SZEGO KERNEL ASYMPTOTICS AND MORSE INEQUALITIES ON CR MANIFOLDS
CHIN-YU HSIAO AND GEORGE MARINESCU

ABSTRACT. Let X be an abstract compact orientable CR manifold of dimension 2n — 1,
n > 2, and let L* be the k-th tensor power of a CR complex line bundle L over X.
We assume that condition Y (q) holds at each point of X. In this paper we obtain a
scaling upper-bound for the Szego kernel on (0, q)-forms with values in L*, for large
k. After integration, this gives weak Morse inequalities, analogues of the holomorphic
Morse inequalities of Demailly. By a refined spectral analysis we obtain also strong Morse
inequalities. We apply the strong Morse inequalities to the embedding of some convex-
concave manifolds.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The purpose of this paper is to establish analogues of the holomorphic Morse inequal-
ities of Demailly for CR manifolds. Demailly [16] proved remarkable asymptotic Morse
inequalities for the & complex constructed over the line bundle L* as & — oo, where
L is a holomorphic hermitian line bundle. Shortly after, Bismut [8] gave a heat equa-
tion proof of Demailly’s inequalities which involves probability theory. Later Demailly
[17] and Bouche [11] replaced the probability technique by a classical heat kernel ar-
gument. The book [27] introduced an argument based on the asymptotic of the heat
kernel of the Kodaira Laplacian by using rescaling of the coordinates and functional an-
alytic techniques inspired by Bismut-Lebeau [9, §11] (see also Bismut-Vasserot [10]). A
different approach was introduced by Berndtsson [7] and developed by Berman [5, 6];
they work with the Bergman kernel and use the mean value estimate for eigensections
of the Kodaira Laplacian. The idea of all these proofs is localization of the analytic ob-
jects (eigenfunctions, kernels) and scaling techniques. See also Fu-Jacobowitz [22] for
related results on domains of finite type.

Inspired by Bismut’s paper, Getzler [23] gave an expression involving local data for
the large k limit of the trace of heat kernel of the 8,-Laplacian on L*, where L is a CR
line bundle over a CR strongly pseudoconvex manifold. But Getzler didn’t infer Morse
inequalities for the 8,-complex from these asymptotics.

In this paper we introduce a method that produces Morse inequalities with computable
bounds for the growth of the 8, coholmology and also allows more general CR manifolds
to be considered. Our approach is related to the techniques of Berman [5] and Shaw-
Wang [32].

In a project developed jointly with R. Ponge [31], we use the heat kernel asymp-
totics and Heisenberg calculus to prove holomorphic Morse inequalities for a line bundle
endowed with the CR Chern connection. This method predicts similar results and appli-
cations as of the present paper.

For a complex manifold with boundary, the 8,-cohomology of the boundary is linked
to the 8-cohomology of the interior, cf. Kohn-Rossi [26], Andreotti-Hill [2, 3]. Stephen
S.T. Yau [34] exhibited the relation between the 8,-cohomology of the boundary of a
strictly pseudoconvex Stein analytic space with isolated singularities and invariants of
the singular points. Holomorphic Morse inequalites for manifolds with boundary were
obtained by Berman [6] and in [29, 30] (cf. also [27, Ch. 3]). The bounds in the Morse
inequalities appearing in this paper are similar to the boundary terms in Berman’s result
[6]. For the relation between the boundary and interior cohomology of high tensor
powers L* see also [28].

On the other hand, the study of the 8,-complex on an abstract CR manifold has im-
portant consequences for the embedability and deformation of the CR-structure, see the
embedding theorem of Boutet de Monvel [13] for strictly pseudoconvex CR manifolds
and the paper of Epstein-Henkin [20].

In this paper we will study the large k& behavior of the Szego kernel function H,Sq)(:r),
which is the restriction to the diagonal of the integral kernel of the projection H,SJ) on
the harmonic (0, g)-forms with values in L*. The Szego kernel for functions on a strictly
pseudoconvex CR manifold was studied by Boutet de Monvel [12] and Boutet de Monvel-
Sjostrand [14] and has important applications in complex analysis and geometry.
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1.1. Terminology and Notations. Let (X, T"°X) be a CR manifold of dimension 2n — 1,
n > 2, i.e. T'°X is a subbundle of rank n — 1 of the complexified tangent bundle CT X
satisfying T*°X N T10X = {0} and the integrability condition (see e.g. [15, Def. 7.1.1]).
We shall always assume that X is compact, connected and orientable.

Fix a smooth Hermitian metric (-, -) on CT X so that T"°X is orthogonal to T%' X :=
T19X and (u,v) is real if u, v are real tangent vectors. Then there is a real non-vanishing
vector field T on X which is pointwise orthogonal to T'°X @ T%' X .

Denote by T*1°X and T*%! X the dual bundles of T*°X and T%' X, respectively. They
can be identified with subbundles of the complexified cotangent bundle CT*X. Define
the vector bundle of (0, ¢) forms by A®4T*X := AIT*®! X. The Hermitian metric (-, -) on
CTX induces, by duality, a Hermitian metric on CT*X and also on the bundle of (0, g)
forms A%9T*X. We shall also denote all these induced metrics by (-, - ).

Let D C X be an open set. Let 2%9(D) denote the space of smooth sections of A»?T*X
over D. Similarly, if E is a vector bundle over D, then we let Q%¢(D, E) denote the space
of smooth sections of A>?T*X ® E over D. Let Q%9(D, E) be the subspace of Q%(D, E)
whose elements have compact support in D.

If we TF X, let (wn)* @ AMHIT*X — A™T*X, g > 0, be the adjoint of the left
exterior multiplication wA : A®TFX — AT X u— wAu:

(1.1) (w A u,v) = (u, (WA)*v),

forall u € A>T X, v € A%"1T* X . Notice that (wA)* depends C-anti-linearly on w.

In the sequel we will denote by (-, - ) both scalar products as well as the duality bracket
between vector fields and forms.

Locally we can choose an orthonormal frame wy,...,w,_; of the bundle T*°X. Then
wi,...,Wy_1 is an orthonormal frame of the bundle T*%'X. The real (2n — 2) form
w=1"tw AWy A -+ Awn_1 A W,_1 is independent of the choice of the orthonormal
frame. Thus w is globally defined. Locally there is a real 1-form wq of length one which is
orthogonal to T*°X @ T*%! X . The form wy is unique up to the choice of sign. Since X is
orientable, there is a nowhere vanishing (2n — 1) form @ on X. Thus, w, can be specified
uniquely by requiring that w A wy = fQ, where f is a positive function. Therefore wy, so
chosen, is globally defined. We call w, the uniquely determined global real 1-form. We
choose a vector field T so that

(1.2) IT||=1, (T,wp)=-1.
Therefore T is uniquely determined. We call T' the uniquely determined global real
vector field. We have the pointwise orthogonal decompositions:

CT*X =T"°X @ T**' X @ {Awo; A € C},

1.3
(1-3) CTX =TYX o T"X ®{\T; X € C}.

Definition 1.1. For p € X, the Levi form L, is the Hermitian quadratic form on T,°X
defined as follows. Forany U, V € T}°X, pick U,V € C*(X; T"°X) such that U(p) = U,
V(p) = V. Set

1.4) L0, 7) = - ([U,V](0) ,n(m))

where [Z/{ ,V} = UV — V U denotes the commutator of & and V. Note that £, does not
depend of the choices of ¢/ and V.



Chin-Yu Hsiao & George Marinescu  Szeg6 kernel and Morse inequalities on CR manifolds

Consider an arbitrary Hermitian metric (-,-) on T%°X. Since £, is a Hermitian form
there exists a local orthonormal basis {U, ..., U, 1} of (T*°X,(-,-)) such that £, is
diagonal in this basis, £,(U;,U;) = 6;;X:(p). The diagonal entries {A\;(p),..., A 1(p)}
are called the eigenvalues of the Levi form at p € X with respectto (-, ).

Given g € {0,...,n — 1}, the Levi form is said to satisfy condition Y(q) atp € X, if £,
has at least either max (¢ + 1,n — g) eigenvalues of the same sign or min (g + 1,7 — q)
pairs of eigenvalues with opposite signs. Note that the sign of the eigenvalues does not
depend on the choice of the metric (-, -).

For example, if the Levi form is non-degenerate of constant signature (n_,n ), where
n_ is the number of negative eigenvalues and n. +n, = n — 1, then Y (g) holds if and
onlyifg#n_,n,.

1.2. CR complex line bundles, Semi-classical 8,-Complex and [J,. Let
(1.5) 8y : Q¥U(X) — QYT X)

be the tangential Cauchy-Riemann operator. We say that a function u € C®(X) is
Cauchy-Riemann (CR for short) if 8,u = 0.

Definition 1.2. Let L be a complex line bundle over X. We say that L is a Cauchy-
Riemann (CR) complex line bundle over X if its transition functions are CR.

From now on, we let (L, h%) be a CR Hermitian line bundle over X, where the Her-
mitian fiber metric on L is denoted by hZ. We will denote by ¢ the local weights of the
Hermitian metric. More precisely, if s is a local trivializing section of L on an open subset
D C X, then the local weight of A% with respect to s is the function ¢ € C*°(D;R) for
which

(1.6) s(z))3, =e*®, zeD.

Let L*, k > 0, be the k-th tensor power of the line bundle L. The Hermitian fiber metric
on L induces a Hermitian fiber metric on L* that we shall denote by hZ*. If s is a local
trivializing section of L then s* is a local trivializing section of L*. For f € Q%(X, L¥),
we denote the poinwise norm |f(z)|* := | f(z)|3+. We write 8, to denote the tangential
Cauchy-Riemann operator acting on forms with values in L*, defined locally by:

(1.7) Oy : QM(X, LF) — Q¥ (X, L), Oyi(s*u) := s*6pu,

where s is a local trivialization of L on an open subset D C X and u € Q%4(D). We
obtain a 8y ;-complex (Q%*(X, L*), 8, ) with cohomology

(1.8) Hy (X, L*) := ker 8,/ Im Oy .-

We denote by dux = dvx(z) the volume form on X induced by the fixed Hermitian metric
(-,-) on CTX. Then we get natural global L? inner products ( | )i, ( | ) on Q%¢(X, L)
and Q%9(X), respectively. We denote by L7, (X, L*) the completion of Q*¢(X, L*) with
respect to ( | )g. Let

(1.9) By, : QT (X, LF) — Q™(X, L)

be the formal adjoint of 8, with respect to ( | )i . The Kohn-Laplacian with values in L*
is given by

(1.10) 08 = 8,105 + 504y, : (X, L*) — QOU(X, L¥).
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We extend D,(,q,g to the L? space by Déq,g : Dom Dz(,q,z C Lfy (X, L*) — L, (X, L*), where

Dom Dg,q,z = {u € Lj (X, LF); ng,gu € Lf (X, L*)}. Consider the space of harmonic
forms

(1.11) HE(X, LF) := Ker ).

Now, we assume that Y (g) holds. By [25, 7.6-7.8], [21, 5.4.11-12], [15, Props. 8.4.8-9],
condition Y'(g) implies that Dﬁq,g is hypoelliptic, has compact resolvent and the strong

Hodge decomposition holds. Hence
(1.12) dimJAN(X,LF) < 0o, 44X, L*) C Q¥(X,L*), 44X, L") =~ H}(X,LF).
Let f; € Q%9(X,LF), j =1,..., N, be an orthonormal frame for the space J4*(X, L¥).

The Szego kernel function is defined by
N N

(1.13) I (z) = Y 1@ e = Y Ifi(@)f .

7=1 7j=1
It is easy to see that II\¥ (z) is independent of the choice of orthonormal frame and
(1.14) dim (X, L*) = / 19 (z)dvx (z).
X

1.3. The main results. We will express the bound of the Szeg6 kernel with the help of
the following Hermitian form.

Definition 1.3. Let s be a local trivializing section of L and ¢ the corresponding local
weight as in (1.6). For p € D we define the Hermitian quadratic form M;f on Tpl’OX by

(1.15) MU, V) = ;<U AV,d(Bup — Bu) (p)>, U,V € TX,

where d is the usual exterior derivative and 8,¢ = 0;¢.

In Proposition 6.1 we show that in the embedded case M;f’ is the restriction of the
Chern curvature of the holomorphic extension of L. But in the abstract case the definition
of M¢ depends on the choice of local trivializations. However, set

Rg(p),q = {s € R; M? + sL, has exactly g negative eigenvalues
(1.16)
and n — 1 — q positive eigenvalues} .

Note that, although the eigenvalues of the Hermitian quadratic form M? + sL,, s € R,
are calculated with respect to some Hermitian metric (-, - ), their sign does not depend
on the choice of (-, -), cf. also Definition 1.1.
It is not difficult to see that if Y'(g) holds at each point of X then
(1.17)
R¢(z),  is locally uniformly bounded at each point z € X, for all local weights ¢.

Note that (4.11) implies that if Ry,),, is bounded for one weight ¢, at z, then it is
bounded for all weights ¢ at z.

Denote by det(M?¢ + sL,) the product of all the eigenvalues of M? + sL,. It turns out
(see Proposition 4.2) that the integral

(1.18) / det(M? + sL,)|ds € R
Re(2).q
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does not depend on the choice of ¢. Assuming (1.17) holds, the function

(1.19) X—R, z+— det(M? + sL.)| ds

Re(z),q

is well-defined. Since M? and L, are continuous functions of z € X, we conclude that
the function (1.19) is continuous. One of the main results of this work is the following.

Theorem 1.4. Assume that condition Y (q) holds at each point of X. Then
(1.20) sup {k " II%(z) : k€N, z € X} < 0.

Furthermore, we have

1
(1.21) limsup &k "I7\9(z) <

From (1.14), Theorem 1.4 and Fatou’s lemma, we get weak Morse inequalities on CR
manifolds.

/ det(M? + sL.)
Rg(z).q

ds, foralzce X.

Theorem 1.5. Assume that condition Y (q) holds at each point of X. Then for k — oo

kn
1.22 dim HI(X, L¥) < / / det(M? + sL,
( ) 1m b( ] ) 2(27(')”’ X Rd)(z)’q ‘ € ( T _'_ S )

dsdux(z) + o(k™).

By the classical work of Kohn [25, Th. 7.6], [21, Th.5.4.11-12], [15, Cor. 8.4.7-8], we
know that if Y'(g) holds, then D,(,q,z has a discrete spectrum, each eigenvalues occurs with
finite multiplicity and all eigenforms are smooth. For A € R, let J%’,(X, L*) denote

the spectral space spanned by the eigenforms of DZ(,q,Z whose eigenvalues are less than or

equal to A. We denote by H,Eq)g , the restriction to the diagonal of the integral kernel of the
orthogonal projector on 4, (X, L*) and call it the Szegé kernel function of the space

HE\(X, L¥). Then I\, (z) = =M, [g;(z)’, where g;(z) € Q4(X,L*), j = 1,..., M,
is any orthonormal frame for the space %', (X, L*).

Theorem 1.6. Assume that condition Y (q) holds at each point of X. Then for any sequence
v > 0 with v, — 0 as k — oo, there is a constant Cj independent of k, such that

(1.23) kL, (2) < C

for all ¢ € X. Moreover, there is a sequence p > 0, pp — 0, as k — oo, such that for any
sequence vy, > 0 with limy_, ‘:—I’: =0and v, — 0as k — oo, we have

1
2(2m)n

(1.24) lim k" 1%, (z) = / det (M + s.L.)
koo Ry (z).q

ds,

forallz € X.
By integrating (1.24) we obtain the following semi-classical Weyl law:

Theorem 1.7. Assume that condition Y (q) holds at each point of X. Then there is a
sequence fy > 0, ux — 0, as k — oo, such that for any sequence v, > 0 with limy, ‘:—’Z =0
and v, — 0 as k — oo, we have

k

dim 2% (X, LF) = — // det(M? + sL,
1m b,gkuk( ) 2(271')”’ X R¢(2)’q‘ e( z + s )

dsdvx(z) + o(k™).
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From Theorem 1.7 and the linear algebra argument from Demailly [16] and [28], we
obtain strong Morse inequalities on CR manifolds (see §6):

Theorem 1.8. Let ¢ € {0,...,n — 1}. IfY(3) holds forall j = 0,1,...,q, thenas k — oo
q

S (1) dim HY (X, L¥)
7=0
S L, e
X JR¢(z),5 :

3=0

<
2(2m)n

dsdvx(z) + o(k™).

IfY(3) holds forallj = q,q+1,...,n— 1, thenas k — oo

n—1

S (~1)?7dim H{(X, L*)
Jj=q
(1.26) R | ¢
< —1)¢7 »
= 2(2m)n ]Zq( 1) /X/Rqs(m),j ‘det(Mm + sL;)|dsdvx(z) + o(k™)

Remark 1.9. (i) Assume that the Levi form of X has at least ¢ + 1 negative and g + 1
positive eigenvalues, ¢ € {0,...,n — 2}. Then Y (j) hods for all 5 = 0,1,...,q and
j=mn—q—1,...,m— 1.

(ii) Letn,,no,n_ €40,1,...,n—1} withn, +no+n_ = n—1. Assume that the Levi form
of X has n_ everywhere negative eigenvalues, n, everywhere positive eigenvalues and
no eigenvalues which vanish at some point on X. (The Levi form is non-degenerate if
and only if np = 0.) Then Y (5) holds for all y < min{n_,n,}—1and 7 > max{n_,n.}+
ng+ 1. Thus Theorem 1.8 shows that (1.25) holds for all ¢ < min{n_,n,}—1 and (1.26)
holds for all ¢ > max{n_,n,}+ ng + 1.

(iii) Theorems 1.4-1.8 have straightforward generalizations to the case when the forms
take values in L* ® E, for a given CR vector bundle E over X. In this case the right side
gets multiplied by rank(E). For example, (1.21) becomes

: —n r7(9) 1 ¢
limsupk "I, (z) < rank(E)/ det(M? + sL,)
; 2(27r)n Re(2).q ‘

k—o0

ds, forallz € X,

and similarly for other results.

In section 6.1, we will state our main results in the embedded case, that is, when
X is a real hypersurface of a complex manifold M and the bundle L is the restriction
of a holomorphic line bundle over M. In this case the form M is the restriction to
TI}’OX of the curvature form RY. To wit, we deduce from the weak Morse inequalities
(Theorem 1.4):

Corollary 1.10. Let M be a complex manifold of dimension n and let D = {p € M :
r(p) < 0} be a strongly pseudoconvex compact domain with smooth definition function r :
M — R which is strictly plurisubharmonic in a neighbourhood of X = 8D. Let (L, h*) be
a Hermitian holomorphic line bundle whose curvature is proportional to the Levi form of D
on X, i.e. there exists a smooth function A : X — R such that R* = AL, on the holomorphic
tangent bundle of X. Then dim H}(X,L*) = o(k™) ask — oo forall 1 < g < n — 2.

Example 1.11. Let N be a compact complex manifold of dimension n and (E,h?) be
a positive line bundle on N. Let D = {v € E*;|v[,s» < 1} be the Grauert tube, set
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X =0D and let 7 : X — N be the canonical projection. Then we can apply Corollary
1.10 and we obtain that the 8,-cohomology of the CR line bundle L := 7*E satisfies
dim H(X, L*) = o(k""') ask - oo forall1 < g<n— 1.

To exemplify the use of the strong Morse inequalities on CR manifolds, we formulate
a condition to guarantee that high tensor powers of a CR line bundle have many CR
sections in the embedded case.

Theorem 1.12. Let M’ be a complex manifold and let X C M' be a compact real hyper-
surface, X = p~1(0) for some p € C*(M'), dp|x # 0. We assume that the Levi form L,
of X has at least two negative and two positive eigenvalues everywhere. Furthermore, let L
be a Hermitian holomorphic line bundle over M' with curvature R%. We denote by R% the
restriction of RY to T*°X. Assume that

(1.27) / / det(RL + s£,)| dsdvx(z) > / /
X JR¢(z),0 ( * ) X( ) X JRy(z),1

Then there is a positive constant c independent of k, such that dim H?(X, L*) > ck™.

det(R% + sL;)

dsdvx(z).

When R’ is positive we formulate a condition to guarantee that (1.27) is satisfied:

Theorem 1.13. With the same notations as in Theorem 1.12. We assume that the Levi
form of X has at least two negative and two positive eigenvalues everywhere and RY > 0.
Let A\; < ... < A, be the eigenvalues of the Levi form with respect to R%. Assume that
Ao 1= A <0< A, 11 = A, 4o 0n X. Then there is a positive constant ¢ independent
of k, such that dim HY(X, L*) > ck™

In §6, we will give examples which satisfy the assumptions of Theorem 1.13. Now we
wish to give an application in the context of pseudoconvex-pseudoconcave manifolds.
Keeping in mind the notion of g-pseudoconvexity and g-pseudoconcavity of Andreotti-
Grauert [1] we introduce the following.

Definition 1.14. A complex manifold M with dim¢ M = n is called a (n — 2)-convex-
concave strip if there exists a smooth proper map p : M — R whose Levi form 88p has
at least three negative and three positive eigenvalues on M. The function p is called an
exhaustion function.

In particular an (n—2)-convex-concave strip is (n—2)-concave in the sense of Andreotti-
Grauert, thus Andreotti-pseudoconcave (see [27, Def. 3.4.3]). For such manifolds one
can extend the concept of big line bundle, well-known in the case of compact mani-
folds (e. g. [27, Def.2.2.5]). Let L be a holomorphic line bundle over an Andreotti-
pseudoconcave manifold. By [27, Th. 3.4.5] there exists C' > 0 such that

(1.28) dim H°(M,L*) < Ck®%, fork>1,
where g, = max\ g, rank ®; is the maximum rank of the Kodaira map
(1.29) ®p: M\ By — P(H*(M,L*)*), &.(p)={sc H(M,L*): s(p) = 0},

and By is the base locus of H°(M, L*). We can thus define the Kodaira-litaka dimension
of L by x(L) := max{gy : k € N}. The line bundle is called big if k(L) = dim M.

If M is connected we can consider the field of meromorphic functions M, on M. Also
by [27, Th.3.4.5] this is an algebraic field of transcendence degree a(M) over C and
k(L) < a(M) < dim M.
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Theorem 1.15. Let M be a connected (n — 2)-convex-concave strip with exhaustion function
p. Let a € R be a regular value of p and set X := {p = a}. Assume that there exists a
holomorphic line bundle L — M whose curvature form RE satisfies (1.27). Then the line
bundle L is big. Therefore, the transcendence degree of the meromorphic function field My,
equals n = dim¢ M and the Kodaira map &, : M --- — P(H®(M, L*)*) is an immersion
outside a proper analytic set.

1.4. Sketch of the proof of Theorem 1.4. To simplify the exposition we consider only
the case ¢ = 0, i.e. we show how to pointwise estimate the function lim sup ﬂ,§°). It is

k— oo

easy to see that for all z € X we have

10(z) = S)(z) = sup  |a(z)P,
aEHD(X,L*),||a||=1

where S;(CO)(:E) is called the extremal function. For a given point p € X, by definition,

there is a sequence u, € HY(X,L*), |lus|| = 1, such that limsup, ,., kS, (p) =
limyg_,e0 k" |uk(p)|°. Near p, take local coordinates (z,6) = (z,6) = (z1,...,Tam_2,0),
Z; = To; 1 +1iT95, 7 = 1,...,n — 1, (z(p),8(p)) = 0, such that % = %(6%71 — '% ,
j =1,...,n — 1, is an orthonormal basis for Tpl’OX and the Levi form and local weight
are given by £, = Y7} \;dz; ® dz; and

n—1

¢ = B0+ > wjeZz + R(2) + O(|2]18]) + O(16°) + O(l(2,6)"),
g,t=1

where R(z) = O(|z]%), 6‘2 R=0j=1..,n-1 Let F(z0) := (%,7) be the
scaling map. For r > O, let D, = {(2,6) = (z,0); |z;| <m0 <r3=1,...,2n — 2}.
Now, we consider the restriction of Uy to the domain Fy(Disg). The function ap =
k% Fy(e *Puy) € C®(Diogr), satisfies limsup;, .. kS (p) = limy 4 | (0)[?, where

F f € C*®(Dyog) denotes the scaled function f( 7 k) f € C®(Fi(Diogr)). Moreover,
oy is harmonic with respect to the scaled Kohn-Laplacian Dg (%) (cf. (2.21)). The point
is that D( ()k) converges in some sense to the model Laplacian D(O) on H, =Cr!xR

(cf. (2.33)). In fact, bol){n is the Kohn- Laplac1an defined with respect to the CR structure

Uin, = % — %'I;)\jz_j%,j =1,.. — 1, and the weight e %0, 9, = ﬂ9+Z]t L i 4252t

Since Y'(g) holds, Dg?()k) is hypoelhptlc with loss of one derivative. Thus, the standard
techniques for partial differential operators (Rellich’s theorem and Sobolev embedding
theorem) yield a subsequence ay; converging uniformly with all the derivatives on any
compact subset of H,, to a smooth function &, which is harmonic with respect to DZ(,O,Ln
This implies that

limsup k "S{”(p) = |2(0)f < S (0):=  sup  |f(0)
koo 080 F=0,1 1l g =1

Computing the extremal function in the model case explicitly (see §4) finishes the proof
of (1.21).

This paper is organized as follows. In §2 we first introduce the extremal function and
we relate it to the Szego kernel function. Then we introduce the scaled Kohn-Laplacian
Dg () and prove the rough upper-bound for the Szegé kernel function (1.20) (cf. Theorem
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2.7). Moreover, by comparing the scaled operator Dg?()k) to the Kohn-Laplacian Dﬁql){n on

the Heisenberg group we estimate in Theorem 2.9 the Szegd kernel function on X in
terms of the extremal function on the Heisenberg group. The latter is computed ex-
plicitely in §3. In §4 we use this information in order to prove the local Morse inequali-
ties (1.21) and by integration the weak Morse inequalities (1.22). In §5 we analyse the
spectral function of Dg,"’()k) and deduce the semi-classical Weyl law, thus proving Theo-
rems 1.6-1.8. In §6 we specialize the previous results to the case of an embedded CR
manifold and prove Theorems 1.12 and 1.15. Moreover, we exemplify our results in two
concrete examples, one of a Grauert tube over the torus and the other of a quotient of
the Heisenberg group.

2. THE ESTIMATES OF THE SZEGO KERNEL FUNCTION Hk(q)

In this section, we assume that condition Y (g) holds at each point of X.

2.1. The Szego kernel function H,Eq)(a:) and the extremal function S,Eq}(x) We first

introduce some notations. For p € X, we can choose a smooth orthonormal frame

e1,...,en_1 of T*®1X over a neighborhood U of p. We say that a multiindex J =

(J1,-+»Jq) € {1,...,n — 1}7 has length ¢ and write |J| = g. We say that J is strictly in-

creasingif1 <71 < jp <--- < jg<n—1.ForJ = (3,...,5,) wedefinee; :=ej; A -Aej,.

Then {e; : |J| = g, J strictly increasing} is an orthonormal frame for A®9T* X over U.
For f € Q%4(X, LF), we may write

flo= 3" fres, with f; = (f,es) € C®(U; L¥),

|J|=¢g

where Y’ means that the summation is performed only over strictly increasing multi-
indices. We call f; the component of f along e;. It will be clear from the context what
frame is being used. The extremal function S,(cq} along the direction e; is defined by

(2.1) SO(y) = sup s () -
a€ (X, LF), ||al =1

Lemma 2.1. For every local orthonormal frame {e;(y);|J| = g, J strictly increasing} of
A9T* X over an open set U C X, we have II\9(y) = > l=q S,E?_),(y), forevery y € U.

I () = Y51y TE(y), where II(y) := 5 1f,.0(y)[*. Tt s easy to see that I{%(y) is
independent of the choice of the orthonormal frame (f;). Take a € s4%(X, L*) of unit
norm. Since a is contained in an orthonormal base, obviously |a;(y)[* < H,E?J)(y). Thus,

(2.2) S,(Cq}(y) < Hk(’qj)(y), for all strictly increasing J, |J| = g.

Fix a point p € U and a strictly incresing multiindex J with |J| = ¢. For simplicity, we
may assume that ¢(p) = 0. Put

o\ ~1/2 .
w@) = (S 50@F ) S B ).

10
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We can easily check that w € H{ (X, L*) and ||u|| = 1. Hence, |us(p)|* < S,(cq}(p), therefore
)= 3. @) = @) < SEo).
=1

By (2.2), IT, k _, = ,(j} for all strictly increasing multiindices J with |J| = g, so the lemma
follows. O

2.2. The scaling technique. For a given point p € X, let Uy(y),...,U,_1(y) be an or-
thonormal frame of T;;°X varying smoothly with y in a neighborhood of p, for which
the Levi form is diagonal at p. Furthermore, let s be a local trivializing section of L on
an open neighborhood of p and |s|>, = e ¢. We take local coordinates (z,6) = (z,6) =
(z1,...,@on-2,0), 2; = Ta;_1 + 1Z5;, § = 1,...,n — 1, defined on an open set D of p such
that

wo(p) = v2d8 ,  (z(p),6(p)) =0

(@) 58D = 255 (5 () 50 =0, (35(0), o) =2,

forj,t=1,...,2n — 2,
o 1., 0 1 o]

2 N A i=1,...,n—1
(2.3) U; 5z, ﬁz)\]zjaa o 980 +0(|(z,0)), j s, —1,
and
n—1 n—1 n—1
¢ => (aj2; +0;Z;) + BO+ D (050252 + CsiZsZ) + D 15,1252
2.4 =1 ji—=1 jit=1

+0(|z]181) +O(161") + O(I(z, ) 1),

where B € R, ¢j, 0, ajg, j,e € C, 050 = 1if j = ¢, 6, = 0if j # ¢, 22 = (50— — 150),
forj,t=1,...,n—1and A;, j =1,...,n — 1, are the eigenvalues of L,. This is always
possible, see [4, p. 157-160]. In this section, we work with this local coordinates and we
identify D with some open set in R?"~!. Put

(2.5) R(z,0) = Z a;z; + Z ;252
7t=1
(2.6)
n—1
¢o = ¢ — R(2,0) — R(2,0) = B0+ Y ;22 + O(|2|18]) + O(I6]*) + O(I(z, 0)[*) -
7,t=1

Let (| )rg and ( | )xg, be the inner products on the space 229(D) defined as follows:

(F 1 9)us = [(Frg)e ™ dvx, (£] Q)i = [{f,g)e ™ dux,

where f,g € Q24(D). We denote by L}, (D, k¢) and Lf, (D, k¢o) the completions of

Q%4(D) with respect to ( | Jxs and ( | )xg,, respectively. We have the unitary identification
L?O,q)(D1 k¢0) ~ L%O,q)(D; k¢)

(2.7) u— U = ey,

u=e By« 7.

11
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Let 8, ke . 0, 9+1(D) — Q%4(D) be the formal adjoint of 8, with respect to ( | )x4. Put
059, = 8,8, + 8,8, : Q*4(D) — Q*(D).

Let u € Q%(D,L*). Then there exists @ € Q%(D) such that u = s*& and we have
Dz(,q,gu = st ,34512 In this section, we identify v with 4 and Dz(,q,g with Dﬁ?,g. Note that
[w(0)* = |a(0)|* e *#® = |a(0)|".

Recall that aA is the operator of left exterior multiplication with a form a. The adjoint
of this operator is denoted by (aA)* (cf. (1.1)).

If u € Q%(D) N L?, (D, key), using (2.7), we have 8,7 = 5;» = e*E9,u, where

(0,9)
(2.8) 0, =0y + k(EbR) A .

ity (ej AU+ (8ye5) A (ej/\)*). Note that (eJ )* equals the interior product i, with U;.
Thus,

n-1 n—1

2.9) 3= ejA(Uj + k(UjR)) + S (Bye;) A (e;1)°
1=1 7=1

and correspondingly

(2.10) Z e;N)* < ° + k(U;R) ) + Z e; A (Ove;N)*,

where 8, *g = e*25 v and U;’ *%° is the formal adjoint of U; with respect t0 ( | )go»
j=1,...,mn — 1. We can check that

(2.11) U™ = —U; + k(Uso) + 55(2,6),
where s; € C*(D), s; is independentof k, j = 1,...,n — 1. Put
(2.12) 0@ =3,8] 4+ 8,8, : Q“4(D) — Q»(D).
We have

(2.13) 9y = e R0Wy = O, 4.

Proposition 2.2 ([24, Prop. 2.3]). We have
09 = 5,8, + 8,9,

Z( % 4 k(U,R)) (U, + k(U;R))

[
,_.»—l

(2.14)

;?

*,kdo

z i A (&) [T+ k(T;R) , U + k(U,R)|

+ ¢(U + k(UR)) + ([T + k(UR)) + f(z,0),

where (U + k(U R)) denotes remainder terms of the form 3 a;(z,0) (Uj + k(UjR)> with a;

smooth, matrix-valued and independent of k, for all j, and similarly for e(ﬁ*’}wo + k(UR))
and f(z,8) € C* independent of k.

12
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For the convenience of the reader we recall some notations we used before. For r >
0, let D, = {(z,0) = (z,6) e R* % |z;| <, 8] <7, j=1,...,2n — 2}. Let F} be the
scaling map: Fi(z,0) = (7, ?). From Nnow on, we assume that k; is large enough so that

Fi(Diogr) C D. We define the scaled bundle Ff A®4T*X on Do to be the bundle whose
fiber at (z,0) € Diogy is

Fg\>T(, 0 X {Zm ases(Z 2)i ar € C,|J| —4}

We take the Hermitian metric (-, - )z on FFA%T*X so that at each point (z,8) € Dy,

{eJ(jE , k) i |J| = g, J strictly 1ncreasmg}

is an orthonormal basis for Fy A®ITy; o X. For r > 0, let FyQ%!(D,) denote the space of
smooth sections of FyA%T*X over D,. Let FfQ%(D,) be the subspace of F;Q%(D,)
whose elements have compact support in D,. Given f € Q%9(Fy(Diogr)) We write f =
Y| j=q f7€7- We define the scaled form Fy f € FyQ%9(Diogs) by:

wif= S0 e (k)

Let P be a partial differential operator of order one on Fj (D)o %) with C* coefficients.
We write P = a(z,0) 2 + 32" a;(z, 9)%, a,a; € C®(Fy(Diogr)), J = 1,...,2n—2. The
partial diffferential operator Py on Do, is given by

2n—2

(2.15) Py \/_14"*a§94r Z F*ajaa \/Ea(z 9>3+ > a](z 9)‘?.

Let f € C®(F(Diogr)). We can check that
* 1 *
(2.16) P(k)(ka):ﬁFk(Pf)'

The scaled differential operator 8, ) : FyQ2%9(Diogr) — FrQ%4™(Diog) is given by
(compare to the formula (2.9) for 8,):

. n—1 2 0 . o
B, 1 = ()/\(U s U-R)
(k) ;ea ik i) + VEF (U;R)

(2.17) o o 5
z z *
le i@ G M (s ( ) )
From (2.9) and (2.16), we can check that if f € Q%¢(Fj(Diogx)), then
_ . 1=
(2.18) OuFLf = —=Fi(B:f).

Let ( | )xr: 4, De the inner product on the space Fj;Q29(Dioq) defined as follows:

(F | 9uron = [ (£, 0)me % (Fym)(z, 6)dv(2)dw (6)

log k

where dvy = mdv(z)dv(8) is the volume form, dv(z) = 2" 'dz; - dzo,_ s, dv(8) =
v/2d. Note that m(0,0) = 1. Let 5:,(@  FEQP Y (Diggr) — FEQ%9(Diog i) be the formal

13
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adjoint of 55,(k) with respect to ( | )& Fr4o- Then, we can check that (compare the formulas
for 8, see (2.10) and (2.11))

(2.19)
— n-l z 6 * _ 1
— N el _T7. FX(U- EFX(U: ——_F*g.
% =2 (e ) ) (= U+ VERUR) + VER U0 + 2 Fiss)
=l z @ — z @ *
B ol (@) )
= k J \/E k ( b J) \/E k
where s; € C®(Diogk), 7 =1,...,n — 1, are independent of k. We also have
~* * 1 * -~ %
(2.20) Oy Fe f = ﬁFk 8.f), feQ(Fi(Diogk))-

We define now the scaled Kohn-Laplacian:
(2.21) O = 8. )85, () + B0 (1) * Fr09(Dog) — Fr2%9(Diogs).
From (2.18) and (2.20), we see that if f € Qo’q(Fk(Dlogk)), then

1
(2.22) (O Fif = L FL(O9F).
From (2.3) and (2.5), we can check that

_ _ ;) .
(2.23) Ujwy + VEF (U;R) = iNZj s+ ik, J=1,..n -1,

o] N 1
0z; V2
on D, Where ¢ is a sequence tending to zero with £ — oo and Z; is a first order diffe-
rential operator and all the derivatives of the coefficients of Z; ; are uniformly bounded
in k on Diggk, 7 = 1,...,n — 1. Similarly, from (2.5) and (2.6), we can check that

1
— Usey + VEF(ULR) + VEF (Usgho) + \/EF,jst
(2.24) 5 1 5 n—1
= —— 4+ — 1IN — zAtztﬂ+Z#jtzj+5ka) t=1,...,n—1,

8z; 2 o0 f

on Dy, , Where §;, is a sequence tending to zero with £ — oo and V;, is a first order diffe-
rential operator and all the derivatives of the coefficients of V; ; are uniformly bounded
in k on Diggy, t = 1,...,n — 1. From (2.23), (2.24) and (2.17), (2.19), (2.21), it is
straightforward to obtain the following.

Proposition 2.3. We have that
=06 i, 0 o i . 0
09, = [<_ 20 )( N )}
s,(k) JZ 8z, + \/EAJzJ 90 \/—)‘ iZ;B + Z Ht, 5 Z¢ 8z, \/EA]ZJ 20

1

0 z 0 * 1 0
E A —, | A p— —=A:0; > 210, ) P,
" ef( ) (et(\/ﬁ o)) (s 3 0B )+ V2iibss 55 ) + kP
on Dlog x, Where €y, is a sequence tending to zero with k — oo, Py is a second order differen-

tial operator and all the derivatives of the coefficients of P, are uniformly bounded in k on
Dlog k-

14
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Let D C Diogy be an open set and let Wip. 4 (D; FfA®IT*X), s € No := N U {0},
denote the Sobolev space of order s of sections of FyA®¢T* X over D with respect to the
weight e #Fc¢0, The Sobolev norm on this space is given by

!
(2.25) ullipggosn = O

/ a;‘eu_,f e et (Frm)(z, 0)dv(z)dv(8),
o|%

_ ) ) 0, :
where u = 33|, _, we&ﬁ, E) € Wiprgo(D; FyA?9T*X) and m is the volume form. If
s = 0, we write ||'HkF,:¢o p to denote ||'||kF,;¢o o.p- We need the following

Proposition 2.4. For every r > 0 with Dy, C Dy and s € NU {0}, there is a constant
C, s > 0 independent of k, such that

2

2 2 «
(2.26) HquF,:q&o,s—i—l,Dr < Cr,s(||u”kp,:¢o,1)2, + “DE?()k)u“ ) , U € Fy Qo’q(Dlogk)-

kF}¢o,s,Dar
Proof. Since Y (g) holds, we see from the classical work of Kohn ([25, Th.7.7], [21,

Prop.5.4.10], [15, Th. 8.4.3]), that DE?(),C) is hypoelliptic with loss of one derivative and

we have (2.26). Since all the derivatives of the coefficients of the operator Dg?()k) are

uniformly bounded in k, if we go through the proof of [15, pp. 193-199] (see also Re-
mark 2.5 below), it is straightforward to see that C, ; can be taken to be independent of
k. d

Remark 2.5. Put
A = {all the coefficients of DE?(),C), B,k 5:’(,6), [Uj(k) , Ut(k)], Ujky> Uiy,
5, t=1,...,n—1, and of kFy¢o, Fym}
and B = {all the eigenvalues of £,}. From the proof of Kohn, we see that for » > 0,

s € Ny, there exist a semi-norm P on C*(D,,) and a strictly positive continuous function
F :R — R, such that

@27) el < Z,FEEN+ 5 FO) ([l g + 10505 )

where u € FfQ%(Dy, ). Roughly speaking, the constant C, ; in (2.26) depends contin-
uously on the eigenvalues of £, and the elements of A in the C*°(D,,) topology. (See
also the proof of [32, Lemma4.1].)

Lemma 2.6. Let o, € Fy2%4(Diogy) with O = 0 and ||/l < 1. Then,

there is a constant C' > 0 such that for all k we have |y (0)]” < C.

¢0,D1og

Proof. Fix r > 0, r small and let x € C§°(D,), x = 1 on D:. Identify a; with a form in
R2?"~1 by extending with zero. Then

MO0 = | [ xa(e)de| = |[,_a+1eF) T+ eF) rane)de
< ([ viera) ([, a+lery e a)

< 5||ak||kF,:¢o,n,DT’

15
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where xa; denotes the Fourier transform of xa,. From (2.26) and using induction, we
get

n
2 2 (9) ?
||ak||kF,;¢o,n,D, < C( HakaF,;m,D,, + mgl H(Ds(,l(k))mquF;%,Dw)

for some 7' > 0, where C' > 0 is independent of k. Since Dg?()k)u = 0, we conclude that

ok |lp2 go,n,0, < C- The lemma follows. O
Now, we can prove the first part of Theorem 1.4 (estimate (1.20)).

Theorem 2.7. There is a constant Cy > 0 such that for all k and all z € X we have

(2.28) k" I19(z) < Cp

Proof Let uy € H{(X,L*), |lux|]| = 1. Set oy, := k3 Fy (e *Fuy) € FfQ%9(Diggr). We

recall that R is given by (2.5). (See also (2.7).) We check that ||o‘e;c||,d,ﬂg¢o’ploglc < 1.

Using (2.22) and (2.13), it is not difficult to see that Dg‘f()k)ak = 0 on Dyygp. From
this and Lemma 2.6, we see that there exists C(0) > 0 such that for all ¥ we have
|0 (0)]> = k™" |ug (0)> < C(0). We can apply this procedure for each point z € X, so we
can replace 0 by z in the previous estimate. In view of Remark 2.5, we see that we can
find C(z) > 0 and a neighborhood D, of z such that for all £ and all y € D, we have
k" |ux(y)]> < C(z). Since X is compact we infer that

Cl =sup{k ™" |up(z)?:k €N,z € X} < 00
Thus, for a local orthonormal frame {e;; |J| = g, J strictly increasing} we have
sup{k‘”S,ﬁ?},(m) ckeN,ze X} <G
(see (2.1) for the definition of S,(f}). From this and Lemma 2.1, the theorem follows. O

2.3. The Heisenberg group H,. We pause and introduce some notations. We identify

R?>"~1 with the Heisenberg group H, := C™' x R. We also write (z,6) to denote the

coordinates of H,, z = (21,...,2,1) € C* %, 2; = Z9; 1 +1%25, j = 1,...,m — 1, and
8 € R. Then

o} 1 o}

Un, = —=tA\Z;—; ] =

{ J.Hn, bz; \/E'L i%iggd

— 1 0
U Tig  T= o j=1,... —1}
{]yH‘n 7,Hn '\/589 J n

1,...,n—1}

are orthonormal bases for the bundles T*°H,, and CT H,,, respectively. Then
n—1
{de , dZ;, Wy = \/§d0 + Z(i)\jijdzj — i)\ijdfj) 17=1,...,n— 1}
7=1
is the basis of CT™*H,, which is dual to {U; u,.,U,n,,—T;j = 1,...,n — 1}. We take the

Hermitian metric (-, -) on A»T*H, such that {dz; : |J| = g, J strictly increasing} is an
orthonormal basis of A>¢T*H,,. The Cauchy-Riemann operator 8, g, on H, is given by

n—1
(229) gb,Hn = Z dfj AN Uj,Hn . Qo’q(Hn) — Qo’q+1(Hn).
1=1

16
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Put ¥o(2,6) = ﬂ9+21t 1 My,:Z52: € C®(Hp; R), where B and p; ¢, 7,t = 1,. —1, are
as in (2.4). Note that
(2.30) sup |kFido — Y| — 0, as k — oo.

(2,8)ED1og

Let ( | )y, be the inner product on 2%9(H,,) defined as follows:
(£ 1900 = [, (£,9)e "av(2)dv(6), f,g € QL(H,),

where dv(z) = 2" 'dz1dz, - - dEan s, du(0) = v/2d6. Let B, 5" : QU4TL(H,) — QO9(H,,)
be the formal adjoint of 8, g, with respect to ( | )y,. We have

n—1
(2.31) By = S_(dzA) U - QWY (H,) — QO9(H,),
t=1
where
n—1
— _ 1 ..
(2.32) Ut,}}p: = —Uin, + Uy, Yo = —Upm, + Z Wj,t25 — —=1 2t .
The Kohn-Laplacian on H, is given by
(2.33) 8 = 85,10, 8 0 + By Boriy, : Q¥9(H,) — QOU(H,,) .
From (2.29), (2.31) and (2.32), we can check that
.
e PoFT = 9
— U] }{nUJ Hp, + Z dZ] dzt/\) |:<,U'j,t \/_)\ 51 tﬂ) + ’L\/_)\ 5] t 89:|
7=1 7,t=1
(2.34) n-l o) ' o) 1 o) 1 o)
= -+ —=XZ A Z — =iz
“K 55 " Vet Z“’*J “T %) <3z- "z %555

Z_: A (dZeN)* |:(,U;j1t \/_)\ 505, t,@) +9vV2X;05, 4 869}

).

2.4. The estimates of the Szego kernel function /7, (@), We need the following

Proposition 2.8. For each k, pick an element oy, € FyQ%9(Dyygy,) with Dg‘f()k)ak = 0 and
||a’°HkF,:¢o,Dlogk < 1. Identify oy, with a form on H,, by extending it with zero and write oy, =

9 . .
> 171=q o,s€5( 7, ). Then there is a subsequence {akj} of {ax} such that for each strictly
increasing multiindex J, |J| = g, oy, ; converges uniformly with all its derivatives on any
compact subset of H,, to a smooth function «;. Furthermore, if we put a = Efﬂ:q aydz;,

then DbH a=0.

Proof. Fix a strictly increasing multiindex J, |J| = ¢, and » > 0. From (2.26) and
Remark 2.5, we see that for all s > 0, there is a constant C, ;, C, ; is independent of &,
such that ||ag,s||, b, < Crg for all k. Rellich ’s compactness theorem [35, p.281] yields
a subsequence of7{ak, 7}, which converges in all Sobolev spaces W*(D,) for s > 0. From
the Sobolev embedding theorem [35, p.170], we see that the sequence converges in
all C'(D,), ! > 0,1 € Z, locally unformly. Choosing a diagonal sequence, with respect
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to a sequence of D, exhausting H,, we get a subsequence {akj, J} of {oy, s} such that
ay,,; converges uniformly with all derivatives on any compact subset of H,, to a smooth
function a.

Let J' be another strictly increasing multiindex, |J'| = ¢. We can repeat the procedure
above and get a subsequce {ak].s, J:} of {akj, J/} such that ay,_,; converges uniformly with
all derivatives on any compact subset of H,, to a smooth function « ;. Continuing in this
way, we get the first statement of the proposition.

Now, we prove the second statement of the proposition. Let P = (py,...,pq), R =
(r1,...,74) be multiindices, |P| = |R| = q. Define

0, if{p1,...,0gt #{r1,---,7T¢}s

P
the sign of permutation < Z ) , i {p1,.-, P} ={r1,---, g}

ER —
For 7,t =1,...,n — 1, define
HItP 0, ifdz; A (dziN)*(dzF) =
BT €%, ifdz; A (dzn)*(dzF) = dz9, |Q| = g
We may assume that oy ; converges uniformly with all derivatives on any compact sub-

set of H, to a smooth function a;, for all strictly increasing J, |J| = g. Since Dg‘f()k)ak =0,

from the explicit formula of Dﬁ"’()k) (see Prop. 2.3), it is not difficult to see that for all
strictly increasing J, |J| = ¢, we have

n—li* L ] )
( ) Z Uj7;szj,Hnak,J = — ZI O';tp |:(,u'j,t \/_)\ 5] tﬂ)-'—\/_’l)\ 5] tae Ok, p
2.35) =1 |P|=q

1< 7,t<n—1

+ €, Py g

on Dy, where ¢, is a sequence tending to zero with ¥ — oo and Py ; is a second
order differential operator and all the derivatives of the coefficients of P ; are uniformly
bounded in k£ on Do, . By letting £ — oo in (2.35) we get

S : 0 . 8
236) Y. Ui Usmar=— Y. Ufztp[(ﬂj,t - Aj5j,tﬂ> + V200505, |ap
e 7 I — V2 a6
7=1 |Pl=q,
1<j,t<n-1
on H,, for all strictly increasing J |J| = ¢. From this and the explicit formula of Dl(,q;,n
(see (2.34)), we conclude that D _a = 0. The proposition follows. O

Now, we can prove the main result of this section. In analogy to (2.1) we define the
extremal functions sgq},n on the Heisenberg group along the direction dz; is defined by

(2.37) S5, (0) = sup { |a;(0)*; O, = 0, [leell, = 1}
where o = ZM:q o;dzZ;.
Theorem 2.9. We have

limsup k" I79(0) < <Y S'JHn

k—o0 ‘J‘ q

18
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Proof. Fix a strictly increasing J, |J| = g. We claim that

(2.38) limsup k "S)(0) < S (0).

k—o0

The definition (2.1) of the extremal function yields a sequence oy, € HI(X, L), ky <
ks < ..., such that Haij =1 and

(2.39) lim ;™ |, 4(0)| = limsup & "S{%)(0),

J—© k—o0

where ay; ; is the component of a;; in the direction of ;. On Dy, put
—3 —k;R
,Bkj = k] QF]:J,(B 7 ak]-) € F;jQO’q(Dlogkj) .
It is easy to see that

H'Bki < 1 and D(q()k]_),@kj =0 on Diggy; -

S
kjF,Zj $0,Diog k; ’

Proposition 2.8 yields a subsequence {,Bkjs } of {ﬂkj} such that for each J, B, s converges
uniformly with all derivatives on any compact subset of H, to a smooth function §;. Set
B = 3\pj=y Bpdz”. Then we have Dz(fl){n,@ = 0 and, by (2.30), ||]|,,, < 1. Thus,

0 2

(2.40) 80P < P1OF 5 (g

1811,
Note that

. —_n 2 .

(2.41) Jim k™ o, ()] = Bim |B, 7(0) = |B5(0) .
The estimate (2.38) follows from (2.39), (2.40) and (2.41). Finally, Lemma 2.1 and
(2.38) imply the conclusion of the theorem. O

3. THE SZEGO KERNEL FUNCTION ON THE HEISENBERG GROUP H,,

In this section, we will use the same notations as in section 2.3 and we work with the
assumption that condition Y (g) holds at each point of X. The main goal of this section

is to compute Y>_, qu}{n (0).
3.1. The partial Fourier transform. Let u(z,6) € Q%¢(H,) with [|ul|,, = 1and D,(,?}Inu =
0. Put v(z,0) = u(z, H)e‘g" and set ® = Y7, ;:Z;2:. We have

/HJ’U(Z, 9)‘2 e_q"’("‘)dv(z)dv(e) —1

Let us denote by Lf, ,(Hn, ®o) the competion of Q9 (H,) with respect to the norm
|| - ||#,, where

lullyy = [ [l e *av(z)dv(8), e QLI(H,).

Choose x(8) € Cg°(R) so that x(6) = 1 when || < 1 and x(6) = 0 when |8] > 2 and set
x;(0) = x(8/7), 7 € N. Let

(3.1) 0;(2,m) = /Rv(z,ﬁ)xj(ﬁ)e’iendv(ﬁ) c Q™(H,), 1=1,2,....
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From Parseval’s formula, we have

/H 19;(z,m) — %:(z,m)|* e *Fdu(n)dv(z)

n

=4 [ [0(2,0)F 1%,(6) — x:(0) eI dv(®)dv(2) — 0, 5t — oo.

Thus, there is 9(2,7) € L, y(Hxr, o) such tht 9;(2,7) — 9(z,n) in L, ;y(Ha, Bo). We call
9(z,n) the Fourier transform of v(z, 8) with respect to 6. Formally,

(3.2) 9(z,n) = /e‘ie”v(z,é?)dv(e).
R
Moreover, we have

[ 18z e " du(z)do(n) = lim [ [5,(z,m)" e *Odv(z)do(n)
Hp J—70 JHy

(3.3) = 47 lim / ‘u(z,@)e‘gexj((?)‘2 e~ %) dy(2)dv(6)

J—00

= 47r/ lu(z,8)> e 9 dy(2)dv(6) = 41 < oco.
H'n.

From Fubini’s theorem, [.. :|9(2,71)|* e *°®)dv(z) < oo for almost all € R. More
precisely, there is a negligeable set A4, C R such that [.. :|9(z,7)> e *®)dv(z) < oo, for

every n ¢ Ay.
Let s € L{ oy(Hxn, ®o). Assume that I1s(z,m)|? dv(n) < oo and [|s(z,n)|dv(n) < oo for

all z € C* 1. Then, from Parseval’s formula, we can check that
J[@z.m), sz, mpe* @ du(n)av(2)

(3.4) _ //<u(z’0)67§9,/eiens(z,n)dy(n))eii’o(z)dv(e)dv(z).

We pause and introduce some notations. For fixed n € R, put

n—1 n—1
(3.5) @, =—V20 > NlzP + Y 4yez2 € CO(CT Y R).

J=1 =1

We take the Hermitian metric (-, -) on the bundle A®4T*C"* of (0, ¢) forms of C*! so
that {dz;; |J| = g, J strictly increasing} is an orthonormal basis. We also let Q%¢(C™1)
denote the space of smooth sections of A®?T*C™ ! over C*'. Let Q%¢(C™ ') be the
subspace of Q%¢(C* ') whose elements have compact support in C*~* and let ( | )e, be
the inner product on Q29(C™ ') defined by

(f | g)‘l’n - /(Cn71<f’ g)e“i’"(z)dy(z) , fge€ Qg’q(cn_l) .

Let

(36) Dggj _ 5*,4%,5_'_55*,‘1’7; . Qo,q(cn—l) - QO,q((Cn—l)
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be the complex Laplacian with respect to ( | )s,, where 8" is the formal adjoint of 8
with respect to ( | )s,. We can check that

n—1 a
ng = Z( o \/_)\tztﬂ‘i‘Z//q tZ;)

t=1

(37) n—1
+ 5" dz; A (dztA)*(uj,t - ﬁkméj,t)-

=1

Now, we return to our situation. We identify A%¢T*C"~* with A®T*H,,. Set

(3.8) a(z,n) = 9(z,n) eXpKw— - —= )Z Aj |25 ]

V2o
We remind that 9(z,n) is given by (3.2).

Theorem 3.1. For almost all n € R, we have [q._.|a(z,n)|* e *"*)dv(z) < oo and
(3.9) quna(z, n)=0

in the sense of distributions. Thus a(z,n) € Q%4(C™1) for almost all n € R.

Proof. Let Ag C R be as in the discussion after (3.3). Thus, for all n ¢ A,,

L. JoemPe ® @) = [ latzmfe P Du(z) < oo
Cn— Cn—

We only need to prove the second statement of the theorem. Let f € Q%4(C"™!). Put
h(n) = fcn—l(Q(Z,T]),Dggf(z)>e_én(z)dU(Z) if n ¢ Ao, h(n) = 0if n € Ag. We can check
that

(3.10) IR (n)|? </ 1|a(z,n)|2e*§”ﬂ(2)dv(z)/ B4 e *au(2).
cr- cr-

For R > O, put (pR(’I’]) = ]l[,R’R}(’f])E(T]), Where ]l[,R’R}(’f]) =1if —R g n g R, ]l[,R’R}(’f]) =
0if n < —Rorn > R. From (3.10), we have

[lon(m? du(n) = [ Z|h(n)|2dv(n)
C//|a(z M |? e~ dv(n)dv(z C//|’U z,1)|? e @ dy(n)du(z) < 0o

where C' > 0. Thus, @g(n) € L*(R) N L*(R). Set A |z|* := SN |2,]>. We have

(3.11)

[ rmortmas(n) = [ a(n)F dv(n)

— //(a(z n), ngf(Z))efé"(z)wR(ﬂ)dU(n)dU(z)

= [fiocs

= //<u(z,e), /<ff>' "0 (fer)dv(n)e =D dv(8)dv(z).

(3.12)

(B 0 ) pan)e = Can)an(z)
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From Lemma 3.2 below, we know that

/ew"e(;ﬁ5 )A‘z'” Of (f(z)soﬁ(n))dv(n)

(3.13)

.8 1 2.8
_ zi/a_ﬁn)ﬂz\ +56

F@pr(ndu(n) ).

Put

(3.14) S(2,0) = [ g (3553 P80 (v au()

From (3.13) and (3.14), (3.12) becomes

(3.15) / IR (n) 2 du(n) = / / u(z,0), 0%, S(z,0))e ") dy(6)dv(z).

Choose x(0) € C$°(R) so that x(6) = 1 when |6] < 1 and x(6) = 0 when |8| > 2. Then,

[ nn) P dv(n) = tm [fiutz,6), x(ﬁ-)mé?}fnS(z, O))e "-*)dv(@)dv(2)

(3.16) :Jli—>I£lo<// ( )S(z,6))e ¥ dy(6)dv(z)
| +// u(z,9), Dl(qu){n]S(Z,‘9)>€_¢°(z’6)dv(9)dv(z)>
= // u(2,6), 087,15 (2, 0))e =9 du () du(z).

We can check that [x (Q) D(q) ] is a first order partial differential operator and all the

coefficients of [x( ), 0 g ,){n] converge to 0 as 7 — oo uniformly in 6 and locally uniformly

in z. Moreover, from Parseval’s formula, (3.11) and (3.14), we can check that

93‘2 e ¥°dv(6)dv(z)

le]<1

<C Y [fatizl+ i+ l2ln)? 162 £ loa(m)]’ e *du(z)av(n)

jal<1
<€ [loa(n)’ dv(n) < oo,
whit constants C > 0, C > 0. Thus,
11m // u(z,6), Dl(,ql)qn]S(z,9))e_¢°(z’9)dv(9)dv(z) = 0.

From this and (3.16), we conclude that [%|h(n)|dv(n) = 0. Letting R — oo, we
get h(n) = 0 almost everywhere. We have proved that for a given f(z) € Q%(C"?),
Jon—ila(z,m), Dggjf(z))e“l’ﬂ(z)dv(z) = 0 almost everywhere.

Let us consider the Sobolev space W?2(C™ 1) of distributions in C"~* whose derivatives
of order < 2 are in L2. The space of forms of type (0, ¢) with coefficients in this space is
accordingly denoted W ,(C™*). Since W, )((C” 1) is separable and Q2¢(C™ ') is dense
in W ,,(C"1), we can ﬁnd f; € Q¥(C" 1), 7 =1,2,...,such that {fi, fo, ...} is a dense
subset of W ,(C"*). Moreover, we can take {f1, fa, .. .} so that for all g € Q%¢(C™1)
with suppg C B, := {z € C*!; |z|] <r}, r > 0, we can find f;,, fj,,..., supp f;, C B,
t=1,2,...,such that f; — g fort — oo in W{ ,,(C*1).
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Now, for each 7, we can repeat the method above and find a measurable set A; D A,,
|A;| = 0 (Ao is as in the beginning of the proof), such that (a(z,7) | Dgfgfj(z))% = 0 for
all n ¢ A;. Put A = U; A;. Then, [A| = 0and for all n ¢ 4, (a(z,7) | 0¥ f;(2))s, = 0
for all j. Let g € Q2¢(C™') with suppg C B,. From the discussion above, we can find
fivs fins--supp fj, C B,, t = 1,2,..., such that f;, — g in W(%’q)((C”‘l), t — o0o. Then,
forn ¢ A,

(a(z,m) | O99)s, = (alz,m) | L (g — £;:)))e, + (a(z,m) | DL f5)s,
= (a(z,n) | OD(g — £.))e,

Now,

= | [ tate,n), 08 ~ e *duz)

CZ/|8°‘9 £l du(z) =0, t— oo.

|a|<2

(a(z,m) | T§)(g = £,)))e,
(3.17)

Thus, forn ¢ A, (a(z,n) | ngg)% =0 for all g € Q29(C™1). The theorem follows. [J

Lemma 3.2. Let f € Q29(C™ ). Let p(n) € L*(R) with compact support. Then, we have
o — | 2~ L )z[2+ L0
[eme (B8~ 80 00 1))
S (7S W PATE B
= Ok, [ee (385 don)e " @emav(n) ),

where \|z|° = SN EAR

Proof. For any g € Q24(C™ 1), we can check that

Ut,Hn< / e*’”e*(;j5 )it 45 99(Z)<p(?7)dv(?7)>

(3.18) <aazt + \;thztgﬁ) </eiene‘<;5§‘}§n)x|z2+§eg(z)w(n)dv(n))

:/eiene_(z V2 \1f )MZ| +3 9839 ( )d’U(’f])

wheret=1,...,n—1,

Uf?f,?( / gone= (5= dmn)refese (Z)w(n)dv(n)>

—<—8+1i)\za+nz:l z—li)\zﬂ>
= 52 ﬁttae ]1M]t] \/itt

(3.19)

(/eiene<2i§§f )AM 156 (z)(p('/})dﬂ('f}))

S - 2248 j
_ / e (55 a4 9( +Zu3 12;9 — V2\Zeng)e(n)dv(n),

1=1
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wheret=1,...,n— 1, and

U - I T PV
(uj,t fm 6,48+ V2N, ‘5“39) [ere (35 s N80 ()

(3.20)
_ /eiene<2\/§\/§n)>‘|z| +56 (145,49 — V20030, :9)0(n)dv(n),

where 7,t = 1,...,n — 1. From (3.18), (3.19), (3.20) and the explicit formulas for Dz(,ql){n
and Dgfg (see (2.34) and (3.7)), the lemma follows. O

3.2. Estimates for the extremal function on the Heisenberg group. We will use the
same notations as before. For n € R, let us denote by Lf, ,,(C*~*, &,) the competion of

Q{®9)(C" 1) with respect to the norm || - ||s,, where
HuHin = /(Cn_l‘u‘2e—4>n(zr)dv(z)’ = ng’q)(C"—l)_

Let Bg’) : L20 ) ((C”_1 ®,) — KerD be the Bergman prOJectlon i.e. the orthogonal
projection onto Ker D( 9 with respect to (])s, Let (B{> )* be the adjoint of B<I> with
respect to (| )s,. We have Bq, = (B(q)) (B&,n )2. Let

BY(z,w) € C®(C™ * x C* 1; L(ATLC™ 2, ASTFC™ 1))
(BEu)(=) = [ Bz, wiu(w)e *Mdv(w), e L, (C*,&,)

be the distribution kernel of B with respect to s . We take the Hermitian metric
®, P n
(-,-yonTHC" 1 z € C*1, so that *a(z»j =1,...,n— 1, is an orthonormal basis. Let
J

(3.21) Mg, :T)°C* ' - T,°C*t, zeC*
be the linear map defined by (Ms U, V) = (88%,,U AV), U,V € T;°C™*. Put

R, :={n € R; Ms, has exactly g negative eigenvalues

3.22
( ) and n — 1 — g positive eigenvalues}.

The following result is essentially well-known (see Wu-Zhang [33], Berman [5] and Ma-
Marinescu [27, §8.2]).

Theorem 3.3. If n ¢ R,, then B(q)(z z) =0, forall z € C* L. If n € Ry, let (Z;(n))j_1 be
an orthonormal frame of T}*°C™~, for which Ms, is diagonal. We assume that Ms, Z;(n) =
vi(n)Zj(n) for 3 = 1,...,n — 1, With vi(n) < 0foryj = 1,...,q and v;(n) > 0O for
i =4q+1,...,n—1 Let (Tj(n))j={, denote the basis of T;*'C"~*, which is dual to
(Z;()3=t Then

(3.23) BP(z,2) = e (2m) ™ iy (n)] - - [Vnos(n)] ﬁ Ti(m) A (Ti(m)A)"

j=1
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In particular,
Tr B{(2,2) : = > (BY)(2,2)dzy, d2y)
|J1=q
(3.24) = e<1>n(z)(27l')—n+1 |V1(7))| - |yn_1(n)| ]qu (7))

e*1(?) ()1 ‘det Ms, | 1g,(n),

where 1y (n) is the characteristic function of R,.

Remark 3.4. We recall that &, = —v/2n X721 A; |2;| + 27321 15, Z2¢. Since Y'(g) holds,
we conclude that R, C [-R, R] for some R > 0.

We return to our situation. Let u(z,6) € Q*(H,), [lull,, = 1, D(Q) _u = 0. As before,

let 9(z,n) be the Fourier transform of u(z,8)e~ %9 with respect to . From Theorem 3.1,
we know that for o defined in (3.8) we have

(3.25) a(z,n) € Ker OF) N L%, (C"1, &,) N Q%9(C™1)

for almost all n € R. Thus, a(z,n) = fcn_lBéqn)(z,w)a(w,n)e‘q’"(w)dv(w) for almost all
n € R. Put 9(z,n) = 2|5, 05(2,m)dz;.

Lemma 3.5. Let J be a strictly increasing index, |J| = g, and z € C™. Then, for almost
all n € R, the following estimate holds:

(3.26)  [05(z,m)|* < €275 M (B 2, 2)dz,, dz ) / 5(w, n) | e~ @ du(w) .
(C'n,—l

Proof. Let p € C’OO((Cn 1) such that f(cn 1p(z)dv(z) =1, ¢ > 0, p(z) = 0if |z] > 1. Put
f3(2) = 3°" 2p(jz)e* ), j = 1,2,.... Then,

[ o a1, 564

Ccn—1

in the sense of distributions with respect to ( | )s,, that is, (h(z) | f;(z))s, — h(0),
J — 00, for all h € C*(C™ ). Thus, for almost all € R,

S g 2 . —
e 2255 M0 )| = s oy )] = lim [(az,m) | £z — 20)dZ),

(3.27)
= lim |(B)er | f;(2 — 20)dZ,)s,| = lim |(a | BE)(f;(2 — 20)dZ1))s, |
for all zo = (20,1, 20,2, - - - 20n—1) € C* 1. Now,
(3.28)  [(alzn) | BE(fy(z — 20)dz))s, | < lllfy, [BE(F(z — 20)dzs),
and
laf3, B@n(fg(z—Zo)dzJ)H = 19113, | B¢ (fj(z—Zo)cFJ)H
(3-29) = [|0113, (BE)(f;(z - zo)dm | BE)(£,(2 - 20)d21))e,

— ||'U||<x>o <B<b,, (20, 20)dZ5,dZ;5), 7 — 00.

From (3.27), (3.28) and (3.29), we get for all z, € C™ 1,

_n 7?*1>\. 2 2
e V1 2 Mol UJ(ZO,’U)‘ 19]/%, <B§n(z°’20)f1’dzJ>
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for almost all n € R. The lemma follows. O
Put u(z,8) = X|5=, us(2,0)dz;.
Proposition 3.6. For |J| = g, J is strictly increasing, we have
1
(3.30) u5(0,0)" < - /]R (Bs, (0,0)dzy, dZ,)dv(n).

Proof. Let x € C§°(R), [pxdv(8) = 1, x > 0 and x. € C°(R), x.(8) = ix(%). Then,
Xe — 0o, € — 01 in the sense of distributions. Let X, := [ e ®"x.(8)dv(8) be the Fourier
transform of x.. We can check that |x.(n)] < 1 for all n € R, x.(n) = x(en) and
lim, .0 X:(n) = lim, 0 X(en) = X(0) = 1. Let (2) be as in the proof of Lemma 3.5. Put
9;(2) = 72 2p(5z)e*(), 5 = 1,2,.... Then, for J is strictly increasing, |J| = g, we have

(3.31) us(0,0) = ]113)10 611)131+ (u(z, H)e_ge, Xe(0)g;(2)dz ;) e” P dy(z)dv(8).

From (3.4), we see that

(3.32) // (u(z,6)e2*, x.(8)g;(2)dz ) *dv(2)dv(6)
' 1
T J[(8(z,m), %e()g5(2)dzs)e D dv(n)dv(z).
From (3.26) and Theorem 3.3, we see that

n—1 42'2 - R - w
[05(2, M < /2= M By (2, 2)dz, dZs) 1z, (n) /C [o(w, ) e ) du(w),

for almost all n € R. Thus, for fixed j, [[](9,g;dZ;)| e ¥*)dv(n)dv(z) < co. From this
and Lebesque dominated convergence theorem, we conclude that

11m // 9(2,m), Xe(m)g;(2)dzs)e @ du(n)dv(z)

(3.33)
= // 9(z,1), 9;(2)dz;)e~*Edu(n)dv(2).

From (3.32) and (3.33), (3.31) becomes

(3.34) 1s(0,0) = lim —// 9(2,1m), g;(2)dz;)e ®Edu(n)du(2).

j—)OO
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Put f;(n) = £ [8(2,1m),9;(z)dz;)e *)du(z). Since 9(z,n) € Q"¢(C" *) for almost all
n, we have lim;_,o, f;(n) = :=9,(0,n) almost everywhere. Now,

(3.35)
1
5,0 = = | [0z m) g5(2)dzs)e P )du(2)
1 .
T ar \z|<1<v(z M), 37" (iz)dzs)dv(2)
1 . : | ;
< gl [0l e ™ 2a@) ) ([ o)l e tae)

0G,m)| e du(z) )

<c, /| VI I M| 2 ]qu('r])dfu(z))2

.2)

X (/Cnl 9 (w, n)|? ei"’(w)dv(w)> : (here we used (3.26) and Theorem 3.3)

<Cs( [ lo(w,n) e dv(w)) 1z, (),

where Cy, Cs,, C; are positive constants. From this and the Lebesgue dominated conver-
gence theorem, we conclude that

: : 1.
w,(0,0) = lim [ f;(n)dv(n) = [ lim. £;(m)dv(n) = .- [ 9,(0,m)dv(n).
Thus,
17
(3.36) s0,0)| < - [18:(0,m)| dv(n).
Since [f|o(w,n)|* e~Fo(¥ dv(n)dv( ) = 47 we obtain from Lemma 3.5 that

\UJ(O m)|°

0, ( <érm dv(n)
(3.37) ‘/ /f|v(w ? e~ %o(w)dy(w))
4 / (BY)(0,0)dz,, dz,;)dv(n).
Estimtes (3.36) and (3.37) yield the conclusion. O

From Proposition 3.6, we know that for all u(z,6) = >{;_, us(z,0)dz; € Q*(H,),

satisfying [|u|l,, = 1, Dé‘,’f){nu = 0, we have

1
us(0,0) < /(ng(o,o)df],dz_,>dv(n).

Thus, S_,H (0) < ﬁf(BEI, (0,0)dz;,dz;)dv(n) for all strictly increasing J, |J| = q. Hence
> il=q JHn(O) < & [Tr B(Q)(O, 0)dv(n). From this and Theorem 3.3, we get

Theorem 3.7. We have 32|, _ qSJ}{n( ) < 2(217r)n qu‘det M%‘d'u(n), where Ms, is as in
(3.21) and R, is as in (3.22).
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3.3. The Szego kernel function on the Heisenberg group. In the rest of this section,
we calculate the extremal function for the Heisenberg group (see Theorem 3.10). Forn €
R, we can find z;(n) = 277 a;:(n)z, 5 = 1,...,n—1, such that &, = >0 v;(n) 12;(n) ],
where v1(n), ..., v,_1(n), are the eigenvalues of Ms , a;:(n) € C, j,t =1,...,n — 1. If
n € Ry, we assume that v1(n) < 0,...,%,(n) < 0,v4:1(n) > 0,...,v,_1(n) > 0. The
following is essentially well-known (see [5]).

Proposition 3.8. Put

1 -
(338) alzn) = =0y det Mz, | 1z, (n)e D= ++ualnlza®Pdz () A - A dzy(m),

where Cy = (2m)' ™2 (fR ‘det Ms, ‘dv n)) . Then, Dg’ga(z, n) = 0 and
(3.39) / 1(1 + 2™ 187 a(z,1))? e P du(2) < 0o
cn-
and the value [.._.(1 + [2|*)™ |87 a(z,n)|* e *7*)dv(z) can be bounded by some positive

continuous function of the eigenvalues of Ms, n € R, for all m € NJ">, m’ € N,.
Moreover, we have

(3.40) /(C ez n) e Pau(z) —7r< / det Ms, | dv(n ) det Ms, | 15, (n).
Set
ion+ 80+ ( 28 )5 0
(3.41) uz0)= 5 [e 72 (2, ) du(n) € QO9(H),
where a(z,7) is as in (3.38) and A |z|* := SN EZR
Proposition 3.9. We have that
(3.42) O u =0,
(3.43) ully, =1
and
2 _
(3.44) (0,0 = 315 /R q det Ms, | du(n).
Moreover, we have
(3.45) / m/u(z,9)‘2e’¢°(z’9)dv(z)dv(0) < 00
Hy

7 u(z, 9)‘ e ¥z dy(z)dv(8) is bounded above by some positive continuous
function of the eigenvalues of Ms ,n € Ry, fand A;, j =1,...,n— 1, forall m € Ng* 2,
m/' € N(].

Proof. In view of the proof of Lemma 3.2, we see that

1 [ ion4se i8_) ||
i u(z,0) = 5 [ o8 @0y e, mavi) — o,
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which implies (3.42). Now,
/ u(z, )2 e =0 dy(2)du(6)

<z7r S| (&8 o 2, v

1977+f>\\z ‘ —&¢(2)
(27r /‘/ a(z,n)dv(n)| dv(8)e du(z).
From Parseval’s formula, we have
z€77+ >\|z
(3.47) (on )2/‘/ a(z,n)dv(
In view of (3.47), (3.46) becomes
/\u(z 9)\ g Vo(2.9) dv(z dv(6) = //\a z,M)| e"i’"(z)dv(z)dv(n).

From (3.40), we can check that X [f |a(z, n)|? e #=)du(2)dv(n) = 1 so we infer (3.43).
We obtain (3.44) from the following

2

e i) dy(6)du(2)

(3.46)

“av(6) = * [ Jafz,n) du(n).

5 1 2 B 1 5 2
(0.0 = 5 | [ O mavin)| = 55 Ca( [ faet e, |an(n))
2(27r / ‘det Ms, | dv(n).
Finally, from (3.39), (3.41), Parseval’s formula and the statement after (3.39), we get
(3.45) and the last statement of this proposition. O

From Proposition 3.9 and Theorem 3.7, we get the main result of this section:

Theorem 3.10. We have |, _, s, (0) = s Jrg
(3.21) and R, is as in (3.22).

det M@n

dv(n), where Ms, is as in

4. SZEGO KERNEL ASYMPTOTICS AND WEAK MORSE INEQUALITIES ON CR MANIFOLDS

In this section we first study the properties of the Hermitian form Mg introduced in
Definition 1.3, especially its dependence of local trivializations. We then prove (1.21),
i.e. the second part of Theorem 1.4 (cf. Theorem 4.4). Finally, we prove Theorem 1.5.

We assume that condition Y (g) holds. Let s be a local trivializing section of L on an
open subset D C X. Let ¢ € C*(D; R) be the weight of the Hermitian metric h” relative
to s, that is, the pointwise norm of s is |s(z)|>, = e #®), for z € D. Until further notice,
we work on D. Recall that M¢, p € D, is the Hermitian quadrat1c form on T°X defined
by

MU, V) = <U/\V By — a,,¢)(p)> U,V eTHX.

Lemma 4.1. For any U,V ¢ T,°X, pick U,V € C*(D; T*°X) that satisfy U(p) = U,
V(p) = V. Then,

41 MU, V)= —;< [U,V](p),806(p) — Bs(p)) + ;(uv +VU) ¢(p).
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Proof. Recall that for a 1-form a and vector fields V;, V; we have
(4.2) (Vi AVa,da) = Vi((Ve, &) — Va((V1, @) — ([V, V2], o),
Taking Vi = U, Vo =V and a = 8,¢ — 8,¢ in (4.2), we get
<L{ AV, d(8yp — 3b¢)>
=U((V,8:p —8,:8)) — V((,0:0 — 8:9)) — ([U, V], 800 — Bo9).

Note that (V, 8y¢ — 8,¢) = (V, 8s¢p) = V¢ and (U, By — 8y¢) = (U, —Bpp) = —U¢. From
this observation, (4.3) becomes (U AV, d(8yd— 8p9)) = (UV +VU)P— (U, V], 0P — Ob).
The lemma follows. O

(4.3)

The definition of M? depends on the choice of local trivializations. Let D be another
local trivialization with D N D # (. Let § be a local trivializing section of L on the open
subset D and the pointwise norm of § is |5(z)|2, = e~#®), ¢ € C=(D;R). Since § = gs
on D N D, for some non-zero CR function g, we can check that

4.4) ¢d=¢—2loglg] onDND.
Proposition 4.2. For p € D N D, we have

T Tg
(4.5) M$ = M?+ z( gg gg )(p)/:p.

where T is the real vector field on X defined by (1.2).

Proof From (4.4), we can check that 8,¢ = 8¢ — % and 8, = By — % on DN D.
From above, we have

(4.6) (U, V], 050 — 859) = (U, V |, 8p¢ — 8o) + <[U,V], @ - a;9>,
where U,V € C®(D N D; T*°X). From (4.4), we have
UV +VU)¢ = (UV + VU)($ + 2log g])
4.7) :(UV+VU)¢+V;]g+U‘g/g (since Vg =0, Ug = 0)
= (UV +VU)$ — [U’;/]g + [U’;/]g.
From (4.6), (4.7) and (4.1), we see that
ey | HOOTE) 30,76 - (07163200 - 122 0)
_ ;[U,;/]g(pH ;[U,;f]g(p).

We write [U, V] = Z + W + a(z)T, where Z,W € C®(D n D; T**X) and a(z) €
C>(D n D; C). We can check that a(p) = —2iL,(U(p),V(p)). Since Wg = 0 and
Zg = (Z,8,9) = ([U,V], 8g), we have

(4.9) [U,V]g(p) = Zg(p) + a(p)T9(p) = ([U,V |(p), 8s9(p)) — 21L,(U(p), V())T9(p).-
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Similarly, we have

(4.10) (U, V]g(p) = (U, V](p), 853(p)) — 2iL,(U(p), V(p))Tg(p).
Combining (4.9), (4.10) with (4.8), we get
M2 (U(p), V(p)) = MU (p), V(p)) + z'C;;(U(JD),V(p))<:’_;g - ?)(p)-

The proposition follows. O
Recall that Ry, , was defined in (1.16). From (4.5), we see that
(Tg _ Tg
Ri(s)q = Rotwra +1(5 — F)(P)
={s+1(Z— Z2); s € Ry(p)a-

Recall that det(M? + sL,) denotes the product of all the eigenvalues of M? + sL,.
From (4.5) and (4.11), we see that the function z me)q ‘det( ds does

(4.11)

not depend on the choice of ¢. Thus, the function z — FRycer.s ‘det(Ma;“s + ds is
well-defined. Since M? and L, are continuous functions of z, we conclude that z —

fRW) \ ‘det(Mf + ds is a continuous function of z.

Remark 4.3. We take local coordinates (z,6) = (2,6) = (z1,...,ZT2n2,6), 2j = Ta;_1 +
1T25, 7 = 1,...,n — 1, as in (2.3) and (2.4) defined on some neighborhood of p. Then,
it is straight forward to see that £, = Y7 A\;dz; ® dz; and M¢ = X7, % p; dz ® dz;.
Thus,

(4.12) / det(M2 + sL,)| ds :/
Re(p).q

et (ke + 505,625
Rg(p).q

Jt=1

‘ds

and

Rg(p),q = {s € R; the matrix (u,,¢ + $6,:A,);,_, has ¢ negative eigenvalues

]tl

(4.13)
and n — 1 — ¢ positive e1genvalues}.

We prove now the precise bound (1.21) which is one of the main results of this work.

Theorem 4.4. We have for all p € X

: —n rr(9)

1 k1T <

im sup 5 (P) 2(2r)"
Proof. Forp € X, let (z,0) = (2,0) = (z1,...,Ton_1), 2 = Toj_1 + 1225, 7 =1,...,n — 1,
be the coordinate as in (2.3) and (2.4) defined on some neighborhood of p. From Theo-
rem 2.9, we have that limsup,_, k‘”H,Eq)(O) < Xl7=q SJ Hn(O). From Theorem 3.10, we
know that Z\J\ —q S”)qn( 0) = ﬁ qu det Mq;n‘ dv(n), where My, is asin (3.21) and R, is
as in (3.22). Thus,

/ det(M? + sL,)| ds
Re(p), q

" 1
(4.14) lim sup k- 1(0) < ; ooy / q\det Ms, | du(n).
From (3.21), (3.22) and the definition of &, (see (3.5)), we see that
n—1
(4.15) det My, = det (u;,¢ — \/EnAjaj,t)“:l
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and

-1
R, = {77 € R; the matrix (uj,t - \/§n5j,t)\j> . has g negative eigenvalues

n
Jit=

(4.16)
and n — 1 — ¢ positive eigenvalues}.

Note that dv(n) = v/2dn. From this and (4.15), (4.16), (4.12), (4.13), it is easy to see
that qu‘det Mc}n‘ dv(n) = fz,,,., ‘det(MgS + sﬁp)‘ ds. From this and (4.14), the theorem
follows. B
Proof of Theorem 1.5. By (1.12)-(1.14) we have dim H}(X, L*) = [, [I\?(z)dvx(z). In

view of Theorem 2.7, sup, k*”Héq)(-) is integrable on X. Thus, we can apply Fatou’s
lemma and we get by using Theorem 4.4:

limsup k" dim H{(X, L*) < / limsup k" I7,% (z)dvx (z)
X k—oo

k— o0
1
S 22 det(M? + sL,)|d )d .
2(2m)m /‘X(/R¢(z),q ‘ et(M; + sLs)| ds | dux(z)
The theorem follows. -

5. STRONG MORSE INEQUALITIES ON CR MANIFOLDS

In this section, we will establish the strong Morse inequalities on CR manifolds. We first
recall some well-known facts. Until further notice, we assume that Y'(¢) holds. We know

[25, Th.7.6], [21, Th.5.4.11-12], [15, Cor. 8.4.7-8] that if Y(g) holds, then O0{Y) has a
discrete spectrum, each eigenvalue occurs with finite multiplicity and all eigenforms are
smooth. For A € R, let /4’ ,(X, L*) denote the space spanned by the eigenforms of

D,(,q,z whose eigenvalues are bounded by A and denote by H,S?)Q the Szego kernel function
of the space 4’ (X, L*). Similarly, let J4% (X, L*) denote the space spanned by the

eigenforms of Déq,g whose eigenvalues are > A.

Let @, be the Hermitian form on Q%9(X, L*) defined for u,v € Q%9(X, L*) by

Qu(tyv) = (Bot | Bopv)e + (B | B0 + (| )i = (T | )i+ (u | v)s

Let 2%4(X, L*) be the completion of Q*¢(X, L*) under @, in Lf, (X, L*). For A > 0, we
have the orthogonal spectral decomposition with respect to Q:
(5.1) Q04(X, LF) = A7 \(X, L¥) @ A4 (X, LF),
where 7., (X, L*) is the completion of /7. (X, L*) under Qs in Lf, ,, (X, L*).

Let u € J47.,(X, L*¥) N Q*9(X, L*). There are f; € s \(X,L*), j = 1,2,..., such

that Q,(f; —u) — 0, as j — oo. From this, we can check that (DZ(,?,zfj | fi)e — (Dl(,q,zu | )k,
as 7 — oo, and

2 _ fim £ = lim (f. | £, m S (09| £) = (0@
(5:2) el = lim 51 = Jim (| f)e < Jim 5 (O3 | £5),, = 5 (Chiau | w),.

We return to our situation. We will use the same notations as in section 3. For a given
point p € X, let s be a local trivializing section of L on an open neighborhood of p and
5] = e ?. Let (z,0) = (2,8) = (T1,...,Ton_2,0), 2j = Toj_1 +1Toj, j = 1,...,m — 1,
be the local coordinates as in (2.3) and (2.4) defined on an open set D of p. Note that
(z(p),8(p)) = 0. We identify D with some open set of H,.
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Let u(z,0) = X{;_, us(z,0)dz; € Q*(H,) be as in (3.41) and Proposition 3.9. From
(3.45) and the statement after (3.45), we know that the value

/ afaénlu‘ze_¢°dv(z)dv(9)

is finite and can be bounded by some positive continuous function of the eigenvalues of
Ms ,n€Ry, Band Aj,j=1,...,n—1, forallm’' € Ny, m € Ng"*. Since X is compact,
we deduce that for every m € N3*~2, m' € Ny, we can find M,, .. > 0 independent of the

point p, such that

(5.3) /H n

Set Bi(2,0) = xp(Vkz, k6) 1 7/=q u;(Vkz,k0)e;s(z,0) € Q%(D). Here x is a smooth
function, 0 < x < 1, supported on D; which equals one on D and
z 0
z2,0) = ( , >
xx(2,6) = x logk’ VElog k

We remind that (e;);—1,.. »—1 denotes the basis of T**' X, which is dual to (U,),=1, a1,
where (U;);=1,.,»—1 are as in (2.3). We notice that for k£ large, Supp Bx C chﬁk. From
k

™oy u : e ¥ dv(0)dv(z) < My, .

Proposition 2.3 and (2.34), we have
5.4 (O (F ) = O, (xe(2,0)u(z,6)) + exPe( Fy Be),

where ¢, is a sequence tending to zero with k¥ — oo and P, is a second order differential
operator and all the derivatives of the coefficients of P, are uniform bounded in k. Note
that Dl(,q)qnu = 0 and sup(, g)cp,,, |kFx $o — Yo| — 0 as k — oo (¢ is as in (2.6)). From
this, (5.4) and (5.3), we deduce that there is a sequence d, > 0, independent of the point
p and tending to zero such that

(5.5) “Dg?gk)(Fgﬂk)‘|kFg¢o < O

Similarly, we have for all m € N

(5.6) H(mggk))m(p,:ﬂk)ﬂwm 50 ask — 00.

Now define a; € Q%9(X, L*) by
(5.7) ai(z,0) = s*k2e" B (2,0) ,
where R(z,0) is as in (2.5). We can check that

(5.8) k™ |ak(0,0)]* = [B:(0,0)]* = |u(0,0)]> = /]R \olet(z\/_r;jS + sﬁp)‘ ds
#(p), q

2(2m)"
for all k£, and
lwl = [ ke ) By e om(z,0)dv(z)dv(9)

- / ke~ |8, 2 m(z, §)du(z)du(6)

- / e x4 (2,0) 2 [u(z, 0) [ m( 2, ¢ ) du(z)dv(6)

— / lu|? e Y= dy(2)dv(0) = 1, as k — oo,

(5.9)
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where m(z, 8)dv(z)dv(0) is the volume form. Note that m(0,0) = 1. Moreover, we have
(Ao | o)
1
= / B (OB, Bl “om(z,0)dv(z)dv(8) (by (2.13)
(5.10) *
- / ZF(C09By), F Bi) ree ¥ (Frm)du(z)dv(6)
- / DE‘,’Zm )F5; Br. F,:ﬂk>p,:e"“‘”'?¢°(F,:m)dv(z)dv(e) (by (2.22)).

From (5.5) and the fact that || F} Bk||, Frgo < 1, We deduce that there is a sequence p; > 0,
independent of the point p and tending to zero such that

(5.11) (208, | ) <
Similarly, from (5.6), we can repeat the procedure above with minor changes and get
(5.12) H(lﬂ(q)) akH — 0 ask — 00,

for all m € N. Now, we can prove

Proposition 5.1. Let v; > 0 be any sequence with limy_, o ﬁ—’; = 0, where uy, is as in (5.11).
Then, lim infy o0 k"1, (0) > 5= fi,,,, , [det(ME + sL,)| ds.

Proof. Let oy, be as in (5.7). By (5.1), we have o, = o}, + o, where o}, € S8, (X, L),
oi € ', (X, L¥). From (5.2), we have
1 1 < M

et < g (et | ), < L (Ol ), < 2 o,

as k — o0o. Thus, limy_,« ||@Z|| = 0. Since ||ax|| — 1 as k — oo, we get
(5.13) lim k] =1.
Now, we claim that
: —n |2 2
(5.14) kllm k ‘ak(O)‘ = 0.

On D, we write a? = s*k3e*EBZ, B2 € Q%9(D). From (2.26) and the proof of Lemma 2.6,
we see that

(5.15) ‘F’:’Bi(o)r S Cno 1"( HFk'BkaF*qSO b, * H(D Fk'BkaF*qSo n— 1DT)
for some r > 0. Now, we have
(5.16) H kﬂkwao,D, <[z~ o0, ask— co.

Moreover, from (2.26) and using induction, we get
(q) R (@) \m 22|
(5.17) H(Ds,(k)Fk 'BkaF’*qﬁo n—1,Dp <C mzzl ‘ (Ds,(k)) Fy ’BkaFggbo,DT’ ’
for some 7' > 0, where C’ > 0 is independent of k. We can check that for all m € N,

s

<

2
(iDﬁ?,z)makH — 0 as k — oo.

N

(5.18) H(Ds ()" Fx :Bk

kF;¢o,D,
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Here we used (5.12). Combining (5.18), (5.17), (5.16) with (5.15), we get
lim |Fz(0)| = lim [2(0)] = lim & |a2(0)] =o.

Hence (5.14) follows. From this and (5.8), we conclude

. a1 2 1 &
(5.19) ’}1_>I(r>10k ‘ak(O)‘ = 3@ /R¢(p>,q ‘det(Mp + sﬁp)‘ ds.
Now,
2
—n r7(9) -n |aI]é(0)| 1 ¢
k"I, (0) >k det(M? + sL,)|ds, as k — oo.
e  (0) (ol 2@ ey, M T 5Ls)

The proposition follows. O

Proposition 5.2. Let v, > 0 be any sequence with v, — 0, as k — oo. Then,

: —n r(9) 1

1 k"I 0) <

HkILSoELP k,ékl/k( ) 2(27T)n
Proof. The proof is a simple modification of the proof of Theorem 4.4 and in what follows
these modifications will be presented. Let oy, € J4%,,, (X, L*) with [|og|| = 1. On D, we
write oy, = s*k2e*28,, B, € Q%¢(D). From (2.26) and using induction, we get

/ det(M + sL,)| ds.
Ry(p),q

s+1 9
* 2 * 2 m ix
(5.20) ||Fk ﬂk||kpg¢0,s+1,pr < Cr,s ( ||Fk IBkaF;qso,Dz, + Zl H(Dg?()k)) F 'Bkangvo,Dzr >

2
We can check that H(Dg?()k))mF’:'BkaF,:¢o,D2T < H(%Dz(,q,g)makH < v§* — 0. Thus, the conclu-
sion of Proposition 2.8 is still valid and the rest of the argument goes through word by
word. O

Proof of Theorems 1.6, 1.7 and 1.8. We can repeat the proof of Theorem 2.7 and con-
clude that for any sequence (v;) with v, — 0, as k — oo, there is a constant Cj inde-
pendent of k, such that k™17, (?)g,wk(mo) < Cy for all z, € X. From this, Proposition 5.1
and Proposition 5.2 and the fact that the sequence (u) in (5.11) is independent of the
point p, we get Theorem 1.6. By integrating Theorem 1.6 we obtain Theorem 1.7. By
applying the algebraic Morse inequalities [27, Lemma 3.2.12] to the 8, z-complex (1.7)
we deduce in view of Theorem 1.7 the strong Morse inequalities of Theorem 1.8. O

6. EXAMPLES

In this section, some examples are collected. The aim is to illustrate the main results
in some simple situations. First, we state our main results in the embedded case.

6.1. The main results in the embedded cases. Let M be a relatively compact open
subset with C* boundary X of a complex manifold M’ of dimension n with a smooth
Hermitian metric (-, - ). Furthermore, let (L, h*) be a Hermitian holomorphic line bundle
over M' and let ¢ be a local weight of the metric hZ, i. e. for a local trivializing section s
of L on an open subset D C M, |s(z)|>, = e ¢. If we restrict L on the boundary X, then
L is a CR line bundle over the CR manifold X. For p € X, let M:j’ be as in Definition 1.3.

Proposition 6.1. For U,V € T,°X, we have M¢(U,V) = <85¢(p), U /\V>.

35



Chin-Yu Hsiao & George Marinescu  Szeg6 kernel and Morse inequalities on CR manifolds

Proof. Let r € C*(X; R) be a defining function of X. For U,V € T,°X, pick U,V ¢
C>(M'; T M') that satisfy U(p) = U, V(p) = V and U(r) = V(r) = 0 in a neighborhood
of pin M'. From (4.2), we have

2(U NV, 00¢) = (UNAV,d(D¢ — 84))
=u((v,0¢—0¢)) —v((U,8¢ - 8¢)) — ([U, V], 3¢ — 54).

Note that (V, 8¢ — 8¢) = (V,08¢) = V¢ and (U, 8¢ — 8¢) = (U, —8¢p) = —U¢. From this
observation, (6.1) becomes

(6.2) 2(UNV,00¢) = (UV +VU)¢— ([U,V], 56 — 8¢).
Since U(r) = V(r) = 0 in a neighborhood of p in M’, we have
(UV +VU)d(p) = (UIxVx + VIxUlx) #lx(p)

(6.1)

and
([u, V], 8¢ — 89)(p) = ([Ulx, VIx], Be|x — Budlx ) (p),

where U|x is the restriction to X of U/ and similarly for V and ¢. From this observation
and (6.2), we conclude that

(6.3) 2(U AV, 80¢)(p) = (UlxV]x +VIxUlx)$lx(p) — ([Ulx, VIx], Bedlx — Bl ().
From (6.3) and Lemma 4.1, the proposition follows. O

We denote by R% the restriction of R* to T*°X. As before, let £, be the Levi form of
X at p € X. We define the set Ry(;),, as in (1.16). Set

(6.4) I9(X,L) = /X /R det(RE + s,
é(z),q

Now, we can reformulate Theorem 1.5 and Theorem 1.8:

dsdux(z).

Theorem 6.2. If condition Y (g) holds, then

n

: q k < q n
(6.5) dim H{(X, I¥) < o (X, L) + o(k™),
If condition Y (j) holds, for all 3 = 0,1,...,q, then
q ) ) n q o
6.6) > (-1 dim (X, F) < (’;ﬁ)n S (179 F(X, L) + ok").
7=0 7=0

If condition Y (3) holds, forall 3 = gq,q+ 1,...,n — 1, then
1

72(—1)“011111 HI(X,LF) < 2(12“;)71 S(—mjfﬂ'(x, L) + o(k™).

Proof of Theorem 1.13. Since L is positive, R% + sL, is positive if |s| small, so ‘Rqs(p),o‘ >0
for all p € X. By the hypothesis of Theorem 1.13 we have A, ;1 =X, <0< A, |1 =
An_i2 at each point of X. This implies, that if R% + s£, cannot have exactly one negative
eigenvalue at any point of X (note that s takes both negative and positive values). Thus,
Rg(p),1 = 0 for all p € X. Hence, the strong Morse inequalities (6.6) for ¢ = 1 imply the
conclusion. O
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Proof of Theorem 1.15. Note that X and L satisfy the conditions of Theorem 1.12. Hence
there exists ¢ > 0 such that dim H?(X, L*) > ck", for k sufficiently large.

On the other hand, every CR function on X extends locally to a holomorphic function
in a small open set of M. For b < ¢, set M = {b < p < c}. Thus, there exist b <
a < c such that the restriction morphism H°(M{, E) — H°(X, E) is an isomorphism
for any holomorphic line bundle E — M. Moreover, we know by the Andreotti-Grauert
isomorphism theorem [1] that the restriction H°(M, E) — H°(Mg, E) is an isomorphism.
Thus there exist C,c > 0 and ky € N such that

(6.7) ck™ < dim H°(M, L*) < Ck™, fork > kq,

which we write
dim H°(M,L*) ~ k™, k — co.

Now, M is a (n — 2)-concave manifold in the sense of [1], in particular Andreotti-pseudo-
concave (see [27, Def. 3.4.3]). By (6.7) and (1.28) we obtain that g, = n for large k& and
the desired conclusions follow. O

Theorem 1.15 is a consequence of Theorem 1.12 and of the fact that CR section ex-
tend to a (n — 2)-convex-concave strip around the given CR manifold. By extending the
sections as far as possible we obtain the following results.

Corollary 6.3. Let M be a projective manifold, n = dim¢ M, and let X be a compact hyper-
surface, such that there exist an open set U C M and p € C*(U,R) with X = p™*(0) C U
and dp|x # 0. Let L — M be a holomorphic line bundle over M. We assume that the curva-
ture form RE of L and the Levi form 86p| x satisfy the assumptions of Theorem 1.12. Then
there exist a branched covering m : M — M, a divisor H C M and an integer d = d(L)
such that for I := m* L holds:

dim H°(M \ H,L*) = dim H*(M, L* @ [kdH]) ~ k", &k — 0.

Proof. Let us first observe that under the given hypotheses, there exist b < 0 < ¢ such
that M' = {b < p < c} is a (n — 2)-convex-concave strip which fulfills the assumptions
of Theorem 1.15. By (6.7), dim H°(M',L*F) ~ k", k — oo. Since M’ is Andreotti-
pseudoconcave, a theorem of Dingoyan [18, 19] shows that there exist a branched
covering 7 : M — M with a section S on M, a divisor H C M and an integer
d such that holomorphic sections of 7*L* over S(M') extends to a holomorphic sec-
tion of 7*L* over M \ H or of I* ® [kdH] over M. Thus, the restriction morphisms
HO(M \ H,I*) —» H°(S(M"),L*) and HY(M,I* ® [kdH]) — H°(S(M'),L*) are iso-
morphisms. On the other hand, dim H°(S(M'),L*) ~ k™, k — oo and the assertion
follows. O

Remark 6.4. There are several criteria for a line bundle on a compact manifold to be big
(Siu, Ji-Shiffman, Bonavero see e. g. [27, Ch. 2]). Corollary 6.3 asserts roughly that if a
line bundle L is positive along a well-chosen hypersurface then by passing to a branched
covering there exist a divisor H and an integer d such that L ® [dH] is big.

If one knows that X has a neighbourhood M’, which is a (n — 2)-convex-concave strip
such that any meromorphic function on M’ is rational, then [18, 19] shows that there is
no need to pass to a covering.
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Corollary 6.5. Assume the same hypotheses as in Corollary 6.3 for M, X and L. Assume
moreover, that there exists a (n — 2)-convex-concave strip M' = {b < p < c} such that any
meromorphic function on M’ is rational. Then there exists a divisor H C M and an integer
d such that

dim H°(M \ H, L*) = dim H°(M, L* ® [kdH]) ~ k™, k — co0.
6.2. Holomorphic line bundles over a complex torus. Let
T, = C"/(V2rZ" + iV 27ZL"™)

be the flat torus and let L, be the holomorphic line bundle over T, with curvature the
(1,1)-form ©, = 37, A\;dz; A dz;, where A;, 7 = 1,...,n, are given non-zero integers.

More precisely, Ly := ((C” x C)/~, where (z,0) ~ (Z, 9) 1f
Z—z=(,...,0n) € V2TZ" + 122", 0 =exp (Z;‘:l Aj(za; + 3 o [? ))9

We can check that ~ is an equivalence relation and L, is a holomorphic line bundle over
T,. For [(2,0)] € L, we define the Hermitian metric by

(=, 0)]] = 16 exp(~ 7 A |2 %)

and it is easy to see that this definition is independent of the choice of a representative
(z,6) of [(z,0)]. We denote by ¢,(z) the weight of this Hermitian fiber metric. Note that
988¢, = ©,. From now on, we assume that A; < 0, for j = 1,...,n_ and A; > 0, for
j=n_+1,...,n

Let L} be the dual bundle of L, and let ||- || L be the norm of L} induced by the
Hermitian fiber metric on L,. Consider the compact CR manifold of dimension 2n + 1
X =A{v € Lj; [[v[|p; = 1}; this is the boundary of Grauert tube of L3.

Let 7 : Ly — T, be the natural projection from L} onto T,. Let L, be another
holomorphic line bundle over T, determined by the constant curvature form ©, =
271 wsidz; A dz;, where p;, 5 = 1,...,n, are given non-zero integers. The pullback
line bundle 7*L,, is a holomorphic line bundle over L}. The Hermitian fiber metric ¢,
on L, induces a Hermitian fiber metric on 7*L, that we shall denote by . If we restict
m*L, on X, then 7*L, is a CR line bundle over the CR manifold X.

The part of X that lies over a fundamental domain of T}, can be represented in local
holomorphic coordinates (z, 5) where f is the fiber coordinates, as the set of all (z, &)
such that r(z,¢) := |€]? exp( A |ziP) —1=0and the fiber metric 1 may be written

as 1,0(2,5)7: 20y My 125]%. We can identify £, with Hd T 271 A5d2; A dzj. It is easy to
see that 00Y(p)|riox = X7y ;dz; A dz;. We get for allp € X,seR,

n

88y (p)|rrox + Ly =3 < T ( e >dzj A dZ; |

7=1
Thus, if u; = A;,7=1,...,n,and ¢ # n_,n — n_, then Ry, , = 0, for all p € X. From
this and Theorem 6.2, we obtain

Theorem 6.6. If u; = A;, 7=1,...,n, and ¢ #n_,n — n_, then
dim H(X, (7*L,)*) = o(k*™), ask — .
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If u; = |Ajl, 7 =1,...,n, we can check that ‘Rq;(p),o‘ > 0, for all p € X, where ‘ng(p),o‘
denotes the Lebesgue measure of Ry(,) 0. Moreover, if ¢ > 0 and ¢ # n_,n — n_, then
Rg(p),q = 0, for all p € X. From this observation, (6.5) for ¢ = 0 and (6.6) for ¢ = 1, we
obtain

Theorem 6.7. If u; = |A\;|, 3 =1,...,n, and Y(0), Y(1) hold, then
dim HY (X, (7*L,)*) ~ k™', ask — o0.

6.3. Compact Heisenberg groups: non-embedded cases. Next we consider compact
analogues of the Heisenberg group H,. Let A, ..., A, be given non-zero integers. Let
¢H, = (C"! xR)/., where (z,0) ~ (Z,0) if

Z—2z2=0c¢€ 271'Zn_1 +1 27TZn_1 , g— 6+ ’LE;L;% )\j(Zjaj — Ejaj) cnr.
We can check that ~ is an equivalence relation and ¥ H, is a compact manifold of di-
mension 2n — 1. The equivalence class of (z,6) € C* ! x R is denoted by [(z, 8)]. For a
given point p = [(z,6)], we define T;;°¢ H,, to be the space spanned by
{g —iNZ D, j=1,...,m— 1}.
It is easy to see that the definition above is independent of the choice of a representa-
tive (z,0) for [(z,8)]. Moreover, we can check that T'°¢ H,, is a CR structure. Thus,
(¢H,,T'"*¢H,) is a compact CR manifold of dimension 2n — 1. We take a Hermitian
metric (-, -) on the complexified tangent bundle CT% H,, such that
{gj—iAjzj;,ain,\jzj;,;;j: 1,...,n—1}
is an orthonormal basis. The dual basis of the complexified cotangent bundle is

{dzj  dz;, wy == dO + YITM (i Zdz; — iAzdZ;)j = 1, m— 1} .

The Levi form £, of ¢H, at p € ¢ H, is given by £, = 371 A;dz; A dz;. From now
on, we assume that A; < 0,...,A,_ < 0,A,_41 > 0,...,A,_1 > 0. Thus, the Levi form
has constant signature (n_,n — 1 —n_).

Now, we construct a CR line bundle over ¢H,. Let L = (C™! x R x C)/= where

(2,0,m) = (2,6,7) if
(2,0) ~ (2,8), 7= mnexp(X]} sz + L lay?), fora=z-z.
where u4,..., 4,1, are given non-zero integers. We can check that = is an equivalence

relation and L is a CR line bundle over ¥ H,. For (z,0,n) € C* ! x R x C we denote
[(z,8,n)] its equivalence class. It is easy to see that the pointwise norm

2 -

[(2,6,m)]] = Inf*exp (- 3=t w5 12[°)
is well-defined. In local coordinates (z, 8, 7), the weight function of this metric is ¢ =
71 pj |z;]%. Note that

51, = E?:_ll dfj A\ (% + Z)\JZJ%) , 61, = Z?;ll de A\ (% — ’I;)\jfj%).
Thus d(éb(ﬁ — 8b¢) =2 Z;L;ll ,LLdej A dfj and MI? = Z;L;ll ,Ll,dej A dfj. Hence
M? + sL, = >0, (uj + sAj)dz; Adz;, forallp e €H,, s cR.
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Thus, if u; = A;, forall j,and ¢ #n_,n — 1 —n_, then Ry,),, = 0, for all p € X. From
this and Theorem 1.5, we obtain

Theorem 6.8. If u; =A;, 7=1,...,n—1landg#n_,n—1—n_, then
dim H{(¢ H,, L*) = o(k™), ask — co.

If u; = |A;| for all 5, we can check that ‘]Rqs(p),o‘ > 0, for all p € X, where ‘Rﬂp),o‘
denotes the Lebesgue measure of Ry(;) 0. Moreover, if ¢ > 0and ¢ #n_,n —1—n_, then
Rg(p),q = 0, for all p € X. From this observation, the weak Morse inequalities (Theorem
1.5) for ¢ = 0 and the strong Morse inequalities (Theorem 1.8), we obtain

Theorem 6.9. If u; = |A\;|, 3 =1,...,n — 1, and Y(0), Y(1) hold, then
dim H) (¢ H,,L*) ~ k™, ask — 0.
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