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1 Introduction

Quantization is a recipe in physics for passing from a classical system to a quantum
system by obeying certain natural rules. By a classical system we understand a classical
phase space (a symplectic manifold) and classical observables (smooth functions). The
quantum system consists of a quantum space (a Hilbert space of functions or sections of
a bundle) and quantum observables (bounded linear operators on the quantum space).
The quantum system should reduce to the classical one as the size of the objects
gets large, that is, as the “Planck constant,” which, heuristically, corresponds to the
magnitude where the quantum phenomena become relevant, tends to zero. This is the
so-called semiclassical limit.

The original concept of quantization goes back to Weyl, von Neumann, and Dirac. In
the geometric quantization introduced by Kostant [16] and Souriau [27], the quantum
space is the Hilbert space of square integrable holomorphic sections of a prequan-
tum line bundle (see also [1-3,8,11]). Berezin—Toeplitz quantization is a particularly
efficient version of the geometric quantization theory. Toeplitz operators and more gen-
erally Toeplitz structures were introduced in geometric quantization by Berezin [4]
and Boutet de Monvel and Guillemin [7]. Using the analysis of Toeplitz structures [7],
Bordemann et al. [6] and Schlichenmaier [25,26] showed that the Berezin—Toeplitz
quantization on a compact Kihler manifold satisfies the correspondence principle
asymptotically and introduced the Berezin—Toeplitz star product (cf. (1.17) and (1.18))
when E = Cand g7X(-, ) = w(-, J-).

In order to generalize the Berezin—Toeplitz quantization to arbitrary symplectic
manifolds, one has to find a substitute for the space of holomorphic sections of ten-
sor powers of the prequantum line bundle. A natural candidate is the kernel of the
Dirac operator, since it has similar features to the space of holomorphic sections in
the Kéhler case, especially the asymptotics of the kernels of the orthogonal projec-
tion on both spaces [10]. The Berezin—Toeplitz quantization with quantum space the
kernel of the Dirac operator was carried over by Ma and Marinescu [22] see also
[23].

Another appealing candidate is the space of eigenstates of the renormalized Bochner
Laplacian [12,20,21] corresponding to eigenvalues localized near the origin, cf. (1.7),
(1.8). In this paper, we construct the Berezin—Toeplitz quantization for these spaces and
show that it has the correct semiclassical behavior. The difference between this case and
the quantization by the kernel of the Dirac operator comes from the possible presence
of eigenvalues localized near the origin but different from zero. In this situation the
analysis becomes more difficult.

Let us note also that Charles [9] developed a Berezin—Toeplitz type quantization
on compact symplectic prequantizable manifolds by using a semiclassical approach
to the Boutet de Monvel and Guillemin theory [7], and Hsiao and Marinescu [13]
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constructed a Berezin—Toeplitz quantization for eigenstates of small eigenvalues in
the case of arbitrary complex manifolds.

The readers are referred to the monograph [20] (also [18]) for a comprehensive study
of the (generalized) Bergman kernel, Berezin—Toeplitz quantization and its applica-
tions.

Let us describe the setting and results in detail. Let (X, @) be a compact symplectic
manifold of real dimension 2n. Let (L, h%) be a Hermitian line bundle on X, and
let VL be a Hermitian connection on (L, h%) with the curvature RL = (VL)Z. Let
(E, h®) be a Hermitian vector bundle with Hermitian connection VE. We will assume
throughout the paper that L is a line bundle satisfying the prequantization condition

ERL = w. (1.1)
2

We choose an almost complex structure J such that w is J-invariant. The almost
complex structure J induces a splitting TX ®g C = TUOX @ TODX, where
710 X and 7D X are the eigenbundles of J corresponding to the eigenvalues /—1
and —+/—1, respectively.

Let g7X be a J-invariant Riemannian metric on T X. Let dvy be the Riemannian
volume form of (X, g”X). The L2-Hermitian product on the space € (X, L? @ E)
of smooth sections of L” @ E on X, with L? := L®P is given by

(51, 52) = /X (510), 52(0))dvx (), (1.2)

where <~, ) in the integrand is the pointwise Hermitian product on L?” ® E induced by

R, hE. Let VI'X be the Levi—Civita connection on (X, g7 %), and let VE"®E be the
connection on L” @ E induced by VX and V£ . Let {e;} be a local orthonormal frame
of (T X, gTX). The Bochner Laplacian acting on €*°(X, L? ® E) is given by

LPQE __ LPQE\2 LPQE
A =-> [(vek )" — VVZkXek] ) (1.3)
k

Let ® € €°°(X, End(E)) be Hermitian (i.e., self-adjoint with respect to 2£). The
renormalized Bochner Laplacian is defined by

=

, 1
Apo=A"%E _tp 4@ witht = ~— Z R (ex, Jep). (1.4)
k

Write | - |rx for the Hermitian norm induced by ¢”* on 79X, and set

po=_inf  REG@)/lulrx. (1.5)
ueTx(l‘O)X,xeX

By [12], [19, Corollary 1.2], [20, Theorem 8.3.1], there exists C; > 0 independent
of p such that
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Spec(Ap,9) C [—Cr, CLI1U [2uop — Cr, +00), (1.6)

where Spec(A) denotes the spectrum of the operator A. Since A, ¢ is an elliptic
operator on a compact manifold, it has discrete spectrum and its eigensections are
smooth. Let

H, = @ Ker(Ap.o —A) C€°(X,L? ® E) (1.7)
re[—CL.Cr]

be the direct sum of eigenspaces of A, ¢ corresponding to the eigenvalues lying in
[—CL,CL]

In mathematical physics terms, the operator A, ¢ is a semiclassical Schrodinger
operator, and the space H, is the space of its bound states as p — oo. The
space H, proves to be an appropriate replacement for the space of holomorphic
sections HY(X, L? ® E) from the Kihler case. Indeed, if (X, @) is Kihler, then
H,=H O(X, L? ® E) for p large enough. Moreover, for an arbitrary compact pre-
quantized symplectic manifold (X, w) as above, the dimension of the space H, is
given for p large enough as in the Kéhler case by the Riemann—Roch-Hirzebruch
formula: see [19, Corollary 1.2], [20, Theorem 8.3.1], [S5, Theorem 4.9],

dp :=dimH, = (Td(X)ch(L” ® E), [X]) ~ p"(rank E) vol,(X), p > 1.
(1.8)

Another striking similarity is the fact that the kernel of the orthogonal projec-
tion on ‘H, has an asymptotic expansion analogous to the Bergman kernel expansion
for Kéhler manifolds, see [20,21]. We will use the asymptotic expansion of [20,21]
together with the approach of [22] to Berezin—Toeplitz quantization in order to derive
the properties of Toeplitz operators modeled on the projection on H .

Let Py, be the orthogonal projection from ¢"°°(X, L” ® E) onto H . The kernel
Py, (x, x’) of Py, with respect to dvy (x') is called a generalized Bergman kernel
[21]. Note that Py, (x, x') € (L? ® E)x ® (L? ® E)¥,. For a smooth section f &
€°°(X, End(E)) of the bundle End(E), we define the Berezin-Toeplitz quantization
of f by

Tfp = Py, [Py, € End(L*(X, L ® E)), (1.9)

where we denote for simplicity by f the endomorphism of L>(X, L? ® E) induced by
f,namely, s — fs, with (fs)(x) = f(x)(s(x)), fors € L*>(X,L? ® E) and x € X.

Definition 1.1 A Toeplitz operator is a sequence {T),} = {7} pen of linear operators
T,: L*(X,L? ® E) — L*(X,L” ® E) (1.10)
with the following properties:
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(i) For any p € N, we have
Ty = Py, TpPr,; (1.11)

(i1) There exist a sequence g; € ¥°°(X, End(E)) such that for all k > 0 there exists
Cr > 0 with

k
T, — Py, (Z Plg1> Py, | < Cep™ 1, (1.12)
1=0
where | - || denotes the operator norm on the space of the bounded operators.

If each T, is self-adjoint, then {7} N is called self-adjoint.

We express (1.12) symbolically by
k
Ty=> p'Ty,+0(p*". (1.13)
[=0
If (1.12) holds for any k € N, then we write
o
Tpy=> p Ty, +0(p~™). (1.14)
=0

The main result of this paper is as follows.

Theorem 1.2 Let (X, J, w) be a compact symplectic manifold, (L, hl, VL, (E, hE,
VE) be Hermitian vector bundles as above, and g™* be a J-compatible Riemannian
metricon T X. Let f, g € €°° (X, End(E)). Then the product of the Toeplitz operators
Ty, p and Ty, is a Toeplitz operator, more precisely, it admits the asymptotic expansion
in the sense of (1.14):

o0
TrpTep = 0 Teurop+ 0P, (1.15)
r=0

where C, are bidifferential operators, C,(f, g) € €°° (X, End(E)) and Cy(f, g) = fg.
If f, g € €°(X), then we have

Ci(f.g) — Cilg, ) =~-1{f, g} ldg, (1.16)

where {-, -} is the Poisson bracket on (X, 2w w), and therefore the correspondence
principle holds asymptotically,

/1 B
(Tr.g Tg.pl = W Tifgyp+ Op ), p— oo (L.17)
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Corollary 1.3 Let f, g € €°°(X, End(E)). Set

frgi=) Cu(f.9)h" € €(X. End(E)IIA]l, (1.18)
k=0

where C,(f, g) are determined by (1.15). Then (1.18) defines an associative star-
product on €°°(X, End(E)).

Theorem 1.4 For any f € €°° (X, End(E)) the operator norm of Ty, , satisfies

lim |77 pll = [ flloo :==  sup | f(x)@)lpe/lulpe . (1.19)
p—>00 r * 0#ucE, ,xeX g g

In the special case when the Riemannian metric g7 ¥ is associated with w, we can
even calculate C1(f, g), not only the difference C1(f, g) — C1(g, f) from (1.16). To
state the result, let

(VEYLO . (X, End(E)) — € (X, T*"9 X ® End(E)),

(1.20)

(VEYOL . (X, End(E)) —» ¢ (X, T**V X ® End(E)),

be the (1, 0)-component and (0, 1)-component respectively of the connection V¥, and

let (-, -) denote the pairing induced by g7 X on 7*X ® End(E) with values in End(E).
Following an argument of [14], we get the last result of this paper.

Theorem 1.5 If g7 (-,-) = w(-, J-), then for any f, g € € (X, End(E)), the coef-
ficient C1(f, g) € €°°(X, End(E)) defined in (1.15) is given by

1
Ci(f.8) = —E«V’f)wﬁ (VEY1g), (1.21)

Note that this formula is clearly compatible with the formula (1.16) for the Poisson
bracket in the case f, g € €°°(X). Note also that (1.21) is a direct generalization of
the formula [24, (0.20)] for Kéhler manifolds. The formula for the second coefficient
C1(f,g), as well as other formulas for the coefficients of the expansions of Toeplitz
operators, is remarkably universal, that is, it has the same form in different geometric
contexts (Kéhler case [24], spin-c case [14], spectral spaces [13], see also [28] for an
interpretation in graph-theoretic terms, and see [14] for further references).

We completed this paper a while ago. Recently Kordyukov informed us about his
preprint [15] in which the Berezin—Toeplitz quantization by eigenstates of the Bochner
Laplacian is reconsidered.

The organization of the paper is as follows. In Sect. 2, we recall the asymptotic
expansion of the generalized Bergman kernel obtained in [17]. In Sect. 3, we obtain
the asymptotic expansion of the kernel of a Toeplitz operator. In Sect. 4, we show that
the asymptotic expansion is also a sufficient condition for a family to be Toeplitz. In
Sect. 5, we conclude that the set of Toeplitz operators forms an algebra. In Sect. 6, we
prove Theorem 1.5.
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2 The Asymptotic Expansion of the Generalized Bergman Kernel

Let a* be the injectivity radius of (X, gTX ). Let d(x, y) denote the Riemannian
distance from x to y on (X, g7%). By [20, Proposition 8.3.5] (cf. also [17, (1.11)]),
we have the following far off-diagonal behavior of the generalized Bergman kernel.

Proposition 2.1 For any b > 0 and any k,I € N and 0 < 6 < 1, there exists
Cpk.1.6 > 0 such that

Coxrop~s ford(x,x) > bp~2, @.1)

Py (x, x’ <
‘ Hp (5 X) CHXxX)

here the €*-norm is induced by vL VE Ll hE and gTX.

Let ¢ € (0, aX /4) be fixed. We denote by BX (x, &) and BTxX(0, &) the open balls
in X and T, X with center x and radius &, respectively. We identify B7xX(0, &) with
BX(x, &) by using the exponential map of (X, g7 X).

Letxg € X. For Z € B™0%(0, ¢), we identify (Lz, h%), (Ez, h%) and (L? ® E) 2
to (Ly,, hfgo), (Exg» hfo) and (L? ® E)y, by parallel transport with respect to the
connections V£, VE and VL'®E along the curve yz : [0, 1] 5 u — exp))fo (uZ). This
is the basic trivialization we use in this paper.

Using this trivialization we identify f € €°°(X, End(E)) to a family { fx,}xpex
where f, is the function f in normal coordinates near xo, i.€., fy, : BTXOX(O, &) —>
End(E,,), fx,(Z) = f o expffo(Z). In general, for functions expressed in normal
coordinates centered at xp € X, we will add a subscript x( to indicate the base point
X0.

Similarly, PH,, (x, x") induces in terms of the basic trivialization a smooth section

(Z,7) — Py, x(Z, VA

of 7*End(E) over {(Z,Z2") e TX xx TX : |Z|,|Z'| < &}, which depends smoothly
on xg. Here w : TX xx TX — X is the natural projection from the fibered product
TX xx TX on X and we identify a section S € ‘KOO(TX xx TX,n* End(E)) with
the family (Sx)xex, where Sy = S|;-1(y).

Let dvrx be the Riemannian volume form on (7, X, gTXOX ). Let kx,(Z) be the
smooth positive function defined by the equation

dvx(Z2) = kx (Z)dvrx(Z), kx(0) =1, (2.2)
where the subscript xg of xy,(Z) indicates the base point xp € X.
Writing (-, -) for the C-bilinear product induced by g7 on T(-9 X, we identify

the 2-form R with the Hermitian matrix RX € End(T*-9X) such that for any
W,y e T10x,

RE(W,Y) = (R"W. 7). (2.3)
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Choose {w j}'}:l an orthonormal basis of Tx<01 9 X such that

R (xo) = diag(ai, ..., a,) € End(T,("VX). (2.4)

Thena; > 0, forall 1 < j < n. We fix an orthonormal basis of T\, X given by
ej_| = \%(u)] +w;)andey; = %(wj —wj). Thenz; = Zyj_1 ++—1Z3jisa
complex coordinate of Z € R ~ (T X, J).

By [17, Theorem 2.1] and [22, Theorem 1.18], we obtain the following version of
the off diagonal expansion of the generalized Bergman kernel.

Theorem 2.2 For any xo € X and r € N, there exist polynomials J. x,(Z,Z") €
End(E,,) in Z, Z' with the same parity as r and with deg Jy.x, < 3r such that by
setting

9r,x0(zv Z,) = JF,XO(Z’ Z/)L@(Zr Z/)v JO,X()(Z’ Z/) = IdEXO’ (25)
with
n a; 1 n
22, 2) =[] 5 exp | = 3 2 ai(lsiP + 1517 = 257) |, 26
j=1 j=1

the following statement holds: for any b > 0 and ko, m,m’ € N, there exists
1
Cpkg.m.m' > 0 such that for |a| + |o’| < m’ and any |Z|, |Z'| < bp~ 21 with

1
0 = , 2.7
2(2n + 8 4+ 2ko + 3m’ + 2m)
we have
‘LMHM (P Pryee(Z. 7)) —Xk:y‘ N AN A R AT vVl
PVAL VAL Hp.xo £ =~ X0 ’ X0 X0 @mx)
< CbA,ko,m,m’ p_%o_l’
2.8)

where k = kg + m' 4+ 2 and €™ (X) is the €™ norm for the parameter xo € X.

In particular when m’ = 0, the following statement holds: for any » > 0 and
k,m € N, there exists C > 0 such that for any | Z|, |Z'| < bp_%+92 with

1
0, = : 2.9
YT An+k+m+2) @9
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we have
k
_ —1/2 —1/2 _r
P PH (2. Z) =Y Frso WPZ NP ey (D), (2 p
=0 e x)
<cphe,

(2.10)

Note that the more expansion terms in (2.10), the smaller of the expansion domain
for the variables Z and Z'. This serves as the main ingredient for the generalized
Bergman kernel case.

By [22, Lemma 2.2], for any polynomials F, G € C[Z, Z'] there exists # [F, G] €
C[Z, Z'] such that

(FP) o (GP))(Z,Z') = H|F,GUZ, Z)P(Z, Z)). 2.11)

3 Asymptotic Expansion of Toeplitz Operators
For f € €°°(X, End(E)) we define the Toeplitz operator 7, , on L*(X,L? ® E) by
(1.9). The Schwartz kernel of Ty, is given by

Trp(x,x") = /X Py, (x, X7 f (") Pyy, (1", x)dux (x7). (3.1)

Note that if f € €°°(X, End(E)) is self-adjoint, i.e., f(x) = f(x)* forall x € X,
then the operator 77, , is self-adjoint.

We examine now the asymptotic expansion of the kernel of Toeplitz operators 7'y, ,.
Outside the diagonal of X x X, we have the following analogue of [22, Lemma4.2].

Lemma 3.1 Let 6 € (0,1) and f € €°°(X,End(E)) fixed. For any b > 0 and
k,l € N, there exists Cp x,; > 0 such that

< Couap™, (3.2)

Ts,(x, x
‘ £ )%"k(XxX)

forall p > 1andall (x,x") € X x X withd(x,x") > bp~?, where the €*-norm is
induced by VL VE L hE and gTX.

Proof From Proposition 2.1 and (2.10), we know that for any k € N there exist Cy > 0
and M > 0 such that for all (x,x’) € X x X,

< CppMr. 33
) (34 (3.3)

[Py, (e, )
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2624 L. Ioos et al.

We split the integral in (3.1) in a sum of two integrals as follows:

Tf’p(x’X/)Z/ +/ Py, (x, x7) f (") Pyy, (17, x)dux (x7).
BX(x,%p~0) JX\BX(x,5p=")

(3.4)
Assume that d(x, x') > bp~?. Then
b b
dix", x) > Epfe for x” € BX <x, §p9> ,
) , (3.5)
dx,x") > §p79 for x” € X\BX <x, §p6> )

Now from (2.1) and (3.3)—(3.5), we get (3.2). The proof of Lemma 3.1 is complete. O

We concentrate next on a neighborhood of the diagonal of X x X in order to obtain
the asymptotic expansion of the kernel T, (x, x”).

Let{E,} pen be asequence of linear operators E), : L*(X,LPQE) —» L*(X,LP®
E) with smooth kernel £, (x, y) withrespecttodvy (y). Recallthatw : TX xxTX —
X is the natural projection. Under our trivialization, &, (x, y) induces a smooth section
Epxo(Z,Z') of 7*(End(E)) over TX xx TX with Z, Z' € Ty, X, |Z|,|Z'| < a*.
Recall also that &,, = &7 was defined by (2.6).

Consider the following condition for {E} pen.

Condition A There exists a family {Q; x,}reN,xpex such that

@) Qrxy € Bnd(Ex)IZ, Z');

(b) {Qrxo}reN,xoex 1s smooth with respect to the parameter xo € X and there exist
b1, by € N such that deg Q, < bir + by;

(c) Forany k, m € N, there exists 6 ,, € (0, 1/2) such that for any b > 0, there exists
Cpk.m > Osuchthat forevery xo € X, Z, Z' € Ty, X with |Z|, |Z'| < bp’%“)kﬂ"
and p € N*, the following estimate holds:

k
—N = 1/2 1/2 _
P B o (Z. 2] (Dex) (Z) =Y (Qrxg Po) WPZ. A PZ)p "2

r=0 Tm(X)

k)2
< Copmp ¥

(3.6)

(d) For any 8 € (0,1),b > 0,k,m € N, there exists C > 0 such that for any
p e N* d(x,x') > bp~ 9%, we have

= —k
|DI7(.X,.X/) (lop’"(XXX) < Cp .
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Notation A For any k, m € N we write the Eq. (3.6) for |Z|, |Z/| < bp_%w"-’" as

k
P " Epg(Z,Z)Z Y (Qrag Pu) WPZ. VPZ TP+ On(pH). (BT
r=0

Remark 3.2 By Theorem 2.2, (2.9) and (2.10), we have

k
P Py (Z.Z) =Y (rag Po) (WPZ.PZYp ™+ On(p7H). (3.8)
r=0

in the sense of Notation A with

1

_ for k. m € N, 3.9
Antktmyz OHOmS (3-9)

Qk,m

where J,. x,(Z,Z') € End(Ey,) are the polynomials in Z, Z’ defined in (2.5). Note
that J,. x,(Z, Z') has the same parity as r and deg J,. x, < 3r, Jo.x, = IdExo‘

The following result is about the near diagonal asymptotic expansion of the kernel
Ty p(x, x"). Itis a version of [22, Lemma4.6] in our situation.

Lemma 3.3 Let f € €°°(X, End(E)). There exists a family { Q. x,(f)}reN,xgex Such
that

(@) Orx,(f) € End(Ey,)[Z, Z'] are polynomials with the same parity as r;
(b) {Qrxo(f)}reN,xoex is smooth with respect to xo € X, and deg Q. x, < 3r;
(c) Forany ko, m € N, we have

k
P Trpne(Z,2)) = Z (Qrxg (N Pn)(PZ,/PZ) ™ + O (p™0/),
"~ (3.10)
in the sense of Notation A with
Okgm = ! for some k > ko, (3.11D
d(n+k+m+2)
and Q. x,(f) are expressed by
Orvy()= Y. A [J %(@i—f%,m} . (1Y)
ri+ro+lel=r
Especially,
Q0.xo(f) = f(x0) IdE, - (3.13)
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Proof For ko, m € N fixed, let k > ko to be determined. Set

1
T dn+k+m+2)

0, 0, = 1—26,. (3.14)

By (2.10), we have for any | Z|, |Z| < 2bp~ 2702 = 2pp=01/2,

k
—_ —1/2 —1/2 —
PP, (Z. Z) = Y Ty D2 DL ey (Do P (2 p

r=0 e
< Crip 2
(3.15)
For |Z|,|Z'| < gp’%wz = bp=01/2, we get from (3.1) that
Tfpso(Z.Z)) = / Pry o (Zo D) F ) Pr 10 (5 Z)dvx (), (3.16)
X

We split the integral into integrals over BX (x, bp~?/?) and X \ B¥ (x, bp~%/?).
We have

b
d(y, expy, Z) > d(y, x0) = |Z] > 5p™"" on X\B¥(x, bp™"/%), (3.17)

since on this set d(y, xo) > bp~?/2 holds. By Proposition 2.1 for 6; in (3.14), (3.3)
and (3.17) we have for | Z|, |Z'| < 3p="1/2,

Trpx(Z,Z) = / o Prynn(Z. Z") feo (2 Pr, (2", Z ko (Z")dvrx (2
|Z"|<bp™
+ Ou(p™). (3.18)
Then
_ 1/2 1/2
P Ty (Z, ZY 2 (2P (2))
1 1
=p" / 0 PH, 0 (Z, 2y (216 (Z) fro (Z") (3.19)
|Z"|<bp™ 2

1 1
X P, x0(Z", ZNKi(Zieiy (ZDdvrx (Z7) + O (p™).
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We consider the Taylor expansion of f,:

0% [, VA
fo2)=>" f°(0>5+0(|2|"“>

927
<k
- _'“'/283;?(0)([) oz, (320)
jal<k

Combining the asymptotic expansion (3.15) and (3.20), to obtain the asymptotic
expansion of (3.19), we need to consider I, |o|,», (Tx,X)(Z, Z') defined by

ry+lo|+r
P e (T X)(Z, Z))
Ol Z// o
::/ D P B2, 52" S L0 0) P2 (3:21)
TxOX BZ“ a!

X (Jrz,xo f@xo)(\/ﬁzﬁv ﬁz/)dUTX(Z//)-

Clearly, we can define /| |a|,r (BTXOX(O, a))(Z, Z'yand I, el (TXOX\BTon(O, a))
(Z, Z") for a > 0 in the same manner. Then by (3.19),

pian,p,xo(Zv Z/)KI/Z(Z)Kfl/Z(Z/)
= > Lyl (BT0X0,bp™")) (2, 2)

1, le],ra<k

+ 1 (Z,Z)+ (Z, Z") + (Z, Z') + O (p™™), (3.22)
with
1(z,72) = / [p‘" Py (Z, 2" 2 (22 (2")
|Z"|<bp=01/2 !
=Y Urre Zx) (PZ. ﬁZ”)p’/z}

r<k
X fxo(Z") P, (2", 2k 22" 2 (2 ) dvrx (27, (3.23)

and

VAVARS / Y U 2o WPZ P2 p
|Z”|<bp791/2 <k

aa " Z// o B
x| fo@Zh =Y f;(O)(ﬁa, K e
|| <k ’

x Py, (2", 2" (2" (2 dvrx (27,
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L(Z,Z) = P"/

—61/2
|Z"|<bp™" <k

x> 80lf)‘o(0)(‘/ﬁzﬁ)apf|a|/z
0z al
| <k

% I:pfnPHp (Z//, Z/)K]/Z(Z//)K]/Z(Z/)

= Y UnZW)WPZ 20 |durx (2,

r<k
We claim that for k large,

|1/(Z. Z) g (x, < Cp7H% for j=1,2.3.

> Unxo P PZ. /P2 p

(3.24)

(3.25)

In fact, by (3.3), there exists Cy > 0 and My > 0 such that for all (x, x') € X x X,

M
|PHp(x’x/)i<r9’)0(X><X) < Cop™.

Combining (3.15), (3.23) and (3.26) yields
I0(Z. Z)lgmex) < Cp~ 2+,

By (3.20), (3.26) and the fact that deg J, < 3r,

k+1
[(Z, 2D gy < €+ Jplzp* - pmT . pMo
< Cp—k%l+3k02+M0.

By (3.15) and the fact that deg J, < 3r, we have for |Z|, |Z'| < §p=01/2,

_k
113(Z, ZD)| gm ) < CA+/PIZDYF 2.
From (3.27)-(3.29), choose k > k¢ big enough such that

3
2(n +k+m+2)

k+1— 6k6y — 2M :k(l -
Then the claim (3.25) holds. By (3.22) and (3.25),

P T e (2, 20 2202 (Z)

- Z Ir1,|ﬁt|,r2(BTX0X(O,bp_el/z))(Z, Z" <Cp_k0/2,

%?m(x) =
r,a,r <k
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Note by (1.5) and (2.6),
l_[ Ui Tyl =l ¢ cehmlz=ZF (33
; 2
By (3.32) and the fact that deg J, < 3r, we obtain
Ty X —0,/2
Il (T X\B"0 8 0. bp™" %) 2, 20|
<cp' / WU VPIZI+ RIZD A+ VPIZ |+ /P12 )
|Z"|>bp™"1
X (VPIZ'D exp (= T VpIZ = 21 = B YpIZ" = 2| )dvrx(Z)).
(3.33)
Note that for any |Z|, |Z’| < %p‘el/z and | Z"| > bp~%/2, we have
1 / 1 " 1 1 / 1 1 1
\Z| <1271, 12| <|Z7|, |Z—-Z |>§|Z l, 12" -2 |>§|Z [ (3.34)
Substituting (3.34) into (3.33) yields for any |Z|, |Z'| < §p=%/2,
Iy Jatr (Te X\BT0 X (0, bp="/%)) (2, Z) Fm(x)
<cp' / o (L V/DIZ) T (12 e 2 VP oy (27
12> bp~1
b "
< Cpn exp (—*,ll,()p%) / (1 + \/>|Z// )3(r1+r2)+\ot\ PI1Z ldU (Z//)
4 ‘Z//|>bp79]/2
b r14r _ RO
< Cexp <_*/‘0p02> / (1+ IZ’/|)3( e =2 gy (27
4 12> bp®2
< Cexp (—Zuop62> (3.35)

Combining (3.31) and (3.35), we obtain

‘pian,P,xo(Z, Z/)Kl/z(z)lc]/z(z/) - Z Irlv‘aler(TXOX)(Z’ Z/) (gm(X)
rilalra<k

(3.36)
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Clearly,

Z Ly ol (T X)(Z, Z/)

ri,lalra<k

3k (3.37)
= Z + Z Ly Jalr (Txy X)(Z, Z".

ri+e|+r ko ritel|+ra=ko+1
By (2.11) and (3.21),
Ir1,|ot|,r2(Tx0X)(Z, Z/)

— aa Za
=p (riHlel+r)/2 («%/ |:Jr1,x()v ?f?(o)?‘]rzyxo} ‘@) (“/EZ’ “/EZ/)'

(3.38)

In view of (3.36)—(3.38), to finish the proof of Lemma 3.3, it suffices to prove that
the €™ norm with respect to the parameter xo € X of the term

3k
b _
Yo T X)(Z, 20, for|Z],1Z! < S p~" 2, (3.39)
ri+lal+r2=ko+1

is controlled by Cp~*0/2 for large k.
Estimating Iy, ja|.r, (Tey X)(Z, Z') for | Z|, |Z'| < % p~®1/2, using (3.32), (3.38) and
the fact that deg J, < 3r, we obtain
|11 1atr2 (T X(Z, ZD) |ogm
_ 3 p
<Cp P14+ ypIZI+VPIZ) exp (= ZmolZ = ZP)  (3.40)

s 1-60;

< Cpiprss _ CpfS(lfﬁﬂz)/{

with s = r1 + |a| + rp. If s > ko, then

6
s(1—662) = (ko + 1) (1—4(n+k+m+2)). (3.41)

Choose k big enough such that

6
(ko+ 1) (1_4(n+k+m+2)> > ko. (3.42)

Then

< Cp—ko/Z for ri + |a| + 12 = s > ko. (3.43)

]r1,|a|,r2(Tx0X)(Z7 Z/) @mx) S
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To sum up, we have proved the following statement: for fixed kg, choose k > kg
such that (3.30) and (3.42) hold. Set

92:4(n+k:—m+2)’ 01 =1—26,, (3.44)
then for any |Z|, | Z'| < %p_el/z, we have
ko
P o (Z, 2wy (20 (2= ) (Qrsg (N Pa) WPZNPZP ™2 ”
r=0
< cp 2, (3.45)
where Q, ,(f) is given by (3.12). This completes the proof of Lemma 3.3. O

Remark 3.4 Let &, be a sequence of operators satisfying Condition A and assume
that 8, = Py, E) Py, forall p € N. Applying the proof of Lemma 3.3, by splitting
integrals and studying different integration regions, we deduce by Theorem 2.2 and
(3.6):

For any k, m, m" € N, there exists Ok m.m' € (0, 1/2) such that for any b > 0, there

1
exists C > 0 such that for every xo € X, Z, Z' € Ty, X with |Z|, |Z'| < bp~ 2 Okmmn’
and p € N*, |a| + |o| < m’, we have

1/2 1/2

glal+le’l . .
' (P7"8p(Z. 2 @2

RYARVAL
(3.46)
< Cp*(k*m/)ﬂ.
Em(X)

k
= > (P WPZ P

r=0

In fact, by E, = Py, E Py, for |Z],|Z'] < bp_%w’“"vm’, we have the analogue of
(3.16):

Epxo(Z,Z) 2/ Py, (Z. ) Ep(y, Z') P,y o (v, ZNdux (). (3.47)
X

Then the estimate (3.46) follows from Theorem 2.2, (3.6), (3.15) and (3.47) in the
same manner as (3.45) follows from (3.15), (3.16) and (3.20).

4 A Criterion for Toeplitz Operators

In this section, we prove a useful criterion which ensures that a given family of bounded
linear operators is a Toeplitz operator.

Theorem 4.1 Let {T, : L>(X,L” ® E) — L*(X, L” ® E)} be a family of bounded
linear operators which satisfies the following three conditions:
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(i) Forany p € N, Py, Tp P, = Tp.
(i) Forany b > 0,1 € Nand 0 < 6 < 1, there exists Cp 19 > O such that for all
p>landall (x,x') € X x X withd(x,x") > bp~?/2,

T x| < Chiop™. (“.1)

(iii) There exists a family of polynomials {Qr, xo € End(Ey)[Z, Z’ ]}x0 cx Such that

(a) Each 2, y, has the same parity as r and there exist by, by € N such that
deg 2, < bir + by,

(b) The family is smooth in xo € X and

(c) For any ko, m € N, there exists Ok, m € (0,1/2) such that for any b > 0,

1
p € N* xo € X and every Z,Z' € Ty, X with |Z|, |Z'| < bp~ 2t e
have

ko

P Tpwo(Z.Z) =D (2 Po) WPZ. N PZp ™ + O (p™r/),
r=0
(4.2)

in the sense of Notation A for ko, m, O, m.
Then {Tp} is a Toeplitz operator.

Remark 4.2 By Lemmas 3.1 and 3.3, and by (1.11), (1.12) and the Sobolev inequality
(cf. [10, (4.14)]), it follows that every Toeplitz operator in the sense of Definition 1.1
verifies the Conditions (i), (ii) and (iii) of Theorem 4.1.

We start the proof of Theorem 4.1. Let le‘ be the adjoint of T),. By writing

T, =1 (T,, + T;) V-1 . T,;") , 43)

1
— (T
2 2‘/_1<”

we may and will assume from now on that T, is self-adjoint.
We will define inductively the sequence (g;);>0, & € €°°(X, End(E)) such that

q
Ty =) Pu,ap ' Py, +O(p~4"") forallg > 0. (4.4)
=0

Moreover, we can make these g;’s to be self-adjoint.
Let us start with the case ¢ = 0 of (4.4). For an arbitrary but fixed xo € X, we set

g0(x0) = 20, (0, 0) € End(Ey,). 4.5)
We will show that

P (T — Too.p)xo(Z, Z)) = O(p™h), (4.6)

@ Springer



Berezin-Toeplitz Quantization for Eigenstates... 2633

which implies the case ¢ = 0 of (4.4), namely,
T) = Py, 80Py, + O(p™"). (€)
The proof of (4.6)—(4.7) will be done in Propositions 4.3 and 4.9.
Proposition 4.3 Under the conditions of Theorem 4.1, we have
20.x0(Z, Z") = 20.5,(0,0) € End(Ey,) 4.8)

forallxo € X and all Z, Z' € Ty, X.

Proof The proof is divided in the series of Lemmas 4.4— 4.8. Our first observation is
as follows. O

Lemma 4.4 2, ., € End(E,,)[Z, Z'] and 2y y, is a polynomial in z, 7.

Proof By (4.2), for kg = 2 there exists 83 € (0, 1/2) such that for any » > 0 and
every Z, Z' € Ty, X with |Z|,|Z'| < bp_%+03, we have

2
P Tpxg(Z, Z) 2 (2rig Pu) D2, PZNp P+ On(p™).  (49)

r=0
By (3.8),
2
PP (Z.Z) =Y g Do) WPZ.PZ PP+ Ou(p™h).  (410)
r=0

in the sense of Notation A with 64 = 1/4(n + m + 4). Combining (4.9) and (4.10),
modeled the way we get (3.45) from (3.15) and (3.20), we obtain that forevery Z, Z’ €

Ty, X with |Z|,|Z'| < bp_%+92, with 6; is given in (3.44) for some large &,

P~ (Py, Ty Py, )0 (Z, Z')

2
= Z Z I:(Jrl,xof@xo) o (Qrz,xof@xo) o (Jrg,xof@xo)](«/ﬁzv \/ﬁz/)pir/z

r=0ri+r2+r3=r

+On(p™").
(4.11)
Since Py, Tp Py, = Tp, we deduce from (4.9) and (4.11) that
20,50 Pxo = Py © (L0,x0Px) © Py - (4.12)
By [22, (2.8)] and (4.12), we obtain
0.5, € End(Ey)[z,7]. (4.13)
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The proof of Lemma 4.4 is complete. O
For simplicity we denote in the rest of the proof Fy, = 2y, € End(E,). Let

Fe =) i>0 Ff) be the decomposition of F, in homogeneous polynomials F; ,Ei) of

degree i. We will show F: ,§") vanish identically for i > 0, that is
F{)(z,7)=0 foralli >0andz,7 € C. (4.14)
The first step is to prove
F90,7)=0 foralli >0andz € C. (4.15)
Since T, is self-adjoint, then we have
F{(z,7) = (FP (., D))" (4.16)

Consider 0 < 6,.» < 1asinhypothesis (iii) (c) of Theorem4.1. For Z’ € R ~ T.X
and y = expX (Z"), set

FO@x,y) = F(0,7) € End(E,).

- : 4.17
FOG,y) = (FP(y,x))" € End(Ey). @17

F@ and F® define smooth sections on a neighborhood of the diagonal of X x X.
Clearly, the F®(x, y)’s need not be polynomials in z and 7.

Since we wish to define global operators induced by these kernels, we use a cut-off
function in the neighborhood of the diagonal. Pick a smooth function n € €*°(R)
such that

n(u) =1for |u]l <e/2 and nu) =0 for [u] > . (4.18)
We denote by F) P, and Py, F) the operators defined by the kernels

n(d(x, y))FO(x, y) Py, (x, y) and n(d(x, y)) Py, (x, FO(x,y)  (4.19)

with respect to dvy (y). Set

Ty =T, — Z (FO Py )p'/2. (4.20)
i<degFy

The operators .7, extend naturally to bounded operators on L*(X,L? ® E).
From (4.2) and (4.20), we deduce that for any ko, m € N, there exists O, , €

(0, 1/2) such that for any |Z'| < sp_%+9k0~’" , we have the following expansion in the
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normal coordinates around xy € X (which has to be understood in the sense of (3.7)):

ko
P Tpxg (0, Z) Z Y Ry g P50, /PZ)p ™ + O (p™%),  421)

r=1

for some polynomials R, y, of the same parity as r. For simplicity let us define similarly
to (4.17) the kernel

—1/2
Ry p(x,y) = p"(Rrx 20, /PZ)ix "2 (Zn(d(x, y)), (4.22)
where y = exp))f (Z'), and denote by R, , the operator defined by this kernel.

Lemma 4.5 For kg > 2(n + 1), there exists C > 0 such that for every p > 1 and
s € L2(X,L? ® E), we have

|95s]2 < Cp Rl .
| 77512 < Cp™2s]) - '
Proof In order to use (4.21), we write
ko ko
| Zos ]2 < (5 =Y p7PRep)s| + D p " *Reps 4.24)
r=1 L2 r=1 L?

By the Cauchy—Schwarz inequality we have

2

L2

[E3 St
r=1
S /X (/X ‘(% B ;Z:‘:p_r/er,p)(x, y)‘dvx(y)> (4.25)

ko
< ([ 0= X p R )5 o) oo,
r=1

By (2.1), (4.1), (4.19), (4.20) and (4.22), we obtain uniformly in x € X,
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ko
/X (T0 =32 P72 Rep) . )50 Petox ()

r=1
- 2 (4.26)
< Ty = 2P Rep) )| [s0) Pdoxn)
/ RN (€ DY Y
+0(p™) 1 lsO)Pdux (),
X\BX(x,5p 2 hom)

where 6, 1S given by (4.21). By (3.6) and (4.21) we obtain

ko
[N (A DY T e
xvjp sm

r=1

=o(p™" o s Fdux .

|
—1ig
BX(x,5p 270

In the same vein (by splitting the integral region as above), we obtain

ko
/X (Tp = 32 PP Rep) 0 |dox () = 07 + 0 (™).
r=1

Combining (4.25)—(4.28) yields

<cp sl

ko
(7 =272k )s
r=1

L2

A similar proof as for (4.29) delivers for s € L*(X,L? ® E),
|Rrps] 2 < Clls]l 2,
which implies
ko

|| Zp‘r/er,ps”Lz < Cp_1/2||snL2 fors € L>(X,L? ® E),

r=1

4.27)

(4.28)

(4.29)

(4.30)

4.31)

for some constant C > 0.Relations (4.29) and (4.3 1) entail the firstinequality of (4.23),
which is equivalent to the second of (4.23), by taking the adjoint. This completes the

proof of Lemma 4.5.

O

Let us consider the Taylor development of F® in normal coordinates around x

with y = expX (Z'):
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. O FO (/P2
FOG,y) =3 - (,0) c, p 2+ 0qz'M. (432)
lo| <k '

The next step of the proof of Proposition 4.3 is the following.

Lemma 4.6 For every j > 0, we have

9o @)
RYAC

(x,0)=0fori —|a| >j > 0. (4.33)
Proof The definition (4.20) of .7, shows that

Tr=T, - Z P2 (P, F©). (4.34)
i<degFy

Let us develop the sum on the right-hand side. Considering the Taylor development
(4.32) with the expansion (3.8) of the Bergman kernel we obtain

p" (P, FY), 0, 222"

,OCF® (WPZ)* e
- Z (Jr,xot@xo)(ov \/EZ) ()C(),O) \/i' ) p_ ;

7
rlo|<k A
= [p‘" Py, (0. Z) (Z') = " (Jrxy Py 0. ﬁzsp-rﬂ]ﬁ;g) 0.2
r<k
+ 3 (Urao 220) 0. /52002 FD0, 2)
r<k

— (xo, (4.35)

aZ/Ol

aoti‘(i) ( pzl)a Ll
0) f' p 2 ]
<k «

By (3.8), (3.32), (4.32) and deg J, », < 3r, we obtain for k > degFy + 1 andm € N,

there exists 0k, € (0, 1) such that for any Z' € T\, X with |Z'| < bp_%wk’m, we
have

p—n Z (PHpﬁ(l))xo (0’ Z/)pl/z

1

3“130) Z/ 02 )
=Y 2 (U P%)0.VpZ) 9z (XOaO)(\/?, ) pli—lal=n)/2

i |a|,r<k «
+ O (ple 02, (4.36)
Having in mind the second inequality of (4.23), this is only possible if for every j > 0

the coefficients of p//? on the right-hand side of (4.36) vanish. Thus, we have for
every j > 0:
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deg F, VAL
Yo 2 I fmaz,a (xo,0>(f) =0.  (437)

I=j lal+r=l-j

From (4.37), we will prove by recurrence that for any j > 0, (4.33) holds. As the
first step of the recurrence let us take j = deg Fy in (4.37). Since Jy , = Id Evy» then
we get immediately F@egF) (x4, 0) = 0. Hence (4.33) holds for j = deg Fy. Assume
that (4.33) holds for j > jo > 0. Then for j = jj, the coefficient with r > 0in (4.37)
is zero. Since Jo x, = 1d Exy» then (4.37) reads

9« FGotlaD VAN
(x0.0)YPE g (4.38)
hVAG a!

o
which entails (4.33) for j = jo. The proof of (4.33) is complete. O

Lemma 4.7 Fori > 0, we have

aot F(l)

o7 0,0)=0, x| <. (4.39)

Therefore, F;i)(O, Z)=0foralli > 0and 7' € C, i.e., (4.15) holds true. Moreover,
F¥(z,0)=0foralli > 0andall z € C. (4.40)

Proof Let us start with some preliminary observations. In view of (4.23), (4.33), and
(4.36), a comparison of the coefficients of p%in (4.9) and (4.34) yields

FO(x,z'y = F0,2) + 0(12'I'h. (4.41)

Using the definition (4.17) of FO(x, 7" and taking the adjoint of (4.41), we get

FO(Z' x) = (FP0,2))" + 0z, (4.42)
which implies
o 0 @ =n\* .
o F ("x)‘xz(az_/“Fx (O,z)) for |a| < i. (4.43)

In order to prove the Lemma, it suffices to show that

a
_F(l)(.’x)‘ =0 for || < i. (4.44)
az¥ X

We prove this by induction over |a|. For |a| = 0, it is obvious that F#)(0, x) = 0,
since F)(x,7’) is a homogeneous polynomial of degree i > 0. For the induction
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step, let jx : X — X x X be the diagonal injection. By Lemma 4.4 and the definition
(4.17) of F(x, y), we have

0 .
P F'(x,y) =0 near jx(X), (4.45)
zZ.
J

where y = expf (Z"). Assume now that @ € N" and (4.44) holds for || — 1. Consider
J with a; > 0 and set

o =(ar, ..., —1, ... 0). (4.46)

Taking the derivative of (4.17) and using the induction hypothesis and (4.45), we have

[
- F®
* T g 0X (81"" ) N

Thus, (4.39) is proved. The identity (4.15) follows too, since it is equivalent to (4.39).
Furthermore, (4.40) follows from (4.15) and (4.16). This finishes the proof of Lemma
4.7. O

3 9 ©
5 F ()] =0. (447
Z Zj 0.0

o

G Fo

Lemma 4.8 We have F"(z,7) = 0 foralli > Oand z, 7 € C".

Proof Let us consider the operator

1 LPQE .
TP (VX T) Pry, with X € € (X. TX). X(x0) = 5 + 5. (448)
By Remark 3.4, the leading term of its asymptotic expansion as in (3.7) is
0 )
(52 Fo0) WP2 VP P (/PZ. VDL, (4.49)
J

By (4.15) and (4.40), (% Fy,)(z,Z') is an odd polynomial in z, 7’ whose constant term
vanishes. We reiterate the argument from (4.20)—(4.43) by replacing the operator T,
with the operator (4.48); we get fori > 0,

P )
£F§’)(O, 7)=0. (4.50)
J
By (4.16) and (4.50),
L0
ﬁFx (z,0) =0. 4.51)
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By continuing this process, we show that forall i > 0, « € Z", z, 7/ € C",

¢

S0 = = L FO 0 =0, (4.52)
Thus, Lemma 4.8 is proved and (4.14) holds true. O
Lemma 4.8 finishes the proof of Proposition 4.3. O

We come now to the proof of the first induction step leading to (4.4).
Proposition 4.9 We have
P (Tp = Too.p)xo(Z, Z') = O (p™") (4.53)
in the sense of Notation A for some 6,, € (0, 1/2). Consequently,
Ty = Py,80Pr, + O(p™"). (4.54)
i.e., relation (4.7) holds true in the sense of (1.13).

Proof Let us compare the asymptotic expansion of T}, and T, , = Py, 80 P, Using
the Notation A, the expansion (3.10) (for kg = 2) reads for 6,, = 1/4(n +k+m +2),

pinTgo,p,xo(Zv Z/)
= (20(x0) Py + Q1,50 (80) Py P~ /* + 02,10 (80) Puop ™" ) (WP Z. /PZ)
+ On(ph, (4.55)

since Qo,x,(g0) = go(xo) Id Exy, by (3.13). The expansion (4.2) (also for ky = 2) takes
the form for 6,, in (4.2),

pin 2 xo(Z Z/)

(gO(xO)@xo“‘e@l xo@xop 1/2+°@2x0 o P )(«/_Z «/_Z)“‘ﬁm(P_l)
(4.56)

where we have used Proposition 4.3 and the definition (4.5) of go. Thus subtracting
(4.55) from (4.56) we obtain for some 6,, € (0, 1/2),

p_n(Tp - Tgo,p)xo (2,7
= (2130 — 01,10(80) P ) (WPZ. NPZNp ™2+ O (p™). (4.57)

Thus, it suffices to prove the following result.

Lemma 4.10

Fiy =21 — Q1x(80) =0. (4.58)
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Proof We note first that F)  is an odd polynomial in z and 7’; we verify this statement
as in Lemma 4.4. Thus the constant term of F , vanishes. To show that the rest of

the term vanish, we consider the decomposition Fi x = } ;o F 0

1,x
polynomials F’ l(f))c

in homogeneous

of degree i. To prove (4.58), it suffices to show that
F{)(z,7)=0foralli > 0and z,z € C". (4.59)

The proqf of (4.59) is similar to that of (4.14). Namely, we define as in (4.17) the
operator F' 1(’), by replacing F;')(O, Z)by F 1(,1;)( (0,7)), and we set (analogue to (4.20))

Tyt =Ty — Pr,goPr, — Y (F{" Py, )pi=D72 (4.60)
i<degF]

Due to (3.10) and (4.2), there exist polynomials Iér, xo € C[Z, Z'] of the same parity
as r such that the following expansion in the normal coordinates around xo € X holds
for any ko > 2:

ko

P Ty 1000, Z) =Y (Rrg Pry) 0, /PZ) P + Op(p~h?), (461)
r=2

in the sense of Notation A with 6y, ,, the minimum of 6y, ,, in (3.10) and 6y, ,, in
(4.2). This is an analogue of (4.21). Now we can repeat with obvious modifications
the proof of (4.14) and obtain the analogue of (4.14) with F) replaced by Fj .. This
completes the proof of Lemma 4.10. O

Lemma 4.10 and the expansion (4.57) imply immediately Proposition 4.9. O

Proof of Theorem 4.1 Proposition 4.9 shows that the asymptotic expansion (4.4) of
T, holds for ¢ = 0. Moreover, if T), is self-adjoint, then from (4.56), go is also self-
adjoint. We show inductively that (4.4) holds for every ¢ € N. To prove (4.4) for
g = 1 let us consider the operator p(T, — Py;,80Pp,). We have to show now that
p(Tp — Py, 80P, ) satisfies the hypotheses of Theorem 4.1. Due to Lemma 3.1 and
Theorem 4.1 (ii), the first two conditions are easily verified. To prove the third, just
subtract the asymptotics of T, x,(Z, Z') (given by (4.2)) and T,  ,(Z, Z') (given
by (3.10)). Taking into account Proposition 4.3 and (4.58) the coefficients of po and
p_l/ 2 in the difference vanish, which yields the desired conclusion.

Propositions 4.3 and 4.9 applied to p(T), — Py, 80 P,) yield g1 € €°°(X, End(E))
such that (4.4) holds true for g = 1.

We continue in this way the induction process to get (4.4) for any ¢. This completes
the proof of Theorem 4.1. O

5 Algebra of Toeplitz Operators
The Poisson bracket {-, -} on (X, 27 w) is defined as follows. For f, g € €°°(X), let

&y be the Hamiltonian vector field generated by f, which is defined by 27is @ = df.
Then
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{f: g} =&5(dg). (CRY
Proof of Theorem 1.2 First, itis obvious that Py, T, Ty, p Pr, = T, pTg, p- To prove

(4.1), note that from Lemma 3.1 and (3.10), we know that for any k € N there exist
Cir > 0 and M} > 0 such that for all (x, x’) € X x X,

Crp™e. (5.2)

Ts,(x, x
‘ fp X X)) CHXxX)

Foranybh > 0and0 < 0 < 1,ifd(x,x’) > bp_e/z,then

T Ty p(x,x")= / —I—/ Ty p(x, x")T,. p(x”, x")dvx (x).
firtg.p B, L pt2) | JX\B(x, L ptr2) fip gp

(5.3)

Then (4.1) follows from (3.2), (3.5), (5.2) and (5.3). Like (3.18), for |Z|, |Z'| <
%’p_g/z, we have

(TrpTep)xo(Z. Z)
N / 01/2 Ty @ Z”)Tg*p’x()(z//’ Z/)Kxo(z//)dvTX(Z”) + On(p™).
|Z"|<bp~®

54)

By Lemmas 3.1 and 3.3 and (5.4), we deduce as we obtain (3.45) from Proposition
2.1, (3.15) and (3.18) in the proof of Lemma 3.3 that for |Z|, |Z'| < % p~%/2, we have

P Ty pTep)ey(Z. Z)) = i (Qrxo(f, 8) Px))(PZ. PZ ) p™"T* 55
+r_ﬁm<p"‘°/2),
with
Qrvg(fr8) = D K10 x(f): Cryy(Q)]. (5.6)

ri+ry=r

Thus, T, , T, p is a Toeplitz operator by Theorem 4.1. Moreover, it follows form the
proofs of Lemma 3.3 and Theorem 4.1 that g; = C;(f, g), where C; are bidifferential

operators.
The rest of the proof of Theorem 1.2 is exactly the same as that of [22, Theorem 1.1]
and we omit it here. This finishes the proof of Theorem 1.2. O

Proof of Theorem 1.4 Take a point xo € X and ug € Ey, with |ugl,e = 1 such
that | f(x0)(uo)| = || flloo- Recall that we trivialized the bundles L, E in normal
coordinates near xg, and ey, is the unit frame of L which trivializes L. Moreover, in
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these normal coordinates, ug is a trivial section of E. Considering the sequence of
sections Sk = p_"/zPHp (e?p ® ug), we have by (3.8),

C
T p Sty — Fxo)Shl,2 < ﬁnsfony, (5.7

which immediately implies (1.19). |

6 Proof of Theorem 1.5

In this section, we show how to adapt the results of [14] in order to give a proof to
Theorem 1.5, that is the computation of the coefficient C1( f, g) of Theorem 1.2.

Fix xo € X and ¢ € (0, a* /4). Itis shown in [21, Theorem 1.4] that the restriction
on BX (xp, &) of the operator A, ¢ defined in (1.4) is equal, through the trivializations
given in Sect. 2 and after a convenient rescaling in ,/p := 1/, to an operator .%; on
BT0X (0, ¢/1) satisfying

=L+ ) 'O, + 00", ©.1)

r=1

for any m € N, where {O,},eN is a family of differential operators of order equal or
less than 2, with coefficients explicitly computable in terms of local data, and where
the differential operator & (1" *1) has its coefficients and their derivatives up to order
k dominated by Cxt™+! for any k € N and Cy, > 0.

Moreover, as explained in [21, §1.4], the differential operator %} acts on the scalar
part of smooth functions on R?"* with values in E xo» and the spectrum of its restriction
to LZ2(R?") is given by {4rn | n € N}. Furthermore, the kernel of the orthogonal pro-
jection P from L?(R?", E,,) to Ker(.%) is given by o, (Z, Z') = P(Z, Z') ldg,,
as in (2.5). We write P+ = Id — P, and define the operator (L)~ tpt by inverting
the positive eigenvalues of £| 2 (gp2n).

As shown in [21], there is a direct method to compute the family {Z; v, (Z, Z')},en
defined in Theorem 2.2, using (6.1). The following lemma, which has been established
in [21, Theorem 1.16, (1.30), (1.111)], gives the first elements of this family.

Lemma 6.1 For any r € N, let %, , be the operator associated to the kernel
Frxo(Z,Z"), and let the differential operators O and Oy be as in (6.1). Then the
following formulas hold:

Flxg = — (L) ' PLOP — PON(L) ' P,
Ty = (L) ' PLOV(LK) ' PO P - (L) ProyP
+ POWL) 'PLONL) T P - POXL) T P
+ (L) 'Pto PO (LK) P — PO(K) TP PO P.

6.2)
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Moreover, 01 commutes with any A € End(Ey,), and we have the formula
POP =0. (6.3)

In particular, %y x, and F1 x, commute with any A € End(Ey,).

Lemma 6.1 corresponds to [14, Lemma 3.3], and the following technical Lemma
corresponds to [14, Lemma 3.5]. It was essentially proved in [21, (2.25)].

Lemma 6.2 The following formulas hold:

(POI(L)~ P10, 2)) =0,
(POY(L) "' P (Z,0) =0, (6.4)
(L)~ 'Pto,P)z,0)=0.

The result of Lemma 6.2 is a simple computation from the first line of [21, (2.25)],
using [21, (1.98), (1.99)] and recalling the formula 7*(Z, Z') = T(Z', Z)* for the
kernel of the dual 7* of an operator T'. In fact, all the kernels associated to the situation
in this paper are the degree-0 part of the kernels of the corresponding situation in [14].
Lemma 6.2 is then an expression of the fact that the corresponding formulas in [14,
Lemma 3.5] have vanishing degree-0 part.

Now, from the proof of Theorem 4.1, the following formula holds,

Cl (fv 8)(x0) = QZ,X() (fv g) (Ov O) - Q2,x0 (fg)(ov O)v (65)

where the coefficients Q> y,(f, g) and Q2 y,(fg) have been defined in Lemma 3.3 and
(5.6) respectively. Note that the formula (6.5) is actually simpler than the one given
in [22, (4.82)], due to the fact that we only need to consider the degree-0 part. The
following Proposition corresponds to [14, (3.19)], and is easily seen to imply Theorem
1.5 in the trivialization described in Sect. 2.

Proposition 6.3 Assume that g7 X (-, -) = w(-, J-). Then in the complex coordinates

of Z e R¥ ~ (Tyy X, J) as in Sect. 2, the following formula holds,

b} d
afxo 0) 8xo
Zj

0z

l n
02,5 (f, 8)(0,0) — 02 +,(/8)(0,0) = T Z ). (6.6)
j=1

Proof By (2.11) and following [22, Lemma?2.2, Example 2.3], the kernel calculus of
[20, § 7.1] as described in [ 14, § 2.3] is still valid. Note that the assumption g7 X (-, -) =
(-, J-) is equivalent to a; = 27 in (2.4), forall 1 < j < n.

Recall the formulas (3.12) and (5.6) with » = 2 for the second and the first term
of (6.5) respectively. Furthermore, by Lemma 6.2, by (3.12) with r = 1 and as in the
proof of [14, Lemma 3], the following formula still holds,

2n

0fx

Ql,xo(f) = f(xO)Jl,xo + ji/ Jl,xov Z 8fZ) (O)ZjJOyXO : (67)
J

j=1 %%

@ Springer



Berezin-Toeplitz Quantization for Eigenstates... 2645

Then the computations of [14, § 3.2] go through, and even simplify due to Lemma
6.2. In particular, writing Z;, Z ; for the operators of scalar multiplication by Z, Z}

inEnd(Ey,)[Z, Z']forall 1 < j < 2n,by(2.5),(2.11),(6.2) and the first line of (6.4),
we have as in [14, (3.46), (3.49)],

‘%/[JO,X()’ ji/[-]],xo, ZjJO,xO]](O, 0)
= (Z0,x0 %1502 j- F0,5,)(0, 0)
—(POI(L) " P2 P)(0,0) (6.8)

—/ (PO\(Z) ' PH)0,2)Z; 2(Z,0)dZ = 0.
R2n

By (6.2) and the second line of (6.4), we have as in [14, (3.53)],

H 200,19 H [ 150> J0.50]] (0, 0)
= (Z}fo,xofl,ngo,xo)((), O)
= —(Z;P(L) "' P01 P)(0,0) 6.9)

—/2 Z,2(0. Z)(Z) ' P01 P)(Z',0)dZ' = 0.
]R n

Finally, writing z; for the operator of multiplication by z; in End(E)[Z, Z'] for
all I < j < n, by (6.2) and the last line of (6.4), we have as in [14, (3.65)],

P(zj (L) 'PT01P)0,0) = / 2(0,2)z;(L) "' PLoyP)(Z,0)dZ
R2n (6.10)

=0.

Then (6.6) is precisely [14, (3.78)]. O
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