining (5.81), (5.83) and (5.84), we get (0.21). The proof of Theorem 0.3 is completed.
r

6. Donaldson’s Q-operator

In this section we study the asymptotics of the sequence of operators introduced by
Donaldson [10]. We suppose henceforth that E ¼ C. Set VolðX ; dvX Þ :¼

Ð
X

dvX . Following
[10], §4, set

Kpðx; x 0Þ :¼ jPpðx; x 0Þj2hL p
x nhL p�

x 0
; Rp :¼

�
dim H 0ðX ;L pÞ

�
=VolðX ; dvX Þ:ð6:1Þ

Let Kp, QKp
be the integral operators associated to Kp, defined for f A CyðXÞ by

ðKp f ÞðxÞ :¼
Ð
X

Kpðx; yÞ f ðyÞ dvX ðyÞ; QKp
ð f Þ ¼ 1

Rp

Kp f :ð6:2Þ

Recall that, just as the Bergman kernel appears when comparing a Kähler metric o to its
algebraic approximations op (i.e. pull-backs of the Fubini–Study metrics by the Kodaira
embeddings), the operators QKp

appear when one relates infinitesimal deformations of the
metric o to the corresponding deformations of the approximations op. The asymptotics of

53Ma and Marinescu, Berezin–Toeplitz quantization on Kähler manifolds

Brought to you by | College of Business Education (College of Business Education)
Authenticated | 172.16.1.226

Download Date | 3/14/12 1:16 PM



the operator Kp were obtained in [21], Theorem 26,1) and used in [16]. The following result
refines [21], Theorem 26, and is applied in the recent paper [17].

Theorem 6.1. For every m A N, there exists C > 0 such that for any f A CyðXÞ,
p A N�,

1

pn
Kp f � f þ 1

8pp
ð�rf þ 2Df Þ

���� ����
CmðXÞ

eCp�3=2j f jCmþ3ðX Þ or Cp�2j f jCmþ4ðXÞ:ð6:3Þ

Proof. By (2.9) with Z ¼ 0, (2.13), (2.19) and (2.21), we get

����� 1

p2n
Kp;x0

ð0;Z 0Þkx0
ðZ 0Þ �

�
1 þ

Pk
r¼2

p�r=2J 0
rð0;

ffiffiffi
p

p
Z 0Þ
	

e�ppjZ 0 j2
	����

CmðX Þ
ð6:4Þ

eCp�ðkþ1Þ=2ð1 þ j ffiffiffipp
Z 0jÞN expð�C0

ffiffiffi
p

p jZ 0jÞ þ Oðp�yÞ;

with

J 0
2ð0;Z 0Þ ¼ ðJ2 þ J2Þð0;Z 0Þ:ð6:5Þ

Now we have the analogue of [21], (32),

����p�nKp f � pn
Ð

jZ 0 jee

�
1 þ

Pk
r¼2

p�r=2J 0
rð0;

ffiffiffi
p

p
Z 0Þ
	

ð6:6Þ

� e�ppjZ 0j2 fx0
ðZ 0Þ dvTx0

X ðZ 0Þ
����
CmðX Þ

eCp�ðkþ1Þ=2j f jCmðXÞ:

But as in the proof of [2], Theorem 2.29 (2), we get

����pn
Ð

jZ 0 jee

J 0
r ð0;

ffiffiffi
p

p
Z 0Þe�ppjZ 0 j2fx0

ðZ 0Þ dvTx0
X ðZ 0Þ

����
CmðX Þ

eCj f jCmðX Þ:ð6:7Þ

1) Note that in the present context [21], Theorem 26, should be modified as follows:

lim
p!y

QKp
f ¼ VolðX ; nÞ

VolðX ; dvX Þ
hf in CmðXÞ;

or

QKp
f � VolðX ; nÞ

VolðX ; dvX Þ
hf

���� ����
CmðX Þ

eCp�1=2j f jCmþ1ðX Þ or Cp�1j f jCmþ2ðX Þ;

since the right-hand side of the second equation of [21], (33), and [21], (34), should read as convergence in CmðXÞ
without the speed, or Cp�1=2j f jCmþ1ðX Þ or Cp�1j f jCmþ2ðX Þ.

54 Ma and Marinescu, Berezin–Toeplitz quantization on Kähler manifolds

Brought to you by | College of Business Education (College of Business Education)
Authenticated | 172.16.1.226

Download Date | 3/14/12 1:16 PM



Moreover ����pn
Ð

jZ 0jee

e�ppjZ 0j2fx0
ðZ 0Þ dvTx0

X ðZ 0Þ � f ðx0Þ þ
1

4pp
ðDf Þðx0Þ

����
CmðXÞ

ð6:8Þ

eCp�3=2j f jCmþ3ðX Þ or Cp�2j f jCmþ4ðX Þ:

Finally, by (4.9) (cf. also [24], (4.1.110)), we have

Ð
Z 0 ACn

J2ð0;Z 0ÞjPj2ð0;Z 0Þ dZ 0ð6:9Þ

¼
Ð

Z 0 ACn

Pð0;Z 0ÞJ2ðZ 0; 0ÞPðZ 0; 0Þ dZ 0

¼ ðPJ2PÞð0; 0Þ ¼ �ðPO2L
�1P?Þð0; 0Þ ¼ 1

16p
r:

Thus ����pn
Ð

jZ 0jee

J 0
2ð0;

ffiffiffi
p

p
Z 0Þe�ppjZ 0j2 fx0

ðZ 0Þ dvTx0
X ðZ 0Þ � r

8p
f

� 	
ðx0Þ

����
CmðX Þ

ð6:10Þ

eCp�1=2j f jCmþ1ðX Þ or Cp�1j f jCmþ2ðXÞ:

The proof of Theorem 6.1 is completed. r
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‘‘Berezin–Toeplitz quantization
on Kähler manifolds’’

(J. reine angew. Math. 662)

By Xiaonan Ma at Paris and George Marinescu at Köln and Bucharest

In our paper [1], we compute the term b2 from the asymptotic expansion of the Berg-
man kernel. Actually, in Theorem 0.1 of this paper we consider the expansion of a Toeplitz
operator with symbol f . By taking f ¼ 1 we obtain the Bergman kernel.

Here we wish to simplify our formula for b2. The Bianchi identity reads ½‘E ;RE � ¼ 0.
Take the derivative of

½‘E ;RE �
fq
qzi

q

qzi

;
fq
qzk

q

qzk

;
fq
qzk

q

qzk

 !
¼ 0;

and use [1], (3.10), (3.20), (3.31), which imply

fq
qzi

q

qzi

;
fq
qzk

q

qzk

" #
¼ � 1

2
RTX

x0

q

qzi

;
q

qzk

� �
Rþ OðjZj2Þ;

fq
qzi

q

qzi

;
fq
qzk

q

qzk

" #
¼ OðjZj2Þ:

We conclude that

RE

mk;km
¼ RE

kk;mm
:

The term

1

4
ð�RE

kk;mm
þ 3RE

mk;km
Þ

in [1], (0.9), can be thus replaced by
1

2
RE

kk;mm
. Equivalently, by using [1], (5.5), one can

replace

þ
ffiffiffiffiffiffiffi
�1

p

32
DERE

L þ 3

16
qE�‘1;0�RE
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in [1], (0.8), by �
ffiffiffiffiffiffiffi
�1

p

16
DERE

L. Thus the term b2E in [1], (0.8), (0.9), equals

b2E ¼ RE
qqR

kkmm
� RE

mqR
kkqm

þ 1

2
ðRE

qqRE
mm � RE

mqRE
qmÞ þ

1

2
RE

kk;mm
ð1Þ

¼
ffiffiffiffiffiffiffi
�1

p

16
ðrRE

L � 2hRico;R
Eio � DERE

LÞ �
1

8
ðRE

LÞ
2 þ 1

8
hRE ;REio:
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