EQUIVARIANT KODAIRA EMBEDDING FOR CR MANIFOLDS WITH CIRCLE ACTION
CHIN-YU HSIAO, XTAOSHAN LI, AND GEORGE MARINESCU

ABSTRACT. We consider a compact CR manifold with a transversal CR locally free circle action
endowed with an S'-equivariant positive CR line bundle. We prove that a certain weighted
Fourier-Szeg6 kernel of the CR sections in the high tensor powers admits a full asymptotic
expansion. As a consequence, we establish an equivariant Kodaira embedding theorem.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The goal of this paper is to study the Szeg6 kernel and the equivariant embedding of CR
manifolds with circle action. The embedding of CR manifolds in general is a subject with
long tradition. One paradigm is the embedding theorem of compact strictly pseudoconvex
CR manifolds. A famous theorem of Louis Boutet de Monvel [7] asserts that such manifolds
can be embedded by CR maps into the complex Euclidean space, provided the dimension of
the manifold is greater than or equal to five.
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In dimension three there are non-embeddable compact strictly pseudoconvex CR mani-
folds (see e.g. Burns [10], where the boundary of the non-fillable example of strictly pseu-
doconcave manifold by Grauert [[16], Andreotti-Siu [2]] and Rossi [35] is shown to be non-
embeddable). However, if the manifold admits a circle action, then it is embeddable, by a
theorem of Lempert [27]. In the study of CR functions, which would eventually provide an
embedding, it is natural to look to the orthogonal projector on the space of square integrable
CR functions, called Szeg6 projector. The Schwartz kernel of this projector is called Szeg6
kernel. In this spirit, a proof based on the Szeg6 kernel of Lempert’s embedding theorem
was given in [25] Theorem 1.13]. Using the Szegd kernel of the Fourier components it was
recently shown in [17, Theorem 1.2] that there exists an equivariant embedding of strictly
pseudoconvex CR manifolds with circle action.

Leaving the territory of strictly pseudoconvex CR manifolds, the natural idea arrises to
embed CR manifolds into the projective space by means of CR sections of a CR line bundle
of positive curvature [15| (17, 20} 21} 22} 23} 25| 26), 31], 33]]. This is the analogue of the
Kodaira embedding theorem from complex geometry. In the case of CR manifolds we have
to use an analytic method, while Kodaira’s original proof relied on cohomology vanishing
theorems. Analytic proofs of the Kodaira embedding theorem for Kahler and symplectic
manifolds, based on the Bergman kernel asymptotics, were given in [9, 28]]. In this paper
we will use Szeg6 kernel analogues on CR manifolds of the Bergman kernel asymptotics on
Kahler or symplectic manifolds [11} 24, 28, 29, [36, 138, [40]. A motivating example is the
quadric

{[z] e CPV 1, |Z1|2 4+ ...+ |zq|2 — |zq+1|2 T \ZNIQ = 0}

which is a CR manifold possessing a positive line bundle and a circle action. In [9), 136} [40]
the Szeg6 kernel on a strictly pseudoconvex CR manifold with trivial line bundle [8] (see also
[25]) was used to study the Bergman kernel on a Kéhler manifold, while here we study the
Szeg6 kernel for tensor powers of a CR line bundle.

We are thus led to the problem of equivariant Kodaira embedding of CR manifolds with
circle action, which will be the subject of this paper. We will prove that a certain weighted
Fourier-Szegd kernel admits a full asymptotic expansion and by using these asymptotics, we
will show that if X admits a transversal CR locally free S'-action and there is a S!-equivariant
positive CR line bundle L over X, then X can be CR embedded into projective space without
any assumption of the Levi form. In particular, when X is Levi-flat, we improve to C'* the
regularity in the Kodaira embedding theorem of Ohsawa and Sibony (see Corollary [1.4).

Let us now formulate our main results. We refer to Section [2| for some standard notations
and terminology used here. Let (X, T'°X) be a compact CR manifold of dimension 2n — 1,
n > 2, endowed with a locally free S'-action S' x X — X, (¢, z) — ¢?x and we let T be the
infinitesimal generator of the S!-action.

We assume that this S'-action is transversal CR, that is, T preserves the CR structure
T*X, and T and T'°X & TH0X generate the complex tangent bundle to X. In our paper
we will make systematic use of appropriate coordinates introduced by Baouendi-Rothschild-
Treves [4, Theorem II.1, Proposition 1.2]. Namely, if X admits a transversal CR locally free
Sl-action, then for each point p € X there exist a coordinate neighborhood U with coor-
dinates (z1,...,xs, 1), centered at p = 0, there exist n > 0, & > 0 and ¢ € C*(D,R)
independent of 6, where D := {(z,0) € U : |z| <n,|0| < ey} C U, such that, by setting

2j = Toj1 +ixey, Jj=1,...,n—1, Top—1 = 0,
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we have
(1.1 T = 2 onD
. - 80 Y
the vector fields
o . 0¢ a .

1.2 Ji= —+i—(2,Z)— =1,....n—1
( ) J 8Zj+282j(27z>897 j ) 7n )
form a frame of 7%°X over D. From this it follows that the vector fields Z;,...,Z,_; form a

frame of T%!'X over D and they annihilate the functions
zla-'wznflag = 9+Z¢7

which are thus CR functions. The map

D — (Cn, pr (Zl(p)7 ceey Zn—l(p)7 C(p))

is therefore a CR embedding, so X is locally embeddable. Actually, by [4, Theorem II.1], any
abstract CR structure invariant under a transversal Lie group action is locally embeddable.
We call (z4,...,x9,-1) canonical coordinates, D canonical coordinate patch and (D, (z,0), ¢)
a BRT trivialization.

In this paper, we work with locally trivializable CR vector bundles, see Definition Such
bundles admit local CR frames and transitions matrices with CR entries. We consider in
the following S'-equivariant CR bundles, that is, CR bundles endowed with a CR S!-action
lifting the S'-action on X (see Definition [2.6). Such bundles admit local S*-equivariant CR
frames, called rigid CR frames, so there is a family of trivializations which cover X such that
the entries of the transition matrices are CR functions annihilated by 7', see Proposition
The operator T extends to an operator on C> (X, L), see (2.21]). We consider further an S*-
equivariant Hermitian metric on L. Then for every rigid frame {fi, ..., f.}, the inner product
of f; and f, are annihilated by T for any j, /.

Let L be an S*-equivariant CR line bundle over X and let L* be the k-th power of L, which
is also an S'-equivariant CR line bundle. Let

0y : Q29X LF) — QYT (X LF),

be the tangential Cauchy-Riemann operator with values in L*. The action of S commutes
with J,. We will therefore obtain information about 9;, by decomposing the spaces of sections
under the group action. For every m € Z, we consider the Fourier component of the space of
smooth sections C*(X, L*) consisting of equivariant CR sections of L* of frequency m, that
is,

(1.3) CX(X, L") :={u e C™(X, LF); Tu = imu},
and the corresponding Fourier component of the space of CR sections,
(1.4) Hy (X, LY) == {u e O (X, LF); Opu=0}.

Since X is a compact manifold we have for every m € Z (see [22, Theorem 1.23] and also
Theorem [3.7)) that

(1.5) dim Hy,, (X, L*) < o0
For A > 0, put
(1.6) My (X, LF) = @D Hy,. (X, LF).

[m|<\
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We assume further that L is endowed with an S'-equivariant Hermitian metric h. The
curvature of (L, h) at a point « € X is denoted by RL (cf. Definition[2.11)), and (L, h) is called
positive if RZ is positive definite at any point z € X. The Hermitian metric on L* induced by
h is denoted by h*. Working with a positive line bundle L we will embed the manifold X by
using weighted projections on the Fourier components (cf. (1.9)) of sections of ) _, 5(X, L)
for § > 0 sufficiently small.

The bundle CTX is S!'-equivariant and we can take an S*-equivariant Hermitian metric
(-]-) on CTX such that

TWOX L TX, T L (TYX & T X), (T|T) =1

and (u |v) is real if u, v are real tangent vectors (see Theorem [2.14). We denote by dvy the
volume form induced by (- |-).

Let wy € C%°(X,T*X) be the real 1-form of unit length annihilating 7%°X @ T%'X and
satisfying wy(7") = —1. The Levi form £, at a point = € X is the Hermitian quadratic form on
THX given by £,(U, V) = —L(dwo(z), UANV), U,V € THX.

Let (+]-)x = (-|-) be the L? inner product on C*(X, L*) induced by h* and dvy. Let
L*(X, L¥) be the completion of C*°(X, L*) with respectto (- |-). We extend (- |-) to L?(X, L*).

For every m € Z, let L2(X, L*) C L?(X, L*) be the completion of C2°(X, L*) with respect
to(-|-). Let

(1.7) QW LY (X, L*) — L2(X, L")
be the orthogonal projection with respect to (- |- ). We have the Fourier decomposition
(X, LF) = P LL(X, L),
meZ

We first construct a bounded operator on L?(X, L¥) by putting a weight on the components
of the Fourier decomposition with the help of a cut-off function. Fix § > 0 and a function

)
(1.8) 75 €C((—0,6), 0<7 <1, s=1on {—5,51.
We define the weighted projector on the Fourier components by
Frs: L(X, LY) — L*(X, LF),
(1.9 M\ H©
e Y7 () Q).

For every A > 0, we consider the partial Szegé projector
(1.10) Iy <x 0 L2(X, LF) — Hy (X, L*)

which is the orthogonal projection on the space of equivariant CR functions of degree less
than \. Finally, we consider the weighted Fourier-Szegd operator

(1.11) Prs = Fis 0 Iy chs 0 Frs o LP(X, L") = Hp o5(X, LF).

The Schwartz kernel of P s with respect to dv is the smooth function Py s(z,y) € LE @ (L})*
satisfying (cf. Section[2.2] [28], B.2])

(1.12) (Posu)(z) = /X Prs(, y)uly) dvx(y), ue L2(X, LY.
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Let f; = f](k),j =1,...,dy, be an orthonormal basis of ;) _,;(X, L*). Then

dy
Pos(z,y) =Y (Fesfi)(@) @ (Fesf)) )"
(1.13) jd::
Peg,2) = D | (Fiafy) (@)

(see Lemma and these representations are independent of the chosen orthonormal basis.
It should be noticed that the partial Szegé kernel Z;lil | f;(x)[3, does not admit an asymp-
totic expansion in general, hence the necessity of using the weighted projector Fj, 5. This is
discussed in Section [3.5]

In order to describe the Fourier-Szegé kernel Py s(z, y) we will localize P, s with respect to
a local rigid CR frame s of L on an open set D C X. We define the weight of the metric 4 on
L with respect to s to be the function ® € C*°(D) satisfying |s|> = ¢~2®. We have an isometry

(1.14) Ups : L*(D) = L*(D, L*), ur— ue™®s”,

with inverse U, | : L*(D, L¥) — L*(D), a — e *®s7*a. The localization of P, s with respect
to the trivializing rigid CR section s is given by

(1.15) Prss : Liomp(D) = L*(D), Prss = U, PrsUss,

comp

where L2 (D) is the subspace of elements of L?*(D) with compact support in D. Let

comp

Piss(z,y) € C°(D x D) be the Schwartz kernel of P, ;. with respect to dvx, defined as
in (1.12). The first main result of this work describes the structure of the localized Fourier-
Szeg6 kernel Py s5(x,y).

Theorem 1.1. Let X be a compact CR manifold with a CR transversal locally free S*-action and
let (L,h) be an S'-equivariant positive CR line bundle on X. Consider a point p € X and a
canonical coordinate neighborhood (D,x = (x1,..., %2, 1)) centered at p = 0. Let s be a local
rigid CR frame of L on D and set |s|; = ¢~2®. Fix § > 0 small enough and Dy € D. Then

(1.16) Piss(z,y) = / o@D gyt k)dt + O(k™>) on Dy x D,
R

where p € C*(D x D x (—6,0)) is a phase function such that for some constant ¢ > 0 we have
dep(2,Y, )] omy = —2Im 0P () + two(z), dyp(2,y,t)]emy = 2Im Oy ® () — two(z),
Im(x,y,t) > clz —wl?, (z,y,t) €D x D x (=6,8),2 = (2, Zan_1),y = (W, Yon_1),
(1.17)
Imp(z,y,1) + |%(2,9, )| > cle =y, (2,9,4) € D x D x (~6,0),
o(x,y,t) = 0and %—f(m,y,t) =0ifand only if x = v,

and g(x,y,t, k) € Sl (1;D x D x (=0,9)) NC§°(D x D x (—6,0)) is a symbol with expansion

(1.18) g(x,y,t,k) ~ > gilw,y, )" in S (1; D x D x (=4, 4)),

j=0
and for x € Dy and |t| < § we have
(1.19) go(x,,t) = (2m) ™" |det (RE — 2tL,)]| I7s(t)|° .
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We refer the reader to Section for the notations in semi-classical analysis used in
Theorem The determinant of a Hermitian quadratic form R, on 7}°X is defined by
det R, = A\ ... \,—1 where \;, ..., \,_; are the eigenvalues of R, with respect to (-|-).

It should be noticed that the integral in the classical Boutet de Monvel-Sjostrand’s descrip-
tion [8]] of the Szegd kernels for strictly pseudoconvex domains is R, whereas the integral
in our expansion is (—4,6). The difference is that in [8] one works with the Szegd
projector on the infinite dimensional space of CR functions, while here we use the weighted
Fourier-Szegd projector on a finite dimensional space of sections of L*, where the
cut-off function 7; at frequency level plays an essential role. Moreover, P 5 ,(x,y) are semi-
classical kernels (with a k£ in the phase) compared to the kernel in [8]] where there is no
semi-classical parameter. We refer to Section for a comparison to Szegé/Bergman kernels
in other geometric situations.

From Theorem we deduce the asymptotics of the kernel P s(x,y) on the diagonal.
Note that Py 5(z,z) = Prss(x, x).

Corollary 1.2. In the conditions of Theorem [1.1|lwe have as k — o,

(1.20) Peg(x, ) ~ > k" bi(x) in Sp(1; X)
=0

where b;(x) € C*(X), j=0,1,2,.

(1.21) bo (2m)~ / |det (RY — 2tL,) | |7s(t )| dt,

with 75(t) € C$°(R) introduced in (1.8)).

The leading term b, of the asymptotics ([1.20) reflects thus the interplay between the curva-
ture of L and the Levi form of the base manifold X, a phenomenon first noticed in [23]]. This
is a new feature compared to the asymptotics of the Bergman kernel of a positive line bundle
over a complex manifold where only the curvature of L appears [[11, 24, 28, 29, 38| 40].
Note however that for a Levi-flat manifold X we have

(1.22) bo(z) = (27)" /R |det (RE)| [73(6)[? dt,

which is an integrated version of the leading term for complex manifolds, reflecting the fact
that Levi-flat manifolds are foliated by complex manifolds.

Back to the general case, observe that for 4 small enough and |¢| < § we have for all z € X
| det(RE —2tL,)| > 0, due to the positivity of L and compactness of X. Hence by(z) > 0 on X
and we deduce from that for & large enough (see also Lemma [4.2)),

d = /Z\fk 2 dux (2) > /Pkg(x 2) dox () > k"

Since we also have d;, < k" by [22, Theorem 1.4], we see that the spaces Hj <xs(X, L*) have
maximal growth, d; ~ k™.
We define now the Kodaira map. Consider an open set D C X with

(1.23) U e’Dc D,

—m<O<mw



EQUIVARIANT KODAIRA EMBEDDING FOR CR MANIFOLDS WITH CIRCLE ACTION 7

and let s : D — L be a local rigid CR trivializing section on D, see Proposmon For
any u € COO(X, LF) we write u(x) = s*(x) ® u(z) on D, with & € C*(D). Let {f;}5£ be an
orthonormal basis of #; .,;(X, L*) with respect to (- |-) such that f; € ?—L bm,; (X L’“) and set
9j = Fisf;, 1 < j < di. The Kodaira map is defined on D by
drs: D — CPHT
X — [sz,&fl; ... 7Fk,6fdk} = [51(1’), . ,gdk(l‘)], forxz € D.

By the proof of [22, Lemma 1.22] there exist an open cover of X with sets D satisfying (1.23)).
Thus we have a well-defined global map

(1.24)

(1.25) Dps: X — CP* ', v [Fysh, ., Frofa,]-
Since g, € ’H,?’mj (X, L*) we have T g; = im;g; hence

g,(c2) = s*(e2) © G(e%a) = s (") © ™G (2).
Thus
(1.26) Oy 5(e) = [51_ (), - 7§dk(€iéw)} = [e"™g1(), -, Mgy, (2)]

= [elm19<1>,1f76(:1:), . ,ezmdkeq)z%(a:)}

We are thus led to consider weighted diagonal S*-actions on CPV, that is, actions for which
there exists (m1, ..., my, my41) € N such that for all 6 € [0, 27),
(1.27) eie[zl, cey EN] = [eimlezl, . ,eimN“ezNH], [z1,...,2n41] € CPY,

Theorem 1.3. Let (X,T'°X) be a compact CR manifold with a transversal CR locally free S*-
action. Assume there is an S'-equivariant positive CR line bundle (L, h) over X. Then there exists
do >0 such that for all 6 € (0,6,) there exists k(d) so that for k > k(0) and any orthonormal
basis {f;}9%, of Hy -,s(X, L*) with respect to (-|-) such that f; € H o, (X, LF), the map &y ;
mtroduced in (1.25) is a smooth CR embedding which is S'-equivariant with respect to the
weighted diagonal action defined by (my, ..., mg,) € Ni* as in (T.27), that is,

Dy 5(ex) = ey 5(z), € X, 0 €0,27).

In particular, the image ®; 5(X) C CP%*~! is a CR submanifold with an induced weighted diag-
onal locally free S'-action.

In [21, Theorem 1.11], it was proved that if X admits a transversal CR locally free S*-
action and there is an S'-equivariant positive CR line bundle L over X, then X can be CR
embedded into projective space under the assumption that condition Y (0) holds on X. The
condition Y (0) is needed in [21] to insure that the spaces H°(X, L*) are finite dimensional.
The Kodaira map defined by these spaces is proved to be a CR embedding for & large enough.
The embeddings are thus not S'-equivariant. In Theorem [1.3|we remove the Levi curvature
assumption Y (0) used in [21]] and also obtain an equivariant embedding. We achieve this by
working with Fourier components of the spaces H°(X, L*) (cf. (1.5), (1.6)), which are finite
dimensional even if H°(X, L*) are not. The ample spaces of CR sections are the direct sums
Hj) <4s(X, L*) of Fourier components Ay, (X, L*) for |m| < k4, which tend to fill H°(X, L*) for
k — co. We consider the weighted projector on the Fourier components (1.9), the associated
weighted Fourier-Szegd operator and the resulting equivariant Kodaira map (1.25).
The main technical ingredient is then Theorem which provides a precise description of
the kernel of the weighted Fourier-Szeg6 operator.
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An interesting case when Y (0) doesn’t hold but Theorem applies is the case of Levi-flat
CR manifolds.

Corollary 1.4. Let X be a compact Levi-flat CR manifold. Assume that X admits a transversal
CR locally free S'-action and an S*-equivariant positive CR line bundle. Then there exists d; > 0
such that for all § € (0,00) there exists k(0) so that for k > k(d) the map ®y s introduced in
(1.25) is a C>° CR embedding of X in CP%~! which is S'-equivariant with respect to weighted
diagonal actions.

Ohsawa and Sibony [32, 33]] constructed for every x € N a CR projective embedding of
class C* of a Levi-flat CR manifold by using J-estimates. The first and third authors [26]
gave a Szeg6 kernel proof of Ohsawa and Sibony’s result. A natural question is whether we
can improve the regularity to x = co. Adachi [[1]] showed that the answer is no, in general.
The analytic difficulty of this problem comes from the fact that the Kohn Laplacian is not
hypoelliptic on Levi flat manifolds. Corollary|[I.4shows that one can find C*° CR embeddings
of Levi flat manifolds in the equivariant setting.

When X is strongly pseudoconvex, it is known [34, Theorem 1.11] that there is a S'-
equivariant positive CR line bundle over X. We deduce from Theorem 1.3}

Corollary 1.5. Let (X, T"°X) be a compact strongly pseudoconvex CR manifold with a transver-
sal CR locally free S'-action. Then there exists smooth CR embeddings ®;, s of X in CP%~! which
are S'-equivariant with respect to weighted diagonal actions (cf Theorem [1.3).

We illustrate Corollary[1.3]in Example

This paper is organized as follows. In Section [2] we recall the necessary notions and results
from semiclassical analysis and theory of CR manifolds with circle action. In Section |3| we
prove the asymptotics of the Fourier-Szegé kernel (Theorem and Corollary[I.2). Section
deals with the Kodaira embedding theorem.

Acknowledgement. We are grateful to Xiaonan Ma for useful discussions on the topic of this
paper.

2. PRELIMINARIES

2.1. Some standard notations. We use the following notations: N = {1,2,...}, Ny = NU
{0}, R is the set of real numbers, R, := {z € R; 2 > 0}. For a multiindex o = (a1, ..., ) €

Ni* we set |o| = ay + ... + ap. For o = (24, ..., x,,) € R™ we write
o olal
r* =at O = _ij , Oy =051 ...0pm = e
1 «@ a1 Qo 1
ij - ;855] 5 DZ, - DJ:1 .. Dxm 3 Dx - ;Gx .
Let 2 = (21,...,2m), 2j = T2j_1 + ix25, j = 1,...,m, be coordinates of C™, where z =
(71,...,79,) € R*™ are coordinates in R?*™. Throughout the paper we also use the notation

w = (wy,...,wy) € C™ wj = yaj_1 + Y25, j = 1,...,m, where y = (y1,...,%2m) € R*. We
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write
2=, =212,
0 1 0 .0 0 1 0 .0
aZj:_:_< -1 )7 Zj:T:_< +1 )7
8zj 2 81'2];1 8372]' 8zj 2 81'2];1 8x2j
olel ol
O = OO = o, =00 = o
s m za

Let X be a C'*° orientable paracompact manifold. We let 77X and 7*X denote the tangent
bundle of X and the cotangent bundle of X respectively. The complexified tangent bundle
of X and the complexified cotangent bundle of X will be denoted by CT'X and CT*X re-
spectively. We write (-, -) to denote the pointwise duality between TX and 7 X. We extend
(-,-) C-bilinearly to CTX x CT*X.

Let F be a C'* vector bundle over X. The fiber of F at x € X will be denoted by F,. Let F’
be another vector bundle over X. We write F' X E* to denote the vector bundle over X x X
with fiber over (z,y) € X x X consisting of the linear maps from E, to F),.

Let Y C X be an open set. The spaces of smooth sections of £ over Y and distribution
sections of F over Y will be denoted by C*(Y, E) and Z'(Y, E) respectively. Let &'(Y, E) be
the subspace of 7'(Y, ') whose elements have compact support in Y. For m € R, we let
H™(Y, E) denote the Sobolev space of order m of sections of F over Y. Put

HE (Y, B) = {u € 2(Y, E); pu e H™(Y, E), forall € C°(Y)},
I (V. E) = HUL(Y. E) N 6'(Y, B).

comp

2.2. Definitions and notations from semi-classical analysis. We recall the Schwartz kernel
theorem [[19, Theorems 5.2.1, 5.2.6], [37, p. 296], [28, B.2]. Let £ and F' be smooth vector
bundles over X. Let Y be an open set of X. Let A(-,-) € Z'(Y x Y, FX E*). For any fixed
u € C°(Y, E), the linear map C3°(Y, F*) 3 v — (A(+,-),v ® u) € C defines a distribution
Au € Z2'(Y, F). The operator A : C3°*(Y, E) — 2'(Y, F), u — Au, is linear and continuous.

The Schwartz kernel theorem asserts that, conversely, for any continuous linear operator
A:CP(Y,E) — 2'(Y, F) there exists a unique distribution A(-,-) € Z'(Y x Y, F K E*) such
that (Au,v) = (A(,-),v ® u) for any u € C{°(Y, E), v € C3°(Y, F*). The distribution A(-, )
is called the Schwartz distribution kernel of A. We say that A is properly supported if the
canonical projections on the two factors restricted to Supp A(+,-) C Y x Y are proper.

The following two statements are equivalent:

(a) A can be extended to a continuous operator A : &'(Y, E) — C>*(Y, F),
(b) A(-,-) e C=(Y x Y, FX E*).
If A satisfies (a) or (b), we say that A is a smoothing operator. Furthermore, A is smoothing
ifand only if forall N > 0and s € R, A: H;, (Y, E) — HEN (Y, F) is continuous.
Let A be a smoothing operator. Then for any volume form du, the Schwartz kernel of A
is represented by a smooth kernel K € C>*(Y x Y, F' X E*), called the Schwartz kernel of A

with respect to du, such that
2.1) (Au)(z) = / K(z,y)u(y)du(y), foranyu e C5°(Y,FE).
M

Then A can be extended as a linear continuous operator A : & (Y, E) — C*(Y, F') by setting
(Au)(z) = (u(-), K(z,-)), z € Y, forany u € &'(Y, E).
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Let Wy, W, be open sets in RY and let F and F be complex Hermitian vector bundles over
Wi and Ws respectively Let 5,5’ € R and ny € R. For a k-dependent continuous function
.. H: (Wi, E) — HE (W,, F) we write

comp loc

Fk - O(kno) Hgomp (Wh E) — Hli/c <W27F)7

if for any yo € C>*(Ws), x1 € C§°(W), there is a positive constant ¢ > 0 independent of k,
such that
22) |(xoFix)ully < ck™ [lul,, for all u € Hy,, (W, E),
where ||-||, denotes the usual Sobolev norm of order s. We write

Fk = O(kioo) H(fomp (W17 E) — Hlsoc <W27 F)7
if F, = O0(k™) : H3,., (W1, E) — Hp (Wa, F), for every N > 0.

A k-dependent continuous operator Ay : C§°(Wy, E) — 2'(W,, F') is called k-negligible on
Wy x Wi if for k large enough Ay is smoothing and for any K € W, x W3, any multi-indices
a, f and any N € N there exists Ck , 3.n > 0 such that
(2.3) 0200 A(2,y)| < Crapnk™ on K.

We write in this case
A(z,y) = O(k™) on Wy x Wy,
or
A = O(k™°) on Wy x W.
If Ay, By : CP(Wh, E) — 2'(W,, F) are k-dependent continuous operators, we write A, =
By + O(k=°) if Ay, — By = O(k=>°) on Wy x W].

Let Ay : L*(X, L*) — L*(X, L*) be a continuous operator. Let s, s; be local rigid CR frames
of L on open sets Dy € M, D; € M respectively, |s|; = e~2®, |s,|> = e~2%1. The localization
of A, (with respect to the trivializing rigid CR sections s and s;) is given by

(2.4) Apssy : LH(D1) N E'(D1) = LA(D), ur— e * s Ap(sie"™u) = Uy L ApUs sy,

and let Ay, (x,y) € 2'(D x D;) be the distribution kernel of A ;,,. Let 0,0, ny € R. We
write

Ay = O(k™) : H°(X,L*) — H (X, L"),
if for all local rigid CR frames s, s; on D and D, respectively, we have

Apss, = O(K™) - HS (D)) — H, (D).

comp
We write
Ay =O0(k™) : H°(X,LF) — H7 (X, L"),
if for all local rigid CR frames s, s; on D and D, respectively, we have
Apssy = O(k™) : HZ, (D) — HE, (D).

comp
We write
A = O0(k™)
if for all local rigid CR frames s, s; on D and D, respectively, we have
Apss(x,y) =O0(k™) on D x D;.

When s = sy, D = Dy, we write Ay s := Agss, Ars(T,y) := Apss(x,y).
We recall the definition of the semi-classical symbol spaces [[14, Chapter 8]:
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Definition 2.1. Let W be an open set in RV, Let

S(1; W) = {a € C(W)|for alla € Ny’ - sup |0a()] < oo},

SO (1, W) = {(a(-, k))ex |forall o € NN forall y € CX(W) : sup sup |6°(va(z, k)| < oo}.

EER E>1 z€W

For m € R let
Se(1) = S (W) = { (0l k) we | (7"a(-, k) € Sh (1,W) ]

Hence a(-, k) € S.(1; W) if for every o € NY¥ and x € C5°(W), there exists C,, > 0 indepen-
dent of k, such that |0%(xa(-, k))| < C,k™ on W.
Consider a sequence a; € S,7 (1), j € Ny, where m; \, —oco, and let a € S]"°(1). We say

loc
that

k) ~ Zax-, k) in S7o(1),

if for every ¢ € Ny we have a — Z{O a; € St (1). For a given sequence a; as above, we

can always find such an asymptotic sum a, which is unique up to an element in S, 2°(1) =

Sloc (1 W) =N Sl?)lc( )
We say that a(-, k) € S (1) is a classical symbol on W of order m if
(2.5) a(-, k) ~ ka*jaj in S (1), a;(x) €S2 (1), 7=0,1....
=0

The set of all classical symbols on W of order m is denoted by S, , (1) = S,

loc ,cl

(1; W).

Definition 2.2. Let IV be an open set in R"V. A semi-classical pseudodifferential operator on
W of order m with classical symbol is a k-dependent continuous operator A, : C5°(W) —
C>° (W) such that the distribution kernel A, (x,y) is given by the oscillatory integral

kN ik(x— —00
Ak(xvy) :W/e < y’ma(xvy?nu k)d77+0(k )7

a(xay7n7k) S Slrgc,cl (1; W x W x RN)

We shall identify A, with Ag(z,y). It is clear that A, has a unique continuous extension
Ay &'(W) — 2'(W). It is well-known that (see [14, Chapter 7]) that there is a symbol

(2.6)

2.7) a(z,n,k) € St (LW xRY) =5 (1, T*W)
unique up to an element in S >°(1) such that

kN ;
(2.8) Ap(x,y) = 2n)¥ /elk<x_y”7>a(x,77, k)dn + O(k™).

2.3. CR manifolds with circle action. Let X be a real manifold and let CT'X denote its
complexified tangent bundle. Let F' be a complex subbundle of CT'X. We say that F' is totally
complex if F'N F = 0, where the bar denotes complex-conjugation in CT'X and 0 is the zero
section of CT'X. We say that F is involutive if [C*(X, F),C*(X, F)] C C*(X, F), that is, if
the space of smooth sections of F' is closed under Lie brackets.

A CR manifold of hypersurface type is a pair (X, 7"°X), where X is a a smooth real mani-
fold of dimension 2n — 1, n > 2, and T"°X is a subbundle of rank n — 1 of the complexified
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tangent bundle CT X, which is totally complex and involutive. The bundle T'°X is called CR
structure and we set 7%! X = T10X. Throughout this paper we work only with CR manifolds
of hypersurface type, which we call simply CR manifolds.

We assume that X admits a S'-action S* x X — X, (¢, x) — ¢z. The global real vector
field T € C*°(X,TX) induced by the S'-action is given by

(2.9) (Tu)(x) = 9 e”z)) lp=o, u € C™(X).

5 (u(¢
Definition 2.3. We say that the S'-action ¢ is CR if [T, C>°(X, T*°X)] ¢ C=(X,T*X) and
the S'-action is transversal if for each x € X, CT(z) & T}°(X) & T>' X = CT,X. Moreover,
we say that the S'-action is locally free if T' # 0 everywhere.

Denote by 7*° X and T*%' X the dual bundles of T1°X and T!X respectively. Define the
vector bundle of (0, q) forms by T*%9X = A(T**'X). Let D C X be an open subset. Let
0%4(D) denote the space of smooth sections of 7*%9X over D and let 0“(D) be the subspace
of 0%9(D) whose elements have compact support in D. Similarly, if £ is a vector bundle over
D, then we let Q%9(D, E) denote the space of smooth sections of T*%YX @ E over D and let
QuY(D, E) be the subspace of Q%¢(D, E) whose elements have compact support in D.

Fix 6, €] — 7, 7| close to 0. Let

de™ . CT,X — CTi0,, X
denote the differential map of ¢ : X — X. Since the S'-action is CR, we can check that
de™ : THOX — Tl X,

€00 1

(2.10) de - TO'X — TO1 X,

de™™ (T(z)) = T(e Zeox).

Let (e)* : A"(CT*X) — A"(CT*X) be the pull-back map of %, r = 0,1,...,2n — 1. From
(2.10), it is easy to see that for every ¢ = 0,1,...,n,

(2.11) () T X — Tr0X.
Let v € Q%(X). Define (see also (2.38))
(2.12) Tu := %((ew)*u) lo—o € Q%(X).

For every 6 € [0,27) and every u € C®°(X,A"(CT*X)), we write u(e?z) := (e?)*u(z). It is
clear that for every u € C*°(X, A"(CT*X )) the Fourier expansion of u reads

(2.13) Z o / )e =m0 dg.

Let 9, : Q%9(X) — Q%*+1(X) be the tangential Cauchy-Riemann operator. Since the S'-
action is CR, it is straightforward to see that (see also (2.39))

Tgb = ng on Qo’q(X).

Definition 2.4. Let D C U be an open set. We say that a function v € C*°(D) is rigid if
Tw = 0. We say that a function u € C*°(X) is Cauchy-Riemann (CR for short) if dyu = 0. We
say that u € C*°(X) is rigid CR if 0,u = 0 and Tu = 0.

In this paper we use the following notion of CR vector bundles.
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Definition 2.5. Let X be a CR manifold of hypersurface type. A smooth complex vector
bundle (F, 7, X) of rank r over X is called CR vector bundle if /' has the structure of a
smooth abstract CR manifold of hypersurface type, the map = : ' — X is a CR map, and
for each point of X there exist an open neighborhood U and a smooth trivialization of F|;
which is a CR diffeomorphism (that is, the map and its inverse are CR). We define a smooth
CR section of F' over an open subset D of X as a smooth section s : D — F which is a CR
map. A CR frame of F' over an open subset U of X is a smooth frame {f!, % ..., f"} of F|y
where each f* is a CR section.

If F'is a CR vector bundle then each point has a neighborhood U with a CR frame of F’
over U. Let (U;); be an open cover of X with CR frames {f, f/7,..., 7 } of F over U; and let
{g;x};r be the cocycle of transition matrices between these frames. Then the entries of the
matrices g;;, : U; N Uy — Gl(r,C) are CR functions. Note that CR manifolds with transversal
Sl-action are locally embeddable and there exist locally plenty of CR functions.

In CR geometry there exist a more general notion of CR vector bundle [18, [39] which
does not require the CR local triviality (the definitions in [18]] and [39] are equivalent).
There are indeed examples of CR vector bundles in the sense of [18] [39] which are not
locally CR trivializable (see e.g. [18] p. 279]). The goal of our paper is to prove a Kodaira
embedding theorem, so to work with very ample line bundles, whose global CR sections give
an embedding in the projective space. Such bundles are locally CR trivializable, so we restrict

here to the notion introduced in Definition 2.5l

Definition 2.6. Let X be a CR manifold endowed with an S'-action and let (F, 7, X') be a CR
vector bundle of rank r over X. We say the S'-action on X can be lifted to F that is there
exists an S action on F still denoted by ¢ such that

(e ov(x)) =e?ox, v(z) € F,, v € X.
A lifting is called a CR bundle lifting in F if for each ¢?, the map ¢ : F — F is a CR bundle
map. Such a bundle is called S*-equivariant CR vector bundle.

Proposition 2.7. Let (F, 7, X) be a S'-equivariant vector bundle. Then there exists in the
neighborhood of each point a rigid CR local frame of F. In particular, there exists an open
cover (U;); of X and trivializing frames {f;, f7,..., f} on each U; such that the corresponding
transition matrices are rigid CR.

Proof. In order to ease notation we denote S! by (. Since X is a CR manifold of hypersurface
type with transversal S'-action, for any x € X, by the slice theorem, we have a diffeomor-
phism of a G = S'-neighbourhood of = in X, U — G xg, N here N = T,X/T(Gz) and
G,={9€G:gr=zx}and g€ G, actson N asdg: N — N.

Now 7T'°X induces a subbundle T7"°N of T'(e x N) ® C by projection as TX = T(Gz) &
T'(e x N). Since dim T(Gz) = 1, for a frame {w;} of T'°N the associated frame of 7'°X is
(2.14) wf = wj + a;j(g,y)u for [g,y] € G x¢, B(0,1)
and B(0,¢) C N the ball of center 0 with radius ¢, w; does not depend on g and u € T'(Gz)®C
the vector field generated by 0 # K € Lie(S'). Thus [w;, u] = 0. By Definition,

(2.15)  [w; + a;(g, y)u, wi + ar(g, y)u] = [wj, wi] + (wjar(g,y))u — (wra;(g,y))u € THX,

thus [w;,wy] € T'°N. This means that 7"°N defines a complex structure of N.
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Let F' be an S'-equivariant CR vector bundle on X. Then for

(2.16) F=c¢"Fwitho:Gx N =G X, N the natural projection,

F is a S'-equivariant CR vector bundle on G x B(0, 1) induced by the CR structure on G x¢,
B(0,1) as above.
Now the G-equivariant sections of F’ induce a vector bundle F; on N and

(2.17) C®(N, Fg) = C®(G x N, F),

where C(G x N, F)¢ denote the space of G-invariant sections of F' on G x N.
For w; € TYON, s € C®(N, Fg) = C®(G x N, F)¢, we define

(2.18) afcs . 515,
Then
(2.19) @2 =0,

and it defines a holomorphic structure on Fy; over B(0, 1) C N. Now for a holomorphic frame
{f;} of F over B(0,1) C N, we see by (2.18) that the corresponding lift f; € C°(G x N, F')
fulfills the relations

(2.20) 9y f; =0, Lgxf;=0for0+#K € Lie(S).

Here KX denotes the vector field on X generated by K € Lie(S!). Now for these choice of

frames, the transition functions are CR and they are annihilated by Lyx. O

If F is an S'-equivariant vector bundle, we can define the operator 7" on Q%¢(X, F'). Indeed,
every u € Q%9(X, F) can be written on U; as u = Y u, ® f; with u, € Q%(U) and we set

(2.21) Tu=> Tu® fl.
Then Tu is well-defined as element of Q%¢(X, F), since the entries of the transition matrices
between different frames { /!, f7,..., 7} are annihilated by T".

Example 2.8. Let X be a compact CR manifold with a locally free transversal CR S! action.
We study here the bundle T'°X by using the canonical BRT coordinates [4, Theorem II.1,
Proposition 1.2]. Let (D, (z,0), ¢) be a BRT trivialization defined in (1.2). Then on D,

(2.22) 06 9
Z]—:—+z (2,2)=, j=1,...,n—1,
0z; 0z 0’

where {Z; : j =1,...,n — 1} is a frame of 77X over D. We always assume that ¢(0,0) = 0.
Let (D, (w,n), ¢) be another BRT trivialization. Then on D,

(2.23)
, iJ=1...,n—1,



EQUIVARIANT KODAIRA EMBEDDING FOR CR MANIFOLDS WITH CIRCLE ACTION 15

where {Z;:j=1,...,n — 1} is a frame of T"°X over D. We have on D N D,
n—1

(2.24) Z; = ch,kzk

k=1

where ¢;;, € C°°(D N D) are smooth and the matrix (c;;) is invertible. Since

(2.25) 1Z;,T] =0, [Z;,T]=0, je{l,...,n—1},
we conclude from (2.24) that
(2.26) Tein=0, jke{l,....n—1}.
On the other hand, using (2.24)) we obtain
(2.27) Z;, Zi) = Z ii(ZuChm) Zm — Zﬁk,z(Ez Cjm) Zm + Z ¢j.ihmlZe, Zm)-

£m lm 4 m
Note that
(2.28) (2,24 €CT, [Z;,Z:] €CT,  jke{l,....n—1},
so we conclude from (2.27) that
(2.29) Z Cr (75 Cj,m) =0,

¢

forall k,¢,m € {1,...,n—1}. Since the matrix (¢, ) is invertible we deduce from (2.29) that
(2.30) Zocim =0, Ljme{l,...,n—1},
that is, ¢;,, are CR functions. Therefore, (2.26) and (2.30) show that c; are rigid CR func-
tionson DN D forall j,k € {1,...,n—1}. Thus, arranging an atlas of BRT trivializations, we

see that {Z;}"~] are rigid CR frames as in Proposition

Although we don’t use later, let us note the following relations. Write z = z(w,w,n),
0 = 0(w,w,n) in the coordinates (w,w,n). Then 0z/0n = Tz = 0z/00 = 0. Since z; are CR
functions we obtain by (2.23)),

sz = .

a—wj:Z]ZkZO, j,ke{l,,n—l},
hence z = z(w) = H(w), where H is a biholomorphic map. Since 00/0n = 1, we see that
0 = n+ G(w,w), where G(w,w) is a real valued smooth function. Thus, the coordinate

transformation from (w,n) to (z,0) is given by
(2.31) z=H(w), 0 =n+ G(w,w).

We write ¢, = ¢;(w,w) in the coordinates (w,w, n) (recall that ¢;, is independent of 1 due

to (2.26])). From (2.24) and (2.31)) it follows that
0H N
(2.32) i =5t W), Ow, @) = o(H(w), Alw)),
J

In particular, the functions ¢;;, are holomorphic in w, which follows also from (2.30). We
have thus a complete description of the change between two canonical coordinate systems.

Example 2.9. Let X be a compact CR manifold with a locally free transversal CR S!-action.
Then T%°X and the determinant bundle det 7%°X are S!-equivariant CR bundles.
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Example 2.10. Let M be a compact complex manifold of dimM = n and let (L,h) — M
be a Hermitian line bundle. We denote by e the local holomorphic trivializing section of L
defined on a local holomorphic coordinate chart (U, 2), |e|? = e72?(), Let (L*, h*) be the dual
line bundle of (L, k) and let e* be the dual frame of e. Let (z,¢) be the local coordinates on
L*. Then the boundary of the Grauert-tube with respect to (L, h) is given by X = {v € L* :
lv|}_, = 1}. X is a compact CR manifold with a natural CR structure 7°X := T"°L*NCT X
A natural transversal CR S! action on X is given by ¢ o (2,t) = (z, ¢?t) and locally

TWX = Span(c{ai + ig—qb(z,z)%,j =1,... ,n},
(2.33) K
-9
-0

It is easy to check that the natural S'-action given on X is transversal and CR. Let E be a
holomorphic vector bundle over M. Then the restriction of the pull back 7*F|x on X is an
Sl-equivariant CR vector bundle over X.

From now on, let L be an S'-equivariant CR line bundle over X. We fix an open covering
(U;); and a family (s;); of rigid CR frames s; on U;. Let L* be the k-th tensor power of L.
Then (s5*); are rigid CR frames for L*.

The tangential Cauchy-Riemann operator d; : Q%9(X, L¥) — Q04+1( X, L¥) is well-defined.
Since L* is S'-equivariant, we can also define Tu for every u € Q%4(X, L*) and we have

(2.34) TO, = 0T on Q%(X, LF).
For every m € Z, let
(2.35) QVI(X, L") := {u e Q"(X, L*); Tu = imu} .

For ¢ = 0, we write C*°(X, L*) := Q%0(X | L¥).

Let h be an S'-equivariant Hermitian metric on L. The local weight of h with respect to
a local rigid CR frame s of L over an open subset D C X is the function & € C*(D,R) for
which

(2.36) |s(x)[?, = 2@z € D.
We denote by ¢, the weight of & with respect to s;.

Definition 2.11. Let L be an S'-equivariant CR line bundle and let h be an S'-equivariant
Hermitian metric on L. The curvature of (L, k) is the Hermitian quadratic form R = R
on TH°X defined by

(2.37) RL(U,V) = (d(8y®; — 0,2;)(p),UAV ), U,V € T)’X, peUj.

Due to [23] Proposition 4.2], R” is a well-defined global Hermitian form, since the transi-
tion functions between different frames s; are annihilated by 7.

Definition 2.12. We say that (L, h) is positive if the associated curvature RZ is positive defi-
nite at every x € X.

Example 2.13. Let (E, h) = M be a Hermitian line bundle over a projective manifold M/ and
let X = {v € E: h(v) = 1} be the circle bundle over M. Let (L, h*) be a positive line bundle
over M. Then the restriction of the pull back (7*L|x, 7*h%) on X is a positive CR line bundle
over X with curvature 7*R(Eh") |71.0x . Thus all Grauert tubes over projective manifolds admit
Sl-equivariant positive CR line bundles.
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For the following result we refer to [13, Theorem 2.10].

Theorem 2.14. On every S'-equivariant vector bundle F over X there exists an S*-equivariant
Hermitian metric (- |- ) p.

Since T1YX is S'-equivariant, Theorem shows that there is an S!'-equivariant Hermit-
ian metic on 71°X. From now on, we take a S'-equivariant Hermitian metric (- |-) on CT X
such that 79°X L 79X, T 1L (T"°X @ T™' X), (T'|T) = 1. The Hermitian metric (-|-) on
CT X induces by duality a Hermitian metric on C7*X and also on the bundles of (0, ¢) forms
T*%4X,q=0,1--- ,n— 1. We shall also denote all these induced metrics by (- |- ). For every
v e T*4X, we write [v]” := (v ]|v).

The Hermitian metrics on 7*%?X and L induce Hermitian metrics on 7% X ® LF, ¢ =
0,1,...,n. We shall also denote these induced metrics by (|- ). For f € Q%¢(X, LF), we
denote the pointwise norm |f(z)[2, := { f(x)| f(z))ur. Let dvx = dvx(z) the volume form on
X induced by the fixed Hermitian metric (- |-) on CTX. Then we get natural global L? inner
products (- |-) on Q%(X, L*) and Q%9(X) respectively. We denote by L?(X,T**4X @ L*) and
L*(X, T*%2X) the completions of Q%(X, L*) and Q%9(X) with respect to (-] -).

Similarly, for each m € Z, we denote by L2 (X, T**X ® L*) and L2 (X,T**9X) the com-
pletions of Q%¢(X,L*) and Q% (X) with respect to (-|-). We extend (-|-) and (-|-) to
L*(X, T*%X ® L*) and L?*(X,T*%?X) in the standard way. For f € Q%4(X, L¥) or f € Q%9(X),
we denote [|f||* := (f] f).

2.4. Expression of T and 0, in BRT trivializations. In a BRT trivialization (D, (z, ), #), we
have a useful formula for the operator 7' on Q%¢(X) defined by (2.12)). It is clear that
{dEjl/\.../\deq,l <g<... <jq Sn—l}
is a rigid frame of 7*%9X on D so for u € Q%9(X) we write
U= Z ujlqudijl /\.../\deq onD.
J1<...<Jq

Then we can check that

(2.38) Tu= Y (Tuj.;,)d%;, A...AdZ;, onD.

J1<...<Jq

Note that in terms of the BRT trivialization (D, (z, 0), ¢), we have

n—1

(2.39) 3y = ;dzj A <a% - i%(z,?)%).

3. SZEGO KERNEL ASYMPTOTICS

In this section, we will prove Theorem We first introduce some notations. Let

9, - QUMYX LF) — Q%9(X, LF)
be the formal adjoint of 9, with respect to (-|-). Since (-|-) and h are S'-equivariant, we
can check that

T9, =9,T on QX LF), q=1,2,...,n—1,

3.1 —
9, : QX LF) = Q%X LF), forallm € Z.
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Put
(3.2) O3 := 8,0, + 0,0, : Q°I(X, L¥) — Q%9(X, L*).
From and (3.1), we have

7O = 09T on Q%(X, LF), ¢ =0,1,...,n— 1,

)

O Q09(X, L*) — Q4(X, L¥), forall m € Z.

k m

(3.3)

Let IT;, : L*(X) — Ker Dl(f),z be the orthogonal projection (the Szegé projector).

Definition 3.1. Let A, : L*(X, L¥) — L?(X, L*) be a continuous operator. Let D € X. We say
that Dl()o,z has O(k~"°) small spectral gap on D with respect to A, if for every D’ € D, there
exist Cp > 0, ng,p € N, kg € N, such that for all k¥ > ko and v € C5°(D’, L*), we have

1A = T)ull < Cpr k™[ (Of)Pu | u) .
Fix A > 0 and let II; <) be as in (1.10).

Definition 3.2. Let A, : L?(X, L¥F) — L?(X, L*) be a continuous operator. We say that ITj <,
is k-negligible away the diagonal with respect to A, on D € X if for any x, x1 € C§°(D) with
x1 = 1 on some neighborhood of Supp x, we have

(xAx(1 = x1)) M <x (xAR(1 = x1))" = O(k™™) on D,

where (yAx(1 — x1))" : L*(X, LF) — L?*(X, L*) is the Hilbert space adjoint of xA(1 — x1)
with respect to (- |-).

Fix 6 > 0 and let Fj, 5 be as in (1.9).

Theorem 3.3 ([21, Theorem 1.13]). With the notations and assumptions used above, let s be
a local rigid CR frame of L on a canonical coordinate patch D € X with canonical coordinates
= (2,0) = (x1,..., 220 1), |s]; = ¢ 2®. Let § > 0 be a small constant so that R: — 2tL, is
positive definite, for every x € X and |t| < ¢. Let Fj 5 be as in and let F, s ; be the localized
operator of Fy. s given by ([2.4). Assume that:

@ Dl(f,z has O(k~"°) small spectral gap on D with respect to Fy, ;.

(D) Iy <sx is k-negligible away the diagonal with respect to Fy, 5 on D.

(ID) Fyss — Br = O(k™) : H,,.. (D) — H{. (D), for all r € Ny, where

comp loc

an—l

B =——
k (2m)2n-1

[ et matan kydn+ 0()

is a classical semi-classical pseudodifferential operator on D of order 0 with

a(z,n,k) ~ Y2 ga;(x,n)k™ in S (1;T*D),

loc

aj(z,n) € C*(T"D), j=0,1,...,

and for every (z,n) € T*D, a(x,n,k) = 0if |(n|wo(x))| > é. Fix Dy € D. Then

3.4 Piss(z,y) = /eik“"(w’y’t)g(x,y,t,k)dt + O(k™>) on Dy x Dy,
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where p(z,y,t) € C°(D x D x (—4,9)) is as in (1.17) and
g(x,y,t,k) € Sl (1; D x D x (=6,0)) N Cg°(D x D x (=46,0)),

g(z,y.t k) ~ Y gi(z,y, )" in Sp. (1;D x D x (=4, 5))

=0
is as in (1.18)), where P is given by (1.15).

In view of Theorem [3.3], we see that to prove Theorem [1.1] we only need to prove that (I),
(ID and (III) in Theorem [3.3|hold if § > 0 is small enough. Until further notice, we fix § > 0
small enough so that RZ — 2sL, is positive definite for every x € X and |s| < J. We first prove
(D in Theorem holds.

3.1. Small spectral gap of the Kohn Laplacian. For m € 7Z, let
(3.5) QW LX(X, 79X @ L") — L2,(X, "X @ L¥)

be the orthogonal projection with respectto (- |- ). Let 75 € C§°((—9, d)) be as in (1.8)). Similar
to (1.9), let Fk(q(;) be the continuous operator given by

(3.6) FYLAX, T @ LF) — LAX, T™X @ LF), ur—s Y 7’5( ) @ .

Note that Fj 5 = F,E(? It is not difficult to see that for every m € Z, we have

HTQS?WH = |m| HQ(")kuH , forallu e LA(X, T"9X ® LF),

(3.7)
HTFk ‘ @ul|, forall u e L2(X, 779X @ LF),
and
Qi s QX LF) = Q09(X, LY,
(3.8) FO. %X, 15 —» @ a(x, Lh).

mEZA[—kd ko]

Since the Hermitian metrics (- |-) and h* are all rigid, it follows as in [20} Section 5]:
Déq,ZQfg)k = Q(q) [Il(f,i on Q%4(X, L¥), forallm € Z,
ng,gp,gqg = F90% on Q%(X, L¥),

bQ Qq+ 0, on Q*4(X, LF), forallm € Z, ¢q=0,1,...,n— 2,

abF,gjg = F%9, on Q%(X, L¥), ¢ =0,1,...,n — 2,
E*Q@ = Q' V9, on (X, L), forallme Z,q=1,...,n—1
G FY = FV8, on Q%9(X, LF), g=1,...,n— 1.

By elementary Fourier analysis, it is straightforward to see that for every u € Q%4(X, L),

3.9)

N—oo

N
lim Z Qﬁf{)ku — u in C* topology,
=—N
(3.10) N )
S HQgg?kuH < |lu|?, forall N € N,
m=—N
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Thus, for every u € L*(X, T X ® LF),

N
lim Y QY u— win L2(X, T*9X ® L),
N—oo m=—N ’

(3.11) N ,
Z HQ:}‘)’?UH < |lul|*, forall N € N.
m=—N

We will use the following result.

Theorem 3.4 ([21, Theorem 9.4]). With the assumptions and notations above, let ¢ > 1. If
§ > 0 is small enough, then for every u € Q%4(X, L*), we have

(312 [OE > e[S
where c¢; > 0 is a constant independent of k and w.
Now, we assume that § > 0 is small enough so that ([3.12]) holds. For ¢ =0,1,...,n—1, put
UL (X, L8 = @ (X, L),

meZ
jml ks

(3.13)
L2s(X, TX @ 1Y) = (D Ln(X. TX @ L"),

meZ
jml ks

We write C%5,5(X, L¥) := QL)5(X, L), L%,5(X, LF) := L%, 5(X, T*°°X ® L*). It is clear that
O3 - Q2(X, T9X © L*) — Q2(X, "X © L*).

We will denote by Dl()q)S s the restriction of Dl()q,z to the space Q%Z 5(X, L*). We extend Dl(f%k s O
L2,4(X, T9X © L¥) by

(3.14) O3 s - Dom 7 o © L2, 5(X, T*9X © LF) — L%,5(X, "X @ L*)

with Dom O}% 5 = {u € L25(X,T"%9X © L¥); O, 5u € L25(X,T*%9X © L*)}, where for

any u € L2,,(X, 79X @ L*), D,(L %kdu is defined in the sense of distributions.
In general, the Kohn Laplacian may not be subelliptic. If the CR manifold admits a transver-
sal CR S'-action, then the Kohn Laplacian is in fact transversal elliptic in the sense of Atiyah

13].
Lemma 3.5. We have Dom O s = L2 5(X, T*"9X © L*) ( H*(X,T"4X ® LF).

Proof. Itis clearly that L2, (X, T*** X ® L") " H*(X, T***X®LF) C Dom DIE?%I«S' We only need
to prove that Dom {” ;s  L2,5(X, T**X ® L¥) (H*(X,T**9X ® L*). Let u € Dom O0\%, ;.
Putv = O, 5u € L2,5(X, TOXRLF). We have (0L, ~T2)u = v—T?u € L¥(X, T*9X @ L})
since [|T2u|| < k26 |[u]]. Since (D%, — T2) s elliptic, we have u € H2(X, T**1X @ L*). The
lemma follows. 0

Theorem 3.6. The operator DI()(,I%I«S defined in (3.14) is self-adjoint.

Proof. Let (C4%,5)* : Dom (Of,5)* C L25(X,T"9X @ L¥) — [2,5(X,T*9X ® L*) be the
Hilbert space adjoint of Dé‘%ké. Let v € Dom (D,(f%ké)*. Then, by definition of the Hilbert
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space adjomt of Db <1s» it is easy to see that Dz() Les¥V € L2,5(X, 71X @ L*) and hence v €

From Lemma (3.5| we can check that

(3.15) (0591 f) = (910%,sf). forallg, f € Dom%, ;.
From (3.15), we deduce that Dom Dé’;ka C Dom (Dé‘%k&)* and El,(f;kau = (Dl(f;ké)*u, for all
u € Dom Dg‘%kd. The theorem follows. O

Let Spec Dl(f%kg C [0, oo[ denote the spectrum of Dé‘f;k(y. For any A > 0, put

Hl(cq)<k6 DT E<k6([0 A, Hl(qQ)<k6 >\ T E(<qk):6(])‘7 ool),
where E< s denotes the spectral measure for Db i 1 We set

. 1700 _ 170
Wy <ko<n =1 chsone Ik <kosa == Zpson

Theorem 3.7. Spec Dé‘%ké is a discrete subset of [0, co[, for any v € Spec Dé‘f;w v is an eigen-
value of D,()q%k s and the eigenspace

Edrs (X, LF) = {u € Dom Dl()?;k(s; Dl(;,]%kau - yu}
is finite dimensional with Sgkévy(X, LF) C Q%%é(x” ).

Proof. Fix A > 0. We claim that Spec Dz(f;k(s 10, A] is discrete. If not, we can find an or-

thonormal system {f; € Range Eiq,zé([O, A);j € N}, ioe. (f;]fe) =0, forall j, ¢ € N. Note
that -

(316) [0l <MLL 7=12...
From (3.16)), we have
(3.17) 1O = T8 < A+ R L] d=1.2,....

Since Dl(f)gké — T? is a second order elliptic operator, there is C5 > 0 independent of j such
that
(3'18) Hf]||2 §C57 j:1727"‘7
where ||-||, denotes the usual Sobolev norm of order 2. From (3.18), we can apply Rellich’s
theorem and find subsequence {f;,}>*, such that f;, — fin L%, (X, T**7X ® L¥). This is a
contradiction to the fact that { f;; j € N} is orthonormal. Thus, Spec Dl()q;k 5[0, A] is discrete
and therefore Spec Db <1s is a discrete subset of [0, oo.

Let r € Spec Db s Since Spec Dlgq; s is discrete, D£q< s — 1 has L? closed range. If Db ks —

is injective, then Range (Dl(7 iké r) = L2,.;(X, T*X ® L*) and
(Ofhes — 1) 7" L2s(X, T09X @ LF) — L2,5(X, 79X @ LF)

is continuous. We get a contradiction. Hence r is an eigenvalue of Db st

For any v € Spec Dz(;,gkaz put

EL45,(X, L¥) := {u € Dom Dz()?%kaé Dl(a?;k:a“ = vu}.
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We can repeat the argument before and conclude that &2, (X, E) is finite dimensional. Let
u € €44, (X, LF). Then, O, ju = vu. For m € Z, put u,, = Q'Y u € L%(X, 79X ® L¥).
We have u =3 ;<15 Um- We can check that

Dg?,ium = vu,,, forallm € Z.
Hence
(3.19) (Db?,g — Ty, = (v +m*)u,,, forallm e Z.

From (3.19), we can apply some standard argument in partial differential operator and de-
duce that u,, € Q%(X, L¥). Thus, u € Q2{,(X, L*) and hence £%,; (X, L¥) C Q2,(X, L*).
The theorem follows. O

For every p € Spec Dl()?%ké let
Hkék&# : L2<X7 Lk) — ggké,,u(Xa Lk)

be the orthogonal projection. For 1 = 0, it is clearly that I1j <450 = II; <xs, where Il <45 is
given by (1.10). We have

Theorem 3.8. With the assumptions and notations above, if ¢, > 0 is small enough, then for
every u € C*(X, L*), we have

(3.20) Fy sy <5 u =0, forall 1 € Spec Dl()?;ké, 0 < p < ke,
and
1
@21 ot = T cusle] < o [O%al
0
Proof. Let ¢y > 0 be a small constant. For u € L%, (X, L*), we have
(3.22) (I — g <ks)u = Z Iy <kspt + 1 <5 s keo
uESpec[IlgiJik(s
O<pu<keq

We claim that for every p € Spec D,(f;ké, 0 < u < kep and every u € 0% (X, LF),
(323) Fk’gﬂk,gk&“u =0

if o > 0 is small enough. Fix 1 € Spec D(b?;ké (0, k6] and u € C(X, L*). From (3.9) and
(3.12), we have

2

(3.24) HD“)F(”E T, st ‘2 > ek | FYGII, <50
. bkt k6 VoLik,<ké,u Z 1 k6 Yotk <ké,u

where ¢; > 0 is a constant independent of k£ and u. It is easy to see that
Oy VO IL, <hs i = pFy ) DIy, <es .

Thus,

(3.25) ng}gF,gfgébnk,%uuHZ < k2 HF,S(QE,,HMWUW .

From and (3.25)), we conclude that if ¢; > 0 is small enough then

Flg,l(i)gbnk,gk&uu = ngkﬁHk,Skts,#u =0.
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Hence,
1
(326) ijgﬂkék(;’uu == EDI(J?IEFIWSH’C»SM#U =0.

From (3.26)), the claim ([3.23)) follows. We get (3.20).
Let Q(So,lé : L*(X, L*) — L2,5(X, L*) be the orthogonal projection. From (3.22) and (3.23),
if ¢o > 0 is small enough, then

| Frs (I — Mg <is)w)||
= || Frs(I — Hk,gka)(anU)H
= Fk,6Hk,§k5,>keo(Q(§0])gau>H

(3.27) S Hk,gk§,>keo (Q(SOZ(SU)H

1 (oo .

! 0 (0 0 1

for every u € C*(X, L¥). From (3.27), (3.21)) follows. O

Theorem 3.9. Dlgo,z has a O(k~"°) small spectral gap on X with respect to [} s.

[

Proof. Let u € C*(X, L*). It is easy to see that

(328) F]w;(l — Hk)u == F]w;(l — Hkék(s)u.

From (3.28)) and (3.21)), the theorem follows. O
3.2. The weighted projector F}, s on a canonical coordinate patch. Let D C X be a canon-
ical coordinate patch and let x = (x1,...,22,_1) be canonical coordinates on D. We identify
D with Wx| — g,e[C R*"!, where W is some open set in R*"? and ¢ > 0. Until further
notice, we work with canonical coordinates © = (z1,...,%9,-1). Let n = (m1,...,m2,—1) be the

dual coordinates of x. Let s be a local rigid CR frame of L on D, |s|,21 = ¢ ?*. Let Fy 4, be the
localized operator of Fj, 5 constructed by (2.4). Put

k?n—l ]
(3.29) B, = W/é’““y’"%(nznl)dn-

Lemma 3.10. We have
Fyss— B, =0(k™): H. (D) — H (D), forallr e N,.

comp
Proof. We also write y = (y1,...,¥2,—1) to denote the canonical coordinates x. We claim that
onD,
1 m\ . L A
(3.30) Fissuly) = o Z Ta(g)é”’wz”‘l /7r e "u(ey)dt, for all u € CS°(D),
mEZ
where v = (y1,...,y2n_2,0) and for convenience we just write ¢ = (yi, ..., y2,_o) if there is

no confusion. Note that if |¢{| < ¢, then ey’ = (v/,t). Let u € C3°(D). By (2.13) and the
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definition of Fj 5  we have

Z o / iy (ety)dt on D,

meZ

(Fis5u)(y) = Z T(%)% /7r ey (ey)dt on D.

meZ T

(3.31)

Fix m € Z. Since T = on D, we have

By,

1 [ _. . A
(3.32) . e "u(ety)dt = e ™1, (i) on D,

where u,,(y') € C*(D) is independent of ys,, ;. Taking ys, 1 = 0 in (3.32)), we get

[ _
(3.33) — [ eT™my(ey)dt = um(y).
2m J_

From (3.32)) and (3.33)), we have

1 ™ ™

) ) ) 1 )
(334) 2_ efzmtu(eztzﬁdt — ezmy2n12_/ efzmt ( it />dt on D
LY —— ™

—T

From (3.34) and (3.31)), we get the claim and also the formula

™

1 . )
(3.35) u(y) = 2_ Z ezmygn—1/ e—imt,, ( it /)dt on D.
T

meZ -m

Fix D" € D and let x(y2n—1) € C§°(] — €, ¢[) such that x(y2,—1) = 1 for every (v, y2n—1) € D'.
Let Ry, : C3°(D') — C*(D') be the continuous operator given by

(2m)? Ryu =
(3 36) Z z (Tan—1—Y2n—1,M2n—1)+im(Y2n—1— t) (772;;71)(1 . X(y2n—1))u(eit'r,)dthIZn—ldyZn—l-
meZ It <

By using integration by parts with respect to 7,1, it is easy to see that the integral (3.36)
is well-defined. Moreover, we can integrate by parts with respect to 17,,_; and y,,_; several
times and conclude that

(3.37) Ry =O(k™): H', (D) — HI,_(D'), forallr € N,

comp

Now, we claim that

(3.38) Bi+ Ry, = Fk,(g’s on Cgo(D/)
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Let u € C§°(D'). From (3.29) and the Fourier inversion formula, we have

k2n71 ] B
Byu(z) = r) / eI 75 (no—1 u(y ) dydn
k,2n—1

= et ( MMy (y oy )y’ dn) w21 =m0 7 (1 )y 1dn
(2m)

k ) B
(3.39) — % /6zk(x2n—1 y2n—1a77>u(l,/’ y2n71)7_6(772n71)dy2n—1d772n71
1 ] — Mon—1
- (Z2n—1—Y2n—1,1) / d d
o e (@', yon—1)Ts( 2 )dy2n—1dn2n—1
]' 7;<$2n71*y2n71 77) / 77271—1
= B e Mu(x’, yon—1) X (Yon—1)7s( 2 )dy2n—1dN2n_1,

where 7]/ = (7’]1, e 777271—2); d?’]/ = d?’]l s d’l]gn_g, dyl = dyl s dygn_g. From " and "
we get

(3.40)
Byu(z )2 Z/ eietn Vi1 1>T§<n22:_1>X(92n—1)€im(y2”71_0 (e"a")dtdnzn—1dyon—1-
[t|<m

From (3.40) and (3.36]), we have
(B + Rk) (x)

(3'41) / Z IQ 1—Y2n—1,72 1> (772”_1 ) imyan—1 ,—itmt it !
— n— n— n— n dtd e d ’I’L
27r E den Ts 2 € € u(e”"x")dtdnan—1dyzn—1-

Note that the following formula holds for every m € Z,
(3.42) /eimy"’”le_mn”72"1dy2n_1 = 270, (N2n—1),

where the integral is defined as an oscillatory integral and ¢, is the Dirac measure at m.
Using ([3.30), (3.42) and the Fourier inversion formula, (3.41)) becomes

1 m\ .
(3.43) (B + Ry)u(z) = Dy Z Tg(z)em%lm/ e My a)dt = Fyg5u(z).
T mez, jtl<m
From (3.43)), the claim (3.38) follows. From (3.38)) and (3.37)), the lemma follows. O

From Lemma [3.10], we see that the condition (III) in Theorem holds.

Lemma 3.11. Let D C X be a canonical coordinate patch of X. Then, Ilj <xs is k-negligible
away the diagonal with respect to Fj, s on D.

Proof. Let x,x1 € C5°(D), x1 = 1 on some neighbourhood of Supp . Let u € Hj _.5(X, L¥)
with ||u|| = 1. By [22], Theorem 2.4]) there exists C' > 0 independent of k£ and « such that

(3.44) lu(z)} < Ck", forallz € X.
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Let v = (x1,...,%2,-1) = (2, 22,—1) be canonical coordinates on D. Put v = (1 — x;)u. Itis
straightforward to see that on D,

(27)* X Frs(1 — x1)u(z)

(3.45) Z / eHT2n—1=y2n—1,12n— 1>x(l‘)7};<%>eim(y2”*l t) v(e it ’)dtdn2n 1 dYon_1.
t

A N k
|m|<2ké
Let ¢ > 0 be a small constant so that for every (x1,..., 22, 1) € Supp X, we have
(3.46) (X1, .-, Ton—2,Yon-1) € {x € D; xa(z) =1}, forall |ys, 1 — 22, 1| < e.
Let ¢ € Cg°((—1,1)),v =1on [ — 1, 1]. Put

(3.47)
1= T (e (e

2
( W) meZ,/m|<2kd

X e —imt ( it /)dtdngn 1dy2n 1,

oi(T2n—1=y2n—1,n2n— 1>¢($2n 1~ y2n71>X<x)Té<%>eimy2n_l
(3.48) t|<m € k

x e~ (e x!)dtdi, 1 dyon-1,
and
(3.49)

1 i n—1 = Y2n— n— i
[2(x) _ 5 Z / 61($2n71_y2n717n2n71>¢<x2 1 Y2 1>X(x)7_6<772 1>ezmy2n71
T It|<m €

2
( ) meZ,|m|>2kd &
X e—imt ( & ,)dtd"bn ldan 1

It is clear that on D,
(3.50) XErs(1—x1)u(x) = Ip(x) + I1(x) — Ir(x).

By using integration by parts with respect to 7),,,_; several times and (3.44)), we conclude that
for every N > 0 and m € N, there is Cy,, > 0 independent of « and % such that

(3.51) 1o(2) | gm(py < Cnmk ™.

Similarly, by using integration by parts with respect to y»,- several times and (3.44), we
conclude that for every N > 0 and m € N, there is Cy,,, > 0 independent of v and & such
that

(3.52) 1 (@)l o py < Crvank ™.
Again, from ([3.35]), we can check that
(3.53)

1 i — Ton—-1 — Yon— n—
[1(q;> = %/61@2"1 y2n71ﬂ72n—1>¢(%y21>x(x)7_6<772k 1>U(~T/;y2n71)d7]2n—1dy2n—1-

From (3.46) and (3.53), we deduce that
(3.54) Li(x) =0on D.
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From (3.50), (3.51)), (3.52) and (3.54), we conclude that for every N > 0 and m € N, there
is a Cy,» > 0 independent of v and k£ such that

(3.55) IXFrs(1 = x0)u(@)l| gm(py < Cvmk ™.
From (3.44) and (3.55)), it is not difficult to see that
dy,
(3.56) > IXFrs(1 = x1) fi(@) 3 = O(k™) on D,
j=1

where {f1,..., fs,} is an orthonormal basis for %) _;s(X, L*). From (3.56)), the lemma fol-
lows. - O

From Theorem 3.9, Lemma and Lemma [3.11] we see that the conditions (I), (II) and
(IID) in Theorem [3.3] holds. The proof of Theorem [I.1]is completed.

Proof of Corollary[1.2] We use the same notations as in Theorem On the diagonal z = v,
by (1.17) we have ¢(z,z,t) = 0. From (1.16]) we have

(3.57) Pis(z) = Prss(z, ) = / g(x,z,t, k)dt + O(k~) on Dy.

R
Recall that g(z, z,t, k) = 0if [¢| > ¢ and hence [, g(x,x,t, k)dt = fi;g(x,x, t, k)dt. Combining
with (1.18)), there exist b;(x) € C*(Dy), j € Ny, such that

(3.58) Pus(x) = Prss(z,x) ~ Y K" 7bj(x) in Si..(1; Dy).
j=0

Let D; be another canonical coordinate neighborhood and s; be another local rigid CR frame
of L on D,. Then from Theorem and the above argument, on D; we have
(3.59) Pis(x) = Prpo(x,2) ~ Y K" 7bj(x) in Sph.(1; D),

=0
where b,(z) € C(D;), j € Ny. Since on D N Dy, we have Py 5,(z,2) = Ppss, (z,2) = Pys(z),
(3.58) and (3.59) yield b;(x) = b;(x) on DN Dy, for all j € Ny. Hence, b;(z) € C*°(X), for all
j € Ny, and we get the conclusion of Corollary|[1.2] dJ

3.3. Properties of the phase function. In this section, we collect some properties of the
phase ¢ in Theorem We will use the same notations as in Theorem|1.1

In view of (1.17), we see that Im p(z,y,t) > 0. Moreover, we can estimate Im ¢(z,y,t) in
some local coordinates.

Theorem 3.12. With the assumptions and notations used in Theorem fix p € D. We take
canonical coordinates v = (1, . .., x2,_1) defined in a small neighbourhood of p so that z(p) = 0,

wo(p) = —dxg,_1 and Tpl’OX & TZ?’lX = {Z?Z{Q aj%; a; €C,j=1,...,2n — 2}. If D is small
enough, then there is ¢ > 0 such that for (z,y,t) € D x D x (—6,0),

Img(z,y,t) > clz’ — o[>, forall (z,y,t) € D x D x (—6,5),
2

(360) 2 / 112
> c(|wan-1 — yon1l” + |2 = ¥"),

0
Im p(z,y,t) + ‘8—(5(%,%15)

where &' = (x1,...,Ton—2), ¥ = (Y1, - -, Yon_2), |2 — /| = Z?Z}Q |z — y;”.
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For the proof of Theorem we refer the reader to the proof of Theorem 4.24 in [21]].

In Section 4.4 of [21]], the first author determined the tangential Hessian of ¢(z,y,t). We
denote as usual = = (z1,...,2T2,-1) = (2,0), 2j = X9j_1 +ix25, j = 1,...,n—1, canonical local
coordinates of X. We also use y = (y1,...,Y2n—1), Wj = Yaj—1 + Y25, j =1,...,n — L.

Theorem 3.13. With the assumptions and notations used in Theorem fix (p,p,to) € D x
D x (=6,0), and let Z1 4, ..., Zn_14, be an orthonormal rigid frame of T}° X varying smoothly
with x in a neighbourhood of p, for which the Hermitian quadratic form RL — 2t,L, is diagonal
at p, that is,

R]€ (7j,t0<p)a Zk,to (p)) - 2t0£p(7j7t0 (p)a Zk,to (p)) = )\j(tO)éj,ka ja k= 17 e, = 17

where \;(tg) > 0, j =1,...,n— 1. Let s be a local rigid CR frame of L defined in some small
neighbourhood of p such that

0 0

x(p) = O? (J.Jo(p) = _den—la T = axanl = %7

0 0

— —_— = 20; L k=1,....2n—2
<ax](p) 0$k(p)> 5],]457 Js ) , &M )

(3.61) o o n—1
o) = 403 0P, =1 m—1,
ito(P) 0z, ; ikZk . (1217), J
1 n—1 n—1

®(z) = 5 z%:% M1 2k21 + l; (arpzizn + @pzize) + O(|z]*),

where Tj ., tjk, ajr € C, pijr = iy Jj,k = 1,...,n — 1. Then there exists a neighbourhood of
(p, p) such that

.n—1
1
(@, Y, to) = to(—T2n-1 + Y2n-1) = 3 > lan; + aj0) (22 — wjw)
=1
i n—1 it n—1
+3 > (@, +a,)(z7 — wm) + 70 > (T — i) (27— wiw)
(362) gl=1 7,l=1

?

n—1 . n—1
. _ (3
b > A(to) (27105 — Zw;) + 3 > Ajlto) [z — wyl?
j=1 J=1

+ (—=T2n—1 + Yon—1) f(z,y,t0) + O(|(z, y)l?’),
where f is smooth in a neighborhood of (p, p, ty) and f(0,0,t,) =0

3.4. Comparison with other Szego kernel expansions. Let us recall that the Szeg6 kernel
II(x, y) of the boundary X of a relatively compact strictly pseudoconvex domain G is a Fourier
integral operator with complex phase, by a result of Boutet de Monvel-Sjéstrand [8]. Here
II: L?(X) — HY(X) is the orthogonal projection on the space of CR functions on X (Szegb
projector). In particular, II(z,y) is smooth outside the diagonal z = y of X x X and there
is a precise description of the singularity on the diagonal = = y, where TI(z, y) has a certain
asymptotic expansion. More precisely, let G = {p < 0} € G’ be a strictly pseudoconvex
domain in a (n + 1)-dimensional complex manifold G’, where p € ¥>°(G’) is a defining
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function of G. Then by taking an almost-analytic extension ¢ = ¢(x,y) : G' x G' — C of p,
see [8, (1.1)-(1.3)], we have

(3.63) (z,y) = / @l y, t)dt + R(z,y),
0

where s(z,y,t) € S"(X x X x R;) and R(z,y) is a smooth function. Assume now that X
is the strictly pseudoconvex CR manifold given by the boundary of the unit disc bundle of
E*, where E is a positive line bundle over a compact complex manifold M. Then X admits
a natural S! action and we define as in (1.3), the spaces of equivariant CR functions
Hy . (X) = {u e C®(X); Tu=imu, Jyu =0} for the trivial line bundle L over X. Then
Hj,,(X) is isomorphic to the space of holomorphic sections H%(M, E™) of E™ over M. By
an appropriate choice of metric data these spaces are also isometric for the corresponding
L? inner products, see [40]. We have an orthogonal decomposition Hj(X) = @men, Hy,, (X)
and we decompose accordingly the Szegé pojector I = > 1L, where II,, : L*(X) —
Hp ., (X) is the orthogonal projection. We can thus see the analogies and differences between
the expressions of the Szegb kernel I1(x,y) and of the Fourier-Szegd kernel
Piss(z,y). In (3.63) we integrate over R, and this corresponds to a sum over all m € Ny,
while in (1.16) we have an integral over (—d, §) which corresponds to a sum only over m € Z,
|m| < kd. Of course, in there is no semi-classical parameter £ as in (1.16]), since we
work with the trivial line bundle.

Using and the stationary phase formula it is shown in [11}, [40] that II,,(x,y) have
an asymptotic expansion for m — oo. Moreover, they corrrespond to the Bergman kernels
B, (z,w) of H°(M,E™), which have accordingly the form B,, ,(z,w) = e™EWh(z w,m),
where b(z, w,m) ~ > m" ! Ib;(z,w) in Sp(1; D x D), see also [25, 28, 29]. Here D C
M 1is an open set over which we have a trivializing section s of £ and B,, s(z, w) is the
corresponding localization of B,,(z,w). In this respect, the form bears resemblance to
the expansion of the Bergman kernel on a complex manifold, but we have to integrate since
our space H; .,5(X, L*) consists of all the components H;,, (X, L*) with |m| < k.

There is also an expansion of the Szeg6 kernel for a positive line bundle L over an arbitrary
Levi-flat CR manifold [26, Theorem 1.2]. The Szegd kernel II;(z,y) of the projector on the
CR sections of L* is close in the semiclassical limit to an approximate Szegd projector Sy,
which has an asymptotic expansion in Sobolev spaces, given locally by the operator S, with
kernel

(3.64) Sk(x,y) :/eikwx’y’“)s(x,y,u, k)du.
R

The integral [, du in arises due to the transversal direction to the leaves of the Levi
foliation. This result implies the Kodaira embedding theorem for Levi-flat CR manifolds [26].
In the presence of a S action we can refine this result and work with the Fourier-Szeg6
projector P, s with the asymptotics and with leading term (1.22)).

Finally, we refer to [30] for the relation between heat kernels and Szeg6 kernels for non-
necessarily positive line bundles.

3.5. The necessity of the weighted Fourier-Szeg6 operator P, ;. We now give a simple
example to show that the partial Szegd kernel of H(?,SM(X , L*), doesn’t have an asymptotic
expansion, hence the need for the weighted projector F} s and weighted Fourier-Szeg6 oper-
ator Py ;.
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Let (L,h) be a positive holomorphic line bundle over a compact complex manifold M of
dimension n — 1. Then X := M x S! is a Levi-flat CR manifold of dimension 2n — 1 with
transversal CR S! action ¢ and the pull-back of (L, h) by the projection M x S' — X is
a positive CR line bundle over X, denoted again (L,%). For k > 0, let ggk), .0 be an
orthonormal basis of the space H°(M, L*) of global holomorphic sections with values in L*.
By the asymptotic expansion of the Bergman kernel of L* [11],138, 40] (see also [28, 29]) we
have in any C* topology on M,

Tk
(3.65) S TP @) ~ B bo(@) + K 2bu(z) + ., k= oo,
For each m € Z, {f;y’f}l(m,ﬁ) = \/1279] “”9} is an orthonormal basis of Hy (X, L").

Hence, {fﬁ)@(x,@); m € Z,|m| < ké} is an orthonormal basis of the space Hy (X, L"),
whose cardinal is denoted by dy.. Thus, the Szeg6 kernel of Hy _,;(X, L*) is given by

1 *
(3.66) > @ = kel D 1o (@)
1<j<dy, J=1
m|<kd

where [k0] is the Gauss’ symbol denoting the integral part of k9. The difficulty comes from
the fact that the function 6 — [kd] does not admit an asymptotic expansion in k. To get
asymptotic expansion, we consider

(3.67) > @ = o S () e @

1<5<dy, meZ 7=1
Im|<ké

We need the following.

Theorem 3.14. Let g € C5°(R). Then there exists a sequence (b;);en, of complex numbers such
that for every N € N there exists Cy > 0 with

% Z g(?) (bo + bkl +o Z—%) < Cyk~™N*Y for every k € N.

mEZ

(3.68)

Proof. Let by = [, g(x)dx. By Taylor expansion, we have

- |3 [ (o) o)

meZ

1 w
<3 [ e /|g )l dt.

=[3

> / / t)dtdx

MmEZ
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We have proved that (3.68) holds for N = 1. Assume that (3.68)) holds for N < N,, Ny € N.
We are going to prove that ([3.68) holds for N = N, + 1. By Taylor expansion, we have

(3.69)

%Zg(%) ~ [ starae - > / (s(2) - @) o

N0+2

No+2
= — — (No+3)
Z /m1 Z j' x) x)dr + Z/ / No o :c) g (t)dtdzx.
meZ meZ
We have

No+2
(No+3)
Z/ / No o) :U) g (t)dtdx

meZ

SOEEESY /m s m(% - m)w 0 90)

—(No+3) Z/ N0+3)<t)‘dt /| (No+3 ’dt
No+3 (No +3)! N yan )

for every k € N. Let h € C§°(R). We claim that for every j = 1,2,..., Ny + 2, we have

(3.71) < Cph™Not2)]

Z / o :E (x)dx— (bj71k;—1 + bj72k_2 NI bj7NO+1k’_(N0+1)>

mEZ

for every k € N, where Cy, > 0,0,, € C, j=1,...,Ng+2,s=1,...,Ny+ 1, are constants
independent of k. We have

% No+2
3 L (% —x> " h(x)dr < k- ®or2) / ()| da.
mez"Y "k

Hence (3.71) holds for j = Ny + 2 with by,121 = -+ = byy+2.n,+1 = 0. Assume that (3.71)
holds for j > sg, s € N, 2 < 59 < Ny + 2. Let j = so — 1. By using integration by parts, we

have
Z /fll (% — a:)so_lh(:rj)dx
meL"” "k
(3.72) = ;(% - x)soh(x)\i 3 / i(% _ x)soh/<x)dx
mez 0 P ez U 50

1 /1\%0 m—1 E 1 /m 50
_ (2 h(—) / —(——> B (z)de.
SO (k) Z k + Z m—1 SO k x (:E> v
meZ MmEZ k
By the induction assumption, (3.68) holds for N < NV, we have

1 /1y m—1 s 1 _2 —N,
s_o(%) %h<T>_’f (g k™ + gk 4 o )

< éNok_(N°+1)_s° < éNok_(N0+2)7

(3.73)
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for every k € N, where C’NO >0,ds,+ € C,t=1,..., Ny, are constants independent of k. By
the induction assumption, (3.71)) holds for j > s, we have

(3.74)
" 1 S ~
‘Z /nl s_o(% a x) W () d— (68071’5_1 + o2k €so,No+1k’_(N0+1)> < Ok ™0,
meZY "k

for every k € N, where C~*NO >0, e,: € C,t =1,...,Ny+ 1, are constants independent

of k. From (3.72), (3.73) and (3.74), the claim (3.71) holds for j = sy — 1. The claim

(3.71) follows thus by induction. From (3.71)), (3.70) and (3.69), we see that ([3.68) holds
for N = Ny + 1 which finishes the induction proof of (3.68)).

Applying (3.68) for g = 77 we obtain the asymptotic expansion

(3.75) Z‘Ta< ]wf/m Wodt +ap+a k™ ..., k- .

Combining (3.65) with ([3.75]) we obtain an asymptotic expansion of (3.67) in k. This shows
the necessity of introducing the weighted operators Fj; and Fjy.

4. EQUIVARIANT KODAIRA EMBEDDING
In this section we will prove Theorem Let
fr € Hy (X, LF), .0, fa, € My <is(X, LF)
be an orthonormal basis of #} _,;(X, L*) with respect to (- |-). On D, we write
Fisfj=5"®7g;, g€ C(D), j=1,2,...,d.

Lemma 4.1. We have

Prss(,y) Ze "G () g (y)e W,
(4.1)

Pkgs x, ZL’ Z|~ 2 _%(I’ Z‘ Fkéf] x)}ik

In particular, (1.13]) holds.

Lemma 4.2. Let 6 > 0 be a small constant. Then there exist Cy > 0 and kq € N such that for all
k > ko and all x € X we have

d

j=1
Moreover, there is ¢g > 0 and ky € N such that for k > ko and every x € X, there exists
jO € {17 2, R ,dk} with

(4.3) | Fys fio (x)‘zk > cp.

Proof. Theorem|1.1]immediately implies the first assertion. We only need to prove the second.
By [22], Theorem 1.4] we know that there exists C; > 0 such that

4.9 dim Hy) <s(X, L*) = dp < C1E",
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where (' > 0 is a constant independent of k. From (4.4) and (4.2), we have for every x € X,
Crk™sup {|Frsfi(@)lhe: 4= 1,2, di}
> dpsup {le,éfj<x)|;21k s i=12,...,d}

d
> Z | Frsfi(@) |5 > Cok™,
=1

which yields (4.3)). 0

The (modified) Kodaira map ®; 5 : X — CP% ! introduced in (1.25)) is explicitly defined
as follows. For zp € X, let s be a local rigid CR frame of L on an open neighbourhood D C X
of z, |s(m)\i =¢7%®.0n D, put Fysfi(z) = s*f;(z), f;(x) € C*(D), j=1,...,dy. Then,

(4.5) Oy 5(20) = [fi(x0),- ., fa(w0)] € CPH,

In view of (4.3), we see that @ ; is well-defined as a smooth CR map from X to CP%~!. We
wish to prove that @, ; is an embedding for k large enough. Since X is compact, a smooth
map is an embedding if and only if it is an injective immersion.

Theorem 4.3. The map @y, 5 is an immersion for k large enough.

To prove Theorem we need some preparations. Fix p € X and let s be a local rigid
CR frame of L on a canonical coordinate patch D, p € D, ]s|i = ¢72% with canonical local
coordinates z = (z,...,%2,-1) = (z,0). We take canonical coordinates = and s so that
hold. We identify D with an open set in R*"~!, For r > 0, put

D,:={zeR"™ " |zj| <rj=12,...,2n—1}.

For x = (z1,...,%9,_1), we consider the rescaling map

Frax = (ﬂ L L2 xzn_l) )
Note that we rescale with a factor \/LE in the direction of the complex variables z and by a
factor ¢ in the real direction #. Such anisotropic rescaling was used already in [23] Section
2.2]. The rescaling by \/LE in the direction of the complex variables is very natural and was
used in [6, 28]].

From (3.62)), we can check that
(4.6) kip(0, Fiy,t) = iyon—1t 4+ ipo(w, t) + 17%(y,t) on Diggp,

where 7y (y,t) € C®(Diogr X (—6,9)) and po(w,t) € C*(R**~2 x (—4,4)) independent of k.
Moreover, for every o € N**~1 we have

4.7) lim sup ‘8;rk(y, t)‘ =0,
)

k=00 (y )€ Diog 1 x (—6,5

and there exists C' > 0 such that
©0(0,t) =0, forallte (—d,0),

(4.8) wo(w,t) = po(—w,t), forall (w,t) € R 2 x (—4,0),

/'e—Irncpo(w,if)dy1 o dy2n—2 < C < 0, forall ¢t € <_67 6)
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Take x € C5°((—1,1)) with 0 < x < 1, x(z) = 1 on [—3, 3] and x(¢) = x(—t), for every t € R.
For € > 0, put x.(z) := ¢ 'x(e 'z). Let go(x,y,t) € C®(D x D x (—4,0)) be as (1.18). We can

check that
lim [ et F Bt (0,0,8)Xe(y1) - - Xe(Yon—2)dydt
(49) = /eiwnltgo(o, 0, t)dtdy2n_1 /2 , X(y1> e X<y2n—2)dy1 c. dygn_g
R2n—

= (2m)g0(0,0, 0)/ Xw1) - XWon—2)dys . .. dysn—o # 0,

R2n-2

lim [ ool imnatgo (0,0, 8)e fy;|” xe (1) - Xe(yan1)dyd

(410) = /eimnlt‘go(o, 0, t)dtdygn_l / |yj|2 X(yl) Ce X(an—2)dy1 . dygn_g
R2n—2

= (27m)g0(0,0,0) / |yj|2 X(v1) - X(Yon—2)dyy ... dysn—2 #0, j=1,2,...,2n — 2,

R2n72
and
lim el ot Fivn=1t(_it) 6,(0,0,8)Xc (Y1) - - - Xe(Yon—1)Yon—1dydt
e—
(4.11) = / eV (—itys,_1)go(0,0, t)dtdys, 1 / ) 2X(?Jl)---X(?J2n—2)dyl---dan—2
R2n—

= 20)00.0.0) [ ) xlus)n s £0.

R2n—2

From (4.9), (4.10) and (4.11]), we deduce that there exists ¢, > 0 small enough such that

(4.12)
/ei%(w’twy%ltgo(oa 0,1)Xeo (Y1) - - - Xeo (Y2n—2)dydt =: Vi # 0,

/ew"(w’t)”y%ltgo((), 0,t) |yj\2 Xeo (Y1) - - Xeo (Y2n—2)dydt =:V; #0, j=1,2,...,2n —2,

/6i¢0(w’t)+iy2"1t<—’ity2n_1)go<0, O, t)Xeo (y1> - Xeo (y2n—2>dydt =V 7é 0.

Assume that p € Dy € D. We need

Lemma 4.4. With the notations above, there is a K, > 0 independent of the point p such that
forall k > K,, we can find

gl € Hy s(X,LY), j=1,....n,
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such that if we put Fy sg) = s*Gl on D, j = 1,...,n, then

Sl g =o.

1 .
— 0, (") (0)| < e, j=1,2,....m, t=1,2,...,n—1
\/E t k — ’ » < 9 'Yy ) < ) )
1 L
(4.13) ﬁa%(e*“’gi)(o) <e, j=1,2,....,n, t=1,2,...,n—1, j#t,
1 kP~ .
ﬁazj(e kq)gi)(()) 200, jzl,...,n—l,
1 —k®~n
Ea$2n—1 (6 kégk)(())‘ > 007

where Cy > 0 is a constant independent of k and the point p, ¢ is a sequence independent of p
with limk_)oo € = 0.

Proof. Let x € C5°(R) and ¢, > 0 be as in (4.12]). Put

k®(w) k Sk(w)
(4.14) up = I <psFps | € Xeo (V1) ... Xeo(\/Ey2n—2)X<—y2n—l> ,
log k m(y)

where w = (wy, ..., Wy—1), Wj = Yaj—1 +1Ya;, j = 1,...,n—1, and m(y)dy = dvx(y) on D. We
put Fj, su;, = s*u; on D. In view of Theorem (1.1}, we see that on Dy,

(4.15)
— z)~ 7 T k —00
e F O (z) = /e R@ID g (2, y, b, k) Xeo (V1) - ~xeo(ﬁyznfz)x(@yzm)dydt +O(k™).
From (4.6), (4.7), (4.15) and (4.12), we can check that
. k

llm em@(o’y’t)g(o’ Y, t, k)Xeo (\/Ey1> -+ Xeo (\/Ean—Q)X(—QQn—I)dydt

k—o0 log k
(4.16) = lim [ eRPOFBE (0, Fry, k) Xeo (51) - - Xeo (an—2) X (220 )dtdy

k—o00

log k

- / el 0wttt g0 (0.0, ) Xeo (Y1) - - - Xeo (Y2n—2)dydt = Vi # 0.

From (4.16) and since that X is compact, it is easy to see that there is a £, > 0 independent
of the point p such that for all £ > &y, we have

1

.1 —
(4.17) i

< e "0, (0)| < Ao,

where A, > 1 is a constant independent of k£ and the point p. From now on, we assume that
k > ko. From (3.62) and (4.15]), we can check that

(4.18)

: 1 —kd~ o (w % .
klggo Eaaanfl (6 kq)uk)(o) = /6 o(uo,t)+igan—1 <_Zt)90<07 07 t)Xeo (y1> -+ Xeo (an—2>dydt - 07




36 CHIN-YU HSIAO, XIAOSHAN LI, AND GEORGE MARINESCU

- / ORI ()N (1) (951 — i925)90(0, 05 )Xo (U1) - - - Xeo (Yan—2)dydlt = 0,

1 —kD~ _
(4.20) kll_g)lo ﬁa;j(e u)(0) = 0.

From (4.18), (4.19) and (4.20), it is easy to see that

Lo, (e,)(0)

k T2n—1

S 5k7

(4.21)

J

az(ekq)ﬂk)(o)‘ < 5/67 ] = 17' RN 17

o

—agj(e_mﬂk)(O)’ < (Sk, j = 1, e, — 1,

=

where 0, is a sequence independent of the point p with lim;,_,, 0, = 0.
Put

k 1
(4.22) vp =g <ksFrs (ekq)(w)kyanXeo(\/Eyl) . 'Xeo(\/EZDnQ)X(@yan) W) .

We put F sv = s*07 on D. In view of Theorem 1.1, we see that on D, we have
(4.23)

T (2)
= / eikq;(:p,y,t)g<x’ Y, t7 k>ky2nflxeo<\/zy1) ce Xe()(\/Ey2n72)X<

From (4.23), it is easy to see that there is £, > 0 independent of k£ and the point p such that
(4.24) e " Og(0)] < E.
From (3.62) and (4.12), we can check that

.1 k®n
kh_{go EaﬁUanl(e kéUk)(O)

- / ettt ( gty 1)g0(0,0,8)Xeo (Y1) - - - Xeo (Yan—2)dydt =V # 0,

k
n_1 | dydt k™).
logk:y2 1) ydt + O( )

(4.25)

andforj=1,...,n—1,
(4.26)
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From (4.25), (4.26) and (4.27), it is easy to see that there is a k; > k, independent of the
point p such that for all £ > k;, we have

1 -~n
Fas (0| > B
1 .
(4.28) ﬁ@j(e‘mﬁ:‘)(O)’ <o j=1,....,n—1,
1 N A
ﬁ&zj(ek(bvg)(o)‘ S 5k7 j = 17 sy — 17

where B, > 0 is a constant independent of k and the point p and Jj, is a sequence independent
of the point p with lim;,_,, 0, = 0. From now on, we assume that & > k;. Put
oo (FT0)

gk =V — m k€ Hb<k5(Xa Lk)-

Put Fys97 = s*g? on D. From (4.17), (@.21), (4.24) and (4.28), we see that there is a
constant k; > 0 independent of k£ and the point p such that

(e )0 =0,
%& (e *%};)(0)‘ <ep t=1,...,n—1,

(4.29) %a (e —’fq”gg)(())‘ <ep, t=1,...,n—1,
%%1 (6“’52)(0)‘ > Cy,

where C, > 0 is a constant independent of £ and the point p, ¢ is a sequence independent of
p with limy,_, . €, = 0.
Fix j € {1,2,...,n — 1}. Put

. > k 1
vl = Wy s Fis (ekﬂb(w) \/E(ygj_l + Z?/Qj)Xeo(\/Eyl) x -Xeo(\/E?J%—?)X(log k;yQ”_l) m(y)) '

We put F}, sv = s*o/ on D. In view of Theorem (1.1} we see that
(4.30)
e ke )vk(x) = /eikw(w’y’t)g(%y, t, k)\/E(ij—l + 1Y25)

X XEO(\/Eyl) x -Xeo(\/%?ﬁnﬂ))((

From (4.30), it is easy to see that there is a constant £; > 0 independent of £ and the point
p such that

k
@ygnl)dydt + O(k’ioo) on Do.

(4.31) e 0% (0)| < E.

Moreover, from (3.62), (4.12) and (4.30), we can repeat the proof of (4.28) with minor
changes and deduce that there is a ko > 0 independent of the point p such that for all k& > k,
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we have
1 _ -
kamn_l(e_k@ﬁi)(O) < 6/%
1 .
—kaZJ(e_kq)'Z}%)(O) > B1>
(4.32)

1 i ~ .
—=0., (e (0)| < 0, Git=1,...,n—1, j#t,

Oz, (e **)(0)| < 0, jit=1,...,n—1,

where B; > 0 is a constant independent of k and the point p and J;, is a sequence independent
of the point p with lim,,_,, d, = 0. Put

g eMT)0) 0 k
J oo 7 _
(4.33) gk — Uk (e_kq)ak)(o) U € Hb,Sk§(X7 L )

Put Fsg9, = s*G. on D. From (@.17), (4.21), (4.31) and ([@.32), we see that there is a
constant k; > 0 independent of k£ and the point p such that

(e 3) ()] =0,

@t(e’kq”gﬁ)(O) <e, t=1,....n—1,

(434) ﬁazt (eiqug\z) (0) S €k, t= 17 RN 17 t 7é j7

8,2]' (eiqug\z) (O) > CO:

%axQn—l (6—14@’92') (O) S €k,

where Cj > 0 is a constant independent of £ and the point p, ¢ is a sequence independent of
p with limy_, . €, = 0.

From (4.29) and (4.34), the lemma follows. O
Proof of Theorem We are going to prove that if % is large enough then the map
APy 5(x) : To X — To, ;) CP*,

is injective. Fix p € X and let s be a local rigid CR frame of L on a canonical coordinate patch
D, p € D, |s|; = e~2*, with canonical local coordinates = = (z1,...,22, 1) = (2,6). We take
local coordinate = and s so that (3.61)) hold. From Lemma 4.2, we may assume that

(4.35) (e"“‘l’ji)(p)]2 > ¢,

where F s f; = s’“fj onD,j=1,...,d, and ¢y > 0 is a constant independent of k£ and the
point p. Let g},... g1 € My _s(X, L¥) be as in Lemma From (4.13), it is not difficult
to see that there is a K, > 0 independent of the point p such that f;, gi, ..., g7 are linearly
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independent over C. Put

i efktp'g“i _
pk - ~ - 5 7n7
(4.36) ek f
J _ 251 . 27 2j-1 _ J 2j _ j -
po=a  +ioy), o =Rep), o =Imp,, j=1,...,n—1,

where Fy. s, = s*gl on D, j = 1,...,n. From (4.13) and (&.35), it is not difficult to see that
there is a K > 0 independent of the point p such that for all £ > K,, we have

(4.37) |82tp2(p)| >evk, t=1,....,n—1, ‘812n_1pZ(p)| > ok,

and

SUP {|0s, 11 ()] 1 |01 (P)| 101 (P) |5 st =1, on— 1,5 £ t}

+sup {[p(p)], [O=0k(P)] s s =1,...on = Lt =1,....n} < ey,
where ¢, is a sequence independent of the point p with lim;_,., ¢, = 0. From (4.37), (4.38)
and some elementary linear algebra argument, we conclude that there is a K; > 0 indepen-

dent of the point p such that for every k > K, the linear map A, : R**~! — R?" represented
by the matrix

Y

(4.38)

Oy (e )(p)  Ouy (e af)(p) oo Oroy (7¥q) ()
Oy (e770R) (D) Ouy(e7™0})(p) oo Oroy (e77%02) ()
O (703 (p) Dy (2 (B) .. Or, (703 (1)

is injective. Hence the differential of the map
~1 -n
X351 <g—f(x),...,gwk(x)> eCn
fl fl

at p is injective if £ > K. From this and some elementary linear algebra arguments, we
conclude that the differential of the map

X>z+— é(w),,@(m) € C%
fi fi
at p is injective if £ > K. Theorem [4.3] follows. O

In the rest of this section, we will prove that for k large enough, the map @5 : X — CP%~!
is injective. We need some preparations. Let (D, (z,0), ¢) be a BRT trivialization. We write
T = (2, 0) = (ZEl, R ,ZL‘Qn_l), = (131, vy, Top—9, 0), Zj = T2j-1 —I—’iZEQj, ] = 17 o, = 1. We need

Lemma 4.5. With the notations above, for every u, € C*(X, L*), we have

(4.39)
(Fk,éuk)(x)
1 ) - . A ‘
- (27T)2 Z/ez(mnl—ym1)772n17_5(772k 1>6””3’2"*1e_“”guk(@Z%’)dgdn%_ldy%_l b

MEZ
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Proof. Put 75 (n2n—1) := Ts (”2" 1) By the Fourier inversion formula, we have

1 i(Tan—1—Y2n—1)N2n—1 2n=1Y\ imys, 1 —imé i0 1

2 Z e Ts 5 e e ug (") dOdne, —1dyan—1

27r Z/Ték Yon—1 — Top— 1) imy2n—1g=imby, ( i /)dedy% 1

meZ

. A IMY2n—1+imxon_1 ,—imo 0 1
W E /Té,k(anl)e vommrimEan =1 =My (") dfdyan

(4.40)
Z/Ték zmen le —imb ( iex’)d&
mEZ
Z /T(; —imé (e’ex)dG
= Fy sug,
where 75, denotes the Fourier transform of 75 ;. From (4.40), the lemma follows. O

Lemma 4.6. With the notations above, let u, € C*(X,LF). Assume that there are con-
stants C > 0 and M > 0 independent of k such that |u(2)|} < CkM, for every x € X. If
Supp ux (| D = 0 for every k, then Fj su, = O(k~>°) on D.

Proof. Assume that D = U x (—¢g, €g), where U is an open set in C"~! and ¢, > 0. Fix D' € D
and let x(y2,—1) € C5°((—e€o, €9)) such that x(ya,—1) = 1 for every (v', yon—1) € D’. Let

Ton—1
R 7 C’321'1, 1—Y2n—-1 )7]2n 1 ( >
ante) = 5 3 [ ("

X (1= x(yan—1))e"™ e ™y, (") dOdnnn—1 dyzn-1,

where z € D’. Since x(y2,-1) = 1 for every (v, y2,_1) € D', we can integrate by parts with
respect to 7),,,_; several times and deduce that

(4.41)

(4.42) Rpug(x) = O(k™°) on D'
From (4.39) and (4.41)), we have
(4.43)

(Fyoup — Rpug)(x)

1 . _ ) )
_ i(T2n—1—Y2n—1)N2n— M2n—1 MY — —zm@ 0 .1
— (277 5 Z /6|<7T€ 2n—1—Y2n—1)7M2 17—6( k; )X(an—l)e Y2n-10 ( )deThn (Y1

1 N o
—) / ei(@an—1 yQ"*l)"Q"’szs(nQ 1)X(y2n—1)uk(x17 ey Top—2, Yon—1)dNon—1dYan—1 = 0

- (27 k
since Supp ui (| D = 0. From (4.42) and (4.43)), the lemma follows. O

We need the following CR peak sections lemma.

Lemma 4.7. Let p # q be two points in X and let {z}, {yx} be two sequences in X with x; — p,
yr — q. Then there exist v, € Hy o,.5(X, L¥) such that w, = Fy svy, satisfies for k large enough,

1
(4.44) (i) le > 1, Jug(ye) s < 9
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Proof. Let (D, (z,0),¢) be a BRT trivialization with p € D and ¢ ¢ D. We may assume that
p = (0,0). As before, let
fl G HZ?,S]«S(Xa Lk), ey fdk E H2,§k5(X, Lk>

be an orthonormal basis for #; ., ;(X, L*) with respect to (|- ). Let s be a local rigid CR
frame of L on an open neighbourhood D C X of p, [s(z)|; = e72®. Let x € - Cg°(D), x =1

on Dy, where D, C D is an open set of p. On D, put Fjsf;(x ) = s’“fj( ) fJ( ) € C*(D),
j=1,...,d,. Assume that {xk} € Dy. Let

(4.45) Tz ) ® Z X(@) (Frsfi) (@) fi(zp)e #*@) e C(D, LF) ¢ ¢ (X, L).

In view of Theorem (1.1, we see that
(4.46) Ue(z) = s"(2) @ x() /eik“"(z’x‘“’t)%@(@g(x, T, t, k)dt + O(k~>°) on D.

Since [ e*e@aet g(x ap. ¢, k)dt = O(k=>) on D\ Dy and

Dé?g(sk@) ® feikgp(x,xk,t)-l-k@(x)g(l,’xk’tj k)dt) = O(k=) on D,
we conclude that
(4.47) Db WU =O0(k™) on D.

Let v, = Hkéktsfﬁk c %2,§k6<X7 Lk) and let U = Fk75vk = Fkﬁnkék(ﬁjk. From |' and |'
we can check that

(4.48) | Frs(I — i <ko)Uk|| = O(K™).

Form Kohn’s estimates or the arguments in the proof [12, Theorem 8.3.5], we see that for
every s € N, there is a constant Cy ; > 0 such that

(4.49) lullssre < CorllTullon + ITullon + lfullon), forallu € C™(X, LF),

where ||-||, . denotes the standard Sobolev norm of order s on the Sobolev space H*(X, L*).
There is condition Y (¢) in the assumption of [12, Theorem 8.3.5] in order that ||T'u||s; can
be controlled by ||D((f,3;u\|s7k and ||lul|ox. Moreover, the constant C; can be bounded by the
C":(X)-norm of the volume form on X, the Hermitian metric of L and the coefficients of Déo,g
and 7' on X, where P, € N only depends on s. Hence, there is a constant C > 0 independent
of k and N, € N such that C;;, < C;k™, for all k € N. From this observation and (4.49), we
deduce that

(4.50)

[ Fr6(1 — Tk <is) Ukl s1.0

< Ok < |D§,?,2Fk,5(f — I <) Uk || s, + | T Fes (L — Mg <is) Ok || s 6 + || Froo(L — sz,gkd)ngO,k)-

We claim that for every s € N, there are N, € N, C, > 0 independent of k such that

).

(4.51) | Fys(T = T <o)l < Cok™ ( 3 H (OO Fios (T — Ty <)
=0

Taking s = 0 in (4.50) and using the estimate
1T Fie,s(1 — Ui <is) Uk || < k0 || Fios(1 — i <is) 0kl
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we get the claim (4.51) for s = 1. Assume that (4.51) holds for all s € N with s < s, for
some sy € N. Hence,

~ 50 . "
(4.52) 1Fes( = Tazka)il,, i < Coak™ (S| @0 Fesl = Tizio)n ).

=0
Taking s = sy in (4.50), we get
(4.53)

[ Fre,5 (1 — T, <k6) Uk [l so+1,

< Cogk™ (108 P (1 = T <) ell s+ 1T s (T = T i)l + 1P = i)l ).

By substituting Dl()?,sz;([ — Il <ks) 0 to (4.52) and note that

Frs (I — Ty <) (O Froo (I — Wy <15)8x) = O Fros (I — T i) T,
we get

so+1

(4.54) | DB (1 = T )i SOk (Y | @Y Fis(r = T <is)i] )
=1

S0

By substituting TF]@(;(I — Hk,gkd):[)/k = Fk75([ — Hkék(;)T”Jk to 452, we get

~ 50 .
(4.55) IT oI = T )Tl o < Cogh™o (Z H (O Fs(I — Hkék(;)Tka)
§=0

From (4.53), (4.54), (4.55) and note that

H(mg?,gypmu - Hkék(;)T%?kH < ko H(Dé?,z)jFM(I - H,{,gk(;)ﬁku , for every j € Ny.

we get the claim (4.51) for s = sy + 1. By induction, the claim (4.51) follows.
From (4.47), (4.48) and (4.51)), we deduce that

(4.56) Frs(I — I <ks)vr, = O(K™°)
and thus
(457) Up = Fk,é/gk -+ O(kioo)

Let Y € C§°(D), x(xr) = 1 for each k and x = 1 on Supp Y. We can repeat the proof of
(3.56) with minor change and deduce that

di

(4.58) > XFrs(l = X)Frsfi(x)|”, = O(k™) on D
=1
and hence
i — 2
Bt = | Do (Fsf) o) Flane 9] +0()
=1
(4.59) p

= /eik“”(x’“x’“t)g(mk,xk,t, k)dt + O(k™°)
> Ck",
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where C' > 0 is a constant independent of k. Note that Suppv, C D and ¢ ¢ D. From this
observation and Lemma [4.6| we deduce that

(4.60) | F Tk (i) 3 = O(k™).
From (4.57), (4.59) and (4.60), the lemma follows. O

Theorem 4.8. The map ®y, 5 is injective for k large enough.

Proof. We assume that the claim of the theorem is not true. We can find xy,, yx, € X, 21, # Wi,
0 <k < ky <... ,limj,k; = oo, such that &, s(xx,) = Py, s(vs,), for each j. We may
suppose that there are xy, yr € X, xx # i, such that &, s(x) = Py s(yx), for each k. We may
assume that z, - p € X, yp — q € X, as k — oo. If p # ¢. From Lemma |4.7, we can find
Uk = Fis fier Ve = Fro9ks fr, gk € 7—[27<,€5(X, LF) such that for k large, we have

1
(4.61) sl 2 1, ey e < 5.
and

1
(4.62) |Uk(yk)’ik > 1, |Uk<xk)|ik < 7

NOVV, CI)]W;(I]C) = (I)k,é(yk;) 1mphes that

k() [ = 7 J (i) s+ o (@) (s = 7 Lo ()

where . € R, for each k. We deduce from (4.61) that r, > 2, for k large. But (4.62) implies
that r, < %, for k large. We get a contradiction. Thus, we must have p = q.

Let { fj}?’;l be an orthonormal basis of #) _,5(X, L*). Let s be a local rigid CR frame of
L on a BRT trivialization (D, (2,0),¢), p € D, |s|} = 2%, Fosf; = s* @ f;,5 = 1,...,dp.
Since both z; and y, converge to p, one can assume thNat g,y € D, for every k. Since
®p5(71) = Prs(yr), there is a A, € C, such that e #2@) f;(z;) = \e #*We) | for each k, and
we may assume that |\;| > 1, for each %, and hence

(4.63) e RO () = Ape PO £ (), A € C, [ \| > 1L
In fact, if for some xy, yx, |\x| < 1 one can replace z;, by y; and y; by x;. This implies that
(4.64) Prss(@rYk) = MePrss (U, Yi), A € C, [ A > 1.
We will show that (4.64) is impossible. Write z, = (%, 25 ) = (aF,... 25 ), yp =
(", y5,_1) = (Y1, - - Y3,—1) and

K= k), W= (wf L wh ).
Let

lim sup k|2" — w*|? = M € [0, 00).

k—o0

By definition, there is a subsequence (k;),cy of N such that

lim k;|2% — w"* = limsup k|2 — w"* = M.
J—0o0 k—o00

Without loss of generality we can assume that

lim k|2 — w*|?* = M, M € [0, 00].

k—o00
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Case I: M € (0, oo]. First we assume that A/ = oo. From (3.4) we have

(4.65) lim sup k™" Py s.s(Tk, y)| < lim sup/e_klm”(x’“’y’“’t) lgo(xk, yr, )| dt.

k—o0 k—o0

Combining with (4.65) and the fact Imy(xy, yx, s) > c|z* — w*|* in (1.17) we have
limsup k™" | Py 5.s(zx, yi)| = 0.

k—o0
This is a contradiction with hm k™" Py ss(Yesye) = [ go(p,p,t)dt # 0 and the assumption
. Thus we have M < oo From (3.4) we have

(4.66) 1im k_”|Pk,6,s($k,yk)| < G_CM/QO(Z%Z?, t)dt
for some positive constant c¢. On the other hand hm k™" Pr.o.s(Yk, uk)| = [ go(p, p, t)dt. This is
k—o00
a contradiction with (4.64). Thus we have M = 0, that is
(4.67) lim k|z* — w*|? = 0.
k—o00
Set
= < [99(z9) 09 (=F)

(4.68) ap =+v—1 [ ——(zF —w) - (F - wf)] eR.

= 82]' 8Zj

Recall that
0 0
wo(z) = —dxen_1 + ZZ <8z¢ (2)dz; — a—j(z)dzj), r = (z,0).
j=1 9% j
Let .
limsupk |ys | —ak |+ @‘ = N € [0, o0].

k—o0
There is a subsequence (k;) ey of N such that
k; k; =1 _y A k =
Yon—1 — Top_1 T Q| = 121 SUP K | Yop—1 — Lop_1 + Q|-
—00

hm I{?j
Jj—o0

Without loss of generality we assume that

(4.69) lim i |gh, . — b, + 3| = N € [0, 0]
— 00
Case II:
(4.70) lim k|2 —w®? = 0; lim k |y5 | — ok |+ 5\2‘ =N € (0,00].
k—oo k—oo
First we assume N = oo. From (3.4)) we have
(4.71) k™" Prs.s(Tk, yk) = kn/eik@(xk’yk’t)g(xk,yk,t,k)dt + 7,
where |r,| = O(k=>). By the second property in (1.17) we have
99 _,_ 0¢
o) =ty 0 153 [ 92015~ )~ 221 )
— | 07, zj

e o9 - 0%
#i 3| G — ) = e — w)] + O~ o)

<j
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Note that
(4.73) klrw —yel® S k|2 =0 P+klyh, o —oh, Gl S Kl w4k, — o, Gk,
where ¢, — 0. From (4.72)), (4.73) and the assumption N = oo we have

t
(4.74) lim $ 2P 1) _
Substituting (4.72) to (4.71)), by (4.74) and integrating by parts with respect to ¢t we have
(4.75) limsup k™" Py s.s(Tk, y)| = 0.
k—o0

This is a contradiction with (4.64) since limy_,oo k™" Pys,s(Yr, Y) = | go(p, p, t)dt # 0. Second,
we assume N < oo. Since lim k|z* — w*|> = 0 and Jim klys | —ak | +ag| = N < oo, by
—00

k—o0

4.73) we have that klim k|zy — yx|* = 0. Substituting (4.72) to (4.71) we have that
—00

(4.76)

limsup 7" Pess(Tk, yr) < limsup k™" eik[t(””*l_””*1“?’“”0('”_%|2)]g(:z:k, Y, t, k)dt

k—o0 k—o00

S ‘/eiNtQO(p7pa t)dt‘ :

Since | [ ¢V go(p,p, t)dt| < [ go(p, p, t)dt = limy_,o0 k™" Pi s s(yx, i), combining this with (4.64)
and (4.76]) we get a contradiction. Thus we have N = 0.

Case III:
4.77) khm k|z —w | =0; hm k|§92n 1 xgnfl —1—54\;\ =0.
—00
Define

Ai(u) = |Prss(uar + (1= w)yi, yi)|*, Br(u) = Prss(uzet(1—u)yn, uzr+(1—=u)yr) Prs.s(Yr, Ui).
Set Hy(u) = 5+ we have 0 < Hy(u) < 1. Since H,(0) = Hj(1) = 1,
then there exists a u;, € (0,1) such that H, (u;) > 0. By direct calculation,

Aplur) Ay (u) By (ug) — Ag(uy) By (ug) +2Ak(uk)Bz/f(Uk)

By (uk) Bj (ur) Bj (ur) Biug)

Write ay(u) = Ppss(uzy + (1 — u)yp, yx). Then Ay(u) = |ap(w)?, Aj(u) = af(u)ay(u) +
ag(u)a)(u) and

(4.78) H, (ug) =

(4.79) Ap(ug) = o (ur) o (ur) + 2] (ur)[* + ag(ur)of ().

By Theorem [3.3] we have

(4.80) ag(u) = /eik“"(“””(l_”)y’“’y’“’t)g(uxk + (1 — w)yg, Y, t, k)dt + v (u),

where v (u) = O(k=*°). Write Bi(u) = [ e*euert=wueyst) g(yay + (1 — u)yy, Y, t, k)dt and
then

A (ur) = 2|84 (wi)|* + By () Br(u) + B (we) B (wr) + 284 (we) v, (ure) + 27 () By ()
(4.81) + By (i) ve (ur) + Yo (ur) By (ur) + Br(ur) vy (ur) + Br(ur) vy (ur)
+ Vi () e () + ()" () + 2|7 () [
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Set
n—1
. . ¢ k09 ko, k
.82 = — (ZF—wh) — — (2 —wi) |
(4.82) ak(U) Z; {6@ wh4u(zk—wk) (ZJ 'lU]) 82’]' wktu(zF—wk) (Z] w])

By the mean value theorem,

(4.83) [k(ys,—1 — @51 + Qulur)) — k(Y31 — 5,1 + ar)| = kla — Qrux)| S k[2" — w"*.
Then (4.77) and (4.83) implies that

(4.84) N Ky, o — 25,y + Gk(ug)| = 0.

By direct calculation we have that

(4.85)
2|8y, (ur) |* + By (we) B (ur) + By (wr) Be ()

2
=2} 2 U / tgo(p, p, t)dt

— /go(p,p, t)t3dt - /go(p,p, t)dt] (Yhn_y — @5,y + Qplur))?

2n—2
. 0*Imey(p, p, t)
= [Z R R R
jil=1 !

+o(K*)O(k[=" — w** + k*[y3,_1 — 25,1 + Gulur) ).

By there exists ¢ > 0 such that for ¢ sufficiently small the following holds,

— Plmg(p,p, 1)
(4.86) / Z Tﬁ,’(ﬁ — )@ =) | go(p, p, )t > c|2" — w].
| ;07

By Holder’s inequality, | [ tgo(p,p. 7§)dt|2 < [tgo(p,p,t)dt - [ go(p,p,t)dt, so by combining
(4.85) and (4.86) there exists c¢; > 0 such that

lim sup k2" [k|zk — wk|2 + k2<y§n71 - xgnfl + &k(uk))Q] 7x
(4.87) heo

2181 + B w) Bulun) + B () B (un) | < —e1 < 0.
By direct calculation we have that

(4.88) limsup k2" [k|2F — w"® + k> (yh,_, — 25,1 + Qr(ur))?] o, =0,

k—o0

where

Cr. =20, (ur) vy (ur) + 2y, (ur) By, (ur) + By (ur) i (ur) + i (ur) By (ur )+

B ()il () + Bi () vy () + e (ur) e () + ()" (un) + 20y (wr) [
Combining (4.87), (4.88) and (4.81) there exists ¢, > 0 such that

_ A//
(489)  limsup [kl — w4 Rk, — ok, + dn(n))?]

< —c9 < 0.
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It is straightforward to see that

lim sup [k]zk —w P+ k(b — b, + ak(uk))ﬂ 7x
k—o00

4-90 / !/ " !
(4-90) {2|Ak<uk>| Bi(ug)] | |Ax(w)| - |BY ()] | An(w)] |B,3<uk>|} .
B (ux) B (ux) B (u)
From (4.89) and (4.90) we have
(4.91) liin sup [k|2" — w* | + K (y5, 1 — 25, 1 + dk(w))?] - H} (ug) < 0.
This is a contradiction with H; (uy) > 0. O

Proof of Theorem[1.3] Since X is compact Theorems and implies the modified Ko-
daira map ®;; defined in (4.5) is an embedding. For different m,,my € Z, #3,, (X,L") L

b,m1
HY,., (X, L¥), thus we can choose an orthonormal basis {f;}7¢, of HJ ,s(X, L¥) such that
fj € Hgﬁmj (X, LF) with m; € Z and |m;| < ké for each 1 < j < d;. Then Fy;f; € ’Hgmj (X)
for each ;. For any p € X, from the argument in the proof of [22, Lemma 1.20] we can find
a local trivialization W which is an S! invariant neighborhood of p and local trivializing rigid
CR section s of L on W. Then Fisf; = s* ® f; on W with f; € C®(W),1 < j < dj.

Since Fysf; € My, (X, L"), we have Tf; = im;f;. Then for any 6 € [0,27) we have
fi(e’p) = €™’ f;(p). Thus,
usle’p) = [[(e): - Ja (D)) = [™ Fip), € fa (p)] = € rs(p),

so we get the conclusion of Theorem|[1.3 O
Proof of Corollaries |1.4|and They are immediate consequences of Theorem (1.3 O

We close with an application of Corollary[1.5]

Example 4.9. Let (X, T'°X) be a compact CR manifold of dimension 3 with a transversal
CR locally free S'-action. Assume that X admits a S!'-equivariant positive CR line bundle
L. For example, if X is strongly pseudoconvex, there is an S!-equivariant positive CR line
bundle over X. Take Z € C>~(X,T"°X) such that Z, is a basis for T} X, for every = € X.
Let h be a distribution on X with Th = 0 and Zh smooth (note that it is possible that
there is a non-smooth function & such that Zh is smooth). Hence, Zh € C*°(X). Consider
T'0X := span (Z + (Zh)T). Then, (X, 7"°X) is a compact CR manifold of dimension 3 with
a transversal CR locally free S'-action. Moreover, L is still an S!-equivariant positive CR line
bundle over (X,7"°X). To see this, let s be a rigid CR frame with respect to 7"°X and
|s|2 = e~2%. Then s is still a rigid CR frame with respect to 7"°X. Let 9, be the tangential
Cauchy-Riemann operator with respect to T™0X and 9, its conjugate. Then the curvature of
L is given by RL = 29,8,¢. Since 0,¢ = (Z + ZhT)¢ = Z¢dz we have 8,0,0 = ZZd dz A dz =
8{,55¢ > 0.

From Theorem we deduce that there exists smooth CR embeddings ®; 5 of (X, 7"X)
in CP%~! which are S!-equivariant with respect to weighted diagonal actions.
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