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CHIN-YU HSIAO AND GEORGE MARINESCU

ABSTRACT. In this paper we study the asymptotic behaviour of the spectral function corre-
sponding to the lower part of the spectrum of the Kodaira Laplacian on high tensor powers
of a holomorphic line bundle. This implies a full asymptotic expansion of this function on
the set where the curvature of the line bundle is non-degenerate. As application we ob-
tain the Bergman kernel asymptotics for adjoint semi-positive line bundles over complete
Kahler manifolds, on the set where the curvature is positive. We also prove the asymp-
totics for big line bundles endowed with singular Hermitian metrics with strictly positive
curvature current. In this case the full asymptotics holds outside the singular locus of the
metric.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let L be a holomorphic line bundle over a complex manifold M and let L* be the k-th
tensor power of L. The Bergman kernel is the smooth kernel of the orthogonal projection
onto the space of L2-integrable holomorphic sections of L*. The study of the large k
behavior of the Bergman kernel is an active research subject in complex geometry and is
closely related to topics like the existence of canonical Kdhler metrics (e.g. [19], [23],
[24], [47]), Berezin-Toeplitz quantization (e. g. [5], [22], [38], [39]), equidistribution of
zeros of holomorphic sections (e.g. [11], [18], [44]), quantum chaos and mathematical
physics [21]. We refer the reader to the book [36] for a comprehensive study of the
Bergman kernel and its applications and also to the survey [33].

In the case of a positive line bundle L over a compact base manifold M, D. Catlin [10]
and S. Zelditch [51] established the asymptotic expansion of the Bergman kernel on the
diagonal by using a result by Boutet de Monvel-Sjostrand [8] about the asymptotics of
the Szego kernel on a strictly pseudoconvex boundary, together with a reduction idea of
Boutet de Monvel-Guillemin [9].

X. Dai, K. Liu and X. Ma [12], [13] obtained the full off-diagonal asymptotic expansion
and Agmon estimates of the Bergman kernel for a high power of positive line bundle on a
compact complex manifold by using the heat kernel method. Their result holds actually
for the more general Bergman kernel of the spin® Dirac operator associated to a posi-
tive line bundle on a compact symplectic manifold. In [34], [36], [37], X. Ma and the
second-named author proved the asymptotic expansion for yet another generalization
of the Kodaira Laplacian, namely the renormalized Bochner-Laplacian on a symplectic
manifold and also showed the existence of the estimate on a large class of non-compact
manifolds. The main analytic tool in [12], [13], [34], [36], [37] is the analytic localiza-
tion technique in local index theory developed by Bismut-Lebeau [36].

Another proof of the existence of the complete asymptotic expansion for the Bergman
kernel for a high power of a positive line bundle on a compact complex manifold was
obtained by B. Berndtsson, R. Berman and J. Sjostrand [2].

A natural generalization is the asymptotic of the kernel of the projection on the har-
monic forms in the case of a line bundle with non-degenerate curvature. R. Berman and
J. Sjostrand [3] obtained this result building on the heat equation method of Menikoff-
Sjostrand [42]. More generally, the expansion in the non-degenerate case was obtained
independently by X. Ma and the second-named author [35] for the kernel of the projec-
tion on the kernel of the spin® Dirac operator on symplectic manifolds.

When the Hermitian fiber metric on L is a strictly positive singular Hermitian metric,
X. Ma and the second-named author introduced a complete base metric on the smooth
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part of L and modified the fiber metric on L and then they obtained a full asymptotic ex-
pansion for the associated Bergman kernel [36], [37]. As a corollary, they could reprove
the Shiffman conjecture.

The first main result of this paper is a local asymptotic expansion of the spectral func-
tion of the Kodaira Laplacian on L* on a Hermitian manifold M for forms of energy less
than k™, for Ny € N fixed, on the non-degenerate part of L, cf. Theorem 1.1. This is a
very general result since it holds without global assumptions on the manifold or the line
bundle. However, the estimates obtained do not apply directly to the Bergman kernel,
which is obtained by formally letting Ny — oo in (1.7). We then impose a very mild semi-
classical local condition on the Kodaira Laplacian, namely the O(k ") small spectral gap
on an open set D € M (see Definition 1.5). We prove that the Bergman kernel admits
an asymptotic expansion on D if the Kodaira Laplacian has O(k "°) small spectral gap
on D, cf. Theorem 1.6.

We apply further these results to study the Bergman kernel of semi-positive or positive
but singular Hermitian line bundles. We prove that if M is a complete Kahler manifold
and L is semi-positive on M, then the Bergman kernel of L* ® K, admits a full asymp-
totic expansion on the non-degenerate part of L, cf. Theorem 1.7. Moreover, we show in
Theorem 1.10 that if M is any compact complex manifold and L semi-positive and pos-
itive at some point, then the Bergman kernel of L* admits a full asymptotic expansion
on the set where L is positive, with the possible exception of a proper analytic variety
X C M.

We also consider the case of a singular Hermitian fiber metric on L. The holomorphic
sections which are L? with respect to the singular metric turn out to be sections of L
twisted with a multiplier ideal sheaf. One can naturally define the orthogonal projection
on this space of sections and consider its kernel on the regular locus of the metric. We
show that this kernel has an asymptotic expansion on the regular locus, if the curvature
current is strictly positive and smooth outside a proper analytic set (Theorem 1.8). This
yields yet another proof of the Shiffman conjecture.

We further give formulas for the first top leading terms of the asymptotic expansion
of the spectral function and recover the top leading coefficients of the Bergman kernel
expansion. These coefficients recently attracted a lot of attention, see the comments after
Theorem 1.6.

Other applications of the main results are local and global holomorphic Morse in-
equalities, a local form of the expansion of the Bergman kernel on forms and examples
of manifolds having very small spectral gap.

We now start to formulate the main results. For the precise meanings of some standard
notations and terminology, see Section 2.

1.1. Statement of main results. Let (M, ®, J) be a Hermitian manifold of complex di-
mension n, where © is a smooth positive (1, 1)-form and J is the complex structure. Let
g&M(.,-) = ©(-, J-) be the Riemannian metric on TM induced by © and J and let (-, -)
be the Hermitian metric on CT' M induced by g2¥. The Riemannian volume form dv,, of
(M, ©) has the form dvy, = ©™/n!.

Let (L, h™) be a holomorphic Hermitian line bundle on M and set L* := L®. Let V¥
be the holomorphic Hermitian connection on (L, %) with curvature RY = (V)2 We will
identify the curvature form R” with the Hermitian matrix RY € € (M, End(T0 M))



satisfying for every U,V € T(OM, z ¢ M,
(1.1) (RE(z),U AV) = (RV(z)U, V).

Let det R%(z) := p1(x)... pa(x), where u;(z),7 = 1,...,n, are the eigenvalues of R”
with respect to (-,-). Forq € {0,1,...,n}, let
M(q) = {m € M; RY(z) € End(T{"% M) is non-degenerate

(1.2)
and has exactly ¢ negative eigenvalues}.

We denote by W the subbundle of rank g of (1% M|, generated by the eigenvectors
corresponding to negative eigenvalues of RY. Then detW ™ := AIW " C AIT*OD M |p()
is a rank one subbundle, where AIT*(%1 M is the bundle of (0, q) forms, W " is the dual
bundle of the complex conjugate bundle of W and A?W " is the vector space of all finite
sums of v; A +++ A vy, ¥1,...,9; € W . We denote by I -+ € End(AT*Y M) the
orthogonal projection from A?T*®1) / onto det W *.

Let (L*, h™*) be the k-th tensor power of (L, hZ) and let (-, -);, be the inner product on
Qy4(M, L*) induced by gZ™ and hX* (see (2.3)). Let ||-|| be the corresponding norm and
let L, (M, L*) be the completion of QY4(M, L*) with respect to ||-||.

Let Dﬁf) be the Kodaira Laplacian acting on (0, g)—forms with values in L*, cf. (2.6). We
denote by the same symbol Dgf) the Gaffney extension of the Kodaira Laplacian, cf. (2.9).
It is well-known that O is self-adjoint and the spectrum of O\ is contained in R, (see
[36, Prop. 3.1.2]). For a Borel set B C R we denote by F(B) the spectral projection of

Dgf) corresponding to the set B, where F is the spectral measure of Dgf) (see Section 2
in Davies [14]) and for A € R we set B, = E((—oo, A]) and

(1.3) &Y(M, L*) = Range B, C L, (M, L*).

If A = 0, then &(M,L*) = KerO@ =: s#9(M, L*) is the space of global harmonic
sections. For a holomorphic vector bundle over M we have

Hp,(M, E) = {s € L*(M, E); 85s = 0} = Ker 0",

where 8y is the Cauchy-Riemann operator with values in E and (1% is the Kodaira Lapla-

cian with values in E (see Section 2.3). The spectral projection of Dﬁj) is the orthogonal
projection

(1.4) P : L2 (M, L*) — &(M, L¥).

The spectral function P,SqA) .-} = P9 A) is the Schwartz kernel of P,E?A), see (4.16)
and (4.17). Since DEf) is elliptic, it is not difficult to see that

P(-,,2) € 6 (M x M, I* @ (AT OV M R AT OV M) ® (L*)")

and &(M, L*) C Q%9(M, L¥). Since L* ® (L¥)* = C we can identify P{?(z,z, A) to an
element of End(AT(%V M/). Then

(1.5) X 32— P9 (z,2,)) = P9 (z,2) € End(AIT®D 1)
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is a smooth section of End(A?T*(%V) M), called local density of states of & (M, L*). The
trace of P{¥(z, z, A) is given by

d
Tr PA(z,0) = T B (z,2,2) = ) (P (2,2, V) e5,(2) €5, (2) ),

=1
where e;,,...,ey, is a local orthonormal basis of AYT*(®1) M with respect to (-,-). The
projection

(1.6) P = P : L}, (M, L*) — Ker O

on the lowest energy level A = 0 is called the Bergman projection, its kernel P,gq)( -,-) s
called the Bergman kernel. The restriction to the diagonal of P,Eq)( -,-) is denoted P,Eq)(-)
and is called the Bergman kernel form. The function TrP,Ef’O)(a:, T) = TrPk(q)(a:) is called
the Bergman kernel function. We notice that Tr P,SO)(:B) = P,SO)(:E).

We introduce now the notion of asymptotic expansion (see Definition 3.9). Let D C M
be an open set and a(z, k), a;(z) € €°(M,End(AT*®VM)), 7 = 0,1,... and m € Z.
We say that a(z, k) has an asymptotic expansion

a(z,k) ~ > aj(z)k™ locally uniformly on D,
=0
if for every N € Ny, £ € Ny and every compact set X C D, there exists a constant
Cn ek > 0 independent of k, such that for k sufficiently large

N

a(z, k) — > k" a;(z)

7=0

<Cnex k™ V.
T K)

We say that a(z, k) = O(k~*°) locally uniformly on D if a(z, k) ~ 0 locally uniformly on
D.

The following theorem is one of the main results. It expresses the fact that the Kodaira
Laplacian acting on Q**(M, L*) admits a local semi-classical Hodge decomposition. Note
that there are neither global assumptions on the positivity of the bundle nor on the base
manifold.

Theorem 1.1. Let (M, ©) be a Hermitian manifold, (L,h%) be a holomorphic Hermitian
line bundle on M. Fix q € {0,1,...,n} and Ny > 1. Then for every m € {0,1,...,n} there
exists a k-dependent section b™(z, k) € €*(M(q), End(A™T*(®Y) M)) with the following
property: for every D € M(q), £ € Ny, there exists a constant Cp, > 0 independent of k
with

1.7 ‘Pkm) (:II, z, k:_NO) _ b(m)(m’ k:) CD,Z g3n+t-No

<
¢4D)

Moreover;, b™)(z, k) = 0 for m # q and b9 (z, k) has an asymptotic expansion

(1.8) b9 (z, k) ~ > 69 (z)k™ 7 locally uniformly on M(g),

j=0
for some b'? € €°°(M(g), End(AST*®V M), j = 0,1,.... On M(q) we have
(1.9) b = (2m)™"

det RL‘IdetW* .
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We wish to give formulas for the top coefficients of the expansion in the case ¢ = 0.
We introduce the geometric objects used in Theorem 1.2 and Theorem 1.7 below. Put

_ V-1

2m

(1.10) RE.
On the set M (0) the (1, 1)-form w is positive and induces a Riemannian metric g7 (-, ) =
w(+, J-). Let VIM be the Levi-Civita connection on (M, g2*), RTM = (VIM)?2 its curvature
(cf. (4.72)), Ric its Ricci curvature and r the scalar curvature of g2 (see (4.70)). We
denote by Ric,, = Ric (J-, -) the (1, 1)-form associated to Ric (cf. (4.74)) and by A, be the
complex Laplacian with respect to w (see (4.68)). We also denote by (-, - },, the pointwise
Hermitian metric induced by g7 on (p, g)-forms on M and by |- | the corresponding
norm.

Let R&¥t denote the curvature of the canonical line bundle K, = det (%9 M with
respect to the metric induced by © (see (4.71)). Put

r= Aw IOg V@ , V@ = det (@j:k)?,kzl
where © = /—137,_, ©;:dz; A dz;, in local coordinates z = (zy, .. ., 2n).

Theorem 1.2. Let (M, ®) and (L, h*) be as in Theorem 1.1. The coefficients b(lo) and bgo)
the expansion(1.8) for ¢ = 0 have the following form:

(1.11)
o 1 . . 1 1
9 _ (27) " det RL(Sﬂr — A, logdet RL) — (27) " det RL(J:)(M'r - )(a:),
. 1 1 2
b(o): 2 —ndtRL< 2 \2 w/\_i Rdet
11z (2m)™" de 10872 32712 327r2( - [ RS,

- 871T2(Ricw ,REHY, + 9617T2Awr s Ricul; + 9617T2 \RSMD,
where ‘RZM‘Z is given by (4.73).
On the set where the curvature of L is degenerate we have the following behaviour.
Theorem 1.3. Let (M, ©) and (L, h*) be as in Theorem 1.1. Set
Maeg = {a: € M; RL is degenerate at x € M} )

Then for every £o € Mgeg, € > 0 and every g € {0,1,...,n}, there exist a neighborhood U
of ¢y and kg > 0, such that for all k > kq we have

(1.13) Tr P9z, z, kM) < ek™, z € U.
As a Corollary of Theorem 1.1 and Theorem 1.3, we obtain

Corollary 1.4 (Local holomorphic Morse inequalities). Let (M, ®) and (L, h*) be as in
Theorem 1.1. Let Ny > 2n + 1. Then the spectral function of the Kodaira Laplacian has the
following asymptotic bahaviour:

(1.14) Tr P (z, 2, k™) = k"(2m) ™" |det R"(z)| + O(k* ™),

locally uniformly on M(q), and

(1.15) lim k™ Tr Pz, , k™) = (2m) ™" |det B" ()| Lu(q)(2), Vz € M.
—00



Moreover, for every € > 0, there exists a ko > 0, such that for all k > ko, we have

(1.16) Tr POz, 2, k) < (s + (2m) " [det RX(z)| 1M(q)(:z:)) k", Ve M,

and when ¢ = 0 and N, > 2n + 3, we have

(1.17) Bz, z, k™) < k*(2m) " det R (z) + k" 'b{") (z) + k"% (z) + O(k" %) ,
locally uniformly on M(0), where b(lo)(x) and bgo)(:z:) areasin (1.11) and (1.12) respectively.

The term local holomorphic Morse inequalities is motivated by the fact that integra-
tion of the inequalities from Corollary 1.4 yields the holomorphic Morse inequalities of
Demailly, see Section 10.5. Berman [1] proved that

limsupk~ ”TrP (:1:)<(27r) ”‘detRL a:)‘lM z), T € M,

k—o0

and when M is compact, there exists a sequence u; — 0, as k — 00, such that
11m k" Tr P,Eq)(:r z, ur) = (2m)” ‘det R:(z )‘ Iy (z), T€ M.

Corollary 1.4 refines and generalizes Berman’s results.
In order to obtain precise asymptotics we combine the local asymptotics from Theorem
1.1 with a mild condition on the semiclassical behaviour of the spectrum of the Kodaira

Laplacian D ) for k large, which we call (local) O(k~"™°) small spectral gap.

Definition 1.5. Let D C M. We say that Dgf) has O(k") small spectral gap on D if there
exist constants Cp > 0, ng € N, kg € N, such that for all £ > ky and u € Qg’q(D, L¥), we
have

|7 = BYu|| < Cpkme

.

To explain this condition, assume that M is a complete Hermitian manifold. Then
the operator Dgf) is essentially self-adjoint and Q9%(D, L*) is dense with respect to the
graph-norm in the domain of the quadratic form of Dgf) (see e.g. [36, §3.3]). If ng) has
O(k ™) small spectral gap on M then inf {)\ € Spec(Dgf)); A# 0} > Ck ™.

From Theorem 1.1, Definition 1.5 and some simple arguments (see Section 4.4), we
deduce:

Theorem 1.6. Let (M,©) be a Hermitian manifold, (L,h") be a holomorphic Hermitian
line bundle on M. Fix g € {0,1,...,n} and Ny > 1. Let D € M(q). IfDEcq) has O(k~"™°)
small spectral gap on D, then for every D' € D, £ € Ny, there exists a constant Cp:; > 0
independent of k with

PO (2,2, k) — PO(2)| , < Cpip k.

w4(D')

In particular,

(1.18) PO(z) ~ S 6(z)k™ 7 locally uniformly on D,
=0

where bgq) € (D, End(AT*CVN)), § = 0,1,..., are as in (1.8) and b, '*, b are
given by (1.9), (1.11), (1.12).
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Note that if L is a positive line bundle on a compact manifold M, or more generally
L is uniformly positive on a complete manifold (M, ®) with /—1R¥¥ and 8@ bounded
below, then the Kodaira Laplacian D,(co) has a “large” spectral gap on M, i.e. there exists
a constant C > 0 such that for all £ we have inf{)\ € Spec(DéO)); A # 0} > Ck (see

[36, Th.1.5.5], [36, Th.6.1.1, (6.1.8)]). Therefore the Bergman kernel P,Eq) has the
asymptotic expansion (1.18) and we recover from Theorem 1.6 the asymptotic expansion
of the Bergman kernel for compact manifolds [10], [51] (cf. also [36, Th.4.1.1]) for
g =0, [3], [35] [36, Th. 8.2.4] for arbitrary ¢ and for complete manifolds [37, Th. 3.11],
[36, Th.6.1.1].

In the case ¢ = 0 the precise formulas (1.11), (1.12) for the coefficients of the Bergman
kernel expansion (1.18) play an important role in the investigations about the relation
between canonical metrics in Kahler geometry and stability in algebraic geometry see
e.g. [19], [23], [24], [25], [47], [49], [50] (cf. also [36, § 5.2]).

The coefficients b&o), bgo) were computed by Lu [32], L. Wang [49], X. Wang [50], in
various degrees of generality. The method of these authors is to construct appropriate
peak sections as in [47], using Hormander’s L? 8-method.

In [12, §5.1], Dai-Liu-Ma computed b§°) by using the heat kernel, and in [37, §2],
[35, §2] (cf. also [36, §4.1.8, §8.3.4]), b(lo) was computed in the symplectic case. The
coefficient bgo) was calculated in [40, Th. 0.1] (these results include a twisting Hermitian
vector bundle E). Recently, a combinatorial formula for the coefficients bgo) was obtained
in [48] and the formula for bgo) was rederived in [25].

In the above mentioned results it was supposed that the curvature w = %RL equals

the underlying metric ©. If w # © formulas for b§°), bgo) were given in [36, Th.4.1.3],
[40, Remark 0.5], [30, Th.1.4]. Since we allow a local O(k~"°) small spectral gap, we
can obtain the Bergman kernel expansion under weak conditions, such as semi-positivity
of the line bundle. In this case we have to twist L* with the canonical line bundle K},
which we endow with the natural Hermitian metric induced by ©. We denote by P g,,
the orthogonal projection from L*(M, L*® K y) on Hiy (M, L*® K ) = H#°(M, L*®@ K ).

Theorem 1.7. Let (M, ©) be a complete Kdhler manifold and (L, h*) be a semi-positive line
bundle over M. Then the Bergman kernel function Py g,,(-) of H(Oz)(M , L* ® K1) has the
asymptotic expansion

(1.19) P g (T) ~ > k:”’jbg-?}{M (z) locally uniformly on M(0),
=0
where bg»?}{M € ¢~ (M(0),End(Ky)), 7 =0,1,..., are given by
(1.20)
bk, = (2m) "det R¥ 1dx,, ,
. 1
b = (2r)~" det RL< _ 87r'r> Ik, ,

1 1
r? 4+

1
NyT —
12872 9672 4

9672

: 1 : 2
bg(,];{M = (2m) " det RL( 2an? Ric,|;, + ‘RSML> Idg,,

where ‘RZM ‘i is given by (4.73) and 1dk,, is the identity map on K.
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Let us consider now a singular Hermitian holomorphic line bundle (L, h*) — M (see
e.g. [36, Def. 2.3.1]). We assume that h” is smooth outside a proper analytic set & and
the curvature current of A% is strictly positive. The metric A* induces singular Hermitian
metrics h%* on L*. We denote by .#(h*) the Nadel ideal multiplier sheaf associated to
hL* and by H(M, L* ® .# (hX")) the space of global sections of the sheaf &(L*) ® .7 (hX")
(see (9.2)). We denote by (-, ), the natural inner products on ¢*°(M, L*) induced by
hf and the volume form dv;; on M (see (9.1)) Let {SJ’-“} be an orthonormal basis of
HO(X,L*F ® (k")) with respect to the inner product induced (-,-);. The (multiplier
ideal) Bergman kernel function is defined by

dg
(1.21) Pi(z) =) [s%)| ., z€ M\ T
j=1

Theorem 1.8. Let (L, h%) be a singular Hermitian holomorphic line bundle over a compact
Hermitian manifold (M, ®). We assume that h™ is smooth outside a proper analytic set &
and the curvature current of h™ is strictly positive. Then the Bergman kernel function BPy( )
of H'(M, L* ® .# (h*")) has the asymptotic expansion

Pi(z) ~ > k”_jbgo)(:z:) locally uniformly on M \ I,

J=0

where bg-o) €EE®(M\X),71=01,..., bgo) = (2m) " det RY and b§°) and béo) are given by
(1.11) and (1.12), respectively.

We obtain in this way another proof of the Shiffman-Ji-Bonavero-Takayama criterion (cf.
[36, Th. 2.3.28, 2.3.30]).

Corollary 1.9. Under the assumptions in Theorem 1.8, we have
dim H(M, L* @ .7 (")) > ck™
for k large, where ¢ > 0 is independent of k. Therefore, L is big and M is Moishezon.
We assume that (M, ©) is compact and we set

Herm(L) = {singular Hermitian metrics on L} ,
M(L) :{hL € Herm(L); h” is smooth outside a proper analytic set

and the curvature current of A" is strictly positive} :

Note that by Siu’s criterion [36, Th.2.2.27], L is big under the hypotheses of Theorem
1.10 below. By [36, Lemma 2.3.6], M(L) # 0. Set

(1.22) M = {p € M; 3 bt € M(L) with h* smooth near p} i

Theorem 1.10. Let (M,®) be a compact Hermitian manifold. Let (L,h*) — M be a
Hermitian holomorphic line bundle with smooth Hermitian metric h* having semi-positive
curvature and with M (0) # 0. Then the Bergman kernel function Py(-) of 7#°(M, L*) has
the asymptotic expansion

Pi(z) ~ > k”_jbgo)(:z:) locally uniformly on M(0) N M,

=0



10

where b € ¢€*(M(0)), by = (27) "det R* and 5” and b are given in (1.11) and
(1.12), respectlvely.

The existence of the asymptotic expansion from Theorem 1.10 was obtained by Berman [4]
in the case of a projective manifold M.

Remark 1.11. (I) In Theorems 1.1, 1.6, we obtain the diagonal expansion of the kernels
Pk(q,z_No (+,-) . We will prove actually more, namely the off-diagonal asymptotic expansion

for P,qu)_No (z,v) on the non-degenerate part of L, see Theorem 4.11, Theorem 4.12 and
Theorem 4.14 for the details. In the same vein, the diagonal expansions of the Bergman
kernels from Theorems 1.6, 1.7, 1.8, 1.10 have off-diagonal counterparts. See Theo-
rem 6.4, Theorem 9.1 and Theorem 8.3 for the details.

(II) Let E be a holomorphic vector bundle over M. Theorem 1.1, Theorem 1.3, The-
orem 1.6, Theorem 1.8 and Theorem 1.10 and their off-diagonal counterparts can be
generalized to the situation when L* is replaced by L* ® E. See Remark 4.13 and the
discussions in the end of Section 4.4 and Section 5, for the details.

The layout of this paper is as follows. In Section 2 we collect some notations, def-
initions and statements we use throughout (geometric set-up, self-adjoint extension of
the Kodaira Laplacian, Schwartz kernel theorem). In Section 3 we exhibit a microlocal
Hodge decomposition for the Kohn Laplacian on a non-degenerate CR manifold and ap-
ply this to obtain the semiclassical Hodge decomposition for the Kodaira Laplacian on a
complex manifold. In Section 4 we prove the existence of the asymptotic expansion of
the spectral function associated to forms of energy less that k~°. As a consequence we
obtain the expansion of the Bergman kernel if the local O(k~"°) spectral gap exists. In
Section 5 we get an asymptotic upper bound near the degeneracy set of the curvature of
L. In Section 6 we prove the expansion of the Bergman kernel on the positivity set of an
adjoint semi-positive line bundle over a complete Kahler manifold. In Section 7 we prove
an L?-estimate for the 8 for singular metrics. We use this estimate in Sections 8 and 9
to prove the existence of the Bergman kernel expansion for semi-positive line bundles
and bundles endowed with a strictly positively-curved singular Hermitian metric. In Sec-
tion 10 we apply the previous methods to obtain miscellaneous results, such as Bergman
kernel expansion under various conditions and holomorphic Morse inequalities.

2. PRELIMINARIES

2.1. Some standard notations. We shall use the following notations: R is the set of
real numbers, N = {1,2,...}, N, = NU{0}. An element a = (ay,...,a,) of Nj will be

called a multiindex and the length of a is: |a| = a; + -+ + a,. Let z = (z4,.. mn)
be coordinates of R*. We write z* = z7*'--- 22", % = 0g = 0g1---05", Op; = amJ
D¢ = Dt ---Dgr, Dy = 208,, Dy, = 18,,. Let z = (21,...,2,), 2; = 332],1 + 1Zs;,
j=1,...,n, be coordinates of C*. We write 2% = 27! --- 2%, 2% = z7'--- 227, % =

a _ Ao an 1 8 . _ llad a __ Qo [o7%
8 81. a 8 - 62 _7(3:82] o 6:02]) ] L...,n. 3T_8 al' 'afn’
82_7 = 7] - §(szj 1 61:2 ) ] = 1

Let M be a complex manifold of dlmensmn n. We always assume that M is paracom-

pact. We denote charts on M by (D, z), where z = (24,...,2,) : D — C” are local
coordinates. We set z; = a1 + 125, J = 1,...,n, where ¢ = (z4,...,T2,) are real
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coordinates on M. We write z = (21,...,2,) = (Z1,...,Z2,) = z. For a multiindex
J = (J1,..-,Jq) € {1,...,n}? we set |J| = ¢g. We say that J is strictly increasing if
1<j1<jo <+ <jg<n Weputdz/ =dz; A---Adz,,. A(0,9)-form f on M has the
local representation
flo= Y fi(z)dz’,
|J1=¢q

where Y’ means that the summation is performed only over strictly increasing multi-
indices.

Let Q be a ¥ paracompact manifold equipped with a smooth density of integration.
We let T2 and T*Q2 denote the tangent bundle of 2 and the cotangent bundle of Q re-
spectively. The complexified tangent bundle of Q2 and the complexified cotangent bundle
of © will be denoted by CT2 and CT*2 respectively. We write (-, -) to denote the point-
wise duality between TQ and T*Q. We extend (-, -) bilinearly to CTQ x CT*Q. Let E
be a ¥* vector bundle over 2. We write E* to denote the dual bundle of E. The fiber
of B at z € Q will be denoted by E,. Let F' be another vector bundle over Q2. We write
E X F to denote the vector bundle over 2 x Q with fiber over (z,y) € Q x Q consisting
of the linear maps from E, to F,. Let Y C Q be an open set. From now on, the spaces
of smooth sections of £ over Y and distribution sections of E over Y will be denoted
by €*(Y, E) and 2'(Y, E) respectively. Let &(Y, E) be the subspace of 2'(Y, E') whose
elements have compact support in Y. For s € R, we let H*(Y, E) denote the Sobolev
space of order s of sections of E over Y. Put

H: (Y,E) ={uc 2'(Y,E); pu € H'(Y, E),Vp € €°(Y)}

loc

and H: __(Y,E) = H: (Y,E)N&'(Y, E).

comp

2.2. Metric data. Let (M, ©) be a complex manifold of dimension 7, where © is a
smooth positive (1,1) form, which induces a Hermitian metric (-,-) on the holomor-

phic tangent bundle T(*® M. In local holomorphic coordinates z = (zi,...,2,), if
© = V-137,_,0;.dz; A dzy, then <a%,;7k> = @10,k = 1,...,n. Let TOUM be

the anti-holomorphic tangent bundle of M. We extend the Hermitian metric (-,-) to
CTM in a natural way by requiring T(*®) M to be orthogonal to T(®YM and (u,v) =
(w,v), u,v € TOUM. Let T*(2% M be the holomorphic cotangent bundle of M and let
T*(1) M be the anti-holomorphic cotangent bundle of M. For p,q € Ny, let APIT*M =
APT*CO M ® AIT*OD M be the bundle of (p,q) forms of M. We write AIT*M =
A?T*Y M. The Hermitian metric ( -, - ) on CT'M induces a Hermitian metric on AP9T* M
also denoted by (-,-). Let D C M be an open set. Let QP4(D) denote the space of
smooth sections of APT*M over D. Similarly, if £ is a vector bundle over D, then we let
QP4(D, E) denote the space of smooth sections of (A*4T*M) ® E over D. Let Qy?(D, E)
be the subspace of Q2#¢(D, E') whose elements have compact support in D.

Ifwc ATOVM, r € N, let (wA)* : AT TOD M — AIT*OD M, g > 0, be the adjoint
of left exterior multiplication wA : AITOND M — A+ T*OY M. That is,

(2.1) (wAu,v) = {u,(wA)v),

for all u € AITFON M, v € A+"TO1) M. Notice that (wA)* depends anti-linearly on w.
In this paper, let (L, h*) be a holomorphic line bundle over M, where the Hermitian

fiber metric on L is denoted by AL. Until further notice, we assume that h” is smooth. Let

RL be the canonical curvature two form induced by hL. Let ¢ denote the local weights of
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the Hermitian metric such that 208¢ = RE. More precisely, if s(z) is a local trivializing
section of L on an open subset D C M, then the pointwise norm of s is

(2.2) s(z))? = |s(z)[3. = e ), ¢ c €°(D,R).

Let L*, k > 0, be the k-th tensor power of the line bundle L. The Hermitian fiber
metric on L induces a Hermitian fiber metric on L* that we shall denote by rZ*. If
s is a local trivializing section of L then s* is a local trivializing section of L*. For
D, q € Ny, the Hermitian metric (-, -) on AP?T*M and K" induce a Hermitian metric on
AP9T*M ® L*, also denoted by (-, - ). For f € QP4(M, L*), we denote the pointwise norm
(@) = |f(@)2x = (f, F)(z). We take dvy = dup(z) as the induced volume form on
M. The L?-Hermitian inner products on the spaces Q5%(M, L*) and QF?(M) are given
by

(s1,52) = [ (s1,50)(2) duua (@), s1,5 € 92, LF),

(funf) = [ (o £2)(@) dve(@), fu, 2 € (M),

We write ||f||> == [|fll}ex = (f, F)r> f € QB4(M, L*). For g € Q5¥(M), we also write
lg|l” := (g, 9). Let L?, (M, L*) be the completion of Qf*(M, L*) with respect to ||-]|.

(2.3)

2.3. A selfadjoint extension of the Kodaira Laplacian. We denote by
(2.4) 0 : Q%" (M, L*) — Q¥ +Y(M, L)

the Cauchy-Riemann operator with values in L* and let

(2.5) 8, : QU (M, L*) — Q" (M, LF)

denote the formal adjoint of 8;, with respect to (-, -). Let

(2.6) 0 := 8,8, + 8,0, : Q¥4(M, L*) — Q%(M, L¥)

be the Kodaira Laplacian acting on (0, ¢)-forms with values in L*. We extend 8; to
L3, ,,(M, L*) by

(2.7) 8 : Dom 8 C Ly (M, L*) — L, .y (M, L*),

where Dom 8y, := {u € L, (M, L*); dyu € L, 1) (M, L*)}, where for any u € L}, (M, L*),
Oru is defined in the sense of distributions. We also write

(2.8) 8, : Domd, C L, (M, L*) = L, (M, L¥)

to denote the Hilbert space adjoint of 8, in the L? space with respect to (-, - )g. Let Dgf)

denote the Gaffney extension of the Kodaira Laplacian given by
(2.9)
Dom O\ = {s € L} (M, L*); s € Dom 8, NDom 8y, Bxu € Domdy, Bu € Domék} ,

and OWs = 8,8, s + 8,85 for s € DomO\?. By a result of Gaffney [36, Prop.3.1.2],
Dgf) is a positive self-adjoint operator. Note that if M is complete, the Kodaira Laplacian
Dgf) is essentially selfadjoint [36, Cor. 3.3.4] and the Gaffney extension coincides with
the unique selfadjoint extension of D,(cq).
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2.4. Schwartz kernel theorem. We recall the Schwartz kernel theorem [28, Th.5.2.1,
5.2.6], [46, p. 296]. Let Q be a ¥’ paracompact manifold equipped with a smooth den-
sity of integration. Let E and F' be smooth vector bundles over 2. Then any continuous
linear operator A : 65°(Q, E) — 2'(Q, F) has a Schwartz distribution kernel, denoted
Ka(z,y) or A(z,y). Moreover, the following two statements are equivalent

(D A is continuous: &'(Q, E) — €*(Q, F),

(D) Ku(z,y) € €°(Q x Q, B, K F,).
If A satisfies (I) or (II), we say that A is a smoothing operator. Furthermore, A is smooth-
ing if and only if A : HZ, . (Q, E) — HTN(Q, F) is continuous, for all N > 0, s € R. We
say that A is properly supported if Supp K4 C Q x Q is proper. That is, the two projec-
tions: ¢, : (z,y) € Supp K4 — z € Q, t, : (z,y) € Supp K4 — y € Q are proper. We
say that A is smoothing away the diagonal if x; Ax. is smoothing, for all x1, x2 € €5°(R)
with Supp x1 N Supp x2 = 0.

Let H(z,y) € 2'(Q2 x Q,E, X F,). We write H to denote the continuous operator
H : 6 (Q,E) — 2'(Q, F) with distribution kernel H(z, y). In this work, we identify H
with H(z,y). Let A, B : 65°(Q2, E) — 2'(Q, F') be continuous operators. We write A = B
or A(z,y) = B(z,y) if A— B is a smoothing operator.

3. SZEGO KERNELS AND SEMI-CLASSICAL HODGE DECOMPOSITION

The goal of this Section is to prove the semiclassical Hodge decomposition for the Ko-
daira Laplacian, i.e. to find a semi-classical partial inverse and an approximate kernel for
Dgf), cf. Theorem 3.10. For this purpose we reduce the analysis of the Kodaira Laplacian
to the analysis of the Kohn Laplacian on the Grauert tube of the line bundle L. In Section
3.1 we recall the construction of these two objects. Section 3.2 contains a detailed study
of the microlocal Hodge decomposition of the Kohn Laplacian on a non-degenerate CR
manifold and especially on the Grauert tube, by following [29]. Finally, in Section 3.3
we apply this results in order to obtain the semi-classical Hodge decomposition for the
Kodaira Laplacian.

3.1. The associated CR manifold. Let (M, ©) be a Hermitian manifold and (L, h%) be
a holomorphic Hermitian line bundle on M. Let (L*, hY") be the dual bundle of L. We
denote

(3.1) G={vel"|v.. <1}, X:=0G={vel" v =1}.
The domain G is called Grauert tube associated to L. We denote
TOOX =T ncrXx, TOVX .=T7O0VL*NCTX.

Then (X, T("9 X) is a CR manifold of dimension 2n + 1 and the bundle T(*% X is called
the holomorphic tangent bundle of X. The manifold X is equipped with a natural S*
action. Locally X can be represented in local holomorphic coordinates (z, A), where A
is the fiber coordinate, as the set of all (2, A) such that |A\]* €>#*) = 1, where ¢ is a local
weight of hL. The S* action on X is given by e o (2, ) = (z,e¥)), e¥ € S, (2,)A) € X.
Let Y be the global real vector field on X determined by

Yu(z) = aaeu(eie o0z)|g=o forallu € ¢°(X).
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Let m : X — M be the natural projection. We have the bijective map:
o TOX TONX 5 TCOM e TONNM, W — oW,

where (7*W)f = W(f o), for all f € €>°(M). We take the Hermitian metric (-,-) on
CTX sothat Y L(TOOX @ TOVX), (Y,Y) =1and (Z,W) = (1*Z,mW ), Z,W €
71O X @ TN X. The Hermitian metric {-,-) on CTX induces, by duality, a Hermitian
metric on the complexified cotangent bundle CT*X that we shall also denote by (-, ).
Define T*19X =(TONX @ CY)" C CT*X, T*0NX :=(T00X @ CY) C CT*X.
For ¢ € N, the bundle of (0, q) forms of X is given by AT*®N)X := A4 (T*(O’l)X). The
Hermitian metric (-, - ) on CT*X induces a Hermitian metric on A?T*(Y X also denoted
by (-,-).

L<oca1>1y there is a real one form w, of length one which is pointwise orthogonal to
70V X @ T*(19 X, wy is unique up to the choice of sign. We take wy so that (wy,Y ) =
—1. Therefore wy, so chosen, is globally defined.

The Levi form L, of X at p € X is the Hermitian quadratic form on T("? X defined as
follows:

(3.2) LU V) = o (U VI(0)wo(p)), U,V € THOX

where U,V € €*°(X,TM0X) that satisfy U(p) = U, V(p) = V and U ,V] = UV — VU
denotes the commutator of ¢/ and V.

Let B C X be an open set. Let Q%(B) denote the space of smooth sections of
AIT*OD X over B. Let Q9?(B) be the subspace of Q%¢(B) whose elements have com-
pact support in B. Let 8, : Q%(X) — Q%1(X) be the tangential Cauchy-Riemann
operator. We take dvx = dvx(z) as the induced volume form on X. Then, we get natural
inner product (,) on Q%9(X). Let 8, : Q%+ (X) — Q%4(X) be the formal adjoint of 8,
with respect to (, ). The Kohn Laplacian on (0, g) forms is given by

O = 8,8, + 8,85 : Q%9(X) — Q°(X).

We introduce now a local holomorphic frame and local coordinates in terms of which
we shall write down the operators explicitly. Let s(z) be a local trivializing section of L
on an open set D € M. We have |s(z)[>;, = e ?#*). Then, s*(z) := s~ '(z) is a local
trivializing section of L* on D € M. We have |s*(2)|} .. = (). Let z = (24,...,2,) be
holomorphic local coordinates of D. We identify D with an open set of C*. We have the
local diffeomorphism:

(3.3) 7:(2,0) € Dx] — €p,60[— e *Ps*(2)e P € X, 0< g < .

It is convenient to work with the local coordinates (z,6). In terms of the coordinates
(2,0), it is straightforward to see that Y = —Z. Moreover, the fiber T;("9X, for v =
e~ #(#)s*(2)e~* € X, is the vector space spanned by a% — i%i(z)%, 3 =1,...,n. Further,
let Z;,j = 1,...,n, be an orthonormal basis for the holomorphic tangent bundle 7% i/
and let g;, 7 = 1,...,n, be an orthonormal basis of T*% M which is dual to Z;, j =
1,...,n. Then, Z; — iZ;(¢)2, j = 1,...,n, is an orthonormal basis for T X and
€, J = 1,...,n, is an orthonormal basis for T**%X which is dual to Z; — iZ;(¢)Z,
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7 =1,...,n. Furthermore, we can check that

(34) Wo = do + Zn:(—zZ](q’))e] + ’L?]((ﬁ)é])

2
From this, we can compute £ (—] — 122 (ﬁ(p))%, 5 T o 6zk ? (1(p))2) = OZB% (m(p)),
5,k=1,...,n,p € X. Thus, for a given pomtp € X, we have

(3.5)
L,(U,V) = (88¢(n(p)), U AT*V)
= <;RL(7T(p)) ,TUATV) = <;RL(7r(p))7r*U,7r*V>, VUV e Tél’O)X.
We deduce the following:

Proposition 3.1. Let (L, h%) be a Hermitian holomorphic line bundle over a complex man-
ifold M and let X C L* be the boundary of the Grauert tube. Let p € X. If the curvature
RF has signature (n_,n.) at n(p), then L, has signature (n_,n.).

We define the operators 8,, 8,, (1), which are the local versions of the operators 8y,
8, Dgf) (see (2.4)-(2.9)), by the followmg equations:

8, = 8+ k(8¢)A : Q*4(D) — Q¥4*H(D),
(3.6) 8; =08 +k((@g)n)" : Q*1(D) — Q*(D),
0@ = 3,8, + 8.9, : Q%4(D) — Q%(D).
Here 8" : Q%4t1(D) — Q%4(D) is the formal adjoint of 8 with respect to (,). We have
the unitary identifications:
Q%(D, LF) «+— Q"(D)
f=s9— flz) =e s *f = g(2)e **), g€ Q*(D),

(3.7) gk & 55, gkf — Skek¢g f)
8, «— 8., B, f=s"e"df,
0@+ 00, OWs= sk f.

We continue to work with the local coordinates (z,68). As above, let (Z;)?_; be an
orthonormal basis for T(®*) M and let (e;)?_; be an orthonormal basis for T7*(>") M which
is dual to (Z;)?_,. We can check that

(3.8) By = i(ej/\) (2;+1i2, (¢)§9) + i((éej)A) o (e;A)*

7j=1 7=1

and correspondingly

7=1

(3.9 5 = 3o((esn)) o (2 +iZ,(9)55) + 3o(es)o(Ben)',

where Z* is the formal adjoint of Z; with respect to (, ).
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Let 8, and 8, be as in (3.7) and (3.6). We can check that

8, = Z(ej (Z;+ kZ;(9)) + Z( de;)n) o (e;A)",
(3.10)
8 = Z((ej/\)*) o (2} +kZ;(¢)) + Z(ej/\)o((aej)/\) .
7=1 7=1
From now on, we identify A?T*OY M with AIT*OV X, From (3.7), (3.6), explicit
formulas of 8, 8, and (3.8), (3.9), we get

(3.11) 0@ f = kqsezkeD(q)(f ~ik8)

for all f € Q%9(D, L*), where f is given by (3.7).
Let u(z,8) € QYD x (—&o,€0)). Note that

k / ey (2, 0)do — / (—i);(ewk)u(z,e)de - / zge(z 8)do.

From this observation and explicit formulas of 8,, 8,, 8, and &, (see (3.8), (3.9) and
(3.10)), we conclude that

(3.12) =l / (2, 6)d6) = / e (0 0)(2, 6)d6,
for all u(z,8) € QYD x (—&o, €0)).

3.2. Approximate Szego kernels. In this Section we establish the existence of a mi-
crolocal Hodge decomposition of the Kohn Laplacian on an open set of a CR manifold
where the Levi form is non-degenerate. The approximate Szego kernel is a Fourier in-
tegral operator with complex phase in the sense of Melin-Sjostrand [41]. We then spe-
cialize to the case of the Grauert tube of a line bundle and give a useful formula for the
phase function of the approximate Szego kernel in Theorem 3.8.

Theorems 3.2-3.4 are consequences of the analysis from chapter 6 and chapter 7 of
part I in [29]. In [29] the existence of the microlocal Hodge decomposition is stated for
compact CR manifolds, but the construction and arguments used are essentially local.

Theorem 3.2. Let X be an orientable CR manifold whose Levi form L is non-degenerate of
constant signature (n_,n.) at each point of an open set B € X. Let ¢ # n_,n . There
exists a properly supported continuous operator

_ { HfOC(B AITOD X)) 5 HEHY(B, ATHOD X)),

loc

(B, A0 T*ON X)) — HsHL (B, AT*(0V X)

comp

(3.13)

comp
for all s > 0, such that A is smoothing away the diagonal and Dl(,q)A =1

For m € R let ST, be the Hérmander symbol space (see Grigis-Sjostrand [26, Def. 1. 1]
for the precise meanlng of ST). Let po(z, &) € €*°(T*X) be the principal symbol of Db
Note that po(z, &) is a polynormal of degree 2 in £. The characteristic manifold of ng) is
given by ¥ = X JX~, where

ot ={(z, Awo(z)) € T*X; X > 0},
" ={(z, \w(z)) € T X; A < 0}.
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Theorem 3.3. Let X, B and (n_,n.) as in Theorem 3.2. Let ¢ = n_ or n,. Then there
exist properly supported continuous operators

| {HfOC(B ATONX) — Higtl(B, AT OV X),

loc

(B, A0T*ON X)) — HeHL (B, AaT*OV X)),

comp comp

(3.14)
: ngc(B AIT*ON X)) — Hfoc(B AIT*OD X)),
S ,S;:

comp (B AqT*(O 1)X) — H, comp (B AQT* (© 1)X)

for all s > 0, such that A, S_, S, are smoothing away the diagonal and
09A+8 +8, =1, OWs =0, 09s, =o,
A=A, S_=5=8, 8,=8=5, S5, =8.5 =0,

where A*, S* and S* are the formal adjoints of A, S_ and S, with respect to (, ) respectively
and K (z,vy) satisfies

Ks (z,y) = /Oooe“"(z’y)ts(a:,y,t)dt
with a symbol
s_(z,y,t) € S;O(B x Bx]0, 00[, ATV X AqT;‘(O’l)X),
(3.15) s (z,y,t) ~ i s (z,y)t" 7 in SQO(B x Bx]0, oof, ATV X X AqT:(O’l)X> ,
7=0
s’ (z,y) € €% (B x B, ANT; OV X AqT;‘(O’l)X), i=0,1,...,

and phase function
(3.16) ¢ €¢*(BxB), Imp (z,y) >0, ¢ (z,2)=0, ¢ (z,y) #0 if z £y,
(3.17) d:p— #0, dyp_ #0 where Imp_ =0,
(3.18) Ao (T, Y)|a=y = —wo(z), dyp—(T,Y)|o—y = wo(z),
(3.19) v_(z,9) = —9_(y,2).
Moreover, there is a function f € €*°(B x B) such that
(3.20) po(z, (p-)z(z,9)) — f(z,¥)p-(z,9)
vanishes to infinite order at ¢ = y.
Similarly,

Ks.(2,9) = [ ew=9s, (a,y,t)dt

with s, (z,y,t) € ST, (B x Bx]0, oo[,AqT*(O,l)X X Aqu*(O’l)X)’
so(5 0,8 ~ 3 5 (2, )t
7=0

in S7'o(B x Bx]0, oof, AIT; ) X & AT X ), where
s (z,y) € €™ (B x B, NMT;®D X X AqT;(O’l)X), i=0,1,...,

and —@_(z,y) satifies (3.16)-(3.20). Moreover, if ¢ # n,, then s (z,y,t) vanishes to
infinite order at ¢ = y. If ¢ # n_, then s_(z, y,t) vanishes to infinite order at z = y.
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The operators S, , S_ are called approximate Szego6 kernels.

Proof. We only sketch the proof. For all the details, we refer the reader to Part I in
[29]. We will use the heat equation method. We work with some real local coordinates
z = (Z1,...,T2,11) defined on B. We will say that a € ¥*°(R, x B x R?™'1) is quasi-
homogeneous of degree j if a(t,z,An) = Ma(At,z,n) for all A > 0. We consider the
problem

(3.21) { (6; + D )u(t z)=0 inR, x B,

u(0,z) = v(z).
We start by a formal construction. We look for an approximate solution of (3.21) of the
form u(t, z) = A(t)v(z),

1 .
(3_22) A(t)'[}(m) = m /el(¢(t,$,ﬂ)_<y7n>)a(t, m,frl)fu(y)dyd!r]

(2)

where formally
a(t,z,n) Zaj (t,z,7m),

a;(t, z,n) is a matrix-valued quas1-homogeneous function of degree —j.
The full symbol of ng) equals Z?:o pi(z, &), where p;(z, £) is positively homogeneous
of order 2 — 7 in the sense that
pi(z,An) = A Ipi(z,m), [n| > 1, A> 1.

We apply 6t+D forrnally inside the integral in (3.22) and then introduce the asymptotic

expansion of qu)(ae“/’). Set (6; + D,(,q))(ae”/’) ~ 0 and regroup the terms according to the
degree of quasi-homogeneity. The phase ¥(¢, z,7) should solve

(3.23) { %p —ipo(z,¥,) = O(Imy|"), VN >0,
Yli—o = (z,M).

This equation can be solved with Im%(t,z,n7) > 0 and the phase (¢, z,n) is quasi-
homogeneous of degree 1. Moreover,

¢(t:$;77) = <~’F:7i> on 27 dﬁ,ﬂ(,lp - <$:”7>) =0on 27

t . 2
ez, = (Il g ) (st (e . 2)) s ol > 1,

Furthermore, there exists 1(00, z, ) € (B xR*>*1) with a uniquely determined Taylor
expansion at each point of ¥ such that for every compact set K C B x R?**! there is a
constant cx > 0 such that

tm (o0, 2,7) > e (dist (@, 1),5) ) s =1

If A € €(T*B ~ 0), A > 0 is positively homogeneous of degree 1 and A|lz < minJ,,
A;j > 0, where +:); are the non-vanishing eigenvalues of the fundamental matrix of

Dl(,q), then the solution (¢, z,n) of (3.23) can be chosen so that for every compact set
K C B x R**! and all indices «, 8, v, there is a constant ¢, g, x such that

2920] ($(t,@,m) — ¥(00,2,m))| < Capyie 7 on R, x K.
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We obtain the transport equations

T(t:m;mat,am)a'o = O(\IH”NN), VN,

3.24
( ) { T(t1$;n7at7az)a'j+lj(t1$1n7a07'--1a’jfl) :O(’Im"mN)a VN.

Following the method of Menikoff-Sjostrand [42], we see that we can solve (3.24).
Moreover, a; decay exponentially fast in ¢ when ¢ # n_, ny, and has subexponential

growth in general. We assume that ¢ = n_ or n,. We use 9,00{¥ = O{*"5,, 5;0!¢ =
013, and get
8,(8y(ea)) + 0\ M (B4(ea)) ~ 0,
8.(8; (e¥a)) + Oy’ (8; (e ) ~ 0.
Put
By(ea) = e™Va, 8, (e™Ya) = eVa.
We have
(8 + 0 (e¥a) ~ 0,
(8, + O ) (&) ~ 0.

The corresponding degrees of @ and @ are ¢ + 1 and ¢ — 1. We deduce as above that @
and @ decay exponentially fast in ¢. This also applies to

O (ae™) = 8,(8, ae™) + B, (Bpae™) = B,(ea) + B, (a).

Thus, 6;(ae*¥) decay exponentially fast in ¢. Since 8,3 decay exponetially fast in ¢ so does
6:a. Hence, there exist

a;(00,z,m) € C=(T*B, MT* VX R ATV X)), j=0,1,...,

positively homogeneous of degree —j such that a;(¢,z,n) converges exponentially fast
to a;(00, z,n), for all 7 € Ny.
Choose x € ¢5°(R?*™ 1) so that x(n) = 1 when |n| < 1 and x(n7) = 0 when || > 2. We
formally set
e

1 . ,
A= o // ( e - wmg(t, ) — e¥em - @m)g (o0, 7, n))(l — x(n))dtdn
0

and

1

We can show that A is a pseudodifferential operator of order —1 type (3, 1) satisfying
S+0PocA=1 OWos=o0.

Moreover, from stationary phase formula of Melin-Sjostrand [41], we can show that
S=S5_+S5,,where S_, S, are as in Theorem 3.3. O

The following result describes the phase function in local coordinates.
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Theorem 3.4. Let X, B and (n_,n,) as in Theorem 3.2. For a given point z, € B, let
W4, ..., W, be an orthonormal frame of T(*% X in a neighborhood of xo, such that the Levi
form is diagonal at zo, i.e. Loo(W;,W;) = pj, 3 = 1,...,n. We take local coordinates

T = (Z1,...,Tont1), 2 = Toj_1 + 1Za5, J = 1,...,n, defined on some neighborhood of z,
such that wo(zo) = dant1, (zo) = 0, and for some ¢; € C,
. 8 8 o
W, = — —1uz; —CiZop1i— +0(|z|°), 7=1,...,n.
j bz, Hj I T omie FL2n+1 8am i1 + O(|z]%), 7

Sety = (Y1,---,Y2nt1), Wj = Yoj—1 + a5, 7 = 1,...,n. Then, for ¢_ in Theorem 3.3, we
have

2n

(3.25) Ime (z,y) > cZ\a:j—yj\2, c>0,
=1

in some neighborhood of (0, 0) and

n—1

w7($7y) = —Zont1 + Yoni1 + 1 Z ‘,U;]’ ’Z] — wj\2
j=1
n—1
(3.26) +2. (Z#j (25wj — 2;W;) + ¢;(=25%2n 11 + WiYons1)
1=1

+¢;(—Z;Toni1 + wjy2n+1)> + (Tont1 — Yans1) f(z,y)

+O(|(z, )%,
where f € €%, £(0,0) =0, f(z,v) = f(y, z).

Remark 3.5. If we go through the proofs of Theorem 3.2 and Theorem 3.3 (see [29]), it
is not difficult to see that Theorem 3.2 and Theorem 3.3 have straightforward generaliza-
tions to the case when the functions take values in A?T*(%Y) X ® F', for a given smooth CR
vector bundle F over X. We recall that F' is a CR vector bundle if its transition functions
are CR.

Remark 3.6. Let ¢ € €(B x B). If ¢ satisfies (3.16)—(3.18), (3.20) and (3.25), (3.26),
then it is well-known that (see Section 3 and 7 of [29] and Menikoff-Sjostrand [42])
¢(z,y)t,t > 0,and ¢ (z,y)t, t > 0, are equivalent at each point of diag ((Z}‘ NT*B) x

(TN T*B)) in the sense of Melin-Sjostrand (see Melin-Sjostrand [41, p. 172]). We recall
briefly that §(z, y)t,t > 0, and ¢ (z,y)t, t > 0, are equivalent at each point of
diag ((Z~NT*B) x (2~ NT"B))
if for every
(Zo, —Aowp) = (To, Aode9—(Zo, To)) = (Zo, XodzP(T0, To)) € T~ (| T*B,

there is a conic neighborhood I" of (zg, zg, Ag), such that for every a(z,y,t) € ST(B X
BxR,), m € Z, with support in I', we can find a(z, y, t) € ST (B x B x R, ) with support
in I, such that

/ et~ la(z, y, t)dt = / ez, y, t)dt
0 0

and vise versa, where ST denotes the classical symbol of order m (see page 38 in [26],
for the precise meaning of S7).
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If we TYONX, as (2.1), we let (wA)* : ATHITON X 5 ATHON X g > 0, denote the
adjoint of left exterior multiplication wA : AT X — AdHIT*OL X,

The following formula for the principal symbol s® on the diagonal follows from [29,
68], its calculation being local in nature.

Theorem 3.7. Let ¢ = n_. For a given point z, € X, let Wi(z), ..., W,(z) be an orthonor-
mal frame of T30 X, for which the Levi form is diagonalized at zo. Let T;(z), 7 = 1,...,mn,
denote the basis of T*(®V) X, which is dual to W;(z), 7 = 1,...,n. Let u;(z), j = 1,...,n,
be the eigenvalues of the Levi form L, with respect to (-,-). We assume that u;(zo) < 0 if
1 < j <mn_. Then, for s° (z,y) in (3.15), we have

j=n_

52 (2o, To) :;!/ﬁl(%)\ (o) T H 3(@o)A) o (T (o))"

We return now to the situation where X is the Grauert tube of a line bundle L as in
Section 3.1 and use the notations introduced there. Let (z,6) be the coordinates as in
(3.3). We assume that B = Dx| — &g, &[, €0 > 0, D € M. We write (z,0) = (2',Z2n.1) =
T,2; = Toj1+1T25,) =1,...,M,0 = Tapi1, ' = (T1,...,T2,). We also write 2’ = (z/,0).
Until further notice, we work with the local coordinates (z,0) = (z', Z2,,1). Let £ be the
dual variables of z. From (3.8) and (3.9), we can check that the principal symbol of ng)
satisfies

(3.27) po(, &) = po(a', €).

That is, the principal symbol of ng) is independent of z5, 1.
From (3.18) and recall the form wq (see (3.4)), we have

d.o_(z,2) = —dToni1 + a(m’)dm' ace™.

Thus, near a given point (z,, o) € B x B, we have ; - # 0. From Malgrange prepa-
ration theorem(see Theorem 7.57 in Hormander [28]) We have

(3.28) ¢ (z,9) = 9(z,y)(—T2n11 + h(z',9))

in some neighborhood of (zg, zy), where g, h € €%, g(z,z) = 1, h(z',z) = Z2,+1. Since
Imp_ > 0, from this, it is not difficult to see that ImA > 0 in some neighborhood of
(zo, ). We may take B small enough so that (3.28) holds and Imh > 0 on B x B.
From global theory of Fourier integral operators (see Theorem 4.2 of [41]), we see that
¢_(z,y)t and (—z2,41 + h(z’, y))t are equivalent in the sense of Melin-Sjostrand. We can
replace the phase ¢_ by —z,,; + h(2', y). Again, from (3.18), we have

oh

%(:v’, z)dz' — dTon 1 = —wo(z) = —dTon 1 + a(z)dz’
Thus, 2 B Sk (7', 1) is independent of z,, ;. We conclude that
oh oh
(3.29) 5% (2, z)ds’ — dzoni1 = B2 (2, 2')ds’ — dzon iy = —wo().

Similarly, we have

h oh
(3.30) Fy(y/’ Y)dY = dyYani1 + aTJ,(yl; y')dy' = wo(y).



22

Put
P = —Tont1 + Yonr + R(2', 7).
Note that —z,,.; + h(z', y) satisfies (3.20). From this and (3.27), we have

ah’ / . ! ah’ ! . / N
pO("E; (%("E 7y)1 _1)> = DPo (33 ) (@(ZIJ 1y)1 _1)> - f(xi y)(_$2n+1+h’($ ,y))+0(|$ - y’ )
for all N € N, for some f € ¥*°. Hence,

(3.31) po(z,8,) = po(@', @,) = F(2,¥)(~Tonsr + Rz, ) + Oz’ — ¥/|" + |Z2nss|V),
for all N € N. We replace z5,,1 by Zan 11 — Yons1 in (3.31) and get

(3.32) po(z, @) = po(2', @) = f(z,9)@ + O(lz — y["),

for all N € N, for some f € €. Thus, @ satisfies (3.20). Note that p(z, @.) is indepen-
dent of z5, 1. Take 9,11 = Yony1 + A(2',7’) in (3.32) and notice that A(z’,z') = 0, we
conclude that

(3.33) po(z,@,) = Oz’ —¢'["), VN € N.

Furthermore, from (3.29) and (3.30), we see that ¢ satisfies (3.18). Moreover, for a
given point p € D, we may take local coordinates z = (21,...,2,) = (Z1,...,Zon) = <
centered at p such that the metric on T M is 7, dz; ® dz; at p and
(3.34) $(2) = > A;l2* + O(l2]),

j=1

in some neighborhood of p, where A; # 0, 5 = 1,...,n. From (3.26) and (3.28), it is not
difficult to see that

(3.35) Wz, y) =1y [Nl 2 — wi® + 1) Ni(Zw; — zw5) + O(|(, ¥) ).

j=1 j=1
Thus @ satisfies (3.26). Furthermore, from (3.35) and consider Taylor expansion of
h(z',y') at ' = ¢, we see that

Imh(z',y') >clz' —y'[>, ¢>0.

Thus, ¢ = 0 if and only if z = y. We conclude that @ satisfies (3.16)-(3.18), (3.20)
and (3.25), (3.26). In view of Remark 3.6, we see that t¢_ and tp are equivalent at
each point of diag ((Z}* NT*B) x (X~ N T*B)) in the sense of Melin-Sjostrand. Since
¢_(z,y) = —9 (y,z), we can replace ¢_ by

1, —_— 1 —

5(@(z,9) = (y, 2)) = (=Zon i1 + Y2n11) + 5(R(,¥) — Ry, 2)).
Summing up, we get the following.
Theorem 3.8. Let (L, k") be a holomorphic Hermitian line bundle whose curvature R* is
non-degenerate of constant signature (n_,n,) at each point of an open set D € M. Let

7 : X — M be the Grauert tube of L (cf. (3.1)) and let B = w—'(D). With the notations
used before, we can take the phase ¢_(z,y) in Theorem 3.3 so that

QO,(l?, y) = —Tont1 + Yont1 + \I,(z7w)7 \I,(xla yl) = \I"(Z, w) € cgoo’

(3.36) N '
po(z, @' (z,v)) = O(|z' — y'|"), locally uniformly on B x B, for all N € N,
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where po(z, &) is the principal symbol of ng) and ¥ satisfies
U(z,w)=—-T(w,2), Ic¢>0: Im¥ >clz—w]®, ¥(z,w) =0 2z=w.

Moreover, for a given point p € D, we may take local holomorphic coordinates z =
(21,...,2y) centered at p such that the metric on T(% M equals 27, dz; ® dz; at p and
(3.34) holds. Then, near (0,0), we have

(3.37) V(z,w) =4y |\l |z — wil* + 1) N(Zw; — z;w;) + O(| (2, w)|?).

1=1 7=1
From now on, we assume that ¢_ has the form (3.36).

3.3. Semi-classical Hodge decomposition for the Kodaira Laplacian. In this Section

we apply the results about the Szego kernel previously deduced in order to describe the

semiclassical behavior of the spectrum of the Kodaira Laplacian DEP. We first introduce

some notations. Let D € M be an open set. For any k-dependent continuous function
Fy: H: o (D, AT OVM) — HY (D, ATV M), s,8' € R,
we write
F, = O(k™) : H,po (D, AT OV M) — Hy (D, AT*OVM), ng € Z,

if for any xo, x1 € 65°(D), there is a positive constant c, ¢ is independent of k, such that
(3.38) (o Frxa)ully < ck™ [Jull,, Vu € Hiy (D, ATV M),
where ||u||, is the usual Sobolev norm of order s.

A k-dependent smoothing operator A, : Q3(D) — Q%9(D) is called k-negligible if
the kernel Ay(z,y) of A, satisfies 0707 Ax(z, y)‘ = O(k") locally uniformly on every

compact set in D x D, for all multiindices «, 8 and all N € N. A, is k-negligible if and
only if

Ay =0(k™) : H:, o (D, TV M) — HPV (D, ATV M), forall N,N' >0, s € R.

Let C : Q09(D) — Q%4(D) be another k-dependent smoothing operator. We write
A = Cy mod O(k~ ) or Ax(z,y) = Ci(z,y) mod O(k™ ) if Ax — C} is k-negligible.
We recall the definition of semi-classical Hormander symbol spaces:

Definition 3.9. Let U be an open set in RY. Let S(1;U) = S(1) be the set of a € €*(U)
such that for every a € N¥, there exists C, > 0, such that |8%a(z)| < C, on U. If
a = a(z, k) depends on k €]1, oo, we say that a(z, k) € S (1) if x(z)a(z, k) uniformly
bounded in S(1) when k varies in |1,00[, for any x € %35°(U). For m € R, we put
SP(1) = k™S (1). If a; € SpJ(1), m; N\, —oo0, we say that a ~ Y22 a; in S2(1) if
a—Y%a; € S °"(1) for every No. From this, we form S{Z. (1;Y, E) in the natural way,
where Y is a smooth paracompact manifold and F is a vector bundle over Y.

We return to our situation. Let s(z) be a local trivializing section of L on an open
subset D € M and |s|°, = e~>*. We assume that 83¢ is non-degenerate of constant
signature (n_,n,) at each point of D. Let (2,6) be the local coordinates as in (3.3)
defined on D x| — eq, £o[, €9 > 0. We identify D x| — &g, €5 with some open set of X and
until further notice we work with the local coordinates (z, 8). Let (0{? be the operator as
in (3.7) and (3.6). Since 8¢ has constant signature (n_,n, ) at each point of D, from
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(3.5), we know that the Levi form £ has constant signature (n_,n.) at each point of
Dx] — &g, €.

Let g = n_ or n, and let S_, S, be the approximate Szego kernels defined in Theo-
rem 3.3. Define also the approximate Szego kernel

(3.39) S=S +85,.

Let x(6), x1(0) € €5°(] — €0,€0[), X, X1 > 0. We assume that x; = 1 on Supp x. We take
x so that [ x(0)dé = 1. Put

(3.40) xx(0) = e~ x(6).

The approxiamte Szego kernel was introduced in (3.39). We introduce the localized
approximate Szego kernel Sy by

St He (D, ANT* OV M) — HE (D, AT*OV M), Vs € Ny,
(3.41) u(z) — / %51 (6)S (xxu)(2, §)d6.

Letu(z) € HE (D, AT*®V M), s € Ny. We have x(0)u(z) € Hi (Dx]—eq, go[, NT*OD X).
From Theorem 3.3, we know that

S(xxu) € Hy.(Dx] — e, EO[,AqT*(O’l)_X),

From this, it is not difficult to see that [ e***x(8)S(xwu)(z,8)d8 € Hi (D, AIT*OV ).
Thus, the localization Sy is well-defined. Since S is properly supported, S, is properly
supported, too. Moreover, from (3.14) and (3.41), we can check that

(3.42) Se = O(k°) : Hyp (D, AqT*(O’l)M) — H:.__(D, AqT*(O,l)M)’

comp

for all s € Ng.
Let S} : 2'(D, MT*CV M) — 9'(D,AT*O) M) be the formal adjoint of S;, with
respect to (, ). Then S} is also properly supported and we have

(3.43) St &'(D, AT VM) — &'(D, ATV ).

From (3.12), we have
0o / €% x1(8)S (xxu)d8) = / e (O (509)) (e (2, 6)d8
= [ e (O (x:5%)) (xs) (2, 6)d6,

where ¥ € €°(] — €0, €0[), X = 1 on Supp x and x; = 1 on Supp ¥ and u € Qg%(D). Note
that O (x:8%) = O9(S%) — O ((1 — x1)SX). From Theorem 3.3, we know that 09 S
is smoothing and the kernel of S is smoothing away the diagonal. Thus, (1 — x1)S¥ is
smoothing. It follows that TP ((1 — x1)S¥%) is smoothing. We conclude that 09 (x, S%)
is smoothing. Let K ((z, ), (w,n)) € €* be the distribution kernel of 0{(x1S%), where
w = (wy, ..., w,) are the local holomorphic cooordinates of D and 7 is the coordinate of
| — €0, €0[. From (3.44) and recall the form x; (see (3.40)), we see that the distribution
kernel of {98, is given by

(3.45) (098, (z, w) = / ek K ((2,8), (w, 1))x(n)dnds.

(3.44)
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For N € N, we have

‘kND(q)Sk z w)‘ = ‘/ )N gilo- ")k)>K((z 9), (’w,’fl))X(Tl)dT]dG‘
(3.46)

-/ e“e-mk(—i;)N(K((z, 6, (wm)x(n))

Thus, @S, (z,w) = O(k™), locally uniformly for all N € N, and similarly for the
derivatives. We deduce that

(3.47) 098, =0 mod O(k™).
Thus,
(3.48) S;0@ =0 mod O(k~).

Let A be the partial parametrix of Déq) described in Theorem 3.3. Define the localized
partial parametrix A; by

Ay, (D, AT OV M) — HETHD, MT* VM), Vs € Ny,

u(z) — /ez x1A(xxu)(z,0)d6.

As above, we can show that A; is well-defined. Since A is properly supported, A is
properly supported too. Moreover, from (3.14) and (3.49), we can check that

(3.50) =O(k°): H (D, A2, 1)M) el (D, AqT*(O,l)M)’

comp
for all s € Nj.
Let Af : 2'(D,NT*ON M) — 2'(D, NT*OD M) be the formal adjoint of A, with
respect to (, ). We can check that

(Ai)(2) = [ xx(O)A" (ve 1) (2,6)d8 € 23°(D),

for all v € QYY(D). Thus, A% : Qp4(D) — Q5¥(D). Moreover, as before, we can show
that

(3.51) A; =O0(k*): H: __(D,NT*®VM) - HL (D, MT*OY M), forall s € Ny.

comp comp

loc

(3.49)

comp

Let u € Qg4(D). From (3.12), we have
0 (Axw) = O0o( / e 31 A(xwu)d6) = / e* (081 A%) (k) (2, 6)d8,

where ¥ is as in (3.44). Note that ng)(xlAi) = D (Ax) )((1 — Xx1)AX). From
Theorem 3.3, we know that Dg,q)A + S = I and the kernel of A is smoothing away the
diagonal. Thus, (1 — x:)A¥ is smoothing. It follows that O ((1 — x1)A%) is smoothing.
We conclude that D,(,q)(xlA)Z) = (I — S)X. From this, we get

00 (Apu) = / e (T — ) (xwu)(z, 8)d8 + / e F(xu) (2, 0)d6
(3.52) =u-— /eiekS(xku)(z,H)dH—i—/eka(xku)(z,H)dH

— (- S)u— / e (1 — x1)S(xwu)(2,0)d8 + / % F(xu)(z, 6)db,
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where F' is a smoothing operator. We can repeat the procedure as in (3.46) and conclude
that the operator

U — /eiekF(xku)(z,H)dO, u € Qo4(D),
is k-negligible. Similarly, since (1 — x;)Sx is smoothing, the operator
u— [ (1 - x:)S(xuu)(z,6)d8, u € (D),
is also k-negligible. Summing up, we obtain
(3.53) 0@WA, +S, =1 mod O(k™>).

We may replace S;, by I (@ A, and we have 0@ A, + S, = I and hence A;(09) +S; =
I. Thus,

(3.54) = (A09 + 89S, = A:OWS, + SiSe.
From (3.47) and (3.51), we see that

A0S, = Ok ™) : Hyp (D, ATV M) — HZ N (D, AST*OH M)

comp )

forall s € R and N', N € N. Thus, A;(09S;, = 0 mod O(k~*°). From this and (3.54),
we get

(3.55) SiSy =S, mod O(k~*).
It follows that
(3.56) S =S; mod O(k™®), S =S, mod O(k™™).

From (3.42), (3.47), (3.48), (3.50), (3.51), (3.53), (3.55) and (3.56), we get our main
technical result:

Theorem 3.10. Let s(z) be a local trivializing section of L on an open subset D € M and
|52, = e 2%. We assume that 208¢ = R is non-degenerate of constant signature (n_,n.)
at each point of D. Let ¢ = n_ or n, and let Sy be the localized approximate Szego kernel
(3.41) and A, the localized partial parametrix (3.49). Then,

(3.57) SpySe = O(k®) « He oo (D, AT VM) — HE (D, AT DM, Vs € Ny,
: * _ s *(0,1 s+1 *(0,1
= O(k*) : Hipp (D, AT OV M) — HEL (D, AT OV M), Vs € Ny,
and we have
(3.58) @S, =0 mod O(k ), S;0@ =0 mod O(k~*),
(3.59) S, =S; mod O(k™), Sy =S¢ mod O(k™®), S; =S5;Sy mod O(k™™),
(3.60) Si+A09 =T mod Ok ™), S +09A, =T mod O(k™*),

where S} and A}, are the formal adjoints of S, and A with respect to (, ) respectively and
(@) is given by (3.7) and (3.6).

We notice that S, S, A, Aj, are all properly supported. We need
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Theorem 3.11. The localized approximate Szego kernel S given by (3.41) is a smoothing
operator. Moreover, if ¢ = n_, then the kernel of S satisfies
(3.61) Se(z,w) = e**EWp(z,w, k) mod O(k™>),
with
b(z,w, k) € S, (1; D x D, A°T5) M 1 AT 1),

(3.62)  b(z,w,k) ~ Y bj(z,w)k™ 7 in Sp, (1; D x D, ATy M R ATV M),
=0

bi(z,w) € €= (D x D, ATV M ) Aqu*(O’l)M), ji=0,1,...

and ¥(z,w) is as in Theorem 3.8.
Ifg=n4, n_ #ny, then

(3.63) Sk(z,w) =0 mod O(k ).

Proof. Theorem 3.11 essentially follows from the stationary phase formula of Melin-
Sjostrand [41]. Let s(z) be a local trivializing section of L on an open subset D € M
and |s|2, = e ?*. Assume that 89¢ is non-degenerate of constant signature (n_,n.)
at each point of D. Let ¢ = n_ or n.. Let (2,6) be the local coordinates as in (3.3)
defined on D x| — g, go[. We identify D x| — ey, €9 with some open set of X and until fur-
ther notice we work with the local coordinates (z,6). We write (z,0) = (2/,Z2n11) = z,

Zj = Toj_1 +1Ts5, ] = 1,...,n, 0 = Topiy, & = (z4,...,22,). We identify 2’ with (z/,0).
We also write (w, ) = (¥, Y2nt1) = ¥, Wj = Yoj—1 + W5, J = 1,..., 0 0 = Yopi1,
v = (y1,--.,Y2n), Wwhere w = (wy,...,w,) are the local holomorphic coordinates of D

and 7 is the coordinate of | — &g, o[. From the definition (3.41) of S; and Theorem 3.3,
we see that the distribution kernel of S, is given by

(3.64)

Su(a,y) = [ ete-lewitimnisk otk (g, 4,8, (831 )X(3n41)A020 1Yo

+ . ei<p+(z,y)t+i"’2n+1k_iy2”+lkS+(fE,y,t)Xl(5’32n+1)X(y2n+1)d$2n+1dtdy2n+1 mod O(k~)

= Li(z',y") + Li(z',y') mod O(k™ ),

where the integrals above are defined as oscillatory integrals. First, we study the kernel

Il ($I7 yl) - /t>0 ei(p+(:n,y)t+i:n2n+1k*iy2n+1k3+(x, Y, t)XI($2n+1)X(y2n+l)d$2n+1dtdy2n+1-

By the change of variables ¢ = ko we get

ik z,Y)0+Tant+1—Y2n
Il(a:',y’) = />oe (W( vleteanii v +1)k?~‘>’+(51?,y,kU)Xl(51:2n+1)X(1/2n+1)d$2n+1CiUd.y2n+1-

Note that d,¢. (z,z) = we(z). Taking into account the form wy(z) (cf. (3.4)), we see that

%ﬁl(m, z) = 1. In view of Theorem 3.3, we see that ¢, (z,y) = 0 if and only if z = y.

We conclude that

(da(go+(:13,y)a + Tont1 — Yoni1), Goonyy (04 (T, Y)0 + Toni1 — y2n+1)) 75(0, 0>, o >0.
Thus, we can integrate by parts in ¢ and z5,,; and conclude that I; is smoothing and
(3.65) I; =0 mod O(k ).
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Now, we study the kernel

L', y') = /t>0 eil’o_(m’y)t+imzn+lk_iy2n+lk3—(1', Y, £)X1(T2nt1) X (Yons1)dTont1dEdY2n 1.

As before, by letting ¢t = ko, we get

(3.66)
I ik (‘P—($,y)0+$2n+1*y2n+1)
I(z',y') = - € ks_(z,9,ko)X1(Tont1)X(Y2n11)dTon11dodY2n 1.
In view of (3.36), we see that
(3.67) o (z,9) =Yz, ¥") + Yoni1 — Tony1, m¥(z',y") > 0.
Put
(3.68) ¥(z,y,0) = (“P(m/, yl) + Yont1 — Ton+1)0 + Tont1 — Yonti

Let ¢(0) € ¢5°(R;) with ¢(0) = 1 in some small neighborhood of 1. We introduce the
cut-off functions ¢(c) and 1 — ¢(o) in the integral (3.66):

(3.69) Ig(m',y’) = />0 eiw(m’y’a)w(g)ks—(m,y» kU)Xl($2n+1)X(y2n+1)d$2n+1d0dy2n+1,
(3.70) )

Ii(z'y') = />0 e V(1 — (o) ks_(2, Y, ko) x1(T2ns1) X (Y2n+1)0Ton+1d0dYon 1
so that
Io(wl: yl) = Ig(a:/, yl) + I&(:E,: yl) .

First, we study I}(z',y'). Note that when ¢ # 1, d,,., ¥(z,y,0) = 1 — 0 # 0. Thus, we
can integrate by parts and get that I} is smoothing and I}(z',y') =0 mod O(k~*).

Next, we study the kernel IJ(z',y'). First, we assume that ¢ = n,, n, # n_. In view
of Theorem 3.3, we see that s_(z,y,t) vanishes to infinite order at z = y. Thus, I = 0
mod O(k~*). Therefore, we get (3.63).

Now, we assume that ¢ = n_. Since the integral (3.69) converges, we have

Ig(fl)/, y/) — /H(ZE’, y)X(y2n+1)dy2n+1,

H("Ela y) = />0 eik‘l’(w,y,a)(p(o.)ksi(x, Y, kU)X1($2n+1)d$2n+ldU-

(3.71)

Recalling the form of ¥(z,y, o), we have Im¥(z,y,0) > 0, d,¥(z,y,0) = 0 if and only
ifr=yandd,,,, Y(z,9,0);—y =1 — 0. Thus, z = y and ¢ = 1 are real critical points.
Moreover, we can check that the Hessian of ¥(z,y,0) at z = y, 0 = 1, is given by

< v (z,z,1) Y e(z,z, 1) )_( 0 -1 )

Vo (@ 2, 1) Y (7,2, 1) ~\—-1 0

Thus, ¥(z,y, o) is a non-degenerate complex valued phase function in the sense of Melin-
Sjostrand [41]. Let
¥(2,§,6) :=(9@,7) + @ans1 — Foni1))F + Fanss — Fonn

be an almost analytic extension of ¥(z,y, o), where ¥(Z', 7') is an almost analytic exten-
sion of ¥(z',y') (with ¥(z', ') as in (3.67)) and similarly for %5, 1, Z2,.1 and & (see [41,
§2] for the precise meaning of the almost analytic extension). We can check that given
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Yon+1 and (2',Y'), Tont1 = Yony1 + ¥(2',9’), & = 1 are the solutions of % =0, 6;‘2‘11 =0.
From this and by the stationary phase formula of Melin-Sjostrand [41], we get
(3.72) H(z',y) = e*¥@ V(2 y, k) mod O(k™>),

where a(z',y,k) € € (D x (Dx] — €, &q[), MT*ON M X AqT*(Oﬂ)M),

a(z',y,k) ~ > k" a;(z',y) in ST, (1; D x (Dx] — g, &[), AYT*OV M K AqT*(O’l)M),
7=0
a;(z',y) € %”(D x (Dx] — €o, €0[), NT* OV M K AqT*(O’l)M), 7=0,1,...
and
(3.73) ao(e',y) = 2m8° (2, yani1 + ¥(2,4), ),

where 3° is an almost analytic extension of s°, s° is as in (3.15).
From (3.71) and (3.72), we get,

(3.74) (', y") = e**¥p(z’ v, k) mod O(k~),

where

b(;c/’ yl, k;) ~ Z knfjbj(a:',y') in Sr (1; D x D,AqT*(O’l)M 4 AqT*(O’l)M),

3=0

(3.75) (', y) = / a;(2', Y)X(Yan11)dY2n1 € €*(D x D, AT OV M K ATV M),
7=0,1,.... Theorem 3.11 follows. O

As before, let s be a local trivializing section of L on an open set D € M and |s|>, =
e 2%, We assume that 89¢ is non-degenerate of constant signature (n_, n_) at each point
D and let ¢ # n_. We first assume that ¢ = n,, n, # n_. In view of Theorem 3.10 and
(3.63), we see that when ¢ = n_., n, # n_, we have

(3.76) 09D A, =1 mod O(k™),

where A, is as in Theorem 3.10.
Now, we assume that ¢ # n_,n,. From Theorem 3.2, we can repeat the proof of
Theorem 3.10 and conclude that there exists a properly supported continuous operator

Ap = O(k*) : H,oo (D, AT OV M) — HEF (D, ATV 11), Vs >0,

comp

such that

(3.77) DA, =1 mod O(k™).

Summing up, we obtain

Theorem 3.12. Let s(z) be a local trivializing section of L on an open subset D € M and

|52, = e 2%. We assume that 208¢ = R is non-degenerate of constant signature (n_,n.)
at each point of D. Let q # n_. Then, there exists a properly supported continuous operator

Ap = O(k*) : H oo (D, AST*OVM) — HIF (D, ATV M), Vs >0,

comp

such that
0WA, =1 mod O(k).
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Remark 3.13. From Remark 3.5, we can generalize Theorem 3.10 and Theorem 3.12
with essentially the same proofs to the case when the forms take values in L* ® E, for a
given holomorphic vector bundle E over M.

We have the following

Theorem 3.14. Let s(z) be a local trivializing section of L on an open subset D € M and
|52, = e~2%. We assume that 208¢ = R is non-degenerate of constant signature (n_,n )
at each point of D. Let ¢ = n_. For a given point p € D, let V1, ..., V, be an orthonormal
frame of T9 M in a neighborhood of p, for which RE is diagonalized at p, namely,

RE(p)Vi(p) = (@)V;(p), F=1,...,n,
Ai(p) <0, j=1,...,q,

Let (T;)™_, denote the basis of T*®Y M, which is dual to (V;)_,. Then, for by(z,w) in
(3.62), we have

bo(p, ) = (2m) " |det B2(p)| [ [(Ty()1) o (Ty()A)"
(3.78) B

= (2m)™"| det B" ()| L7 »
where I+ € End(A?T*ON M) is as in the discussion after (1.2).
Proof. From (3.73) and (3.75), we have

(3.79) bo(z',z') = 27 / s° ((CE/, Yont1), (2, yzn+1))x(y2n+1)dy2n+1.

In view of Theorem 3.7, we know that
j=n_

S (& Yon 1)y (@ 1)) = 5 s @)+ L&) ™ F T (T3@)A) o (T5(a)A)'

where u;(z'), 3 = 1,...,n, are the eigenvalues of L, and Ti(z’'),...,T,(z'), are as in
Theorem 3.7. From this, (3.79) and the identification of the Levi form and RY (see
(3.5)) and notice that |u1(p)| -« - |a(p)| = 27" [\1(p)| - - [An(p)| = 27" |det RE(p)], (3.78)
follows. O

4. ASYMPTOTIC EXPANSION OF THE SPECTRAL FUNCTION FOR LOWER ENERGY FORMS

Let (M, ©) be a Hermitian manifold and let (L, h) be a Hermitian holomorphic line
bundel on M. We recall that (cf. (1.3)) éakq_No(M , L*) denote the spectral space of D,(f’)
corresponding to energy less than k7. In the present Section we study the asymptotic
expansion of the spectral function associated to &y, (M, L¥). In Section 4.1 we prove
pointwise upper bounds for the eigenforms of the spectral spaces &y, (M, L*) in terms of
their L2-norm (Theorem 4.3). In Section 4.2 we compare the localized spectral projection
with the localized approximate Szego projection Si. In Section4.3 we apply this results
to prove the asympotic expansion of the spectral function and thus give the proof of
Theorem 1.1. In Section 4.4 we exhibit the asympotic expansion of the Bergman kernel
and prove Theorem 1.6. Finally, in Section 4.5 we calculate the coefficients b and b3 and
thus prove Theorem 1.2.
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4.1. Asymptotic upper bounds. Fix N, > 1. In this Section we will give pointwise
upper bounds for u and 8*u, where u € &%y, (M, L¥).

Let D € M be a chart domain such that L|p is trivial. Let s be a local trivializing
section of L on D and set |s|5, = e 2. Let (,)is be the inner product on the space
Q94(D) defined as follows:

(19 = [(£,9)e Pduy(a), fg € Q3 (D).
—*,kd

Let 87 : Q¥*Y(D) — Q%(D) be the formal adjoint of 8 with respect to (, )xs. Put
D;‘Q = 99" + 55 . QU(D) - Q(D). Let u € Q%4(D,L*). On D, we write
u = s*4, 4 € Q%9(D). We have
4.1 O@u = s*0%a.
Fix p € D and consider local coordinates z = (2, ..., 2,) = (z1,...,Z2,) = z on D, such
that z(p) = z(p) = 0 and ¢(2) = O(|z|°) near p. Let Fy(2) := Z be the scaling map. For
r>0,let D, = {z; |z;] <r,7=1,...,2n}. Let f € Qo’q(ch%), f = is=q f1d27. We
define the scaled form Fy f € Q%9( Do) by

Frf=%" f_,(k‘l/zz)dzj € Q%9(Diogr)-

|J|=¢

Let D,(jg,(k) : Q%9(Diogr) — Q%9(Diogr) be the scaled Laplacian defined by
1

(4.2) O 4y (Fru) = EF,:‘(DEJQu), u € Q%%(Disgs ).

By Berman [1, §2] and Hsiao-Marinescu [31, § 2] it is known all the derivatives of the
coefficients of the operator D;‘fg’(k) are uniformly bounded in & on Djgz. Let D, C Digg
and let Wyg. (D, AT*ON 1), s € Ny, denote the Sobolev space of order s of sections of
ATV M over D, with respect to the weight e 2*F<¢. The Sobolev norm on this space
is given by
Wlimgsn, = 2 [ 10Rul e P (F m) (@)dz,
a€Ng™ |a|<s,|J|=¢ " "

where u = Y|, usdz’ € Wipey(D,, AT* OV M) and m(z)dz is the volume form. If
s = 0, we write ||'HkF,;¢,D, to denote ||-||kF;¢’O’DT.

Lemma 4.1. For every v > 0 with D,, C Doz and s € Ny, there is a constant C,; > 0
independent of k, such that

2 2 @ ymo |2 ,
(4.3) HquFggé,zs,D, < Grs ( HquF,qu,D2, + mZ:1 H(Dkis,(k)) quF,:qS,DgT) , 4 € Q%% (Diogs) -

Proof. Since Dgﬁ,(k) is elliptic, we conclude from Garding’s inequality that for every » > 0,
D,, C Diggi and s € Ny, we have

2 = 2 2
(4.4) HquF,;¢,s+2,D, < Cris ( HqungS,D,,/ + HDECQ’(IC)quFI:‘¢,s,D /) , u € Q% (Diogr) ,

for some ' > 7. Since all the derivatives of the coefficients of the operator Dg’(k)

are uniformly bounded in k, it is straightforward to see that C*,.,,s can be taken to be
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independent of k. (See Proposition 2.4 and Remark 2.5 in Hsiao-Marinescu [31].) From
(4.4) and using induction, we get (4.3). O

Lemma 4.2. For k large and for every oo € N&*, there is a constant C, > 0 independent of
k, such that

(4.5) |(6z)(0)] < Ca,

where u € Q%9(Diog), Hu”kF,:qi?,Dlogk <1

(@ ym Cm
Ok, 1)) quFleogk <k ™ meN.

Proof. Let u € Q%%(Diggs), |[ullyprg pyoyy < 1 (D;‘Q,(k))muuk%mogk < k™™, m € N,. By
using Fourier transform, it is easy to see that (cf. Lemma 2.6 in [31])

(4.6) |(87u)(0)] < C |ull;p

¢$nt+lt|el,Dy

for some r > 0, where C > 0 only depends on the dimension and the length of o. From
(4.3), we see that

4.7)
2 2 SR
el 283611100, < o 16lnze,m, + > O™t ey 5, )» 2H 20+ 14,
<Cra(1+ L k™) <Ca
m=1
if k large, where C, > 0 is independent of k. Combining (4.6) with (4.7), (4.5) follows.
O

Now, we can prove

Theorem 4.3. For k large and for every a € NZ", D' € D, there is a constant Co p > 0
independent of k, such that

(4.8) |(82(e #))(2)| < Caork® 1 ||u]|, Yz € D,
where u € &Ly, (M, L*), Ny > 1, u|p = s*@, 4 € Q*(D).

Remark 4.4. Let s, be another local trivializing section of L on D, |s,|* = e 2¢*. We have
s1 = gs for some holomorphic function g € (D), g # 0 on D. Let u € Q%¢(D, L*). On
D, we write u = s*% = s¥%. Then, we can check that

(4.9) Te Tk = qi(gl/2g /2 ke k¢,

From (4.9), it is easy to see that if @ satisfies (4.8), then 7 also satisfies (4.8). Thus, the
conclusion of Theorem 4.3 makes sense.

Proof of Theorem 4.3. We may assume that 0 € D'. Let u € &Ly, (M, L*), No > 1, u|p =

sk, & € Q%(D). We may assume that D% C D and consider @|p,,,,. Set B :=
k Ve
k3 Frt = k*gﬂ(ﬁ) € Q%9(Dyogx). We can check that

(4.10) ||:5k||kp,j¢,Dlogk < full-
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Since u € &1y, (M, L), we have H(fo))muH < k™ |lu||, m = 1,2,.... From this
observation and (4.2), we have

H Dk¢ (k))mﬂkaFggé,Dlogk km+ <(D )y"a )HkFgé Diog

< o [ @] < ke .

(4.11)

From (4.10), (4.11) and Lemma 4.2, we conclude that for every o € N2", there is a
constant C, > 0 independent of &, such that

el o~ - =
ko2 (@;U)(O)‘ = (62 B:)(0)] < Ca [[ul|-
Thus, for every o € N2", there is a constant C, > 0 independent of k, such that
|(82(e™*))(0)| < Cak ! |u]].

Let z, be another point of D’. We can repeat the procedure above and conclude that
for every a € NZ", there is a C,(zo) > 0 independent of &, such that

(82 (e *))(zo)| < Calmo)k? 1! ||ul].
It is straightforward to see that the constant C,(z,) depends continuously on ¢ and

the coeffceients of Dk¢ in ¥™(D) topology, for some m € N;. (See Remark 2.5 and

Theorem 2.7 in [31], for the details.) Since D' C D is compact, C,(zo) can be taken to
be independent of the point zy. The theorem follows. O

4.2. Kernel of the spectral function. As (1.4), let
Pyt L2 (M, L*) — &%y, (M, LF)

be the spectral projection on the spectral space of Dk corresponding to energy less than
k~No, The goal of this Section is to compare the localized spectral projection P,gk) No s
(see (4.18)) to the localized approximate Szego projection S; defined in (3.41). This
will be achieved in Proposition 4.10.

We introduce some notations. Let (ey, .. ., e, ) be a local orthonormal frame of 7% M/
over an open set D € M. Then (e’ := ej, A--- A€}, )1<ji<js<-<jy<n is an orthonormal
frame of A?T;®Y M over D. For f € Q%¢(D), we may write f = 3{;_, fse’, with f; =
(f,el) € €°(D). We call f; the component of f along e’. Let A : Qg%(D) — Q%¢(D)
be an operator with smooth kernel. We write
(4.12) Az,y)= Y el@)Ars(z,v)e’ ),

|=gq,|J1=¢
where A; ;(z,y) € €*(D x D), for all strictly increasing I, J, with |[I| = |J| = q. We
have
(4.13) (avE) = > €@ [ Az y)us@)dmy),
1=q,[J|=q b
for all u = 33|, _, use’ € Qo%(D). Let A* be the formal adjoint of A with respect to (, ).
We also write A*(z,y) = Z,II\:q Teg e'(z)A; ;(z,y)e’(y). We can check that

(414) A;’J(IIJ, y) - AJ,I(yJ .’I:),
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for all strictly increasing I, J, with |I| = |J| = g. Let
B: Q%(D) — Q%(D), Q5%D)— Q34(D),
B(z,y) = Z/ e'(z) B s(z,y)e’ (v),

lI|=g,|7|=q

be a properly supported smoothing operator. We write

(BoA)(z,y)= S el(z)(BoA)(z,y)e’(y)

l7|=q,|J|=¢

in the sense of (4.13). It is not difficult to see that

(4.15) (BoA)s(z,y) = / By k(2 2)Ax. (2, y)dvn(2),

|K|=g

for all strictly increasing I, J, with |I| = |J| = g.
Now, we return to our situation. Let

P8 (z,y) € C(M x M, (A*T; VM @ L) B (AT N M © LE))
be the spectral function, i. e., the Schwartz kernel of P,E‘Q

(4.16) (FRu)@) = [ P3(@,v)ulv)dvu(v), v e L (M, LF).
Let s be a local section of I over D, where D C M. Then on D x D we can write
P (z,y) = 5(2)* B3 (2, 9)s" (v)",

where P,SqA) (z,y) is smooth on D x D, so that for z € D, u € Q0(D, L*),
(Pu)(@) = s(2)* [ P (2,9)(u(), 5" (v)") dvae(v)

(4.17) (@) .
= s(@)" [ P.(2,9)aW)dvu(y), u=s"G, @€ Q3*(D).

For z = y, we can check that the function P} (z,z) € %*(D, End(AST*®V 1)) is
independent of the choices of local section s.

Let D € M be an open set, s be a local trivializing section of L on D and |s|>, = e~2?.
Let 2 = (21,...,2,) = (21, .., T2n) = z be local coordinates of D. Fix Ny > 1. We define
the localized spectral projection (with respect to the trivializing section s) by

P oyt L (D) N &' (D, ATV M) — Q°9(D),
(4.18) U — e‘k¢s_kP,£qk)_No(skek¢u).
That is, 1fP kYo ($°€"Pu) = s*v on D, then (qk) v U = e *®vu. We notice that

(4.19) ﬁksqk?*No s(xi y) — e*k¢(z)Péq’37N0 s(az, y)ek‘é(y),
where ]3’5‘1,3,% (z,y) is the kernel of Pk %o . With respect to (,) and P, k k o o(2,Y) is as

in (4.17). We ‘Write
(4.20) 1513 N0,5($7 y) = Z I("E) k) NO,s,I,J(:I;’ y)ej(y)

lI|=g¢,|7|=q
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in the sense of (4.13). We remind that ]3,5‘1,3_,\,0 .1s(z,y) is smooth for all |I| =g, |J| =g,

q)

o, 1s self-adjoint, we have

I, J are strictly increasing. Since ]3,5

4.21) B o o1,s(@,9) = Bove o (v, 2),

for all |I| = g, |J| = g, I, J, are strictly increasing. Let f; € Q%(M, L*),5 = 1,...,dy,
be an orthonormal frame for &7 v, (M, L*), where d; € NyU{co}. On D, we may write
filp = Yls=q fra(2)e! (2), f55 € €2(D,L*), j = 1,...,dx, |J| = g, J is strictly increas-
ing. Put

fir=5F15 fis€€=(D), j=1,...,ds, |J| =g, J is strictly increasing,
fi= Y Ful@e (@) e @4D), j=1,...,d.

|J|=¢

Then, f;|p = skfj, j =1,...,ds, and it is not difficult to see that

dy -
(4.22) Pk(:flk?*NO,s,I,J(x’ y) = Z fj,I(x)fj,J(y)efkw(qug(y)),
=1
for all |I| = g, |J| = g, I, J, are strictly increasing. Since ]315",3_1\,0 .15(@y) € € for all

|I| =g, |J| = q, I, J, are strictly increasing, we conclude that for all a € N2",
(4.23) PO ‘(67;‘(fje"“"s))(:z:)‘2 converges at each point of z.

Similarly, if F : &'(D, A2T*®Y M) — &'(D, A?T*%Y) M) is a properly supported continu-
ous operator such that for all s € R, F : H:, (D, AMT*ODM) — HL (D, ATV M)
is continuous, for some s, € R. Then, we can check that

(4.24) PO ‘(}7‘(]?]-6_""”))(3:)‘2 converges at each point of z.
First, we need

Proposition 4.5. With the notations used above, for every o € N2", D' € D, there is a
constant C, pr > 0 independent of k, such that

dg

(4.25) S| (e ) (@) < Capk™?, ¥z e D

I=1

Proof Fix a € N2" and p € D'. We may assume that Y2, ‘(aj(ﬁe*kqb))(p)‘z # 0. Set

1

u(e) = _ S fi(@) @ (Fre ) (@)
5@ Fe )

Since Y%, ‘(8j(ﬁe‘k¢))(p)‘2 converges, we can check that u € &%y, (M, L*), ||u|| = 1.
On D, we write u = s*@, & € Q%¢(D). We can check that

1

S (@)@ (Fe ).

(4.26) i = = :
o (Fe ) @) =
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In view of Theorem 4.3, we see that ‘(8;"(116"“‘75))(13)‘ < Cuk>7lel ¢, > 0is independent
of k and the point p. From (4.26), it is straightforward to see that

(02 (@e))(p)| = Jf:l(aﬁ(ﬁew))(p)z < CokiHel,

The proposition follows. O

Now, we assume that 98¢ is non-degenerate of constant signature (n_,n.) at each
point of D and let ¢ = n_. Let Sk, A, be as in Theorem 3.10 and let ({9 be as in
(3.7), (3.6). If we replace S;, by I — 0@ A, then O@WA, + S, = I = A;0@ + S on
2'(D, AT*%Y) M). Now,

4.27) Py, = (M09 + )P, =R+ 8P x,, on&'(D, AT M),
where we denote

R=A;00PY

We write /
R(z,y)= ). €(z)Rrs(z,9)e’(v)

l|=q,|7|=¢
in the sense of (4.13), where R; ;(z,y) € €*(D x D), for all |I| =g¢, |J| = ¢, I, J, are
strictly increasing. From (4.22), it is straightforward to see that

dg
Ry s(z,y) = > Giu(z) fia(y)e *),
(4.28) 7=1
9; = q)(fj k¢)($) gi(z) = Z g;1(z)e I(x) =1,...,dg,

|I|=q

for all |I| =g, |J| = ¢, I, J are strictly increasing. To estimate R; ;(z,y), we first need

Lemma 4.6. With the notations used above, for every D' € D, a € N2", there is a constant
Cu,p > 0 independent of k, such that for all u € &1y, (M, L), ||u|| = 1, ulp = s*%,
7 € Q%(D), if we set T(z) = A;0)(Te*?), then
(827)(z)| < Capk? M vz e D

Proof. Letu € &7y, (M, L¥), ||u]| = 1, u|p = s*&, & € Q¥9(D). We set i(z) = A; 9 (Te~*?).
We recall that
(4.29) rO(k°): H
Let D' € D" € D. By using Fourier transforms, we see that for all z € D', we have

(677)(z)] < Ca ||7]]

where C, only depends on the dimension and the length of o and ||.||, ,, denotes the
usual Sobolev norm of order s on D”. From this observation and (4.29), we see that

(430)  [(@9)(@)| < Calltllyy s 00 < Cok™ 1 09 (e )|

(D, A0V M) — HEL (D, ATV M), Vs € N,.

comp comp

n+1+|e|,D"

n+1l+|al, n+|a|,D”’

where C! > 0 is independent of k. Let D Ju = f, flp = s*f, f € Q%4(D). We can check
that f € &1y, (M, L¥) and || f|| < k™. From (3.7), we see that

(4.31) D@ (e *g) = e *f.
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In view of Theorem 4.3, we know that for all 8 € N2",
88(0 (e @))| = |88 (e ™ )| < Cpk3 PV f|| < CpkEPI=M on D,
where Cp > 0 is independent of k. Thus,

(4.32) | (e m)| < Gk 5 ol

n+|al,D!" —
where G, > 01is independent of k. Combining (4.32) with (4.30), the lemma follows. [
We also need
Lemma 4.7. Let g;(z) € Q%(D), j = 1,...,dy, be as in (4.28). For every D' € D,

a € N2", there is a constant C,, > 0 independent of k, such that

Z |(3a | < C k5n+4\a\ 2N0 Vo c D/

Proof. Fix o € N2" and p € D'. We may assume that E¢i1 1(623;)(p)|” # 0. Set

1 I
h(z) = Z Fi(2)(825;)(p).
VI 03) @) 5=
Since Z‘;il (823;)(p)|” converges, we can check that h € &Elvy (M, L*), ||h|| = 1. On D,
we write h = s*h. We can check that

A0 (he "¢ L (2)(823;
. )= V& (823,)(p) leg()( )

In view of Lemma 4.6, we see that

2(AD (Re )(p)] = JZ (823,)(p)* < CakF+2el- e,

7=1
where C, > 0 is independent of k¥ and the point p. The lemma follows. O

Now, we can prove

Proposition 4.8. With the notations used above, for every D' € D, a, 8 € N2", there is a
constant C, g > 0 independent of k, such that

(4.33) (8208 Ry 5)(@,y)| < Caph®™ 1T PI=No (2, y) € D' x D,

forall |I| =gq, |J| =g, I, J are strictly increasing, where R; ;(z,y) is as in (4.28).

Proof. Fix p € D' and |J| = g, J is strictly increasing. Let o, 8 € N2". We may assume

that £%, | (82(f..e ™)) ()| # 0. Put
1

(4.34) u(z) = ij )(85(Fi.e75))(p).
Vo (G Fue ) @) 7
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Then, u € &l (M,L*), |lu[| = 1. On D, we write u = s, & = Y|y, Ue’. Put
7 = A0 (Ge %) = Tjp_, Tre’ € Q¥4(D). It is not difficult to check that

_ 1 d _
Y S = 5;(80(Fr.0e 7)) (p),
[ |G Fre )@
where §G;,7 = 1,...,dy, are asin (4.28). In view of Lemma 4.6, we know that [(857)(z)| <

Coks2el=No forall z € D', C, > 0 is independent of k and the point p. In particular,

1 dk

(627) ()] = - > 023.) (@)@ (Fove ) (o)
Vi |G e ) @)

< CokT el Ny e Y

(4.35)

for all |I| = g, I is strictly increasing. In view of Proposition 4.5, we see that
di

where Cg > 0 is independent of k and the point p. From this and (4.35), we conclude
that

_|(@f(Fe “)p)| < Cokm2#,

(820) Rr.i)(a,p)| = Jzayoz,ﬁw D@ 1(E57)(@)] < Ca gk 01811,

for all z € D', |I| = g, I is strictly increasing, C, g > 0 is independent of k£ and the point
p. The proposition follows. O

From (4.27) and Proposition 4.8, we know that
Biwos = R SpBS
where R(z,y) satisfies (4.33). We have
(4.36) B vy Sk = (R+SLPY) y, )Sk = RS + S P _x, Sk
Let R* be the formal adjoint R with respect to (, ). Then,
(4.37) B\, , =R+ P\, S
From (4.37) and (4.36), we get
(4.38) P9, =R+ RS, +S8:PY

k,k—Nos — k,k—No s

Sk.

We also write
!
R(z,y)= Y. € (z)R] ;(z,v)e’(v).
[I|=q,|J|=q

Since R} ;(z,y) = R;:(y, ), R*(z,y) also satisfies (4.33).
Now, we study the kernel of RS;. We write

(RS)(z,y) = > € (z)(RSk)rs(z,v)e’ (v).

lI|=¢,|7|=q
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From (4.15), we know that

(4.39) (RS)1s(z,y) = 3 / Rix(z,2)Sux.s (2, y)dum (2),

|K|=q

forall |I| =g, |J| =g, I, J are strictly increasing. First, we need

Lemma 4.9. For every D' @ D, a € N2", there is a constant C,, > 0 independent of k, such
that

(4.40) 5 / (8% Ryx)(, 2) | duag(2) < Cokont4al-2M0 2 c )

|K|=¢
for all |I| = g, I is strictly increasing.

Proof. From (4.28), we see that

dp ~
(4.41) (8%R1x)(z,y) = >_(823;1)(z) fixc (y)e ),
7=1
a e N2", |I| =gq, |K| =g, I, K are strictly increasing. We claim that
(442) > 182 Rr)(@,9) duae(y) < Z|(a“§ﬂ><m>|

|K|=q

forallz € D, |I| = g, I is strictly increasing. Fix p € D and |I| = g, [ is strictly increasing.
We may assume that 2?21 (823;1)(p)” # 0. Put

1 i
u(z i1 (z) € ELn, (M, LF).
(z) = NS ARk le( 9;1)(p)f5(2) € Ewe (M, L7)

We see that ||u|| = 1. Thus, [, |u|> < 1. On D, we can check that

|
(4.43) ? =
/D|u| de 1(823;,1)(p) K|= q/

From (4.41) and (4.43), we see that

2
e ¢ dy, (y) < 1.

3;,0)(9) f.x ()

> [ @ Rre)(m,9)f de<y><Z\(aaaj,I>(p\ .

|K|=g

(4.42) follows. From (4.42) and Lemma 4.7, the lemma follows. O

Fixa,8 € N2", |I| = q, |J| = g, I, J are strictly increasing. From (4.39), we see that
208 ((RSk)1,1)(2,9))|

= | ¥ [ (82 Re) (@, 2)(00 i) (2, y)dvue(2)

|K|=q

- Z </ (82 Bk )(2, 2)|" dvaa(2) )é(/D‘(355kK,J)(ny)‘2de(z)>;

\K|=q

(Z / (8; Br.x)(z, z)\ dup(z ) <Z / ‘(aﬁSkK.} z ’!/)‘ dvp( Z))

|K|=¢ |K|=q

(4.44)
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Note that

> /D ‘(355kK,J)(Z,y)‘2dUM(Z)

|K|=g

(4.45) =3 /D (828t 1.5) (W, 2)(82 S, 1) (2, y) dvaa (2)

|K|=q
= (8202(5;8k)1.5) (W, v)-

We notice that S;S, = S mod O(k~°°). From this observation and the explicit formula
of the kernel of Sy, (see (3.61)), we conclude that

(4.46) |(8002(S1Sk)1,1) (9, y)| < Cak™+2P),

locally uniformly on D, for all |J| = g, J is strictly increasing, where Cg > 0 is indepen-
dent of k. From (4.46), (4.45), (4.44) and Lemma 4.9, we conclude that

(8208 (RS4)1,0)(@,)| < Ca,ph™ 21 HPI M0,

locally uniformly on D, where C, g > 0 is independent of k. Put

T = R* + RS;.
We write
!
T(z,y)= >, €(@)Trs(z,v)e’(y)
[I|=q,|J|=¢
in the sense of (4.13). From (4.38), we know that
(4.47) B\, , =T +S:BY y, Si.

From the discussion above, we know that for every D' € D, a,8 € N2", there is a
constant C, g > 0 independent of & such that

(4.48) (8208Ty,5)(m,y)| < Caph®™ T PI=No, (2, 4) € D' x D,

forall |I| =g, |J| = g, I, J are strictly increasing.
Let T* be the formal adjoint of T'. From (4.47), we see that T* = T'. Thus,

‘(3§35TI,J)($;y)‘ = ‘(ag‘afTLJ)(x,y)‘ e ‘(ajafTJ,I)(y,IIJ)‘ S Cﬁ,ak3n+2‘ﬁ‘+|a|7N’o.

Combining this with (4.48), we conclude that for every D' € D, a, 8 € N2", there is a
constant C, g > 0 independent of k£ such that

(449) ‘(3;135/1’117])(1;’ y)‘ S C’a,ﬁmin {k3n+2|a|+|ﬁ|—No’ k3n+|a|+2\.3‘—No} ’ V(fB, y) € DIXD/,
forall |I| =g, |J| = q, I, J are strictly increasing. Summing up, we get the following.
y g g up g g

Proposition 4.10. Let s be a local trivializing section of L on an open set D € M and
|52, = e 2%. We assume that 88¢ is non-degenerate of constant signature (n_,n, ) at each
point of D and let ¢ = n_. Fix Ny > 1. Let S; be the localized approximate Szeg6 kernel
(3.41) and let 13,5",3,% . be the localized spectral projection (4.18). Then,

P9y =T+ 5Py, S,

Jk—No s k,k—No s

where the distribution kernel of T satisfies (4.49).
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4.3. Asymptotic expansion of the spectral function. Proof of Theorem 1.1. As be-
fore, let s be a local trivializing section of L on an open set D € M and |s[2, = e %,
Let z = (21,.--,2,) = (%1, ...,Z2,) = z be local coordinates of D. We assume that 8¢
is non-degenerate of constant signature (n_,n.) at each point of D and until further
notice, we assume that g =n_.

For A > 0 we denote by &2,(M, L*) C L%O’q)(M , L*) the spectral space given by the

range of E((), 00)), where FE is the spectral measure of D(J). Let
Pzﬁf@x : L%O,q)(M7 Lk) — &4,(M, Lk)
be the orthogonal projection. Consider the localization

B?,, : L} (D) N &'(D, AT*OV M) — L, (D),
(4.50)

u—e s kP k’>,\(ske’°¢u).
Fix Ny > 1. It is well-known that (see Section 2 in Davies [14])

Lio (M) = oy (M, L*) @ 62wy (M, LF)

and

(4.51) |l < &Y ||OPu|, Vu e &, v (M, L¥) " Dom O,
We have the decomposition

(4.52) u=BY% v ut+ B, . u, Yue QD).

Let S; be the localized approximate Szego kernel (3.41). From the explicit formula of
the kernel of S;, (see (3.61)), we can check that

(4.53) S, S = O(k™ sty - g (D, ATV M) — HE (D, ATV M)

loc )

locally uniformly on D, for all s,s; € Z, s; <0, s > 0.

Let u € Hy, (D, AU T* N M), 51 <0, 51 € Z. From (4.52), we have
(4.54) Siu= B v, Scu+ B, v, Seu.

From (4.50) and (4.51), we can check that
» < [P o (sFer(Sew)) | < B

Dl(c )(Skequ(Sku))H — k:NO

OB o (she™ (Spu))|
(S|

H k>k No s

(4.55)
s o

Here we used (3.7). In view of Theorem 3.10, we see that ({95, = 0 mod O(k~*).
From this observation and (4.55), we conclude that

4.56) Py Si=0k V) H2 (D, ATV M) — HE (D, AT*OD M),

comp

locally uniformly on D, for all N > 0, s; < 0, s; € Z. From (4.53) and (4.56), we
conclude that
(4.57) SkPk kMo ;S =0 mod O(k ).
Combining (4.57) with (4.54) and note that S;S;, = S, mod O(k~*°), we get

(4.58) Sp=SiBY y, S mod O(k™).



42

From (4.58) and Proposition 4.10, Theorem 3.11 and Theorem 3.14, we get one of the
main results of this work:

Theorem 4.11. Let s be a local trivializing section of L on an open set D € M and |s|>, =
e~2¢. We assume that 89¢ is non-degenerate of constant signature (n_,n ) at each point D
and let g =n_. Let 2 = (21,...,2,) be local holomorphic coordinates of D. We write z =
T =(Z1,...,Ton), & = Toj_1 +1Ta5, 7 =1,...,m. Fix Ny > 1. Let ﬁéqk),,vo . be the localized
spectral projection (4.18) and let P\ . (z,y) € €°(D x D, AT OD MR AITON M) be
the distribution kernel of ﬁk(qk)_No .- Then, for every D' € D, a, 8 € N§", there is a constant
Cup > 0 independent of k, such that

(4.59)
0280 (B%) v, (@, y) — Si(x,y))| < Capmin {P+2el1pl-No gantlal:2i6l-No} o pr s D,
where
Se(z, ) = Si(z, w) = e**EWp(z,w, k) mod O(k~>),
with

b(z,w, k) € S, (1;D x D, ATV M R ATV 1),

b(z,w, k) ~ 3 b;(z,w)k" in Sp, (1; D x D, ATV M R AT OV 1),
j=0

b;(z,w) € (D x D, A°T;*IM R A'T; VM), j=0,1,...,

bo(z, 2) is given by (3.78),
and ¥(z,w) € €°(D x D), ¥(z,w) = —¥(w,2), Im¥ > clz—w|>, ¢ >0, ¥ = 0if
and only if z = w and for a given point p € D, we may take local holomorphic coordinates
z = (21,...,2n), 2j = Toj_1 + 1Taj, 7 = 1,...,n, vanishing at p such that the metric on
TAOM is 7, dz; ® dz; at p and ¢(2) = X0y A; |2;|* + O(|2|°), in some neighborhood of
p, where A\; # 0, 3 =1,...,n. Then, near (0, 0), we have

Vlarw) =43 ol sl 5 A5 258) + 0 (2,w)P)
Moreover, let Z;(z) € €*°,7 = 1,...,n, be an orthonormal basis for T>Y) M. Then,
(4.60) il(@zj\p)(z, w)+(2:8)(2)) ((~Z,%) (2 w)+(Z9)(2)) = O(1z — "),
=
locally uniformly on D x D, for all N € N.

When ¢ # n_, from Theorem 3.12, we can repeat the proof of Theorem 4.11 and
conclude that

Theorem 4.12. With the notations used in Theorem 4.11, let ¢ # n_. Then, for every
D' € D, a, B € N2, there is a constant C, g > 0 independent of k, such that

(4.61) [0280(P) v, ,(,1))| < Capmin {k2leltlpl=No jantiel2i6-No}k on D' x D,

— N
1k 0,s

Proof of Theorem 1.1. Combining Theorem 4.11 and Theorem 4.12, we get (1.7), (1.8)
and (1.9). O
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Remark 4.13. In view of Remark 3.13, we can generalize Theorem 4.11 and Theo-
rem 4.12 with essentially the same proofs to the case when the forms take values in
L* ® E, for a given holomorphic vector bundle E over M.

4.4. Asymptotic expansion of the Bergman kernel. Proof of Theorem 1.6. We are
now ready to prove Theorem 1.6. Let D € M(q). Let s be a local trivializing section of
LonDand |s|?, =e ?. Letz = (21,...,2,) = (21, .., T2,) = T be local coordinates of
D. Define the localized Bergman projection (with respect to s) by

B : L% (D) N &' (D, ATV M) — Q%4(D),
(4.62) U — e’k‘ﬁs’kP,Sq)(skekd’u).
Let ]3,5?3) (z,y) be the distribution kernel of ]3,5?3). We have the following

Theorem 4.14. With the assumptions and notations above, fix Ny > 1 and assume that
D,(f) has O(k~™) small spectral gap on D, then for every D' @ D, a,f € N2", there is a
constant Co g > 0 independent of k, such that

(29) - B(z,v))
< Ca,ﬁmm {k3”+2|°‘|+|ﬁ|*N°, ko Hlel 2Bk on D' x D,

(4.63)

where P(qk? vy, 15 s in Theorem 4.11.
In partlcular,
PY =5, mod Ok ™)
locally uniformly on D, where Sy is as in Theorem 4.11.

Proof. Let Si, be as in Theorem 4.11. We can repeat the proof of Proposition 4.10 and
conclude that

(4.64) Py, — B =T+ (B, - i),

where T' € ¥ and the distribution kernel T'(z, y) of T satisfies (4.49). Let
u € H' (D, AT OV M), m <o.

comp
We consider

v = s*e"Su — P9 (k" Su).
Since S is a smoothing operator, v € ¢*(M, L*¥). Moreover, it is easy to see that
v 1 #°(M, L¥). We have

(4.65) 0@y = ske0@S,u.

From Theorem 3.10, we see that [(9S, = 0 mod O(k~*). Combining this with (4.65),
we obtain
|5 < ewk ™ [ull,,,
for every N > 0, where Cy > 0 is independent of k. Since v .#°(M, L*), from Defini-
tion 1.5 we conclude that
o] < Cwk™ |lull,,.
for every N > 0, where Cy > 0 is independent of k. Thus,

Sy — Bls, =0k ") : HT (D, ATV M) — L3(D, AT+ 1),
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forall N > 0, s € R, and hence
SiSk — SpPS = O(k™) : HI, (D, AT D M) — HIEH (D, ATV 1),

c loc

for all N, N; > 0, s € R. We conclude that
5:Sy = S;BYS, mod O(k™).
From this, (3.59) and (4.59), we obtain

1315:113—"’0,5 =T+ Sl::‘ﬁk(?s)‘sk’
where T € > and the distribution kernel T(z,y) of T satisfies (4.49). From this and
Proposition 4.10, we conclude that the distribution kernel of S; (13,5‘1,3_,\,0 . A,qu) )Sk sat-

isfies (4.49). Combining this with (4.64), (4.63) follows. O

Since Theorem 3.10 and Theorem 4.11 hold in the case when the forms take values
in L* ® E, for a given holomorphic vector bundle E over M, we can generalize Theo-
rem 4.14 with the same proof to the case when the forms take values L* ® E.

4.5. Calculation of the leading coefficients. Proof of Theorem 1.2. Now, we prove
(1.11) and (1.12). In this Section we assume that ¢ = 0. First let us review the necessary
definitions from Riemannian geometry.

Let w be as in (1.10). The real two form w induces a Hermitian metric (-,-), on
CTM. The Hermitian metric (-,-), on CTM induces a Hermitian metric on AP¢T*M
the bundle of (p, g) forms of M, also denoted by (-,-),. For u € AP?4T*M, we denote

lu> == (u,u),. Inlocal holomorphic coordinates z = (z;, . . ., 2,), put
w=+v-1)Y wjrdz; Adz,
(4.66) e
©=v-1 Z @j,kdzj A dzp.
k=1
We notice that ©;; = <a%-’a%c>’ Wik = <a%-’a%c>w’j’k: 1,...,n. Put
(467) h = (h'jvk);b,kzl y h'j,k = Wg,5, j, k= 1, e, n,

n . . . . .
_, h71is the inverse matrix of h. The complex Laplacian with respect

and h™! = (hj’k)
to w is given by

noo B
(4.68) Ay = (~2) ];1 W o
We notice that A% = (dz;,dzx )u, J,k = 1,...,n. Put
Vo, i=det (w;)", .,
(4.69) Vo i det((@J’, k))]%“
5.k )5 k=1
and set
r=2~N,logV,,
(4.70) 7= /NA,logVe
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r is called the scalar curvature with respect to w. Let RE* be the curvature of the canon-
ical line bundle K, = det T*(1:°) M/ with respect to the real two form ©. We recall that

(4.71) RE* = —901log Ve.

Let h be as in (4.67). Put § = h *8h = (6, ) o1 ik € TWOM, 5,k =1,...,n. 0 is
the Chern connection matrix with respect to w. The Chern curvature with respect to w is
given by

RIM =36 = (86, k) = (Rjn)iiey € € (M, AY'T" M @ End (T 1)),
TM (1 0 (1,0)
(4.72) R (U,V) € End(T M), YU,V €e TV M,
_ n — o} ” 0
ROMUV)E= D (R, UNV Yeun—, €= &7, UV eTtIM,
1 0z; = 0%
Tk= j=
Set
(473) ‘Rng = Z ‘(RZM(Ej,ek)es , € >w 2 ,
Y Skst=1
where ey, ..., e, is an orthonormal frame for T(*:*) X with respect to (-, -),. It is straight-

. 2. . .
forward to see that the definition of ‘RZM ‘ is independent of the choices of orthonormal
w

frames. Thus, |RTM ‘2 is globally defined. The Ricci curvature with respect to w is given

by
4.74) Ric, := — zn:(REM(-, €;) €5 )uws
j=1
where ey, ..., e, is an orthonormal frame for T(3:*) M/ with respect to (-, -),. That is,
(Ric,,UAV) = f: RI'X(U,e;)V,e;)w, UV € CTM.

Ric, is a global (1, 1) form. We can check that
Ric, = —08logV,,

where V,, is as in (4.69).

Le s be a local trivializing section of L on an open set D € M(0), |s|}, = e 2%, Let
Sk, b(z,w, k), bj(z,w), 3 = 0,1,..., be as in Theorem 4.11. Fix p € D, we will calculate
bi(p,p) and by(p,p). We take local coordinates z = (21,...,2,) = (Z1,...,T2n) = T
defined in some neighborhood of p such that

z(p) = 0,
=3 N5+ hi(z),
=1

(4.75) 4 OletlAlg, . n
#1(2) = O(l2)*), 5 5s (0) =0 if [a] <Lor|p| <1, a,f €N,

=+/=1)> dz; ndz; + O(|z]).
i1
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This is always possible, see Ruan [43]. First, we claim that
(4.76) 8,8, =0 mod O(k™),

where 8, is as in (3.6). We notice that ((9'S, = 0 mod O(k~*). Thus, 0"8,S; = 0
mod O(k~*). From Theorem 3.12, we know that () has semi-classical parametrices.
Thus, 8,5, =0 mod O(k~*) so (4.76) follows. Now, we claim that

(4.77) 8, (z"lf(z, w) + ¢(z)> vanishes to infinite order at z = w.

We write w = (wi,...,Wn) = Y = (Y1,--,Y2n), Wj = Yoj—1 + 125, J = 1,...,n. We
assume that there exist ag, By € NZ", |ag| + |Bo| > 1 and (2¢,20) € D x D, such that

4.78) 5% 5f (az (1% (2, w) + ¢(z))> — Coupy #0,

(20,20

and

(479) 8:05(8.(3%(z,w) + 4(2)) )| =0, if[al +|B] < lao] + |Bol, @€ N

(20,20

From (4.78), (4.79) and since by(20, 20) # 0, ¥ (20, 20) = 0, we can check that

= Clap,pob0(20, 20) # 0.

(20,20)

(4.80) lim k=" 520560 (as (e*4C2)p(z, w, k)))
k—o0

On the other hand, since 8,(e*¥(**)b(z, w, k)) =0 mod O(k~>), we can check that

(4.81) lim k" 7008 (as (9 )p(z, w, k))> _o.

(20,20)

We get a contradiction. The claim (4.77) follows. Similarly, we have

(4.82) Ow (z\If(z, w) + ¢(w)> vanishes to infinite order at z = w.

In particular, we have

(4.83) &, (z’\IJ(z, 0) + ¢>(z)) and 0, (i\If(O, z)+ ¢(z)) vanish to infinite order at z = 0.
Combining (4.77), (4.82), (4.83) with ¥(z, z) = 0, it is easy to check that for all & € N,

.01%1¥ (2,0 814w (0 olel
z¢ = — zM = J(O) =0 here we used (4.75),

0z* | _, fz> | _, Oz

(485 g0 oele(z,0) o
ZJ = - z& = 7¢(0) = 0 here we used (4.75).

0z* |, _, oz* | _, 0z%

From (4.83) and (4.84), we deduce that
U(z,0) =1 O(|z|¥
w5) (2,0) = #8(z) + O(1=1")
¥(0,2) =1¢(2) + O(|2["),

for every N € Np.
We claim that

(4.86) 0.bj(z,w) and 8,,b;(z, w) vanish to infinite order at z = w, for all j = 0,1, .. ..

In view of (4.77), we see that 8,(:¥(z,w) + ¢(z)) vanishes to infinite order at z = w.
From this observation and (4.76), we conclude that

(4.87) e* =G bz, w, k) = Hy(z,w),
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where Hy(z,w) =0 mod O(k~*). We assume that there exist 7, 8 € N2", |70]|+|d0] > 1
and (z1,21) € D x D, such that

87°8%°(8,bo(z, w))

— D’yo,éo # 07

(z1,21)
and
0105(B.b0(z,w))| =0 if [yl + 18] < ol + [l 7,8 € N

From (4.87), we have

(4.88) e <sz(z,w, k)) — aro (eiw(z’w)Hk(z,w)>
(z1,21) (z1,21)
Since ¥(z,, 2;) = 0, we have
(4.89) lim &7 6703 (e‘i“’(z’“’)Hk(z, w)) —o.
o0 (z1,21)
On the other hand, we can check that
(4.90) lim k" 8100 <82b(z,w, k:)) o = Do 20

From (4.90), (4.89) and (4.88), we get a contradiction. Thus, 8,b,(z, w) vanishes to
infinite order at z = w. Similarly, we can repeat the procedure above and conclude that
8.b;(z,w) and 8,,b;(z, w) vanish to infinite order at z = w, 7 = 0, 1, . ... The claim (4.86)
follows.

Now, we are ready to calculate b,(0,0) and b,(0,0). We notice that

bo(z,2) = (2m) ™ det RL(z2).

From this and (4.86), it is easy to see that for all a € Nj,

*lbe(2,0 _ 0'%(det z
0/=/p (ﬂ)na\\d RT
0z o 0z> _0’
(4.91) 2= 2=
B‘Q‘bo(z,O)
I E— =0.
0z* 0

Since S; 0 S, = Sy mod O(k~*), we have
(4.92) b(0,0, k) = / k(¥ O 2 k)b(z, 0, k) Ve (2)dA(2) + T4,
D
where d\(z) = 2"dz,dz; - - - dz2,, Vo is given by (4.69) and
. Tk
I}l_)rilok—N:O, VN > 0.

We notice that since b(z, w, k) is properly supported, we have
b(0,2,k) € C5°(D), b(2,0,k) € C°(D).

We apply the stationary phase formula of Hormander (see Theorem 7.7.5 in [28]) to the
integral in (4.92) and obtain (see Section 4 in Hsiao [30], for the details)
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Theorem 4.15. We have

b.(0,0) = (2m)"(det B2(0))™ <2b0(0, 0)5:(0, 0)

o + 2 10 (Votu(0,2)60(2, 0)) (0) — ; A3(1Vbo(0, 2)00(2,0)) (0))
2 4
and
bs(0,0) = (27)"(det RZ(0))~! <2b0(0, 0)b(0, 0) + b (0, 0)?
45 2 (Va(0(0, 2)b1(2,0) + b1 0, 2)tu(, 0))) (0)
(4.99) ~ 308 ($1Vo(ba(0,2)b1(2,0) + B:(0, 2)t0(2,0))) 0
1

AZ(V@bO(O 2)bo(2,0))(0) — —A“” 3(#1Vebo(0, 2)bo(2,0) ) (0)
+ 192& (62Vabo (0, 2)bo(2, o))(o))
where Ny = 327, %j%;j, ¢, is as in (4.75) and Vg is as in (4.69).

From (4.91) and (4.93), it is straightforward to see that (see Section 4.2 in [30], for
the details)

b:(0,0) = (27)~" det BZ(0) <1A(o) - 17«(0))

g@% ( (A log V@> (0) — —(A logV, )(0))

(4.95)

where 7 and r are as in (4.70) and V, is as in (4.69). From this, (1.11) follows.
Similarly, from (1.11) and (4.86), it is easy to see that for all & € NZ,

a 5L 1~ 1
8llb, (2, 0) _ (2 o4 |<detR (2) (gr(z) — 8Wr(z)))
0z“ o Oz« '
(4.96) z= o
8|“|b1(z, O) -0
8z | _,

From (4.96) and (4.94), it is straightforward to see that (see Section 4.3 in [30], for the
details)

(4.97)

. 1 1 1 2
b5(0,0) = (2 ”detRLO< 2 _ 7 )2 — —— A, F— — |R%t
2(0,0) = (2m) O\ 138" ~ 322" 327r2() 327r2 g B,

1 1 1 2
2 (Ricu, R )+ —— A, Ric,, RTM ) 0
T gz Ricw, ReW)u + gorm fuT = 242’1C‘+967r2“”‘w()’

where A,, RS, Ric,, and RTM are as in (4.68), (4.71), (4.74) and (4.72) respectively,
and (-, ), is as in the discussion before (4.66). From (4.97), (1.12) follows.
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5. ASYMPTOTIC UPPER BOUNDS NEAR THE DEGENERACY SET

In this Section, we will use the heat equation expansion for D,(f) of Ma-Marinescu [36,
§1.6] to get an asymptotic upper bound near the degenerate part of L. The goal of this
Section is to prove (1.13).

By the spectral theorem (see Davies [14, Th. 2.5.1]), there exists a finite measure g on

S x N, where S denotes the spectrum of Dgf), and a unitary operator

(5.1) U: L (M, L*) — L*(S x N, dy)

with the following properties. If A : S x N —> R is the function h(s,n) = s, then
the element ¢ of Lf, (M, L*) lies in Dom 0@ if and only if hU(¢) € L2 We have
vO@U 1y = hyp for all ¢ € U(DomO?).

We identify Lf, (M, L*) with L?(S x N, du). Then the heat operator et ¢ > 0, is
the operator on L%(S x N, du) given by

et9 L L2(S x N, du) — L¥(S x N, dy)
u(s,n) € L*(S x N,du) — e **u(s, n).

Since D,(cq) is elliptic, the distribution kernel of et is smooth (see [36, Th.D.1.2]).
Let

exp(—tOP)(z,y) € €°(M x M, LE ® ATV M X LE @ ATV 1)

—t D(q)

be the distribution kernel of e~*-+" with respect to (-, -),. That is,

(¥ u)(2) = [ exp(—tO)(e, v)u(w)dvn(y), v € Ly (M, LY).
Let s be a local section of L over X, where X C M. Then on X x X we can write
exp(—t OP)(z,y) = exp(—t OP),(z, y)s(z)*s*(v)*,
where exp(—tDEf))s(:z:,y) € ¢*°(X x X, ATy M X ATy M) so that for z € X, u €
Q0°(X, L),
(e u)(2) = s(a)* | exp(—t0\).(z,9)(u(y), 5" (v)" )dvu(y)

(5.2) ~
= s(2)" [ _exp(—t0y).(z, ¥)aly)dvu(v), u=sT, @ e AR(X).

For z = y, we can check that the function
exp(—t O, (z, z) € €°(X, AT M R A°T* M)

is independent of the choices of local section s. The trace of exp(—t El,(f))(:z:, z) is given
by
d
Tr exp(—t ) (e, 2) == ) (exp(—t 07 (z, 2)ey (2) , s(2) ),

7j=1

where ey, (z),...,es,(z), is an orthonormal basis of AT*®V M, dim ATV M = d.
First, we need



Proposition 5.1. Fix t > 0 and N, > 1. We have for k large,
t
(5.3) Tr exp(—EDEf))(a:, ) > (1 k™) P, (z,2), Vz € M,

where P,ijl,z_,vo (z,z) is as in (1.5).
Proof. First, we claim that
(5.4) (e ¥ u,u)e > (1 — kM) (P yu,u), Vu € Q3U(M, L¥).
We identify L7, (M, L*) with L*(S x N, du). Then
e 19 u(s,n) € L*(S x N, du) — e *%u(s, n)
and

Pk(:]k)—No tu(s,n) € L2(S x N, du) — u(s,n)1j0)(8).

For u(s,n) € L3(S x N, du), we have
(e F % wup = [ e *Elu(s,n)ldu
SxN

> [ e fu(s, n)[ 1m0 (s)de

T JSxN
2
(5.5) > [ T, m)P ooy (s)es
_gt
= [ JemoE = 1 s, m)[* 10,y (5) s
SxN

>(1- sup (1-e7))(Plmu,

s€[0,k=No] ’
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It is easy to see that fix ¢ > 0, we have sup ¢ x-oj(1 — e %) < k=M if k large. From this

observation and (5.5), the claim (5.4) follows.

Now, fix p € M and let s be a local section of L defined in some open neighborhood

D of p, |s;. = e72*. Let es,(p), ..., es,(p), be an orthonormal basis of ATV M. Fix
u € {1,...,d}. Take x; € Qo%D, L*), j = 1,2,..., so that for every continuous operator

F :¢°(D,L* ® MT*®V M) — €=°(D, L*F ® AT*(%Y M) with smooth kernel F(z,y) €

¢°(M x M, L @ AT; Y M X LE @ ATV M), we have

(FXj,x5)x — (F(p,p)es.(p), €5, (p)), J — o0.
Then, we have

(g

_tn@ t .
(e #5530k = (exp(— O (2, e (p), e (p)), 5 — oo,

(P woXr X3 )k = (P wo (0, D)es(p), €0, (p)), 5 — 0.
Combining this with (5.4), we conclude that

(exp(—00) (b, p)e s, (0), €2.(0)) > (1 — k)B4 (5, p)es. (), €1.(p)).

k
Thus,

t )
Tr exp(— 0i))(p,p) 2 (1 =k ™) P%) v (p,9).

(5.3) follows.
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The following is well-known (see Theorem 1.6.1 in Ma-Marinescu [36])

Theorem 5.2. For each t > 0 fixed and any D € M, m € N, we have as k — oo,
(5.6)

t - : " o) .
Trexp(—,O0)(e,2) = M) (L en(-tYa5(@)) [[ 12 + o0k,
71<g2<+<Jq 1=1 Jj=1

in the €™ norm on € (D, AT*Y M K AT*OV M), where a,(z), .. ., a.(z) are the eigen-

values of R%(z). Here we use the convention that if a;(z) = 0, then — ,(:1)(2) =1

From (5.3) and (5.6), we know that

(5.7)
) o n a;(z) n
(1-k "YTr B2, (2,3) < k*(2) ( Y e tz a;,(z) ) [T 25 k),
71<92<<Jq J=1

locally uniformly on M.

Now, let Mye, be as in Theorem 1.3. Fix £ > 1, ¢ large and z, € Mye, and let U be a
small neighborhood of z, such that for every point z € U, there is an eigenvalue ao(z) of
RE(z) such that |tag(z)| < 1. Fix p € U. Set

L(p) = {j €{1,...,n}; laj(p)t| <1, where a;(p),...,a,(p) are the eigenvalues of RL(p)}.
Fix1 <73 <Jp <+ < Jg <n. We have

n

a e taj; P)a, ta;;(P) g
exp(— tzaalp))l_[ _]p) = H —Jp) H —](m

_taj _ —tah _ _ta‘j
- ® ek 1P i) ®)
-8 (v) (v)
a;\p a;\p
X H tha H —ta; °
jeu)ittngar L 7€ ) sy L~ € P
We observe that there is a constant C > 0 such that
—=|<c 1“ _|<c, VzeR, Jz|<1,
(5.9) - e — ¢
<C, V R 1.
—|<c |-= ‘ , VzER, |z|>
From (5.9) and (5.8), it is straightforward to see that
(5.10) exp tZah(p JiE ~B0 < 119 1 cla,

JEL( ) J¢ (p)
where C is the constant as in (5.9).

The proof of (1.13). Lete > 0. Let W € M be any open set of z,. Take ¢ > max {C, 1}
large enough so that

(5.11) (27r)”dctj (1 + Csup {|a(a:)| . a(z): eigenvalue of R(x), z € W})n < %,

where C is the constant as in (5.9) and d = dim AT*®V M. Let U € W be a small
neighborhood of z, such that for every point z € U, there is an eigenvalue ao(z) of
RE(z) such that [tag(z)| < 1. From (5.10), (5.7) and (5.11), we see that

1
Tt P{%)_, (z,2) < Wik" o(k™), Vz € U.
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(1.13) follows. O

Theorem 5.2 also holds on the case when the forms take values in L* ® E, for a given
holomorphic vector bundle E over M. In this case the right side of (5.6) gets multiplied
by rank(E). (See Theorem 1.61 in [36]). From this observation, (1.13) remains true
with the same proof on the case when the forms take values in L* ® E, for a given
holomorphic vector bundle E over M.

6. BERGMAN KERNEL ASYMPTOTICS FOR ADJOINT SEMI-POSITIVE LINE BUNDLES

In this Section we prove the asymptotic expansion of the Bergman kernel of L* @ K,
where L is a semi-positive line bundle over a complete Kahler manifold and K, is its
canonical line bundle, cf. Theorem 1.7. The existence of the expansion (1.19) follows
immediately from Theorem 6.4, while the calculation of the coefficients is given at the
end of this Section.

We assume that (M, ©) is a complete Kahler manifold. Let K, be the canonical line
bundle over M. Then, Q™%(M,L*) = Q%(M,L* ® Kj). Let DEC%M be the Gaffney
extension of the Kodaira Laplacian acting on L* ® K. Then

Ker ik, = #°(M,L* ® Ky) = {u € L(M, L* ® Ky); Bu = 0} .
Set
B, L*(M,L* ® Ky) — (M, L* ® Ky)
be the orthogonal projection with respect to (-, -)z. The goal of this Section is to prove
that the kernel of P,C(?I){M admits a full asymptotic expansion on the non-degenerate part of
L. We recall the following form of the L2-estimates for 8 for semi-positive line bundles.
Assume that (L, h) is a semi-positive Hermitian line bundle over a complex manifold M.

Let g € A™°T*M ® L. For z € M, we denote by |g|zz(z) € [0, 00| the smallest constant
such that (g, ¢')*(z) < |g|%.(z)(v/—1R"* A (OA)*g',¢')(z) for all ¢’ € A™°T*M Q L.
Theorem 6.1 ([15, Th.4.1]). Let (M, ©) be a complete Kihler manifold, (L, h*) be a semi-

positive Hermitian line bundle over M. Then for any form g € L%O,l)(M , L ® Kjr) satisfying
09 = 0.and [y |91%:(z) dvm(z) < oo there exists f € LY, 5 (M, L ® Kur) with 8f = g and

[ 1#(@) dve(@) < [ 1gle(w) doae.

Denote by (z) the smallest eigenvalue of the curvature /—1RZ with respect to ©,, for
z € M; the function vy : M — [0, 00) is continuous. Moreover, |g|%.(z) < v *(z)|g/3.(z),
forany z € M and g € A™'T*M ® L (where vy~ ! := oo if ¥ = 0). Therefore we deduce
the following.

Theorem 6.2. Let (M, ®) be a complete Kdhler manifold and (L, h*) be a smooth semi-
positive line bundle over M. Let D € M(0) be a relatively compact open set. There exists a
constant Cp > 0 such that for any k > 0 and any g € Q3" (D, L* ® Ky;) satisfying 8xg = 0
there exists f € €*°(M, L* ® K);) such that 8, f = g and

C
6.1) 1717 < =2 gl

We can actually take Cp = sup,y~*. We need
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Lemma 6.3. Let (M,®) be a complete Kdhler manifold and (L, h*) be a smooth semi-

positive line bundle over M. Let D € M(0) be a relatively compact open set. Then Dg{M

has O(k~™) small spectral on D.

Proof. Letu € 65°(D, L*®K). We consider 8yu € Q%! (D, L*® K ;). From Theorem 6.2,
we know that there exists f € €°(M, L* ® Kj,) such that 8, f = 8,u and

Cpi= 2
©2) 1917 < %2 B’
where Cp > 0 is independent of k and u. We notice that (I — ,EOI){M)u has minimal
L? norm of the set {f € (D, LF @ Ky )N L*(M,L* ® Ky); Opf = Eku}. From this
observation and (6.2), we conclude that

6 o7 Bl < 2 [

It is easy to check that

o] < ol 7 - A e
Combining this with (6.3), we get H(I - P,EOI){M)uH < C}? HDECO‘),{MuH Thus, Dg}{M has
O(k~™) small spectral on D. The lemma follows. O

Let s be a local trivializing section of L on an open set D € M(0) and |s|>; = e~2%. As
in (4.62), we consider the localized Bergman projection

B, I¥(D,Ky)N & (D, Ky) — L¥(D, Ky),

(6.4) i )
u— e *s P, g, (s e*u).

From Lemma 6.3 and Theorem 4.14, we get one of the main results of this work

Theorem 6.4. Let (M, ©) be a complete Kdhler manifold and (L, h*) be a smooth semi-
positive line bundle over M. Let D € M(0) be a relatively compact open set and s be a local

trivializing section of L on D. Then the localized Bergman projection ]3,5?5), K, Satisfies
P, =S¢ mod O(k~)

on D, where Sy : &'(D, Kyr) — 65°(D, Ky) is a smoothing operator and the distribution
kernel Sy(z,w) € €°(D x D, Kj X Kyr) of S satisfies

Se(z, w) = e**@¥b(z,w, k) mod O(k~*),
with
b(z,w, k) € S (1;D x D, Ky ¥ Kuy),
b(z,w, k) ~ 3 bj(z,w)k™ 7 in Si, (1; D x D, Ky K K ),

7=0
bj(z,w) € %“(D X D,KMxKM), i=0,1,...,
bo(z,2) = (2m) " det RY(2) ® Idk,,(2), Idg,, is the identity map on K,

and ¥(z,w) is as in Theorem 3.8.
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From Theorem 6.4, the existence of the asymptotic expansion (1.19) for L* ® Ky,
follows immediately.

We prove now the formulas (1.20) for the coefficients. Le s be a local trivializing
section of L on an open set D € M(0). We take local coordinates z = (z1,...,2,) =
(z1,...,2Z2,) = z defined in D. We also write y = w = (wy, ..., Wn), ¥ = (Y1, -+, Yon)s
W; = Yaj—1 + Y5, 7 = 1,...,n. Let S, and Si(z,w) € €=(D x D, Ky X K)y) be as in
Theorem 6.4. We may replace S; by 1(Si + S;), where S; is the formal adjoint of S, with
respect to (, ). Then,

(6.5) Sp =Sy

Let e(z) be a local section of Ky so that |e(z)|* = (Vo(z))™?, where Ve(2) is given by
(4.69). Define the smooth kernels S (-, -), Si(:,-) € €°(D x D) by

(6.6) Se(z, w) = e(2)Sk(z, w)e*(w), Si(z,w) = Sp(z, w)Ve(w).
From Theorem 6.4, we have
Si(z,w) = e*¥EWp(z, w, k) mod O(k™),
b(z,w, k) € ST, (1;D X D),

(6.7) b(z,w, k) ~ > b;(z,w)k™ 7 in S, (1; D x D),

j=0

Ej(z,w) € %“(D X D), 7=0,1,...,

bo(z,2) = (27) "Ve(2) det RE(2).
Let (, )ax be the inner product on 6;°(D) given by

(U, v)ar = /u(z)v(z)d)\(z), u,v € 65°(D),
where d\(z) = 2"dz,dz; - - - dzs,. Let S, be the continuous operator given by
5, : 6°(D) — %5°(D),
U — /:S;(z,w)u(w)d)\(w).

Let 3;*’& be the formal adjoint of S, with respect to (, ). From (6.5), (6.6) we can
check that

—~%,d\

(6.8) S =G,

Since S = S, mod O(k~*), we can check that

(6.9) (322 =8, mod O(k~).
Moreover, it is obviously that

(6.10) 8,5, =0 mod O(k™>).
We recall that 8, = 8 + k(G¢)A .
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From (6.8), (6.9) and (6.10), we can repeat the procedure in Section 3.5 and conclude
that (see (4.95) and (4.97))

- 1
5:(0,0) = V(0) — 5 -7(0)),

~ 1 2
5,(0.0) = V(0 2 At — RTM>O
2(0,0) ( )<1287r2r T iy 96%2‘ )@,

where V,,, A,, Ric, and RTM are as in (4.69), (4.68), (4.74) and (4.72) respectively,
and (-, ), is as in the discussion before (4.66). From (6.6) and (6.7), we can check that

for b@{M (2), bg];{M(z) in (1.19), we have

(6.11)
|Ricw|i +

b 0) = ———5b;(0,0)Idg,, (0), b 0) = b,(0,0) Idg,, (0).
l,KM( ) .V-@(O) 1( ? ) KM( )’ 2,KM( ) ‘/'@(0) 2( ? ) KM( )
Combining this with (6.11) and notice that

1

mvw(o) = (27) ™ det RZ(0),

(1.20) follows.

7. SINGULAR L2-ESTIMATES

In the rest of this work, we need a singular version of L? estimates. We assume that
(M, ©) is a compact Hermitian manifold and (L, h*) is a holomorphic line bundle over
M, endowed with a singular Hermitian metric h”. We solve the 8-equation 8, f = g for
forms with values in L* with a rough estimate L2-estimate, namely ||f||*> < Cpk" ||g|”
with N > 0, instead of the estimate || f||* < to llg||® from (6.1).

For a singular Hermitian metric A* on L (see e.g. [36, Def.2.3.1]) the local weight
with respect to a holomorphic frame s : D — L is a function ¢ € L _(D), ¢ is bounded
above on D, defined by

|2, = e 2* € [0, 00).
The curvature current R is given locally by RF := 208¢ and does not depend on the
choice of local frame s, is thus well-defined as a (1, 1) current on M.
We say that +/—1R? is strictly positive if there exists ¢ > 0 such that +/—1RZ > €©, that

is, v/—1RL — €© is a positive current in the sense of Lelong (see e. g. [36, Def. B.2.11]).
The goal of this Section is to prove the following.

Theorem 7.1. Let (L, h*) be a singular Hermitian holomorphic line bundle over a compact
Hermitian manifold (M, ®). We assume that h™ is smooth outside a proper analytic set %
and

(7.1) vV—1Rl' > €0, £ >0.

Let D @ M \ X. Then, there exist ko > 0, N > 0 and Cp > 0, such that for all k > ko, and
g € QY (D, L*) with 8,9 = 0, there is u € € (M, L*) such that 8,u = g and

(7.2) [ullyer o < EVCo gl o

_ en

ol

where ||'U,||}21Lk,@ = [ [ul? e dvpg, dvp
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Proof. Let ©,, be the generalized Poincaré metric on M \ & (see [36, p.276]). Let 7T,
be the Hermitian torsion induced by ©.,. We recall that 7, := [(©,A)*, 00,,]. Let Rd@‘fo

denote the curvature of the holomorphic line bindle A»T*(*%) M induced by 8.,. By [36,
Lemma 6.2.1] we have

©,, is a complete Hermitian metric of finite volume on M \ X,
(7.3) O > €o® for some ¢y > 0,
—CO,, < V=IRE < CO, [Tolo, <C,
where C' > 0 is a constant and |7, |@50 is the norm with respect to 8.,. Moreover, by [36,

§.6.2] there is a Hermitian metric hZ of L on M \ X such that hZ is smooth on M \ &
and

(7.4) hZ > k", V—1RE > O,
where ¢ > 0 is a constant and R is the curvature of L induced by hZ .
Let s is a local frame of L and define local weights ¢., and ¢ for £ and h* by ]s\,zLELO =

e 290, [s|2, = e 2%, Let A" be the Hermitian metric on L* locally given by

|S|'2;;L’c = eXp(_2(10g k)¢eo - 2(k - log k)¢)
Since 2 > h*, we have RL" > hL*. Moreover, from (7.1) and (7.4), we can check that

(7.5) V=IRY > ¢(log k)8,

where RZ" denotes the curvature of L* associated to A" and ¢ > 0 is the constant as

in (7.4). Let (,)f,;Lk,@e0 denote the L? inner product on Q9?(M \ %, L*) with respect to

RY" and ., as (2.3). For f € Q9YM \ &, L*), we write ||f||%Lk o. = (i ke .- Let
1Jeq e

L% (M \ %, L*) be the completion of QY(M \ , L*) with respect to I [52# o, - Let

OV = 8,8, + 8,8, : Dom Oy ¢ L% ,(M\ T, L*) — L% (M \ T, L¥)

be the Gaffney extension of the Kodaira Laplacian with respect to RL* and B, (see (2.9)).
Here 5; is the Hilbert space adjoint of 8;, with respect to (, )ﬁLk,eeo. From (7.3) and (7.5),
we can repeat the procedure in [36, p. 272—273] and conclude that for k large, we have

A(l

(7.6)

hL’“ Ocq

2
ol ., < gy I
forallg € Qg’l(M \Z, L*), where ¢ > 0 is a positive constant. From this, we can repeat the
method in [36, p. 272-273] and conclude that ES) has closed range in E?O’l)(M \ Z, L*),
Ker 1) ﬂ E20 1)(M\Z, L*) = {0} and there is a bounded operator Gy : E?O,l)(M\E, LF) —
Dom 0" such that O’ Gy, = I on L3, /(M \ £, L*), GO = I on Dom 01" and

2 1 2
(7.7) 1G9zt o, < (log k) 191152 o,
for k large, for all g € f/%o’l)(M \ &, L*), where ¢ > 0 is independent of g and &, and
(7.8) Gy : Q" (M\ T, L*) — Q" (M \ T, L),
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Now let g € Q0™*(D, L*) with 8,9 = 0 and set
u=0,Grg € QNM\Z,L¥) (| L0 (M \ T, L)
From (7.9) and (7.7), it is not difficult to see that
Gyu=g on M\ %,
[ullfee o, < ovlogk 1952 0., »

where ¢; > 0 is a constant independent of g and k. Now, let’s compare the norms

; 2 —2¢ 2 _ -2
Ill2 o,, @nd [|[],z# o- Let s be a local section of L on D and |s,z = e o, 5] = e,
Then,

’5‘,\ L = e 2kdp2logk(d—¢e) ‘ ’ g2logk(¢—d<))
Thus, on D, we have
7.11) Bus < Y Jsfue,
where N > sup,.p [2¢(z) — 2¢c,(z)|. Thus,
(7.12) 9132 o, < CokY llgllhee o

where &p > 0 is a constant independent of g and k. From hX* > aZ" and the second
property in (7.3), we have H'U,HZLk,@ < C||ulfi Oc, where ¢ > 0 is a constant independent
of k and u. Combiming this with (7.12) and (7.10), we obtain

(7.13) [uller o < CokY llgll7er o

where Cp > 0 is a constant independent of k and g. Note that A% is bounded away from
zero and ¥ has Lebesgue measure zero. From this observation and (7.13), we see that u
is L? integrable with respect to some smooth metric of L over M. Combining this with
Skoda’s Lemma (see Lemma 7.2 below), we get 8,u = g on M and u € Q®}(M, L*). The
theorem follows. d

We recall the following result of Skoda (see Lemma 7.3 of Chapter VIII in Demailly [17])

Lemma 7.2. Let u € 9'(M,L*), g € 2'(M, L* @ T*®)M). We assume that u and g are
L? integrable with respect to some smooth metric of h* and © over M. If 8,u = gon M\ &
in the sense of distribution, then, 8,u = g on M in the sense of distribution.

8. BERGMAN KERNEL ASYMPTOTICS FOR SEMI-POSITIVE LINE BUNDLES

In this Section we prove Theorem 1.10. Let (M, ©) a compact Hermitian manifold.
Assume that (L, h%) — M is a smooth semi-positive line bundle which is positive at
some point of M. By Siu’s criterion [36, Th. 2.2.27] (see also Corollary 10.8) we know
that L is big and M is Moishezon. By [36, Lemma 2.3.6], L admits a singular Hermitian
metric hi;ng , smooth outside a proper analytic set ¥, and with strictly positive curvature
current.

Lemma 8.1. With the assumptions and notations above, let D € M \ ¥ be an open set.
Then, there exist ko > 0, N > 0 and Cp > 0, such that for all k > kq, and g € 98’1(17, L*)
with 8xg = 0, there is u € €*°(M, L*) such that 8,u = g and

2 2
lull* < &¥Cp lg|°-
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Proof Let ¢ and ¢ denote local weights for hZ and hZ__ respectively. Then, ¢ is smooth

sing

on M \ ¥ and bounded above. We may assume that
$<¢.
Let AZ* be the Hermitian metric on L* induced by the local weight
¢ = (logk)¢ + (k — log k)¢
We can check that A% is a strictly positive singular Hermitian metric, smooth outside a

proper analytic set 3. We can repeat the proof of Theorem 7.1 and conclude that there
is u € €*°(M, L*) such that 8,u = g and

2 1 2
(8.1) ulfzee < c/logk 952w

where ¢ > 0 is independent of & and g. Since ¢ < ¢, we have
(8.2) lullyes < lulfes

On the other hand, we have

||g||%Lk :/D|g|26_2(1ogk)$—2(k—1ogk)¢de(m)

(8.3) < (sup e2(osR)(8(z)-3(=))) / 1912 e 2* v (z)
" zeD D
<KV glizer
where N = sup,.p 2(¢(z) — (z)). From (8.2) and (8.3), the lemma follows. O

For a holomorphic line bundle L over a compact Hermitian manifold (M, ©) we set
Herm(L) = {singular Hermitian metrics on L} ,

M(L) = {hL € Herm(L); A" is smooth outside a proper analytic set,
\/—_1RL>€@,E>0}.
By [36, Lemma 2.3.6], M(L) # 0 under the hypotheses of Theorem 8.2 below. Set
(8.4 M = {p € M; 3 h* € M(L) with h* smooth near p} )
From Lemma 8.1, we can repeat the proof of Lemma 6.3 with minor changes and
conclude the following.

Theorem 8.2. Let (M, ©) be a compact Hermitian manifold. Let (L,h%) — M be a Her-
mitian holomorphic line bundle with smooth Hermitian metric h* having semi-positive cur-
vature and with M(0) # 0. Let D € M'( M(0) be an open set, where M’ is given by (8.4).
Then, El,(co) has O(k~™) small spectral gap on D.

Let s be a local trivializing section of L on an open set D € M and |s|5, = e %*. We
define the localized Bergman projection (with respect to s) by

BY): 1¥(D)n &'(D) — ¢(D),
(8.5) U — e’k"ss’kPk(O)(skekgbu).

That is, if P{”’(s*e**w) = s*v on D, then ﬁ,g?)u = e *y,

S

From Theorem 8.2 and Theorem 4.14, we get the following result-
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Theorem 8.3. Let (M, ©) be a compact Hermitian manifold. Let (L,h%) — M be a Her-
mitian holomorphic line bundle with smooth Hermitian metric h* having semi-positive
curvature and with M(0) # 0. Let s be a local trivializing section of L on an open set

D € M'(N M(0). Then the localized Bergman projection 1315,03) satisfies
B =5, mod Ok )
on D, where Sy, is as in Theorem 4.11.

Theorem 8.3 immediately implies Theorem 1.10.

9. MULTIPLIER IDEAL BERGMAN KERNEL ASYMPTOTICS. PROOF OF THEOREM 1.8

Let us first recall the notion of multiplier ideal sheaf. Let ¢ € L} (M,R). The
Nadel multiplier ideal sheaf .#(p) is the ideal subsheaf of germs of holomorphic func-
tions f € Oy, such that |f|?e~2 is integrable with respect to the Lebesgue measure in
local coordinates near z.

Consider now a singular Hermitian metric h” on a holomorphic line bundle L over
M. We will assume that A is smooth outside a proper analytic set Z. If h{ is a smooth
Hermitian metric on L then hY = h{e=2¢ for some function ¢ € L} (M, R). The Nadel
multiplier ideal sheaf of h” is defined by .# (h%) = .#(p); the definition does not depend
on the choice of h. With the help of ¥ and the volume form dv,s we can define an L?

inner product on ¢*°(M, L):
(9.1) (8,8") = /M<s, SVup € vy, S, € €>(M,L).

The singular Hermitian metric hZ induces a singular Hermitian metric hZ" = hl"e 2k¢
on L*, k > 0. We denote by (-, ), the natural inner products on (M, L*) defined as
in (9.1). The space of global sections in the sheaf &(L*) ® .# (h™") is given by

HY(M,L* @ .7 (h™"))

(9.2) _
= {s € €°(M,LF); s =0, / ‘s
M

2 d B 2 2
ok QUM = /M ‘s it e “Pduy < oo}.
Let {S¥} be an orthonormal basis of H°(X, L*®.# (h%")) with respect to the inner product
induced (-, -)x. The (multiplier ideal) Bergman kernel function is defined by (1.21).

We assume that h” is a strictly positive singular Hermitian metric on L, smooth outside
a proper analytic set & of M.

Let

PP : I}(M,L*) — H'(M, L* ® .7 (h%"))

be the orthogonal projection. Let s be a local trivializing section of L on an open set
D € M\ T and |s|}, = e ?*. Then, ¢ is smooth on D and 88¢ is positive defined at each
point of D. Let us denote by

(9.3) B, IA(D)n&'(D) — LA(D), ur— e *s *PY) (sk ).
the localized (multiplier ideal) Bergman projection.

Theorem 9.1. Let (L, h™) be a singular Hermitian holomorphic line bundle with strictly
positive curvature current over a compact Hermitian manifold (M, ®). We assume that h*
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is smooth outside a proper analytic set ¥. Let s be a local trivializing section of L on an
open set D € M \ . Then the localized multiplier ideal Bergman projection f’,ﬁ?s), s satisfies

B, =5 mod O(k)
on D, where Sy, is as in Theorem 4.11

Proof. Let s be a local trivializing section of L on an open set D € M\ T and |s|>, = e 2%.
Then, ¢ is smooth on D and 89¢ is positive defined at each point of D. Let 0 be the
operator as in (3.7), (3.6). Let S, and A;, be the operators as in Theorem 3.10. We recall
that S;, and A;, are properly supported and

Sp+ 094, =1 mod Ok ).
We now replace S, by I — [0(® 4, and we have
O©A, + S, =1,
A;00 s =1,
where S; and A}, are adjoints of S; and A, with respect to (, ) respectively. From (3.7),
(3.6), we can check that D(O)ﬁ(o) » = 0. From this and (9.4), we have

(9.4)

B, = (A00 + 5B , = 5B , on L*(D)N &'(D).

Thus,
Byls = Bl S on IX(D)N&'(D)
and hence,
9.5) StPY , = SiBY) ;S = Bl , on LA(D)N&'(D).
Letu € HZ, . (D), m € R. We consider

v = s*e"*Su — P,E?S)’j(skek‘ﬁsku).

Since S; is a smoothing operator, v € ¢*(M, L*). Moreover, it is easy to see that
vl H(M,LF ® 7 (hY")). In view of (3.7), we have

(9.6) 8,v = s*e*%8,Su.
As in (4.76), we have
9.7) 8,5, =0 mod O(k™).

Combining (9.6) with (9.7), we obtain
|8 < ek [Jull,,,
for every N > 0, where Cy > 0 is independent of k. Since v.L H(M, L* @ .#(hE*)), v is

the element of {u € ¢~ (M, L*)N L*(M, L*); Bru = 5kv} with minimal L? norm. From
this observation and Theorem 7.1, we conclude that

[o]] < Cwk™ [|ull,,
for every N > 0, where Cy > 0 is independent of k. Thus,
S — B S =0k ) : HT (D) — L*(D),

comp
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forall N > 0, m € R, and hence
S8k — LB S = O(k™")  Hpp (D) — HI"(D),
for all N, N; > 0, m € R. We conclude that
5:Sy = 5:B%) ;S mod O(k*).
From this and (9.5), (3.59), the theorem follows. O

From Theorem 9.1, we get Theorem 1.8.

10. FURTHER APPLICATIONS

In this Section we collect further applications of the methods developed here. In Sec-
tion 10.1 we show the existence of manifolds and line bundles whose Kodaira-Laplace
operator has no O(k~"°) small spectral gap. In Section10.2 we show that under an inte-
gral condition (due to Bouche) on the first eigenvalue of the curvature, the asymptotic
expansion of the Bergman kernel of a semi-positive line bundle holds. In Section 10.3
we apply our results to prove a result of Berman about the Bergman kernel associated to
an arbitrary semi-positive Hermitian metric on an ample line bundle. In Section 10.4 we
give a local version of the Bergman kernel expansion for g-forms. In Section 10.5 we ob-
tain prcise semiclassical estimates for the dimension of the spectral spaces of the Kodaira
Laplacian. Using them one obtains immediately the holomorphic Morse inequalities of
Demailly.

10.1. Existence of “small” eigenvalues of the Kodaira Laplacian. The hypothesis on
the existence of a O(k~"°) small spectral gap was of central importance in our approach.
We are therefore interested in if there is a compact complex manifold M and a holo-
morphic line bundle L over M such that the associated Kodaira Laplacian has very small
eigenvalues. We will construct a compact manifold and a holomorphic line bundle L
over M such that the associated Kodaira Laplacian DEf) has non-vanishing eigenvalues of
order O(k~ ).

Theorem 10.1. Let 0 < g < n. There exists a compact complex manifold M and a holo-
morphic line bundle L over M such that for

Ap :=Inf {)\; A : non-zero eigenvalues of Dgf)}

we have for every N > 0
lim £V, = 0.
k—oo

Let S be a compact Riemann surface with a smooth Hermitian metric. Let (Lo, k%) be
a holomorphic line bundle over S. We assume that /—1RZ® is positive. It is not difficult
to see that L, admits another smooth Hermitian fiber metric AZ° such that the associated
curvature form +/—1R% is positive on S, C S, negative on S_ C S and degenerate on
Sp C S, where S =S, US_USo, Si,S_ contain non-empty open subsets of S.

Let M; be a compact complex manifold of dimension n — 1 with a smooth Hermitian
metric and let (L1, h**) be a holomorphic line bundle over M;. We assume that /—1R
is non-degenerate of constant signature (n_,n.), n_ +n, = n — 1, at each point of M.
Put

M:=M, xS, L:=L;Q® Lqg.



62

Then, M is a compact complex manifold of dimension n and L is a holomorphic line
bundle over M. The Hermitian metrics on M; and S induce a Hermitian metric (-, -) on
M. Consider the metric AY = h%° @ hl* on L; then the associated curvature \/—1R” is
non-degenerate of constant signature (n_,n, + 1) at each point of M. Similarly, setting
Rt = hlo x b1, the associated curvature /—1R” is non-degenerate of constant signature
(n_,n,+1)on M, C M, non-degenerate of constant signature (n_+1,n,)on M C M
and degenerate on My C M, where M = M_ UM, U My, M_, M, contain non-empty
open subsets of M. First, we need

Lemma 10.2. Under the notations above let ¢ = n_. Then
kn ~ n ~ n
i By - V=1 pL\™ v-1pL n
dlm%”q(M,L)—n!</M+(V2rR) /M_(V%R))+o(k), k— o00.

Proof. Note that L admits a smooth Hermitian fiber metric such that the induced curva-
ture is non-degenerate of constant signature (n_,n. + 1) at each point of M. From this
observation and Andreotti-Grauert vanishing theorem, we know that if £ large, then
(10.1) AT (M, L) =0 if j #n_.

From the Riemann-Roch-Hirzebruch theorem (see e. g. [36, (4.1.10)]), we see that

(10.2) > (~1)Ydim 7 (M, LF) = ’“/ a(L)* +O(k™ ),
pars n! Ju
where ¢;(L) is the first Chern class. Combining (10.2) with (10.1), we have for k large
enough
k'I‘L

(10.3) dim %M, I¥) = (~1)"~ /M e (L)" + O(k™ ).

But */2—?1]?’“ represents the Chern class so

n o__ V=1 pL\™
[ eter = [, (R
The lemma follows from (10.3). O

The Hermitian fiber metric % induces a Hermitian fiber metric 2~ on the k-th tensor
power of L. As before, let Dgf) be the Kodaira Laplacian with values in L* associated to
RE",

Theorem 10.3. Under the notations above let ¢ = n_. Then, for any N > 2n, we have
Jlim VA, = 0.
Proof. Fix Ny > 2n. From Corollary 10.7 below and Lemma 10.2, we know that
kn

dim &7, (M, L¥) = . (GERY)" + o(k™)

>, (R = [ (R et
> dim 9 M, L¥) + o(k™).

Thus, for k large, we have
dim &, ., w (M, L*) > 0,
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where &7, v, (M, L*) denotes the spectral space spanned by the eigenforms of D,(f)
. (a)

whose eigenvalues are bounded by £~ and > 0. We notice that since M is compact, [J;;
has a discrete spectrum, each eigenvalues occurs with finite multiplicity. Thus, A, < ko
for k large. The theorem follows. O

From Theorem 10.3, we get Theorem 10.1.

10.2. Bouche integral condition. Let (L, h”) be a semi-positive holomorphic line bun-
dle over a compact Hermitian manifold (M, ©). Let 0 < A;(z) < Xo(z) < --- < A (z) be
the eigenvalues of RE(z). We say that (L, h) satisfies the Bouche integral condition [6]
if

(10.4) /M AT < o0

Let (L, h*) be a semi-positive holomorphic line bundle over a compact Hermitian man-
ifold (M, ©). If (L, k') satisfies (10.4) then Bouche [6] proved that

inf { X € Spec(T"); A # 0} > k351,
for k large. From this and Theorem 1.6, we deduce

Corollary 10.4. Let (L,h*) be a semi-positive holomorphic line bundle over a compact
Hermitian manifold (M, ®©). If (L, h*) satisfies (10.4) then

P (z) ~ > k"_jbgo)(:z:) locally uniformly on M(0),

7=0
where b§o)($) € €>°(M(0)), 7 € Ny, are as in (1.8).

10.3. Asymptotics for arbitrary semi-positive metrics on ample line bundles. We
consider now the Bergman kernel of a metric with semi-positive curvature on an ample
line bundle and recover the following result of Berman [4].

Corollary 10.5. Let L be an ample line bundle over a projective manifold M. We endow M
with a Hermitian metric ® and L with a Hermitian metric h* with semi-positive curvature.
Then the Bergman kernel function associated to these metric data admits an asymptotic
expansion

P,EO)(J:) ~y k”’jbg-o)(:z:) locally uniformly on M(0),
7=0
where bg-o)(a:) € €*(M(0)), 7 € Ny, are as in (1.8).
Proof. By a result due to Donnelly [20] there exist C > 0 and k, € N such that for all
k> ky
inf { € Spec(T\"); A # 0} > C.

In particular, D,(co) has an O(k~"™°) small spectral gap. By applying Theorem 1.6 we im-
mediately deduce the result. O
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10.4. Expansion for Bergman kernel on forms. Let (L, h*) be a holomorphic line bun-
dle over a compact Hermitian manifold (M, ©). Given g, 0 < g < n, R is said to satisfy
condition Z(q) at p € M if RE(p) has at least n + 1 — g positive eigenvalues or at least
g + 1 negative eigenvalues. If R%(p) is non-degenerate of signature (n_,n.), then Z(q)
holds at p if and only if ¢ # n_. It is well-known that if Z(qg — 1) and Z(g + 1) hold at
each point of M, then D;q) has a “large” spectral gap, i.e. there exists a constant C > 0
such that for all k¥ we have

(10.5) inf {A € Spec(0}”); A # 0} > Ck.

This fact essentially follows from the L? method for & of Hormander (see Hormander [27]
for the classical case and Sjostrand [45, Appendix] for the semi-classical case). From this
and Theorem 1.6, we deduce the following local version of the results due to Catlin [10],
Zelditch [51], Dai-Liu-Ma [12] (for ¢ = 0) and Berman-Sjostrand [3], Ma-Marinescu [35]
(for g > 0):

Corollary 10.6. Let (L, h%) be a holomorphic line bundle over a compact Hermitian man-
ifold (M,©). We assume that Z(q — 1) and Z(q + 1) hold at each point of M. If R is
non-degenerate of constant signature (n_,n) on an open set D of p € M, where ¢ = n_,
then we have

P (z) ~ > k”_jbgq)(m) locally uniformly on D,

=0
where bg-q)(:z:) € ¢°(D,End(A TV M)), 5 =0,1,..., are as in (1.8).

Let us illustrate Corollary 10.6 in the case ¢ = 0: if the curvature R has either positive
eigenvalues or at least two negative eigenvalues at each point, then the Bergman kernel
of the sections of L* has an asymptotic expansion as k — oo.

10.5. Holomorphic Morse inequalities. Let (L, hL) be a holomorphic line bundle over
a compact Hermitian manifold (M, ©). Since M is compact, Dgf) has a discrete spectrum,
each eigenvalues occurs with finite multiplicity. From (1.15), (1.16) and the Lebesgue
dominated convergence theorem, we deduce the following.

Corollary 10.7. Let (L, h%) be a holomorphic line bundle over a compact Hermitian mani-
fold (M, ®) of dimension n. If Ny > 2n + 1, then

dim &%, (M, L*) = k*(21) ™" /M(q) det R ()| dun () + o(™).

Fix No > 1. Let 6, ,—x, (M, L*) denote the spectral space spanned by the eigenforms

of 0'? whose eigenvalues are bounded by k¥ and > 0. Since the operator 8; + 8, maps
£Oq<>\§k_1v0 (M, L*) injectively into é’oqugk_No (M,L*) & (5’0‘519_% (M, L*). Thus,

dim &7, o (M, L¥) < dim &5 wo (M, LF) + dim &7, v, (M, LF).

From this observation and Corollary 10.7, we deduce:
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Corollary 10.8. Let (L, k%) be a holomorphic line bundle over a compact Hermitian mani-
fold (M, ®) of dimension n. If Ny > 2n + 1, then

dim #9(M, LF) + dim 6L, wo (M, LF) + dim § ), v, (M, L¥)

0<A 0<X<kNo

> kn(2m) " / det B ()| dvus () + ok™).
M(q)
In particular, we have
dim J#(M, L)
(10.6) > K (om) " ( /M(q) det BE() | dua(z) - /M(q1> det R (2)| duas(a)
— [ |aet B¥(z)] d'UM(m)> +o(k™).
M(q+1)
Hence, if M(q — 1) =0, M(q + 1) = 0, then
(10.7) dim #9(M, L*) = k™ (2m) ™" ( /M( ) det B”(z)| de(m)> +o(k™).
q

By Corollary 10.7 and a straightforward application of the linear algebra result from
Demailly [16, Lemma4.2] and [36, Lemma 3.2.12] to the complex (&5, (M, L*), 8y),
we obtain Demailly’s strong holomorphic Morse inequalities [16, Th. 0.1] (see also [36,
Th.1.7.1]): for any ¢q € {0,1,...,n} we have for k — oo
(10.?)

Z_:(—l)ﬁ’ dim H7 (M, L*¥) < k™(2m) ™ Zj:(—l)‘Ij /M(j) ‘det RL(a:)\ dup(z) + o(k™) .

Let us close with an amusing by-product of Theorem 1.1. Assume that R” is non-
degenerate of constant signature (n_,n,) at each point of M. From Theorem 1.1, we

see that if ¢ # n_, then P,Sq)(:z:) = O(k ), for every N > 0. Thus,
dim #?(M, L*) = O(k "), VN >o0.

Since dim #%(M, L*) is an integer, we obtain the Andreotti-Grauert coarse vanishing
theorem (see [35, Th.1.5], [36, Rem. 8.2.6]):

(10.9) dim #?(M,L*) =0, for k large enough.

This proof uses just estimates of the spectral spaces. The original proof of Andreotti-
Grauert was based on cohomology finiteness theorems for the disch bundle L*. Ph.
Griffiths gave a proof using the Bochner-Kodaira-Nakano formula. For a proof using
Lichnerowicz formula and a comparison of methods see [35, Th.1.5], [35, Rem. 1.6].
Note that the above proof of (10.9) provides a positive answer to a question of Bouche
[7] whether one could get vanishing theorems by just using (heat or Bergman) kernel
methods.
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