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Tian’s theorem for Grassmannian embeddings
and degeneracy sets of random sections

By Turgay Bayraktar at Istanbul, Dan Coman at Syracuse, Bingxiao Liu at Dongguan
and George Marinescu at Köln

Abstract. Let .X; !/ be a compact Kähler manifold, .L; hL/ a positive line bundle, and
.E; hE / a Hermitian holomorphic vector bundle of rank r on X . We prove that the pullback
by the Kodaira embedding associated to Lp ˝E of the k-th Chern form of the dual of the
universal bundle over the Grassmannian converges as p !1 to the k-th power of the Chern
form c1.L; h

L/ for 0 � k � r . If c1.L; hL/ D !, we also determine the second term in the
semi-classical expansion, which involves c1.E; hE /. As a consequence, we show that the limit
distribution of zeros of random sequences of holomorphic sections of high powers Lp ˝E
is c1.L; hL/r . Furthermore, we compute the expectation of the currents of integration along
degeneracy sets of random holomorphic sections.

1. Introduction

Let .X; !/ be a (connected) compact Kähler manifold of dimension n, let .L; hL/ be
a positive line bundle on X , and let .E; hE / be a Hermitian holomorphic vector bundle of rank
r � n on X . For p � 1, we set

Lp ´ L˝p; Vp ´ H 0.X;Lp ˝E/; dp ´ dimVp � 1:

We let hL
p

and hL
p˝E be the Hermitian metrics induced by hL and hE onLp and onLp ˝E

respectively. We endow Vp with the L2-inner product induced by this metric data, namely

(1.1) .S; S 0/p D

Z
X

hS; S 0ihLp˝E
!n

nŠ
; S; S 0 2 Vp:
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2531/121N191. Dan Coman is supported by the NSF Grant DMS-2154273. Bingxiao Liu is partially supported
by DFG Priority Program 2265 “Random Geometric Systems” (Project-ID 422743078) from Universität zu Köln.
George Marinescu is partially supported by the DFG funded projects SFB TRR 191 “Symplectic Structures in
Geometry, Algebra and Dynamics” (Project-ID 281071066-TRR 191), DFG Priority Program 2265 “Random
Geometric Systems” (Project-ID 422743078), the ANR-DFG project “QuasiDy-Quantization, Singularities, and
Holomorphic Dynamics” (Project-ID 490843120).



2 Bayraktar, Coman, Liu and Marinescu, Tian’s theorem for Grassmannian embeddings

We endow its dual space V ?p D H
0.X;Lp ˝E/? with the inner product induced by the one

on Vp.
Let G.r; V ?p / be the Grassmannian of r-dimensional complex subspaces of V ?p . The

Kodaira map is defined by

(1.2) p̂WX ! G.dp C 1 � r; Vp/ D G.r; V ?p /; p̂.x/ D ¹s 2 Vp W s.x/ D 0º:

Since L is positive, the above map is a well-defined holomorphic embedding for all p suffi-
ciently large (see [29, Theorem 5.1.18]).

Let T be the universal holomorphic vector bundle over G.r; V ?p / and let hT be the
Hermitian metric on it induced by the inner product on V ?p . Let .T ?; hT ?

/ be the dual holo-
morphic vector bundle. We denote by ck.T ?; hT ?

/ the k-th Chern form of .T ?; hT ?

/. Our
first main result is a generalization of Tian’s theorem for Chern forms of any degree.

Theorem 1.1. Let .X; !/ be a compact Kähler manifold of dimension n, let .L; hL/ be
a positive line bundle on X , and let .E; hE / be a Hermitian holomorphic vector bundle on X
of rank r � n. Then, for every 0 � k � r , we have in the C1 topology, as p !1,

(1.3)
1

pk
ˆ?p.ck.T

?; hT ?

// D

�
r

k

�
c1.L; h

L/k CO
� 1
p

�
:

Assume further that the bundle .L; hL/ polarizes .X; !/, that is, ! D c1.L; hL/. Then, for
every 0 � k � r , we have in the C1 topology, as p !1,

(1.4)
1

pk
ˆ?p.ck.T

?; hT ?

// D

�
r

k

�
!k C

1

p

�
r � 1

k � 1

�
c1.E; h

E / ^ !k�1 CO
� 1
p2

�
:

The semi-classical asymptotics (1.3) in the C1 topology means that, for every ` 2 N,
there exists C` > 0 such that, for p sufficiently large, we have



 1pkˆ?p.ck.T ?; hT ?

// �

�
r

k

�
c1.L; h

L/k






C `.X/

�
C`

p
;

and similarly for (1.4).
Tian’s theorem [37] (the case r D 1 and ` D 2; see also [8, 29, 32, 38] for the C1 topol-

ogy) follows from Theorem 1.1 by taking E to be the trivial line bundle X �C. The case
k D 1 with E arbitrary is addressed in [29, Theorem 5.1.17], and is used to prove the Kodaira
embedding theorem [29, Theorem 5.1.18]. In recent years, Tian’s theorem was generalized
to the case of singular Hermitian holomorphic line bundles, and moreover to the setting of
compact normal analytic spaces X (see [10–15]).

Theorem 1.1 establishes that, for an arbitrary positive line bundle .L; hL/, we can deter-
mine the first-order approximation of the pullback of the k-th Chern form in the semi-classical
limit. This approximation equals, up to a multiplicative factor, the k-th power of the Chern
curvature c1.L; hL/. Furthermore, if c1.L; hL/ D !, we compute the second-order approxi-
mation of the pullback of the k-th Chern form. In the semi-classical limit, we recover the first
Chern form c1.E; h

E / of .E; hE /.
An important application of Tian’s theorem [37] is the study of the asymptotic distribu-

tion of zeros of random sequences of sections of powers of a line bundle. This started with
the work of Shiffman and Zelditch [34]. See [1, 4, 18–20, 22, 33] for interesting results in this
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direction. One motivation for this study comes from the particular case of random polynomials
and the distributions of their zeros, which has a long history. We refer the reader to the papers
[2, 3, 6] and the references therein.

As in the case of line bundles, Theorem 1.1 can be applied to prove the equidistribution of
zeros of random sections in Vp. The setting is as follows. By Bertini’s theorem, for the generic
section s 2 Vp, its zero setZs D ¹s D 0º is a complex submanifold ofX of codimension r (see
Section 4). We denote by Œs D 0� the current of integration over Zs . We endow the projective
space PVp with the probability measure ‡p D !

dp

FS , where !FS denotes the Fubini–Study form
on PVp. We then consider the product probability space

(1.5) .H ; ‡/ D

� 1Y
pD1

PVp;
1Y
pD1

‡p

�
:

Our second main result describes the distribution of zeros of random sequences of sections
of Lp ˝E and gives an estimate on the speed of convergence. An important ingredient of
the proof is to consider the Kodaira map as a meromorphic transform in the sense of Dinh–
Sibony [21].

Theorem 1.2. Let .X; !/ be a compact Kähler manifold of dimension n, let .L; hL/ be
a positive line bundle onX , and let .E; hE / be a Hermitian holomorphic vector bundle of rank
r � n on X . Then there exist C > 0 and p0 2 N such that the following holds: for any 
 > 1,
there exist subsets Ep D Ep.
/ � PVp such that, for p > p0, we have

(i) ‡p.Ep/ � Cp�
 ;

(ii) if sp 2 PVp n Ep, then

(1.6)
ˇ̌̌D 1
pr
Œsp D 0� � c1.L; h

L/r ; '
Eˇ̌̌
� C


logp
p
k'kC 2.X/

for any .n � r; n � r/ form ' of class C 2 on X . Moreover, estimate (1.6) holds for ‡ -a.e.
sequence ¹spºp�1 2 H provided that p is large enough. Hence p�r Œsp D 0�! c1.L; h

L/r in
the weak sense of currents as p !1, almost surely.

By taking the Hermitian vector bundle .E; hE / to be the trivial vector bundle X �Cr

endowed with the trivial metric, we recover the results by Shiffman–Zelditch [34] and Dinh–
Sibony [21] that the normalized simultaneous zero currents p�r Œsp;1 D � � � D sp;r D 0� of r
independent random sections of H 0.X;Lp/ almost surely converge weakly to c1.L; hL/r for
1 � r � n. We refer the reader to Section 7 for a more detailed treatment of this topic.

We now turn our attention to the expectation of the currents of integration along degen-
eracy sets of random holomorphic sections. This topic is closely related to the theorems stated
above. We consider the following general setting.

(A) .X; !/ is a (connected) compact Kähler manifold of dimension n; .E; hE / is a Hermitian
holomorphic vector bundle of rank r on X , and

1 � r � n; V ´ H 0.X;E/; N ´ dimV � 1; PV D PH 0.X;E/:

(B) For every section S 2 V , ZS ´ ¹x 2 X W S.x/ D 0º ¤ ¿.

(C) N � r , and for every x 2 X , V spans the fiber Ex of E over x.
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We show in Section 6 that assumptions (A)–(C) hold in our earlier setting of vector
bundles of the form Lp ˝E, where L is a positive line bundle and p is sufficiently large.
Note that the set Zs D ZS is well-defined for s 2 PV , as it is independent of the chosen
representative S 2 V n ¹0º of s. We endow V with the L2-inner product

(1.7) .S; S 0/ D

Z
X

hS; S 0ihE

!n

nŠ
; S; S 0 2 V;

defined as in (1.1) using the Hermitian metric hE . We consider the dual V ? with the inner
product determined by that on V , and we let !FS be the induced Fubini–Study form on the
N -dimensional projective space PV .

Let G.k; V / denote the Grassmannian of (complex) k-planes in V . By (C), the Kodaira
map

(1.8) ˆE WX ! G.N C 1 � r; V / D G.r; V ?/; ˆE .x/ D ¹s 2 V W s.x/ D 0º;

is well-defined and holomorphic. Let T ! G.r; V ?/ be the universal bundle endowed with
the Hermitian metric hT induced by the inner product on V ?, and let .T ?; hT ?

/ be the dual
holomorphic vector bundle.

Let 1 � k � r . Given .s1; : : : ; sk/ 2 .PV /k (or .s1; : : : ; sk/ 2 V k), the degeneracy set

(1.9) Dk.s1; : : : ; sk/ D ¹x 2 X W s1.x/ ^ � � � ^ sk.x/ D 0º

is the set of points x where s1.x/; : : : ; sk.x/ are linearly dependent (see [24, p. 411]).
Let �k be a probability measure on .PV /k , and let Ek.�k/ D E.ŒDk.s1; : : : ; sk/�; �k/

be the expectation current of the current valued random variable

.PV /k 3 .s1; : : : ; sk/ 7! ŒDk.s1; : : : ; sk/�;

defined by

(1.10) hEk.�k/; �i D

Z
.PV /k

hŒDk.s1; : : : ; sk/�; �i d�k;

where � is a smooth .nC k � r � 1; nC k � r � 1/ form on X . By using the fact that the
Poincaré dual of Dk.s1; : : : ; sk/ is crC1�k.E/, we find the cohomology class of the expec-
tation current for general probability measures.

Theorem 1.3. Let .X; !/; .E; hE / verify (A)–(C). For 1 � k � r , let �k be a probabil-
ity measure on .PV /k such that �k.A/ D 0 for any proper analytic subset A � .PV /k . Then
Ek.�k/ is a well-defined positive closed current of bidegree .r C 1 � k; r C 1 � k/ on X and
it belongs to the Chern class crC1�k.E/.

In the case of Gaussians or Fubini–Study volumes, we obtain a precise formula for the
expectation currents.

Theorem 1.4. Let .X; !/; .E; hE / verify (A)–(C). Assume that the Kodaira map

ˆE WX ! G.r; V ?/
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defined in (1.8) is an embedding. For 1 � k � r , let �k be the Gaussian probability measure
on V k and let �k be the product measure on .PV /k determined by the Fubini–Study volume
!NFS on PV . Then the expectation currents Ek.�k/;Ek.�k/ are given by

Ek.�k/ D Ek.�k/ D ˆ
?
E

�
crC1�k.T

?; hT ?

/
�
; 1 � k � r:

Here, the expectation current Ek.�k/ is defined as in (1.10) for the probability space
.V k; �k/. For k D 1, Theorem 1.4 was established using different methods by J. Sun [36, Theo-
rem 4.2] (see Theorem 4.1). Combining Theorems 1.1 and 1.4, we obtain asymptotic equidis-
tribution results for the degeneracy sets.

Corollary 1.5. Let .X; !/ be a compact Kähler manifold of dimension n, let .L; hL/
be a positive line bundle on X , and let .E; hE / be a Hermitian holomorphic vector bundle of
rank r � n on X . For p 2 N and 1 � k � r , let �p

k
be the Gaussian probability measure on

V kp and let �p
k

be the product measure on .PVp/k determined by the Fubini–Study volume ‡p
on PVp. Then we have, as p !1,

(1.11)
1

prC1�k
Ek.�

p

k
/ D

1

prC1�k
Ek.�

p

k
/ D

�
r

k � 1

�
c1.L; h

L/rC1�k CO
� 1
p

�
:

If we assume in addition that ! D c1.L; hL/, then

1

prC1�k
Ek.�

p

k
/ D

1

prC1�k
Ek.�

p

k
/

D

�
r

k � 1

�
!rC1�k

C
1

p

�
r � 1

r � k

�
c1.E; h

E / ^ !r�k CO
� 1
p2

�
:

(1.12)

We expect that an analog of Theorem 1.2 holds for higher degeneracy sets, namely that,
after the natural normalization, the currents ŒDk.s1; : : : ; sk/� converge almost surely to a uni-
versal constant multiple of c1.L; hL/rC1�k . We plan to address this problem in a subsequent
paper.

Using developments in geometric quantization with L2-norms defined by general mea-
sures and more singular weights, we expect that versions of our main results will extend
beyond the smooth volume-form setting. In particular, under a suitable Bernstein–Markov con-
dition on the measure, Theorem 1.1 should persist with weaker remainder control and weaker
convergence of currents, with c1.L; hL/ replaced by the curvature current of the associated
equilibrium envelope.

By Hsiao–Marinescu [25], the Bergman kernel admits a full local asymptotic expansion
on the non-degenerate locus X.0/ where c1.L; hL/ is strictly positive, even when L is only
semi-positive or big; accordingly, Theorem 1.1 should plausibly localize to compact subsets
of X.0/. Likewise, for big line bundles endowed with singular Hermitian metrics, the asymp-
totics persist on X.0/ off the singular set, suggesting that the limiting degeneracy/zero cur-
rents should converge to the appropriate curvature current (in particular, c1.L; hL/r ). Finally,
it would be natural to define the spectral Grassmannian map using the low-energy spectral
space (eigenvalues � p�N0) as in [25], potentially yielding a Tian-type statement beyond the
algebraic category.
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This paper is organized as follows. After some preliminary material in Section 2, we
present the proof of the approximation theorem for the pullback of Chern forms by the Kodaira
map in Section 3. In Section 4, we show that the Kodaira map can be interpreted as a mero-
morphic transform in the sense of Dinh–Sibony. In Section 5, we compute the expectation of
currents of integration along degeneracy sets of random holomorphic sections. In Section 6, we
establish that the limit distribution of zeros of random sequences of holomorphic sections of
high powers Lp ˝E is c1.L; hL/r . Finally, in Section 7, we specialize our results to the case
of simultaneous zeros of several random holomorphic sections of Lp.

2. Preliminaries

In this section, we gather the necessary materials regarding Chern forms, universal bun-
dles on Grassmannians, and Bergman kernels.

2.1. Chern forms of Hermitian vector bundles. Let A be an r � r matrix of com-
plex numbers. Recall that the elementary invariant polynomials P k are defined by (see e.g.
[24, p. 402])

det.AC t � Idr/ D
rX
kD0

P r�k.A/tk; t 2 C;

where Idr is the r � r identity matrix. We haveP k.U�1AU/ D P k.A/ for any invertible r � r
matrix U and

(2.1) P k.A/ D
X
]IDk

detAI;I ;

where AI;J denotes the .I; J /-th minor .Aij /i2I; j2J of A.
Since the wedge product is commutative on differential forms of degree 2, P k.A/ is

well-defined in the same way for any r � r matrix A of forms of degree 2, namely

det.AC t � Idr/ D
rX
kD0

P r�k.A/ ^ tk;

where t is a form of degree 2 or a number. Then

(2.2) ck.A/´ P k.A/

is a form of degree 2k given by (2.1).
Let .X; !/ be a compact Kähler manifold of dimension n, and let .E; hE / be a holomor-

phic vector bundle on X of rank r � 1. Let rE denote the associated Chern connection on E,
and let RE D .rE /2 2 �1;1.X;End.E// be its curvature.

Definition 2.1. The total Chern form associated to a Hermitian holomorphic vector
bundle .E; hE / of rank r is defined by

c.E; hE / D det
� i
2�
RE C IdE

�
2

rM
kD0

�.k;k/.X;R/:
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The differential form c.E; hE / is closed; thus it defines a de Rham cohomology class
c.E/ 2 H �dR.X;R/, which is independent of the choice of hE . The k-th Chern form ck.E; h

E /

is the component of bidegree .k; k/ of c.E; hE /. Then

(2.3) c.E; hE / D

rX
kD0

ck.E; h
E /; ck.E; h

E / D ck

� i
2�
RE

�
:

In particular,
c0.E; h

E / D 1;

c1.E; h
E / D

i

2�
TrE ŒRE �;

c2.E; h
E / D

1

8�2
.TrE ŒRE;2� � TrE ŒRE �2/;

cr.E; h
E / D

� i
2�

�r
detRE :

If .L; hL/ is a Hermitian holomorphic line bundle on X , then rank.L˝E/ D r and

c.L˝E; hL˝E / D

rX
kD0

ck.E; h
E / ^ c.L; hL/r�k;

where, by definition, c.L; hL/ D 1C c1.L; hL/; cf. [7, (21.10)]. Then, for k D 0; 1; : : : ; r , we
have

(2.4) ck.L˝E; h
L˝E / D

kX
jD0

�
r � j

k � j

�
cj .E; h

E / ^ c1.L; h
L/k�j :

For every integer p � 1, let .Lp; hL
p

/´ .L˝p; .hL/˝p/.

Lemma 2.2. For every ` 2 N, there exists C` > 0 such that if p � 1 and 0 � k � r ,
then 



 1pk ck.Lp ˝E; hLp˝E / �

�
r

k

�
c1.L; h

L/k






C `.X/

�
C`

p
:

Proof. Since c1.Lp; hL
p

/ D pc1.L; h
L/, we get, by (2.4),

ck.L
p
˝E; hL

p˝E / D

kX
jD0

�
r � j

k � j

�
pk�j cj .E; h

E / ^ c1.L; h
L/k�j

D pk
�
r

k

�
c1.L; h

L/k CO.pk�1/:

The lemma now follows directly from the above identity.

2.2. Universal bundle on Grassmannian. The Grassmannian G.r;m/ is the set of r-
dimensional complex linear subspaces of Cm (r � m). The universal (or tautological) vector
bundle T on G.r;m/ is the holomorphic vector bundle of rank r defined by

T D ¹.W; f / 2 G.r;m/ �Cm
W f 2 W � Cm

º:
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Let hT denote the Hermitian metric on T induced by the standard Hermitian metric hCm

on Cm. Let rT and RT denote the Chern connection and the Chern curvature, respectively,
of .T ; hT /. We recall here the explicit formula for RT in certain local charts.

Let W0 2 G.r;m/. We fix ¹ej ºrjD1 an orthonormal C-basis of .W0; hCm

jW0
/, and we

extend it to an orthonormal basis ¹ej ºmjD1 of Cm. The map

.zj`/1�j�r; 1�`�m�r 2 Cr�.m�r/
7! SpanC

²
ej C

m�rX
`D1

zj`e`Cr ; j D 1; : : : ; r

³
� Cm

is a local chart of G.r;m/ near the point W0. Set Z D .zj`/1�j�r; 1�`�m�r for the coordinate
matrix of size r � .m � r/. For .W; f / 2 T and W near W0, set

�j .W / D ej C

m�rX
`D1

zj`e`Cr 2 Cm; j D 1; : : : ; r:

Then ¹�j ºrjD1 is a local holomorphic frame of T near W0.
Let K.W / D .Kkj .W //1�k;j�r be the square matrix valued function near W0 given by

Kkj .W / D h
T .�j ; �k/:

Then
K.W / D I CZZ?;

where I D Idr , Z? D NZT, and AT denotes the transpose of a matrix A.
Under this local holomorphic frame, the Chern connection of .T ; hT / is given by

r
T
D d CK�1𝜕K:

Then the Chern curvature is

RT
D K�1 N𝜕𝜕K �K�1 N𝜕K ^K�1𝜕K:

With the notations dZ D .dzj`/, dZ? D .d Nzj`/T, we have

RT
D �.I CZZ?/�1 dZ ^ dZ? � .I CZZ?/�1Z dZ? ^ .I CZZ?/�1 dZZ?:

In particular, at W0,

RT .W0/kj D �

m�rX
`D1

dzk` ^ d Nzj`:

Let T � be the dual holomorphic vector bundle of T on G.r;m/, and let hT � be the induced
Hermitian metric. For j D 1; : : : ; r , .W; f / 2 T , set .�j .W /; f / D .ej ; f /. Then ¹�j ºrjD1 is
a local holomorphic frame of T � nearW0. Note that .�i ; �j / D ıij , i.e., ¹�j ºrjD1 is exactly the
dual frame of ¹�j ºrjD1.

Let H.W / D .Hkj .W //1�k;j�r be the square matrix valued function near W0 given by

Hkj .W / D h
T �.�j ; �k/:

Then
H.W / D .K.W /�1/T D .I C NZZT/�1:
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Under this local holomorphic frame of T �, the Chern connection of .T �; hT �/ is given by

(2.5) r
T �
D d CH�1𝜕H:

Then the Chern curvature is

(2.6) RT �
D H�1 N𝜕𝜕H �H�1 N𝜕H ^H�1𝜕H:

In terms of the local coordinate Z (viewed as a matrix of size r � .m � r/),

RT �
D �d NZ ^ .dZ/T.I C NZZT/�1 � NZ.dZ/T .I C NZZT/�1 ^ d NZZT.1C NZZT/�1:

Note that RT � D �.RT /T. In particular, at W0,

RT �.W0/kj D

m�rX
`D1

dzj` ^ d Nzk`:

Now we can write the Chern forms for T � at the point W0 in the above coordinates. By (2.3)
and (2.1), we have, for k D 1; : : : ; r ,

ck.T
�; hT �/.W0/ D

ik

.2�/k

X
]IDk

detRT �.W0/I;I ;

where RT �.W0/I;J is the .I; J /-th minor .RT �.W0/ij /i2I; j2J of the matrix RT �.W0/.

2.3. Bergman kernel asymptotics. Let .X; !/ be a compact Hermitian manifold of
dimension n, and let .L; hL/ be a positive holomorphic line bundle onX , that is, hL is a smooth
Hermitian metric on L such that the first Chern form c1.L; h

L/ is a Kähler form on X . More-
over, c1.L; hL/ is a de Rham representative of the Chern class c1.L/ 2 H 2.X;R/. We identify
the 2-form RL with the Hermitian matrix PRL 2 End.T .1;0/X/ such that, for W;Y 2 T .1;0/X ,
RL.W; Y / D h PRLW;Y i.

We will call .L; hL/ a prequantum line bundle of .X; !/ if the following condition holds:

(2.7) ! D c1.L; h
L/ D

i

2�
RL:

In particular, .X; !/ is a Kähler manifold in this case.
Let .E; hE / be a holomorphic vector bundle on X of rank r � 1. Let rE denote the

associated Chern connection on E, and let RE D .rE /2 be its curvature.
Let L2.X;Lp ˝E/ be the L2-space corresponding to the L2 inner product on X in-

duced by gTX , hL
p

, and hE . Let H 0.X;Lp ˝E/ denote the space of holomorphic sections
ofLp ˝E overX , which is a finite-dimensional complex vector subspace of L2.X;Lp ˝E/.
Let

PpWL
2.X;Lp ˝E/! H 0.X;Lp ˝E/

be the orthogonal (Bergman) projection. The Schwartz kernel Pp. � ; � / of Pp with respect to
the volume form !n

nŠ
is called the Bergman kernel of H 0.X;Lp ˝E/. It is a smooth section

of .Lp ˝E/� .Lp ˝E/? over X �X ,

Pp.x; x
0/ 2 .Lp ˝E/x ˝ .L

p
˝E/?x0 ;
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especially,
Pp.x; x/ 2 End.Lp ˝E/x D EndEx;

where we use the canonical identification End.Lp/ D C for any line bundle L on X . Let
¹S
p
j º

dp

jD0, dp ´ dimH 0.X;Lp ˝E/ � 1, be any orthonormal basis ofH 0.X;Lp ˝E/ with
respect to the L2 inner product. Then

Pp.x; x
0/ D

dpX
jD0

S
p
j .x/˝ S

p
j .x

0/� 2 .Lp ˝E/x ˝ .L
p
˝E/�x0 ;

Pp.x; x/ D

dpX
jD0

S
p
j .x/˝ S

p
j .x/

�
2 End.Ex/:

We have the following diagonal asymptotic expansion of the Bergman kernel.

Theorem 2.3 ([29, Theorem 4.1.1]). For every m 2 N, there exist smooth coefficients
bm.x/ 2 EndEx , which are polynomials in RTX , RE (and d!, RL) and their derivatives of
order at most 2m � 2 (resp. 2m � 1, 2m) and reciprocals of linear combinations of eigenvalues
of PRL at x, such that b0 D det. PRL=.2�// IdE , and for any k; ` 2 N, there existsCk;` > 0 such
that, for any p 2 N,

(2.8)




Pp.x; x/ � kX

mD0

bm.x/p
n�m






C `.X/

� Ck;`p
n�k�1:

In [29, Theorem 4.1.1], additional information about the uniformity of the expansion with
respect to gTX , hL, and hE and their derivatives is given. We refer to [16,30] for further inter-
esting results on the asymptotic expansion of the Bergman kernels for powers of a holomorphic
line bundle, or more generally for an arbitrary sequence of holomorphic line bundles [9].

2.4. Dimension of the space of holomorphic sections. Let .X; !/ be a compact Kähler
manifold of dimension n, and let .L; hL/ be a positive line bundle onX . Let .E; hE / be a holo-
morphic vector bundle on X of rank r � 1. For p large enough, the Kodaira–Serre vanishing
theorem [29, Theorem 1.5.6] says that H q.X;Lp ˝E/ D 0 for every q � 1, and thus the
Euler number

�.X;Lp ˝E/ D

nX
qD0

.�1/q dimH q.X;Lp ˝E/

equals dimH 0.X;Lp ˝E/. On the other hand, by the Riemann–Roch–Hirzebruch theorem
[5, Theorem 4.9], we have

�.X;Lp ˝E/ D

Z
X

td.T 1;0X/ ch.Lp ˝E/;

where td.T 1;0X/ denotes the Todd class of T 1;0X , and ch.F / denotes the Chern character of
a Hermitian vector bundle F (see e.g. [29, Appendix B.5]). Hence we have, for p large enough,

dimH 0.X;Lp ˝E/ D �.X;Lp ˝E/ D

Z
X

td.T 1;0X/ ch.Lp ˝E/

D r

Z
X

c1.L/
n

nŠ
pn CRn�1.p/;

(2.9)
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where Rn�1.p/ is a polynomial of degree .n � 1/ in p. Consequently, dimH 0.X;Lp ˝E/ is
a polynomial of degree n in p with a positive leading coefficient r

R
X c1.L/

n=nŠ.
Furthermore, one can also determine the order of growth of dimH 0.X;Lp ˝E/ by

utilizing the identity

dimH 0.X;Lp ˝E/ D

Z
X

TrE ŒPp.x; x/� dvX .x/;

and integrating expansion (2.8) to obtain, for sufficiently large p,

dimH 0.X;Lp ˝E/ D r

Z
X

c1.L/
n

nŠ
pn CO.pn�1/:

3. Tian’s theorem for Grassmannian embeddings

In this section, we provide the proof of Theorem 1.1. Recall from (1.2) the definition
of the Kodaira map p̂WX ! G.r; V ?p /, where Vp D H 0.X;Lp ˝E/. Since L is positive,
this map is a holomorphic embedding for all p sufficiently large (see [29, Theorems 5.1.15–
5.1.18]). Recall that T is the universal holomorphic vector bundle over G.r; V ?p / endowed
with the Hermitian metric hT induced by the inner product on V ?p . Let .T ?; hT ?

/ be the
corresponding dual holomorphic vector bundle.

If s 2 Vp, the evaluation map "sWV ?p ! C, "s.f / D f .s/ defines a holomorphic sec-
tion �s 2 H 0.G.r; V ?p /;T

?/ � Vp, where �s.W / D "sjW and W 2 G.r; V ?p /. For p large
enough, we have the following isomorphism of holomorphic vector bundles onX (see [29, The-
orem 5.1.16]):

(3.1)
‰pWˆ

?
p.T

?/! Lp ˝E;

‰p..ˆ
?
p�s/.x// D s.x/ for any s 2 Vp; x 2 X:

Moreover, under this isomorphism, we have

(3.2) hˆ
?
p.T

?/.x/ D hL
p˝E .x/ ı Pp.x; x/

�1;

where hˆ
?
p.T

?/ is the Hermitian metric on ˆ?p.T
?/ induced by hT ?

.
Assertion (1.3) of Theorem 1.1 is a direct consequence of Theorem 3.1 and Lemma 2.2.

Theorem 3.1. Let .X; !/ be a compact Hermitian manifold of dimension n, let .L; hL/
be a positive line bundle on X , and let .E; hE / be a Hermitian holomorphic vector bundle on
X of rank r � n. Then, for every ` 2 N, there exists C` > 0 such that

(3.3) kˆ?p.ck.T
?; hT ?

// � ck.L
p
˝E; hL

p˝E /kC `.X/ � C`p
k�1

holds for 0 � k � r , and for all p sufficiently large.

Proof. The proof of the statement proceeds as follows. The difference in Chern cur-
vatures of two Hermitian structures can be expressed explicitly in terms of the derivatives of
the endomorphism that relates the two metrics. In our specific case, (3.2) identifies this endo-
morphism with the diagonal Bergman kernel. Since the Bergman kernel expansion governs its
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derivatives, the desired estimate can be readily derived from standard curvature-comparison
identities. For completeness, we provide the necessary details.

We assume throughout the proof that p is sufficiently large. By [29, (5.1.38)], the evalu-
ation map s 2 Vp 7! s.x/ 2 .Lp ˝E/x is surjective at any point x 2 X .

We fix a point x0 2 X and prove that (3.3) holds in a neighborhood of x0. Let eL be
a holomorphic frame of L near x0 and let v1; : : : ; vr be a holomorphic frame of E near x0. Set

tj D e
˝p
L ˝ vj ; j D 1; : : : ; r:

Then t1; : : : ; tr is a holomorphic frame of Lp ˝E near x0. Using the isomorphism ‰p given
in (3.1), we see that there is a holomorphic frame �1; : : : ; �r of ˆ?p.T

?/ near x0 such that

‰p.�j .x// D tj .x/; j D 1; : : : ; r; x near x0:

Using (3.2), we infer that

(3.4) hˆ
?
p.T

?/.�m.x/; �j .x// D h
Lp˝E

�
Pp.x; x/

�1tm.x/; tj .x/
�
:

To establish (3.3), we will connect the curvature Rˆ
?
p.T

?/ with the curvature RL
p˝E by

means of the isomorphism described in (3.4). For sufficiently large p, Pp.x; x/ 2 EndEx is
invertible. For x near x0, we define the matrix valued function Qp.x/ by

Pp.x; x/
�1tj .x/ D

rX
kD1

.Qp.x//kj tk.x/:

This is the matrix representing the inverse of Pp.x; x/ in the frame t1; : : : ; tr . For p suffi-
ciently large, we obtain the asymptotics of Qp.x/ from the asymptotics of Pp.x; x/ stated in
Theorem 2.3. More precisely, we have the uniform expansion in any local C `-norm near x0,

(3.5) Pp.x; x/DQp.x/�1 D pnb0.x/.IdE CO.p�1//; where b0 D det. PRL=.2�//:

As a consequence, we have the analogous expansion in any local C `-norm

(3.6) Qp.x/ D p
�n.b0.x//

�1.IdE CO.p�1//:

Using this, we obtain

(3.7)
𝜕Qp.x/ D �p�n

𝜕b0.x/
.b0.x//2

IdE CO.p�n�1/;

N𝜕Qp.x/ D �p�n
N𝜕b0.x/
.b0.x//2

IdE CO.p�n�1/:

Consider the r � r-matrix valued functions

Hˆ?
p.T

?/
D .H

ˆ?
p.T

?/
jm /; HLp˝E

D .HLp˝E
jm /

defined near x0 by

H
ˆ?

p.T
?/

jm .x/ D hˆ
?
p.T

?/.�m.x/; �j .x//; HLp˝E
jm .x/ D hL

p˝E .tm.x/; tj .x//:

By (3.4), we obtain

(3.8) Hˆ?
p.T

?/
D HLp˝EQp:
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As in (2.5)–(2.6), the curvature tensor is given by

Rˆ
?
p.T

?/
D �.Hˆ?

p.T
?//�1 N𝜕Hˆ?

p.T
?/
^ .Hˆ?

p.T
?//�1𝜕Hˆ?

p.T
?/

C .Hˆ?
p.T

?//�1 N𝜕𝜕Hˆ?
p.T

?/:

Using (3.8), we obtain

Rˆ
?
p.T

?/
D �

�
Q�1p .HLp˝E /�1.N𝜕HLp˝E /Qp CQ

�1
p
N𝜕Qp

�
^
�
Q�1p .HLp˝E /�1.𝜕HLp˝E /Qp CQ

�1
p 𝜕Qp

�
CQ�1p .HLp˝E /�1.N𝜕𝜕HLp˝E /Qp �Q

�1
p .HLp˝E /�1𝜕HLp˝E

^ N𝜕Qp
CQ�1p .HLp˝E /�1 N𝜕HLp˝E

^ 𝜕Qp CQ�1p N𝜕𝜕Qp:

Hence

Rˆ
?
p.T

?/
D Q�1p RL

p˝EQp �Q
�1
p
N𝜕Qp ^Q�1p 𝜕Qp CQ

�1
p
N𝜕𝜕Qp

�Q�1p .HLp˝E /�1𝜕HLp˝E
^ N𝜕Qp

�Q�1p .N𝜕Qp/Q�1p ^ .H
Lp˝E /�1.𝜕HLp˝E /Qp:

(3.9)

SetHE
jm D h

E .vm; vj /, 'L.x/ D jeLj2hL.x/. ThenHLp˝E D HE'
p
L . A direct compu-

tation shows

(3.10) .HLp˝E /�1𝜕HLp˝E
D .HE /�1𝜕HE

C
p

'L
𝜕'LIdE :

The presence of IdE in formula (3.10) transforms (3.9) into the following:

Rˆ
?
p.T

?/
D Q�1p RL

p˝EQp �Q
�1
p
N𝜕Qp ^Q�1p 𝜕Qp CQ

�1
p
N𝜕𝜕Qp

�Q�1p .HE /�1𝜕HE
^ N𝜕Qp �Q�1p .N𝜕Qp/Q�1p ^ .H

E /�1.𝜕HE /Qp:

Hence

(3.11) ˆ?p.R
T ?

/ D Rˆ
?
p.T

?/
D Q�1p .RL

p˝E
C Ap/Qp;

where

Ap D �N𝜕Qp ^Q�1p .𝜕Qp/Q�1p C .N𝜕𝜕Qp/Q
�1
p

� .HE /�1𝜕HE
^ .N𝜕Qp/Q�1p � .N𝜕Qp/Q

�1
p ^ .H

E /�1𝜕HE :

Using (3.5)–(3.7), and exploiting the fact that the leading terms in these asymptotic expansions
are diagonal matrices, we deduce that, for every `, there exists a constant C` > 0 such that, for
all p � 1,

(3.12) kApkC `.near x0/
� C`:

Since RL
p˝E D pRL ˝ IdE CRE , it follows from (2.1), (2.2), (2.3), and (3.12) that, for

every `, there exists C 0
`
> 0 such that, for all p � 1 and 0 � k � r , we have

(3.13)



ck� i

2�
.RL

p˝E
C Ap/

�
� ck.L

p
˝E; hL

p˝E /





C `.near x0/
� C 0`p

k�1:
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Here we use the C `-norm on differential forms in local coordinates near x0. Observe that the
preceding computations are local in nature; however, by the compactness of the manifold X ,
the resulting estimates extend uniformly over the entire X . By (3.11), we have

(3.14) ˆ?p.ck.T
?; hT ?

// D ck

� i
2�
.RL

p˝E
C Ap/

�
;

and (3.3) follows directly from (3.13) and (3.14).

Remark 3.2. For k D 1, (1.3) coincides with [29, Theorem 5.1.17],

(3.15)
1

p
ˆ?p.!FS/ � rc1.L; h

L/ D O
� 1
p

�
;

where !FS is the Fubini–Study form on G.r;H 0.X;Lp ˝E/?/.

We now examine the situation in which .L; hL/ is a prequantum line bundle over .X; !/,
that is, condition (2.7) is satisfied. In this case, if .E; hE / is the trivial line bundle, Tian’s
estimate (3.15) of the speed of convergence of the induced Fubini–Study metric to ! can be
improved as follows, as shown in [29, Remark 5.1.5]:

(3.16)
1

p
ˆ?p.!FS/ � c1.L; h

L/ D O
� 1
p2

�
:

For general Chern forms, we obtain the following generalization of (3.16).

Theorem 3.3. Let .X; !/ be a compact Kähler manifold of dimension n, let .L; hL/ be
a positive line bundle on X , and let .E; hE / be a Hermitian holomorphic vector bundle on X
of rank r � n. Assume that ! D c1.L; hL/. Then, for every ` 2 N, there exists C` > 0 such
that

(3.17) kˆ?p.ck.T
?; hT ?

// � ck.L
p
˝E; hL

p˝E /kC `.X/ � C`p
k�2

holds for 0 � k � r , and for all p sufficiently large.

Proof. Since ! D c1.L; hL/, we have b0 D 1 on X (see (3.5)). In the setting of the
proof of Theorem 3.1 near x0 2 X , since b0 D 1, equations (3.7) become

𝜕Qp.x/ D O.p�n�1/; N𝜕Qp.x/ D O.p�n�1/; 𝜕N𝜕Qp.x/ D O.p�n�1/:

Using this and (3.6), we deduce that (3.11) holds with estimate (3.12) replaced by

kApkC `.near x0/
�
C`

p
:

Arguing as in (3.13), we obtain


ck� i
2�
.RL

p˝E
C Ap/

�
� ck.L

p
˝E; hL

p˝E /





C `.near x0/
� C 0`p

k�2:

This directly implies estimate (3.17).
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As a consequence of Theorem 3.3, we compute the second-order approximation of the
pullback of the k-th Chern form. In the semi-classical limit, we retrieve the first Chern form
c1.E; h

E / of .E; hE /. This proves the semi-classical asymptotics (1.4) and completes the proof
of Theorem 1.1.

Corollary 3.4. Let .X; !/ be a compact Kähler manifold of dimension n, let .L; hL/ be
a positive line bundle on X , and let .E; hE / be a Hermitian holomorphic vector bundle on X
of rank r � n. Assume that ! D c1.L; hL/. Then we have, in the C1 topology on X ,

ˆ?p.ck.T
?; hT ?

// D pk
�
r

k

�
!k C pk�1

�
r � 1

k � 1

�
c1.E; h

E / ^ !k�1 CO.pk�2/:

Proof. This follows directly from Theorem 3.3 and (2.4).

Consequently, if ! D c1.L; hL/, we obtain the following refinement of (3.15) and gen-
eralization of (3.16):

ˆ?p.!FS/ D prc1.L; h
L/C c1.E; h

E /CO
� 1
p

�
:

If .E; hE / is trivial, this gives

1

p
ˆ?p.!FS/ � rc1.L; h

L/ D O
� 1
p2

�
:

4. Kodaira maps as meromorphic transforms

In this section, we show that the Kodaira map can be interpreted as a meromorphic trans-
form of codimension n � r in the sense of Dinh–Sibony [21]. Furthermore, we establish that
the intermediate degrees of this transform can be expressed in terms of the Chern classes of the
vector bundle E.

Let .X; !/; .E; hE /; V;N verify assumptions (A)–(C), and let ˆE WX ! G.r; V ?/ be
the Kodaira map defined in (1.8). It follows from (B) that dimZs � n � r for every s 2 PV .
Moreover, Bertini’s theorem for vector bundles [31, Theorem 1.2] implies thatZs is a complex
submanifold of X of dimension n � r for all s outside a proper analytic subset of PV . Hence
the current of integration ŒZs� D Œs D 0� along Zs is a well-defined positive closed current of
bidegree .r; r/ for such s. Locally, if U � X is an open set such that EjU is trivial, then s is
represented by an r-tuple of holomorphic functions .f1; : : : ; fr/ on U and

Œs D 0� D dd c logjf1j ^ � � � ^ dd c logjfr j:

Consider the probability space .PV; !NFS/ and the current valued random variable

PV 3 s 7! ŒZs�:

The expectation of this random variable, also called the expected zero current of the ensemble
.PV; !NFS/, is the current EŒZs� D E1.!NFS/ defined in (1.10). Namely,

(4.1) hEŒZs�; �i D

Z
PV
hŒs D 0�; �i!NFS;
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where � is a smooth .n � r; n � r/ form on X . The following result of Sun [36, Theorem 4.2]
provides a formula for EŒZs� in terms of the r-th Chern form of .T ?; hT ?

/. A novel proof is
presented in Section 5.

Theorem 4.1 ([36]). If .X; !/; .E; hE / verify (A)–(C) and ˆE is defined in (1.8), then

EŒZs� D ˆ
?
E .cr.T

?; hT ?

//:

Let us recall in our setting the notion of meromorphic transform introduced by Dinh and
Sibony [21]. If X1; X2 are connected compact Kähler manifolds of dimension k1; k2 and l
is an integer such that k1 � k2 � l � k1, a meromorphic transform F from X1 to X2 is an
irreducible analytic subset � � X1 �X2 of dimension k2 C l such that the restrictions of the
canonical projections X1 �X2 ! Xj to � are surjective (see [21, Section 3.1] for the general
definition). One calls � the graph of F and l the codimension of F .

We now consider the Kodaira mapˆE as the meromorphic transform FE from X to PV
with graph

(4.2) �E D ¹.x; s/ 2 X � PV W s.x/ D 0º � X � PV:

Let �1WX � PV ! X , �2WX � PV ! PV be the canonical projections.

Proposition 4.2. FE is a meromorphic transform of codimension n � r .

Proof. We have to check that the restrictions of the canonical projections to �E are
surjective. It is clear by (B) that �2.�E / D PV . By (C), the linear map S 2 V ! S.x/ 2 Ex
has rank r for every x 2 X , so ¹s 2 PV W s.x/ D 0º is a linear subspace of dimensionN � r of
PV . Hence �1.�E / D X and, since X is connected, �E is a connected complex submanifold
of X � PV of dimension N C n � r (a projective bundle over X ).

Let I2.FE / D ¹s 2 PV W dimZs > n � rº denote the second indeterminacy set of FE .
Then codim I2.FE / � 2. For s 2 PV n I2.FE /, we denote by ŒZs� D Œs D 0� the current of
integration along Zs . We also let ıs be Dirac mass at s 2 PV , viewed as a probability measure
on PV .

By [21, Section 3.1], if N � r � k � N , the pullback of a current T on PV of bidegree
.k; k/ is defined by

(4.3) F ?E .T / D .�1/?.�
?
2 .T / ^ Œ�E �/;

in the case when T is smooth, or when T is the current of integration over an analytic subset
H � PV such that dim.�2j�E

/�1.H \ I2.FE // � N C n � r � k � 1. ThenF ?E .T / is a cur-
rent of bidegree .k �N C r; k �N C r/ on X . If T is smooth, then F ?E .T / is given by a form
with coefficients in L1.X/. If T D ŒH �, where H � PV is an analytic set of pure dimen-
sion N � k, then .�2j�E

/?.ŒH�/ is defined to be the current of integration Œ.�2j�E
/�1.H/�

over the analytic subset .�2j�E
/�1.H/ D ��12 .H/ \ �E � �E which has pure dimension

N C n � r � k, and its push-forward F ?E .T / D .�1j�E
/?Œ.�2j�E

/�1.H/� is a current of bi-
degree .k �N C r; k �N C r/ on X . Similarly, if S is a smooth .k; k/ form on X , where
n � r � k � n, then the push-forward

.FE /?.S/ D .�2/?.�
?
1 .S/ ^ Œ�E �/
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is a well-defined current of bidegree .k � nC r; k � nC r/ on PV and it is given by a form
with coefficients in L1.PV /.

We consider now the case T D ŒH �, where H � PV is a linear subspace of dimen-
sion k0, 0 � k0 � r , so T is a current of bidegree .k; k/, k D N � k0. For generic H , we have
dim.�2j�E

/�1.H \ I2.FE // � k
0 C n � r � 1. Moreover, since k0 � r , we have for generic

H that dim�1.�
�1
2 .H/ \ �E / D k

0 C n � r and �1W��12 .H/ \ �E ! �1.�
�1
2 .H/ \ �E /

is bimeromorphic. It follows that, for the generic linear subspace H � PV of dimension
k0 � r , F ?E .ŒH�/ is the current of integration along the analytic set F�1E .H/,

(4.4) F ?E .ŒH�/ D ŒF
�1
E .H/�; F�1E .H/´ �1.�

�1
2 .H/ \ �E /:

Let

(4.5) J D I2.FE / [ ¹s 2 PV W Zs is not smoothº:

By [31, Theorem 1.2], J is an analytic subset of PV . We infer from (4.4) that if s 2 PV n J ,
then Zs is a complex submanifold of X of dimension n � r and

(4.6) F ?E .ıs/ D Œs D 0�:

Indeed, in this case, ��12 .s/ \ �E D Zs � ¹sº and �1WZs � ¹sº ! Zs is biholomorphic.
The intermediate degree of FE of order k, N � r � k � N , is defined by

�k.FE / D

Z
X

F ?E .!
k
FS/ ^ !

NCn�r�k
D

Z
PV

!kFS ^ .FE /?.!
NCn�r�k/

D

Z
�E

�?1 .!
NCn�r�k/ ^ �?2 .!

k
FS/

(4.7)

(see [21, (3.1)]). We show here that they can be expressed in terms of the Chern classes
ck�NCr.E/ of E.

Theorem 4.3. Let .X; !/; .E; hE / verify assumptions (A)–(C). If FE is the meromor-
phic transform defined in (4.2), then

�k.FE / D

Z
X

ck�NCr.E/ ^ !
NCn�r�k; N � r � k � N;(4.8)

F ?E .!
N
FS/ D ˆ

?
E .cr.T

?; hT ?

//:(4.9)

Proof. Let � be a smooth .n � r; n � r/ form on X . We have

hF ?E .!
N
FS/; �i D

Z
�E

�?1 .�/ ^ �
?
2 .!

N
FS/ D

Z
PV
.FE /?.�/ ^ !

N
FS;

where .FE /?.�/ 2 L1.PV /. If s … J , where J is defined in (4.5), then

�2W�
�1
2 .U / \ �E ! U

is a submersion for some neighborhood U � PV of s. We infer that

.FE /?.�/.s/ D .�2j�E
/?
�
.�1j�E

/?�
�
.s/ D

Z
��1

2 .s/\�E

.�1j�E
/?�

D

Z
Zs

� D hŒs D 0�; �i; s … J;
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where the third equality follows since �1j�E
W ��12 .s/ \ �E D Zs � ¹sº ! Zs is a biholo-

morphism. This yields that

(4.10) hF ?E .!
N
FS/; �i D

Z
PV
hŒs D 0�; �i!NFS D hEŒZs�; �i;

where EŒZs� is the expectation current from (4.1), and (4.9) follows from Theorem 4.1. The
Chern class cr.E/ is the Poincaré dual of Zs for generic s 2 PV (see e.g. [24, p. 413]), soZ

Zs

!n�r D

Z
X

cr.E/ ^ !
n�r :

Hence (4.10) applied with � D !n�r yields (4.8) for k D N .
To prove (4.8) for N � r � k � N , we use a cohomological argument. Let Hk � PV

be a linear subspace of dimension N � k such that

dim.�2j�E
/�1.Hk \ I2.FE // � N C n � r � k � 1;

and let s0; : : : ; sN�k 2 PV be linearly independent points such that

Hk D ¹a0s0 C � � � C aN�ksN�k W .a0; : : : ; aN�k/ 2 CN�kC1
n ¹0ºº:

If ŒHk� denotes the current of integration along Hk , then !kFS � ŒHk�, so by (4.7),

�k.FE / D

Z
X

F ?E .!
k
FS/ ^ !

NCn�r�k
D

Z
X

F ?E .ŒHk�/ ^ !
NCn�r�k :

By (4.4), F ?E .ŒHk�/ is the current of integration along F�1E .Hk/. Note that F�1E .Hk/ is
the degeneracy setDN�kC1.s0; : : : ; sN�k/ defined in (1.9), i.e., the set of points x 2 X where
s0.x/; : : : ; sN�k.x/ are linearly dependent (see (5.1)). By [24, p. 413], the Poincaré dual of
DN�kC1.s0; : : : ; sN�k/ is ck�NCr.E/. Therefore, since ! is closed,

�k.FE / D

Z
X

F ?E .ŒHk�/ ^ !
NCn�r�k

D

Z
F�1

E .Hk/

!NCn�r�k

D

Z
X

ck�NCr.E/ ^ !
NCn�r�k :

5. Expectation currents of degeneracy sets

In this section, we investigate the expectation currents Ek.�k/ defined in (1.10) and we
establish Theorems 1.3 and 1.4. When k D 1, our results recover those obtained by Sun [36]
(as presented in Theorem 4.1), provided that the Kodaira map ˆE is an embedding.

5.1. Cohomology class of expectation currents. Let 1 � k � r . We start by recalling
some facts about the degeneracy setsDk.s1; : : : ; sk/. We will denote byƒkE the k-th exterior
power of E, so in particular, ƒrE is the determinant bundle of E. If s1; : : : ; sk 2 V , then
s1 ^ � � � ^ sk 2 H

0.X;ƒkE/.
For

s D .s1; : : : ; sk/ 2 .PV /
k;
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let H.s/ � PV be the linear subspace spanned by s1; : : : ; sk . We have

(5.1) F�1E .H.s// D �1
�
��12 .H.s// \ �E

�
D

[
�2H.s/

Z� D Dk.s1; : : : ; sk/:

Recall that, by assumption (B), Z� ¤ ¿, so Z� has codimension at most r for each � 2 H.s/.
If s is generic (i.e., outside an analytic subset of .PV /k), then H.s/ has dimension k � 1 and
dim.�2j�E

/�1.H \ I2.FE // � n � r C k � 2, where I2.FE / is the second indeterminacy set
of the meromorphic transform FE defined in (4.2). So, by (4.4) and (5.1),

ŒDk.s1; : : : ; sk/� D F
?
E .ŒH.s/�/

is a positive closed current of bidegree .r C 1 � k; r C 1 � k/ on X .
For generic .s1; : : : ; sk/ 2 .PV /k , the following property holds: each degeneracy set

Dj .s1; : : : ; sj /, where 2 � j � k, has the expected codimension r � j C 1 and is smooth
away from Dj�1.s1; : : : ; sj�1/; moreover, D1.s1/ D Zs1 is a complex submanifold of X of
codimension r (see [24, pp. 411–412]). Thus the current of integration ŒDk.s1; : : : ; sk/� on
Dk.s1; : : : ; sk/ is equal to the current of integration Œs1 ^ � � � ^ sk D 0�, since the latter has
multiplicity one along each irreducible component of the zero set of the holomorphic section
s1 ^ � � � ^ sk .

We now provide the proof of Theorem 1.3.

Proof of Theorem 1.3. If S0; : : : ; SN is a basis of V , we have a bijective map

PN 3 Œx0 W � � � W xN � 7! x0S0 C � � � C xNSN 2 PV:

Let U � X be an open set such that EjU has a holomorphic frame e1; : : : ; er , and write

Sj D

rX
`D1

hj`e`; where hj` 2 OX .U /:

If s D .s1; : : : ; sk/ 2 .PV /k , there exist am D Œam0 W � � � W amN � 2 PN such that

sm D

NX
jD0

amjSj D

rX
`D1

� NX
jD0

amjhj`

�
e`; 1 � m � k:

Therefore, x 2 Dk.s/ \ U , where

Dk.s/´ Dk.s1; : : : ; sk/;

if and only if rankA.s; x/ � k � 1, where

A.s; x/ D A.a1; : : : ; akI x/ D

� NX
jD0

amjhj`.x/

�
1�m�k; 1�`�r

is a k � r matrix of holomorphic functions on .PN /k � U . Thus Dk.s/ \ U is defined by
�
r
k

�
equations, given by the vanishing of all the k � k minors of A.s; x/.

By the considerations preceding the proof, there exists an analytic set S ¨ .PV /k such
that, for s D .s1; : : : ; sk/ 2 .PV /k nS , Dk.s/ has pure dimension nC k � r � 1 and it is
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smooth away from its singular locus Dk�1.s1; : : : ; sk�1/. Let x0 2 U nDk�1.s1; : : : ; sk�1/.
We may assume that the .k � 1/ � .k � 1/ minor of A.s; x/ determined by its first .k � 1/
rows and columns does not vanish in an open set W , x0 2 W � U nDk�1.s1; : : : ; sk�1/. Let
gj .s; x/ be the k � k minor of A determined by its first k � 1 columns together with the col-
umn j C k � 1, 1 � j � r C 1 � k. Then gj are holomorphic functions on .PN /k � U , and
gj .s; � / are defining functions for the complex manifold Dk.s/ \W . Moreover, by shrink-
ing W , we may assume that if � 2 .PV /k nS is close to s, the corresponding functions
gj .�; � /, 1 � j � r C 1 � k, are defining functions for the complex manifold Dk.�/ \W .
From this, we infer that, as � ! s 2 .PV /k nS , the currents ŒDk.�/� converge weakly to
ŒDk.s/� in X nDk�1.s1; : : : ; sk�1/. Since crC1�k.E/ is the Poincaré dual of Dk.�/ (see
[24, p. 413]) and ! is Kähler, we have

(5.2)
Z
Dk.�/

!nCk�r�1 D

Z
X

crC1�k.E/ ^ !
nCk�r�1;

so the currents ŒDk.�/� have the same mass. By the support theorem, this implies that

ŒDk.�/�! ŒDk.s/� weakly on X as � ! s 2 .PV /k nS :

Therefore, the function f .s/´ hŒDk.s/�; �i is continuous on .PV /k nS , where � is
a fixed .nC k � r � 1; nC k � r � 1/ form onX . We now observe that f is bounded. Indeed,
we can assume that � is real, so there exists C� > 0 such that

�C�!
nCk�r�1

� � � C�!
nCk�r�1:

Using (5.2), we obtain for s 2 .PV /k nS that

jf .s/j � C�

Z
X

crC1�k.E/ ^ !
nCk�r�1:

We conclude that Ek.�k/ is a well-defined current of bidegree .r C 1 � k; r C 1 � k/ on X ,
and it is clearly positive and closed. Moreover, if � is a closed .nC k � r � 1; nC k � r � 1/
form on X , then (5.2) holds for s 2 .PV /k nS with ! replaced by �, so

hEk.�k/; �i D

Z
.PV /knS

hŒDk.s/�; �i d�k.s/ D

Z
X

crC1�k.E/ ^ �:

This shows that Ek.�k/ belongs to the Chern class crC1�k.E/.

Remark 5.1. We can also consider the expectation current

Ek.�k/ D

Z
V k

ŒDk.s1; : : : ; sk/� d�k

with respect to a probability measure �k on V k that does not charge proper analytic subsets.
Arguing as in the proof of Theorem 1.3 we see that Ek.�k/ is a well-defined positive closed
current of bidegree .r C 1 � k; r C 1 � k/ on X in the Chern class crC1�k.E/.

If �1 is a continuous probability measure on PV , i.e., of the form �1 D �!
N
FS, where �

is a continuous function on PV , we remark that the case k D 1 of Theorem 1.3 follows from
[36, Theorem 4.2].
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5.2. Invariance properties under group actions. In this section, we establish Theo-
rem 1.4 in the case of the dual universal bundle on a Grassmannian (see Theorem 5.4 below).

Let .X; !/; .E; hE /; V;N verify (A)–(C) and let V be endowed with the L2-inner prod-
uct (1.7). Assume that there exist holomorphic automorphisms g 2 Aut.X/ and G 2 Aut.E/
such that, for every x 2 X , GWEjx ! Ejg.x/ is a linear isometry, i.e.,

(5.3) hEg.x/.G.u/;G.v// D h
E
x .u; v/ for all u; v 2 Ex :

Then

(5.4) A1WV ! V; A1.S/ D G ı S ı g
�1;

is a linear isomorphism, and we define

(5.5) Ak WV
k
! V k; Ak.S1; : : : ; Sk/ D .A1.S1/; : : : ; A1.Sk//:

We denote again by Ak the induced maps Ak W .PV /k ! .PV /k .

Lemma 5.2. In the above setting, the following hold.

(i) g?.ck.E; hE // D ck.E; hE /, 0 � k � r .

(ii) If .Ak/?�k D �k , then g?.Ek.�k// D Ek.�k/.

Proof. (i) Let e1.x/; : : : ; er.x/ be a holomorphic frame for E in a neighborhood of
a point x0 2 X . Then A1.e1/; : : : ; A1.er/ is a holomorphic frame for E near g.x0/. Consider
the matrices

H1 D Œh
E
x .ek; ej /�1�j�r; 1�k�r ; H2 D Œh

E
g.x/.A1.ek/; A1.ej //�1�j�r; 1�k�r

that represent hE near x0 and near g.x0/ respectively. By the isometry property (5.3) of G, we
infer that

H2 D Œh
E
x .ek ı g

�1; ej ı g
�1/�j;kI

hence
g?H2 D Œg

?hEx .ek ı g
�1; ej ı g

�1/�j;k D H1:

Therefore,

g?REg.x/ D g
?
�
𝜕.H�12 𝜕H2/

�
D 𝜕

�
.g?H2/

�1𝜕.g?H2/
�
D 𝜕.H�11 𝜕H1/ D R

E
x ;

which yields (i).
(ii) Let � be a smooth .nC k � r � 1; nC k � r � 1/ form on X . Then

hg?.Ek.�k//; �i D

Z
.PV /k

Z
Dk.s1;:::;sk/

g?� d�k D

Z
.PV /k

Z
g.Dk.s1;:::;sk//

� d�k :

Since GWEjx ! Ejg.x/ is an isomorphism, we have, by (5.4),

g.Dk.s1; : : : ; sk// D ¹g.x/ W s1.x/ ^ � � � ^ sk.x/ D 0º

D ¹y W s1.g
�1.y// ^ � � � ^ sk.g

�1.y// D 0º

D ¹y W A1.s1/.y/ ^ � � � ^ A1.sk/.y/ D 0º

D Dk.A1.s1/; : : : ; A1.sk//:
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Hence, by the invariance assumption on �k , we obtain

hg?.Ek.�k//; �i D

Z
.PV /k

Z
Dk.A1.s1/;:::;A1.sk//

� d�k

D

Z
.PV /k

Z
Dk.s1;:::;sk/

� d..Ak/?�k/ D hEk.�k/; �i:

We now apply these invariance properties to the case of the universal bundle on a Grass-
mannian. Let W be a complex vector space of dimension m endowed with an inner product
h � ; � i, and let G.r;W / be the Grassmannian of r-planes in W . Let T ! G.r;W / be the uni-
versal bundle endowed with the Hermitian metric hT induced by the inner product on W , and
let .T ?; hT ?

/ be the dual holomorphic vector bundle. The unitary group U.W / of .W; h � ; � i/
acts on G.r;W / in the obvious way: if g 2 U.W / and ¹H º 2 G.r;W /, where H is an r-
plane in W , then g¹H º D ¹g.H/º. This action lifts to T ? as follows: if ` 2 H?, we define
G.`/ D ` ı g�1 2 g.H/?. Since H 0.G.r;W /;T ?/ D W ?, the map A1 defined in (5.4) is
given by

(5.6) A1WW
?
! W ?; A1.`/ D ` ı g

�1:

We consider W ? with the inner product h � ; � i induced by that on W . Let !FS be the Fubini–
Study form on PW ? and let � be the Gaussian probability measure onW ? given in coordinates
with respect to an orthonormal basis of W ?.

Lemma 5.3. If g 2 U.W /, then G 2 Aut.T ?/ verifies (5.3). Moreover, the map A1 in
(5.6) is an isometry of W ?; hence A?1!FS D !FS and .A1/?� D �.

Proof. For each ` 2 W ?, there is a unique w` 2 W such that `.w/ D hw;w`i, w 2 W .
We have h`; `0i D hw`; w`0i, and if g 2 U.W /, then

A1.`/.w/ D hg
�1.w/;w`i D hw; g.w`/i; hA1.`/; A1.`

0/i D hg.w`/; g.w`0/i D hw`; w`0i:

The assertion about G follows in a similar way.

Theorem 5.4. In the above setting, let �k be the Gaussian probability measure on
.W ?/k and let �k be the product measure on .PW ?/k determined by the Fubini–Study volume
.!FS/

m�1 on PW ?. Then

Ek.�k/ D Ek.�k/ D crC1�k.T
?; hT ?

/; 1 � k � r:

Proof. We have �k D !FS.z1/
m�1 ^ � � � ^ !FS.zk/

m�1, where !FS.zj / D �
?
j !FS and

�j W .PW ?/k ! PW ?
zj

is the projection on the j -th factor. If Ak is the map defined in (5.5),
then by Lemma 5.3, we infer that .Ak/?�k D �k , .Ak/?�k D �k . Hence, by Lemma 5.2, we
have g?Ek D Ek for all g 2 U.W /, where Ek denotes either one of Ek.�k/ or Ek.�k/.

Let dg denote the Haar measure on U.W /. ThenZ
U.W /

.g�1/?Ek dg D

Z
U.W /

g?Ek dg D Ek;

so the current Ek is represented by a smooth U.W /-invariant form [26, Proposition 1.2.1].
Since G.r;W / Š U.m/=U.r/ � U.m � r/ is a symmetric space, the U.W /-invariant forms
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coincide with the harmonic forms (see e.g. [28, p. 26]), so each cohomology class contains
a unique invariant form. By Lemma 5.2, crC1�k.T ?; hT ?

/ is U.W /-invariant, and by Theo-
rem 1.3, Ek 2 crC1�k.T

?/. Therefore, Ek D crC1�k.T
?; hT ?

/.

The case k D 1 of Theorem 5.4 was obtained via different methods in [36, Theorem 3.1].

5.3. Formula for the expectation current. We give here the proof of Theorem 1.4.
This will be done by using the Kodaira map (1.8) and Theorem 5.4. We will consider the
case of the product measure �k on .PV /k . The proof in the case of the Gaussian probability
measure on V k is identical. Let us write for simplicity

Y D G.r; V ?/; m D dimY D r.N C 1 � r/; ˆ D ˆE WX ! Y;

where ˆE is the Kodaira map defined in (1.8). Recall that every s 2 V induces, by evaluation,
a linear functional �sWV ? ! C, �s.v?/ D v?.s/. By restriction to the fibers, �s determines
a global section �s 2 H 0.Y;T ?/, given by �s.y/ D �sjTy

, and we have a linear isometry

V ! H 0.Y;T ?/; s 7! �s:

For �s1 ; : : : ; �sk 2 H
0.Y;T ?/, we consider the degeneracy set

Dk.�s1 ; : : : ; �sk / D ¹y 2 Y W �s1.y/ ^ � � � ^ �sk .y/ D 0º:

Since ˆ is holomorphic, we have as in (3.1) an isomorphism of holomorphic vector
bundles on X ,

‰Wˆ?.T ?/! E; ‰..ˆ?�s/.x// D s.x/; s 2 V; x 2 X:

Moreover, if s1; : : : ; sk 2 PV , then

(5.7) Dk.s1; : : : ; sk/ D ˆ
�1.Dk.�s1 ; : : : ; �sk //; 1 � k � r:

Recall from Section 5.1 that, for generic .s1; : : : ; sk/ 2 .PV /k , we have

(5.8) codimX Dk.s1; : : : ; sk/ D r C 1 � k; codimY Dk.�s1 ; : : : ; �sk / D r C 1 � k:

Lemma 5.5. The following statements hold.

(i) If .s1; : : : ; sk/ 2 .PV /k verifies (5.8), then

ˆ?ŒDk.s1; : : : ; sk/� D ŒDk.�s1 ; : : : ; �sk / \ˆ.X/�:

(ii) We have

ˆ?Ek.�k/ D

Z
.PV /k

ŒDk.�s1 ; : : : ; �sk / \ˆ.X/� d�k.s1; : : : ; sk/:

Proof. Let � be a smooth .nC k � r � 1; nC k � r � 1/ form on Y and set

Z D Dk.s1; : : : ; sk/:

Since ˆ is an embedding, it follows by (5.7) and (5.8) that

(5.9)
ˆ.Z/ D Dk.�s1 ; : : : ; �sk / \ˆ.X/;

codimX Z D codimˆ.X/ˆ.Z/ D r C 1 � k:



24 Bayraktar, Coman, Liu and Marinescu, Tian’s theorem for Grassmannian embeddings

Hence ˆ.Z/ � ˆ.X/ � Y is an analytic subset of pure dimension nC k � r � 1. We have

hˆ?ŒDk.s1; : : : ; sk/�; �i D

Z
Z

ˆ?� D

Z
ˆ.Z/

� D hŒDk.�s1 ; : : : ; �sk / \ˆ.X/�; �i;

which proves (i). Using (i), we obtain

hˆ?Ek.�k/; �i D

Z
.PV /k

hŒDk.s1; : : : ; sk/�; ˆ
?�i d�k

D

Z
.PV /k

hŒDk.�s1 ; : : : ; �sk / \ˆ.X/�; �i d�k :

Lemma 5.6. The current T D ˆ?.crC1�k.T ?; hT ?

// � Ek.�k/ is strongly positive.

Proof. The statement is local. Let x0 2 X . Since ˆ is an embedding, we can find a co-
ordinate polydisc U � Y centered at y0 D ˆ.x0/ such that if z D .z0; z00/ 2 Cm�n �Cn are
the coordinates on U , then ˆ.X/ \ U D ¹z0 D 0º.

Let � be a (weakly) positive .nC k � r � 1; nC k � r � 1/ form supported inˆ�1.U /.
It is easy to see that there exists a positive .nC k � r � 1; nC k � r � 1/ form z� supported
in U such that ˆ? z� D �.

Assume that .s1; : : : ; sk/ 2 .PV /k verifies (5.8) and let Z´ Dk.s1; : : : ; sk/. We have

(5.10) Œˆ.X/ \ U � D .dd cv/m�n; where v.z/ D logkz0k; z 2 U:

Note that, by (5.9), the unbounded locus ¹z0 D 0º of v intersects the support of the current
ŒDk.�s1 ; : : : ; �sk /� in the analytic set ˆ.Z/ \ U , which has dimension nC k � r � 1. Hence
R´ ŒDk.�s1 ; : : : ; �sk /� ^ .dd

cv/m�n is a well-defined positive closed current of bidimen-
sion .nC k � r � 1; nC k � r � 1/ in U by [17, Theorem 2.5] (see also [23, Corollary 3.6]).
Moreover, if v".z/ D 1

2
log.kz0k2 C "/, then by the continuity of the complex Monge–Ampère

operator along decreasing sequences ([17, Proposition 2.9], [23, Corollary 3.6]), we have

(5.11) ŒDk.�s1 ; : : : ; �sk /� ^ .dd
cv"/

m�n
! ŒDk.�s1 ; : : : ; �sk /� ^ .dd

cv/m�n

as "& 0, in the weak sense of currents onU . By (5.10), the support ofR is equal toˆ.Z/ \ U .
The support theorem for positive closed currents implies that R D

P
aj ŒAj �, where Aj are the

irreducible components of ˆ.Z/ \ U and aj � 1 are integers. Hence

(5.12) ŒDk.�s1 ; : : : ; �sk / \ˆ.X/� � ŒDk.�s1 ; : : : ; �sk /� ^ .dd
cv/m�n

holds on U . Using Lemma 5.5 and (5.12), we obtain

hEk.�k/; �i D hˆ?Ek.�k/; z�i D

Z
.PV /k

hŒDk.�s1 ; : : : ; �sk / \ˆ.X/�; z�i d�k

�

Z
.PV /k

hŒDk.�s1 ; : : : ; �sk /� ^ .dd
cv/m�n; z�i d�k :

Applying (5.11) and Fatou’s lemma, we infer that

hEk.�k/; �i � lim inf
"&0

Z
.PV /k

hŒDk.�s1 ; : : : ; �sk /�; .dd
cv"/

m�n
^ z�i d�k :
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By Theorem 5.4, we haveZ
.PV /k

hŒDk.�s1 ; : : : ; �sk /�; .dd
cv"/

m�n
^ z�i d�k

D

Z
Y

crC1�k.T
?; hT ?

/ ^ .dd cv"/
m�n
^ z�:

As "& 0, it follows that

hEk.�k/; �i �

Z
ˆ.X/

crC1�k.T
?; hT ?

/ ^ z� D

Z
X

ˆ?
�
crC1�k.T

?; hT ?

/
�
^ �:

This concludes the proof of the lemma.

Proof of Theorem 1.4. By Lemma 5.6,

T D ˆ?.crC1�k.T
?; hT ?

// � Ek.�k/

is a positive closed current of bidegree .r C 1 � k; r C 1 � k/ on X which is null-cohomolo-
gous. Indeed, by Theorem 1.3, Ek.�k/ belongs to the Chern class crC1�k.E/, and so does the
form ˆ?.crC1�k.T

?; hT ?

// since the vector bundles ˆ?.T ?/ and E are isomorphic. Since
! is closed, we have

R
X T ^ !

nCk�r�1 D 0; hence T D 0.

Proof of Corollary 1.5. Under the hypothesis of Corollary 1.5, for all sufficiently large p,
the Kodaira map p̂ in (1.2) is a holomorphic embedding. Moreover, by the isomorphism in
(3.1), assumptions (A)–(C) hold for .X; !/ and .Lp ˝E; hL

p˝E /. So Theorem 1.4 applies,
and we have

Ek.�
p

k
/ D Ek.�

p

k
/ D ˆ?p

�
crC1�k.T

?; hT ?

/
�
; 1 � k � r; p � 1:

Then (1.11) and (1.12) follow directly from (1.3) and (1.4) respectively.

5.4. Degeneracy set of a tuple of sections. Let us consider a special case of Theo-
rem 1.4 for E D L˚r (1 � r � n), where .L; hL/ is a positive line bundle on X such that the
Kodaira map ˆLWX ! PV ?L is an embedding, where VL´ H 0.X;L/. We also assume that
every r sections in VL have at least one common zero in X . Then .X; !/ and

.E; hE /´ .L˚r ; .hL/˚r/

satisfy assumptions (A)–(C). Note that V ´ H 0.X;L˚r/ D V ˚rL , and let �L be the Gaussian
probability measure on VL.

We define a canonical embedding ‚r WPV ?L ! G.r; V ?/ that sends the complex line Œ��
to the r-subspace .C�/˚r . Moreover, we have the following isomorphism of the Hermitian
bundles on PV ?L :

‚?rT
?
' O.1/˚r :

As a consequence, on PV ?L , for 0 � k � r ,

‚?r ck.T
?; hT ?

/ D

�
r

k

�
!kFS;

where !FS is the Fubini–Study form on PV ?L associated to the L2-inner product on VL.
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LetˆE WX ! G.r; V ?/ be the Kodaira map (1.2). Then we haveˆE D ‚r ıˆL. Hence
ˆE is an embedding, and

(5.13) ˆ?E .ck.T
?; hT ?

// D

�
r

k

�
ˆ?L.!FS/

k :

When k D r , combining Theorem 1.4 and (5.13), we recover [34, Lemma 4.3] for the expec-
tation current of simultaneous zeros of r independent random holomorphic sections of L.

Consider the random square matrix .sj`/1�j;`�r 2Mr�r.VL/ ' V
r2

L , where the coeffi-
cients sj` are independent and identically distributed random elements in VL with the law �L.
Define the determinant section

(5.14) det.sj`/1�j;`�r 2 H
0.X;Lr/:

Then the zero set of det.sj`/1�j;`�r equals the degeneracy set of .s1; : : : ; sr/ 2 V r , where
s` D .sj`/1�j�r 2 V . We endow V r with the Gaussian probability measure �r D �r

2

L . By
Theorem 1.4 and (5.13), the expectation current for the zeros of the determinant section (5.14)
is given by

(5.15) EŒdet.sj`/1�j;`�r D 0� D rˆ
?
L.!FS/:

We will discuss further the case E D L˚r in Section 7.

6. Distribution of zeros of random sections

In this section, we give the proof of Theorem 1.2. To this end, we will use Theorem 1.1,
together with an equidistribution theorem of Dinh–Sibony for meromorphic transforms [21].
We will apply their result to the meromorphic transforms determined by the Kodaira maps into
Grassmannians as in Section 4.

We start by recalling a few notions that we will need. Let P ` be the complex projective
space of dimension ` and let !FS be the Fubini–Study form. We denote by PSH.P `; !FS/ the
class of !FS-plurisubharmonic functions. These are the functions ' on P ` which are locally the
sum of a plurisubharmonic (psh) function and a smooth one, such that !FS C dd

c' � 0 in the
sense of currents. Let

R.P `/ D sup
'

²
max
P`

' W ' 2 PSH.P `; !FS/;

Z
P`

'!`FS D 0

³
;(6.1)

�.P `; t / D sup
'

²Z
¹'<�tº

!`FS W ' 2 PSH.P `; !FS/;

Z
P`

'!`FS D 0

³
; t 2 R:(6.2)

Then

(6.3) R.P `/ �
1

2
.1C log `/; �.P `; t / � c`e�˛t for all t 2 R;

where c > 0, ˛ > 0 are constants independent of `; cf. [21, Proposition A.3, Corollary A.5].

Theorem 6.1. Let .X; !/ be a compact Kähler manifold of dimension n, let .L; hL/ be
a positive line bundle onX , and let .E; hE / be a Hermitian holomorphic vector bundle of rank
r � n on X . Let .H ; ‡/ be the probability space defined in (1.5). Then there exist C > 0 and
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p0 2 N such that the following holds: for any 
 > 1, there exist subsets Ep D Ep.
/ � PVp
such that, for p > p0, we have

(i) ‡p.Ep/ � Cp�
 ;

(ii) if sp 2 PVp n Ep, thenˇ̌̌ 1
pr
hŒsp D 0� �ˆ

?
p.cr.T

?; hT ?

//; �i
ˇ̌̌
� C


logp
p
k�kC 2.X/

for any .n � r; n � r/ form � of class C 2 on X . Moreover, estimate (ii) holds for ‡ -a.e.
sequence ¹spºp�1 2 H provided that p is large enough.

Proof. We consider the Kodaira maps p̂ from (1.2) as meromorphic transforms as in
Section 4 (see (1.8), (4.2)). Since .L; hL/ is positive, we have by [29, Theorem 5.1.15] that the
vector bundles Lp ˝E verify (C) for all p sufficiently large.

Let �p � X � PVp be the set defined by p̂ as in (4.2), where PVp is endowed with
the Fubini–Study form !FS. It follows from [27, Corollary 3.6] that, for all p sufficiently large
and for generic s 2 Vp, we have Zs ¤ ¿, so the image of the projection �2.�p/ � PVp is
dense. Thus �2 is surjective since �2.�p/ is an analytic subset of PVp, so (B) holds as well. By
Proposition 4.2, p̂ defines a meromorphic transform Fp of codimension n � r , with graph �p.
Let d.Fp/, ı.Fp/ denote its intermediate degrees of order dp and dp � 1 respectively; see (4.7).
Using Theorem 4.3 and Lemma 2.2, we get

d.Fp/ D

Z
X

cr.L
p
˝E; hL

p˝E / ^ !n�r

D pr
Z
X

c1.L; h
L/r ^ !n�r CO.pr�1/;

ı.Fp/ D

Z
X

cr�1.L
p
˝E; hL

p˝E / ^ !n�rC1

D rpr�1
Z
X

c1.L; h
L/r�1 ^ !n�rC1 CO.pr�2/:

Using these, (2.9), and (6.3), we infer that there exist C1 > 1 and p0 2 N such that, for all
p > p0, we have

(6.4)
dp � C1p

n; d.Fp/ � C1p
r ;

d.Fp/

ı.Fp/
�
p

C1
;

R.PVp/ � C1 C
n

2
logp; �.PVp; t / � C1p

ne�˛t for all t 2 R;

where R.PVp/, �.PVp; t / are defined in (6.1) and (6.2), and ˛ > 0 is the constant from (6.3).
For " > 0, let

E 0p."/´
[

k�kC2.X/
�1

¹sp 2 PVp W jhF
?
p .ısp / � F

?
p .‡p/; �ij � d.Fp/"º;

E 00p ."/´
[

k�kC2.X/
�1

¹sp 2 PVp W jhF
?
p .ısp / � F

?
p .‡p/; �ij � C1p

r"º;

where � is an .n � r; n � r/ form on X of class C 2. Recall that F ?p .‡p/ is defined by (4.3),
since ‡p is smooth. Lemma 4.2 (d) in [21] states that, for all " > 0, we have

(6.5) ‡p.E
00
p ."// � ‡p.E

0
p."// � �.PVp; t";p/; where t";p D "

d.Fp/

ı.Fp/
� 3R.PVp/:
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Recall by (4.6) that F ?p .ısp / D Œsp D 0� for sp outside an analytic subset of PVp. More-
over, by Theorem 4.3, F ?p .‡p/ D ˆ

?
p.cr.T

?; hT ?

//. Using (6.4) and (6.5), we get for all
p > p0 and " > 0 that

t";p �
"p

C1
� 3

�
C1 C

n

2
logp

�
; ‡p.E

00
p ."// � C1p

n exp
�
�
˛"p

C1
C 3˛C1 C

3˛n

2
logp

�
:

We now take 
 > 1 and choose " D "p;
 such that

�
˛p"

C1
C 3˛C1 C

3˛n

2
logp D �.nC 
/ logp:

Let Ep D Ep.
/´ E 00p ."p;
 /. Then, for all p > p0, we have

‡p.Ep.
// � C1p
�
 :

Moreover, if sp 2 PVp n Ep and � is an .n � r; n � r/ form on X of class C 2, we infer by the
definition of Ep thatˇ̌̌ 1

pr
hŒsp D 0� �ˆ

?
p.cr.T

?; hT ?

//; �i
ˇ̌̌
� C1"p;
k�kC 2.X/:

Note that
"p;
 D

C1

˛p

��
nC 
 C

3˛n

2

�
logp C 3˛C1

�
� C2


logp
p

holds for p > p0, where C2 > 0 is a constant independent of p and 
 . This yields assertion (ii)
of Theorem 6.1. Finally, the last assertion of Theorem 6.1 follows from the Borel–Cantelli
lemma since

P1
pD1‡p.Ep/ <1.

Proof of Theorem 1.2. The proof is a direct application of Theorems 6.1 and 1.1.

Remark 6.2. Note that, in Theorem 1.2, we may always replace .PVp; ‡p/ by .Vp;Gp/,
where Gp denotes the Gaussian probability measure on Vp induced by the L2-inner product.
Indeed, if � WVp n ¹0º ! PVp is the canonical projection and fEp D ��1.Ep/, then

Gp.fEp/ D ‡p.Ep/;
so Theorem 1.2 holds for the sets fEp.

7. Simultaneous zero sets of holomorphic sections

Let .X; !/ be a compact Kähler manifold of dimension n and let .L; hL/ be a positive line
bundle onX . LetE0 D X �Cr be the trivial vector bundle onX , where r � n. In this section,
we specialize the results of Theorem 1.2 and Corollary 1.5 to the case E D E0. In particular,
we recover the results of Shiffman–Zelditch [34] and Dinh–Sibony [21] for the simultaneous
zeros of several independent random sections of a line bundle.

If Vp ´ H 0.X;Lp ˝E0/, we have a natural isomorphism

(7.1) Vp Š H
0.X;Lp/˚r ;

which identifies sections of Lp ˝E0 to r-tuples of sections of Lp. For j D 1; : : : ; r , let
…
p
j WVp ! H 0.X;Lp/ be the projection onto the j -th component in the direct sum of (7.1).
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Let hE0
0 denote the trivial Hermitian metric on E0. Then (7.1) is also an isometry of the

L2-inner products induced by hL and hE0
0 . If we equip the trivial bundle E0 with an arbitrary

smooth Hermitian metric hE0 , then the identification (7.1) is generally no longer isometric, and
the direct sum is not orthogonal with respect to the L2-inner product induced by hL and hE0 .

Let MC.Cr/ be the set of positive definite Hermitian matrices of rank r , which carries
the usual smooth structure. Then the set of smooth Hermitian metrics hE0 on E0 is given by
the set C1.X;MC.Cr// of all smooth functions on X with values in MC.Cr/.

If hE0

H on E0 is given by an element H 2 C1.X;MC.Cr//, that is,

h
E0

H . � ; � /.x/ D hE0
0 .H.x/ � ; � /; x 2 X;

then the Chern curvature associated with hE0

H is given by the following matrix of .1; 1/-forms
(see (2.5)):

RE D H�1 N𝜕𝜕H �H�1 N𝜕H ^H�1𝜕H:

We can write the formula for c1.E0; h
E0

H / in terms of the matrix H ,

c1.E0; h
E0

H / D
i

2�
TrŒH�1 N𝜕𝜕H �H�1 N𝜕H ^H�1𝜕H�

D �
i

2�
𝜕N𝜕 log detH.x/ 2 �.1;1/.X/:

We equip Vp with the inner product induced by hL and hE0

H , and we denote by G kp DG kp;H
the corresponding Gaussian probability measure on V kp , where 1 � k � r (it corresponds to the
measure �p

k
in Corollary 1.5). If .s1p ; : : : ; s

k
p / 2 V

k
p , then s1p ^ � � � ^ s

k
p defines a random holo-

morphic section of Lpk ˝ƒkE0 over X , where ƒkE0 D X �ƒkCr . Let

Ek.G
k
p / D EŒDk.s

1
p ; : : : ; s

k
p /�

be the expectation current of the degeneracy set of s1p ; : : : ; s
k
p defined in (1.10). Then Theo-

rem 1.2 and Corollary 1.5 hold in this setting (see also Remark 6.2). In particular, we have the
following proposition.

Proposition 7.1. In the above setting, where hE0

H is the Hermitian metric associated to
H 2 C1.X;MC.Cr//, the following hold.

(i) If sp D .sp;1; : : : ; sp;r/ 2 Vp, then, as p !1, the normalized current of integration

p�r Œsp D 0� D p
�r Œsp;1 D � � � D sp;r D 0�

over the simultaneous zeros converges weakly almost surely to c1.L; hL/r , with conver-
gence speed O.p�1 logp/.

(ii) If ! D c1.L; hL/, then, as p !1,

1

prC1�k
Ek.G

k
p / D

�
r

k � 1

�
!rC1�k

�
i

2�p

�
r � 1

r � k

�
𝜕N𝜕 log detH ^ !r�k CO

� 1
p2

�
:

(7.2)

The sub-leading term (coefficient of p�1) vanishes identically if detH is constant on X .
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In particular, when k D 1 and ! D c1.L; hL/, we obtain the following asymptotics for
the expectation of the currents of integration along simultaneous zeros as p !1:

1

pr
EŒsp D 0� D

1

pr
EŒsp;1 D � � � D sp;r D 0�

D !r �
i

2�p
𝜕N𝜕 log detH ^ !r�1 CO

� 1
p2

�
;

(7.3)

where sp D .sp;1; : : : ; sp;r/ 2 Vp.
If we assume that the function H is the constant identity matrix H � Idr , then the

random sections sp;1; : : : ; sp;r are mutually independent identically distributed Gaussian vari-
ables. Consequently, Proposition 7.1 (i) and (7.3) precisely replicate the results obtained by
Shiffman–Zelditch [34, Propositions 4.4 and 4.5] and Dinh–Sibony [21, Section 7].

Letting k D r in (7.2), we obtain

(7.4)
1

p
EŒDr.s

1
p ; : : : ; s

r
p/� D r! �

i

2�p
𝜕N𝜕 log detH CO

� 1
p2

�
; p !1:

Let det.s1p ; : : : ; s
r
p/ be the determinant of .s1p ; : : : ; s

r
p/, which is a holomorphic section of

Lpr ˝ƒrE0 (see Section 5.4). Note that ƒrE0 D X �C is the trivial line bundle on X . If
we equip it with the Hermitian metric hH such that j1j2

hH
.x/´ detH.x/, then we can rewrite

(7.4) as

(7.5)
1

p
EŒDr.s

1
p ; : : : ; s

r
p/� D c1.L

r
˝ƒrE0; h

Lr

˝ h
1=p
H /CO

� 1
p2

�
:

If we take H � Idr , then we are in the setting of Section 5.4, that is, s1p ; : : : ; s
r
p are

independent and identically distributed Gaussian variables. By (5.15) and under the assumption
that ! D c1.L; hL/, we get a special case of (7.5),

1

p
EŒDr.s

1
p ; : : : ; s

r
p/�HDIdr

D
r

p
ˆ?Lp .!FS/ D c1.L

r ; hL
r

/CO
� 1
p2

�
;

where the last identity is deduced from Tian’s original theorem for positive line bundles.
We conclude the paper by considering constant metrics on E0. In this instance, we com-

pute the covariance between the components of a random vector sp D .sp;1; : : : ; sp;r/ 2 Vp.

Proposition 7.2. GivenA D .aj`/1�j;`�r 2MC.Cr/, we equipE0 with the Hermitian
metric hE0

A .u; v/´ hE0
0 .A�1u; v/. Let Gp denote the Gaussian probability measure on Vp in-

duced by hL and hE0
A . Let sp D .sp;1; : : : ; sp;r/ be a random element in Vp, where each

sp;j D …
p
j .sp/ is a random variable valued in H 0.X;Lp/. Then, for all sufficiently large

p 2 N, we have the following.

(i) Each sp;j is a Gaussian random variable valued in H 0.X;Lp/ with the same dis-
tribution as pajj sp;0 (note that ajj > 0). Here sp;0 denotes the random element in
H 0.X;Lp/ with the Gaussian probability measure induced by the L2-inner product
associated with hL.

(ii) The covariance matrix is given by

EŒ.sp;j ; sp;`/p� D npaj` for 1 � j; ` � r;

where np ´ dimH 0.X;Lp/.
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Proof. Let . � ; � /p;L2.hE0
0 /, . � ; � /p;L2.hE0

A / denote the L2-inner products on Vp induced
by hE0

0 and hE0
A respectively. Let Ap 2 EndVp be defined by

Apsp D

� rX
jD1

a1j sp;j ; : : : ;

rX
jD1

arj sp;j

�

with respect to the splitting (7.1). Then, for sp; s0p 2 Vp, we have

(7.6) .sp; s
0
p/p;L2.hE0

0 / D .Apsp; s
0
p/p;L2.hE0

A /:

For j 2 ¹1; : : : ; rº, letEpj WH
0.X;Lp/! Vp be the linear embedding that gives the j -th com-

ponent in the splitting (7.1). Let ¹ep;kº
np

kD1
be an orthonormal basis ofH 0.X;Lp/ with respect

to the L2-inner product . � ; � /p induced by hL. Then we have

sp;0 D

npX
kD1

�kep;k;

where ¹�kºk is a vector of independent and identically distributed standard complex Gaussian
variables (with complex variance one).

Let sp be the random element in Vp equipped with the Gaussian probability measure Gp
(induced by hE0

A ). We proceed to prove (i) and (ii). Since sp;j D …
p
j .sp/ is a linear transfor-

mation of a Gaussian vector, sp;j is a Gaussian random variable valued inH 0.X;Lp/. That is,
for any v 2 H 0.X;Lp/, .sp;j ; v/p is a complex Gaussian variable. To determine the distribu-
tion of sp;j , it suffices to study the Gaussian variables .sp;j ; ep;k/p for k D 1; : : : ; np. By the
definitions of hE0

A and Ap, we have the following identity:

(7.7) .ApE
p
j ep;k0 ; ApE

p
j 0ep;k/p;L2.hE0

A / D ık0kaj 0j :

Using (7.6) and the fact that A is Hermitian, we obtain

.sp;j ; ep;k/p D .…
p
j .sp/; ep;k/p D .sp; E

p
j ep;k/p;L2.hE0

0 /

D .Apsp; E
p
j ep;k/p;L2.hE0

A / D .sp; ApE
p
j ep;k/p;L2.hE0

A /:

Therefore,

(7.8) sp;j D

npX
kD1

.sp; ApE
p
j ep;k/p;L2.hE0

A /ep;k :

By (7.7), for a fixed j 2 ¹1; : : : ; rº, the set° 1
p
ajj

ApE
p
j ep;k

±np

kD1

forms an orthonormal set in Vp with respect to the inner product . � ; � /p;L2.hE0
A /. By the fact

that sp is Gaussian with respect to this inner product, we obtain that²
1
p
ajj

.sp; ApE
p
j ep;k/p;L2.hE0

A /

³np

kD1
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is a vector of independent and identically distributed standard complex Gaussian variables; see
[35, Lemma 2.4.2 and Theorem 2.4.3]. Thus (i) follows from the definition of sp;0 and (7.8).
Moreover, we have

.sp;j ; sp;`/p D

npX
kD1

.sp; ApE
p
j ep;k/p;L2.hE0

A /.sp; ApE
p

`
ep;k/p;L2.hE0

A /
:

Consequently, (7.7) and the fact that sp is Gaussian directly imply (ii).
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