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Tian’s theorem for Grassmannian embeddings
and degeneracy sets of random sections

By Turgay Bayraktar at Istanbul, Dan Coman at Syracuse, Bingxiao Liu at Dongguan
and George Marinescu at Koln

Abstract. Let (X, w) be a compact Kihler manifold, (L, #) a positive line bundle, and
(E, hE) a Hermitian holomorphic vector bundle of rank  on X. We prove that the pullback
by the Kodaira embedding associated to L? ® E of the k-th Chern form of the dual of the
universal bundle over the Grassmannian converges as p — oo to the k-th power of the Chern
form c1(L, hL) for0 <k <r.If c;(L, hL) = w, we also determine the second term in the
semi-classical expansion, which involves ¢ (E, hE ). As a consequence, we show that the limit
distribution of zeros of random sequences of holomorphic sections of high powers L? ® E
is ¢y (L, hT)". Furthermore, we compute the expectation of the currents of integration along
degeneracy sets of random holomorphic sections.

1. Introduction

Let (X, w) be a (connected) compact Kihler manifold of dimension n, let (L, h%) be
a positive line bundle on X, and let (E, h£) be a Hermitian holomorphic vector bundle of rank
r <nonX.Forp>1,weset

L?:=L®? V,:=H°X,LP ® E), dy:=dimV,—1.

We let A" and hL”®E be the Hermitian metrics induced by A% and hE on L? andon L? ® E
respectively. We endow V), with the L?-inner product induced by this metric data, namely

n

(1.1) (S.5"), =/(S,S’)hLP®Ew—, S.8 €V
X n!
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We endow its dual space V) = H O(X,L? @ E)* with the inner product induced by the one
on Vp.

Let G(r, V))) be the Grassmannian of r-dimensional complex subspaces of V. The
Kodaira map is defined by

(12)  @p:X - G(dp +1—-1Vp) =G(r,V)), Pp(x) ={s €V :s(x) =0}

Since L is positive, the above map is a well-defined holomorphic embedding for all p suffi-
ciently large (see [29, Theorem 5.1.18]).

Let 7 be the universal holomorphic vector bundle over G(r, V') and let h7 be the
Hermitian metric on it induced by the inner product on V. Let (7*, k- 7 ) be the dual holo-
morphic vector bundle. We denote by cx(.7*,h7 ") the k th Chern form of (Z*,h7"). Our
first main result is a generalization of Tian’s theorem for Chern forms of any degree.

Theorem 1.1. Let (X, ®) be a compact Kiihler manifold of dimension n, let (L, h™) be
a positive line bundle on X, and let (E, hE) be a Hermitian holomorphic vector bundle on X
of rank r < n. Then, for every 0 < k < r, we have in the €°° topology, as p — o0,

1 - 1
(13 0T 0T = ([ et + o),
p k p
Assume further that the bundle (L,hT) polarizes (X, w), that is, ® = c¢1(L,h™). Then, for
every 0 < k < r, we have in the €° topology, as p — o0,
14 ot (7 h7 ) = (o + ("™ Ney(£.1E) A "—1+0(1)
4 — P (c : = o 4+ — c1(E, w —).
Pk K7 T k=) P

The semi-classical asymptotics (1.3) in the ¥ topology means that, for every £ € N,
there exists Cy > 0 such that, for p sufficiently large, we have

=
¢4(X)

1 * * ok r
Hﬁcbp(ck(ﬁ 7)) - (k)cl(L,hL)"

Cy
p’

and similarly for (1.4).

Tian’s theorem [37] (the case r = 1 and £ = 2; see also [8,29,32,38] for the € topol-
ogy) follows from Theorem 1.1 by taking E to be the trivial line bundle X x C. The case
k = 1 with E arbitrary is addressed in [29, Theorem 5.1.17], and is used to prove the Kodaira
embedding theorem [29, Theorem 5.1.18]. In recent years, Tian’s theorem was generalized
to the case of singular Hermitian holomorphic line bundles, and moreover to the setting of
compact normal analytic spaces X (see [10-15]).

Theorem 1.1 establishes that, for an arbitrary positive line bundle (L, 1), we can deter-
mine the first-order approximation of the pullback of the k-th Chern form in the semi-classical
limit. This approximation equals, up to a multiplicative factor, the k-th power of the Chern
curvature ¢ (L, k). Furthermore, if ¢ (L, h") = w, we compute the second-order approxi-
mation of the pullback of the k-th Chern form. In the semi-classical limit, we recover the first
Chern form ¢1(E, hE) of (E, hE).

An important application of Tian’s theorem [37] is the study of the asymptotic distribu-
tion of zeros of random sequences of sections of powers of a line bundle. This started with
the work of Shiffman and Zelditch [34]. See [1,4, 18-20, 22, 33] for interesting results in this
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direction. One motivation for this study comes from the particular case of random polynomials
and the distributions of their zeros, which has a long history. We refer the reader to the papers
[2,3, 6] and the references therein.

As in the case of line bundles, Theorem 1.1 can be applied to prove the equidistribution of
zeros of random sections in V). The setting is as follows. By Bertini’s theorem, for the generic
section s € V), its zero set Zy = {s = 0} is a complex submanifold of X of codimension r (see
Section 4). We denote by [s = 0] the current of integration over Z;. We endow the projective
space [PV, with the probability measure Y, = a)gsp , where wpg denotes the Fubini—Study form
on PV},. We then consider the product probability space

(1.5) (J,T) = (]‘[ PV, [] Tp).
P r=1

=1

Our second main result describes the distribution of zeros of random sequences of sections
of L? ® E and gives an estimate on the speed of convergence. An important ingredient of
the proof is to consider the Kodaira map as a meromorphic transform in the sense of Dinh—
Sibony [21].

Theorem 1.2. Let (X, w) be a compact Kihler manifold of dimension n, let (L, h’) be
a positive line bundle on X, and let (E, h®) be a Hermitian holomorphic vector bundle of rank
r <non X. Then there exist C > 0 and po € N such that the following holds: for any y > 1,
there exist subsets &, = &,(y) C PV, such that, for p > po, we have

(1) Yp(€p) < Cp77;
Qi) if sp € PVp \ Ep, then

1 log p
(1.6) (rlsp =0 = 1@y o) < Cr="Flglacy

for any (n —r,n —r) form ¢ of class €* on X. Moreover, estimate (1.6) holds for Y-a.e.
sequence {Sp}p>1 € H provided that p is large enough. Hence p~"[s, = 0] — c1(L, LY in
the weak sense of currents as p — oo, almost surely.

By taking the Hermitian vector bundle (E,h%) to be the trivial vector bundle X x C”
endowed with the trivial metric, we recover the results by Shiffman—Zelditch [34] and Dinh—
Sibony [21] that the normalized simultaneous zero currents p~"[sp,1 = -+ = Sp = 0] of r
independent random sections of H°(X, L?) almost surely converge weakly to ¢1 (L, hL)" for
1 < r < n. We refer the reader to Section 7 for a more detailed treatment of this topic.

We now turn our attention to the expectation of the currents of integration along degen-
eracy sets of random holomorphic sections. This topic is closely related to the theorems stated
above. We consider the following general setting.

(A) (X, w) is a (connected) compact Kiihler manifold of dimension n; (E, h¥) is a Hermitian
holomorphic vector bundle of rank r on X, and

l<r<n, V:i=H%X,E), N:=dmV -1, PV =PHYX, E).

(B) Forevery section S € V,Zg :={x € X : S(x) =0} # @.
(C) N >r,and forevery x € X, V spans the fiber £, of E over x.
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We show in Section 6 that assumptions (A)—(C) hold in our earlier setting of vector
bundles of the form L? ® E, where L is a positive line bundle and p is sufficiently large.
Note that the set Zy; = Zg is well-defined for s € PV, as it is independent of the chosen
representative S € 1V \ {0} of s. We endow V with the L2-inner product

wn

(1.7) (S, 8" =/(S, SYpe—. S.S' €V,
X n!

defined as in (1.1) using the Hermitian metric hE . We consider the dual V* with the inner
product determined by that on V', and we let wgs be the induced Fubini—Study form on the
N -dimensional projective space P V.

Let G(k, V) denote the Grassmannian of (complex) k-planes in V. By (C), the Kodaira
map

(1.8) g X -GN +1-r,V)=G@r V"), Ppx)={seV :s(x)=0},

is well-defined and holomorphic. Let .7 — G(r, V'*) be the universal bundle endowed with
the Hermitian metric 47 induced by the inner product on V*, and let (Z*,h7 ") be the dual
holomorphic vector bundle.

Let1 <k < r.Given (s1,...,5¢) € (PV)* (or (s1,...,s;) € V¥), the degeneracy set

(1.9) Di(s1,....8.) ={x e X :s51(x) A+ Asp(x) =0}

is the set of points x where s1(x), ..., sg(x) are linearly dependent (see [24, p.411]).
Let /1 be a probability measure on (P V)X, and let Ex (ug) = E([Dr(s1. - - .. s1)]. i)
be the expectation current of the current valued random variable

PVY* 5 (s1,....58) = [Dr(s1s .0l

defined by

(110 Eeu0-9) = [ (DxCsr. o500 8) dn
PV,
where ¢ is a smooth (n +k —r —1,n +k —r — 1) form on X. By using the fact that the
Poincaré dual of Dy (sy,...,Sk) is ¢,+1—x (E), we find the cohomology class of the expec-
tation current for general probability measures.

Theorem 1.3. Let (X, w), (E., hE) verify (A)~(C). For 1 < k < r, let uy be a probabil-
ity measure on (PV)* such that u (A) = 0 for any proper analytic subset A C (PV)X. Then
Ex (1) is a well-defined positive closed current of bidegree (r + 1 —k,r + 1 —k) on X and
it belongs to the Chern class ¢, 41— (E).

In the case of Gaussians or Fubini—Study volumes, we obtain a precise formula for the
expectation currents.

Theorem 1.4. Let (X, ), (E, h%) verify (A)~(C). Assume that the Kodaira map

Op: X = G(r,V*)
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defined in (1.8) is an embedding. For 1 < k <, let v; be the Gaussian probability measure
on VK and let Wi be the product measure on (P V)k determined by the Fubini—Study volume
a)F]\g on PV. Then the expectation currents By (i), Ex (v) are given by

Ex(ur) = Ex(vp) = @5 (crp14 (T 077)), 1<k<r

Here, the expectation current Ez (vg) is defined as in (1.10) for the probability space
(VK vg).Fork = 1, Theorem 1.4 was established using different methods by J. Sun [36, Theo-
rem 4.2] (see Theorem 4.1). Combining Theorems 1.1 and 1.4, we obtain asymptotic equidis-
tribution results for the degeneracy sets.

Corollary 1.5. Let (X, w) be a compact Kiihler manifold of dimension n, let (L, ht)
be a positive line bundle on X, and let (E, h®) be a Hermitian holomorphic vector bundle of
rankr <non X. For pe Nand 1 <k <r, let Vli’ be the Gaussian probability measure on
Vpk and let /Llf be the product measure on (P Vp)k determined by the Fubini—Study volume Y,
on PVy. Then we have, as p — oo,

1 1 r 1
- py _ _ -~ PN L r+1—k -
) ) =~ ) = (1 Jertitr o),
If we assume in addition that @ = ¢y (L, h'), then
1 1
Dy _ p
(1.12) pr—i-l—k Ek(ﬂk) = pr—i-l—kEk(vk)

_ r r+1-—k
- (k - 1)‘”

1(r—1 P 1

We expect that an analog of Theorem 1.2 holds for higher degeneracy sets, namely that,
after the natural normalization, the currents [Dg (s1, ..., Sx)] converge almost surely to a uni-
versal constant multiple of ¢1 (L, h£)"+1=% We plan to address this problem in a subsequent
paper.

Using developments in geometric quantization with L2-norms defined by general mea-
sures and more singular weights, we expect that versions of our main results will extend
beyond the smooth volume-form setting. In particular, under a suitable Bernstein—-Markov con-
dition on the measure, Theorem 1.1 should persist with weaker remainder control and weaker
convergence of currents, with ¢ (L, h%) replaced by the curvature current of the associated
equilibrium envelope.

By Hsiao—Marinescu [25], the Bergman kernel admits a full local asymptotic expansion
on the non-degenerate locus X(0) where c1(L, k%) is strictly positive, even when L is only
semi-positive or big; accordingly, Theorem 1.1 should plausibly localize to compact subsets
of X(0). Likewise, for big line bundles endowed with singular Hermitian metrics, the asymp-
totics persist on X(0) off the singular set, suggesting that the limiting degeneracy/zero cur-
rents should converge to the appropriate curvature current (in particular, ¢1 (L, #%)"). Finally,
it would be natural to define the spectral Grassmannian map using the low-energy spectral
space (eigenvalues < p~™0) as in [25], potentially yielding a Tian-type statement beyond the
algebraic category.
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This paper is organized as follows. After some preliminary material in Section 2, we
present the proof of the approximation theorem for the pullback of Chern forms by the Kodaira
map in Section 3. In Section 4, we show that the Kodaira map can be interpreted as a mero-
morphic transform in the sense of Dinh—Sibony. In Section 5, we compute the expectation of
currents of integration along degeneracy sets of random holomorphic sections. In Section 6, we
establish that the limit distribution of zeros of random sequences of holomorphic sections of
high powers L? ® E is c1 (L, hL)r . Finally, in Section 7, we specialize our results to the case
of simultaneous zeros of several random holomorphic sections of L7,

2. Preliminaries

In this section, we gather the necessary materials regarding Chern forms, universal bun-
dles on Grassmannians, and Bergman kernels.

2.1. Chern forms of Hermitian vector bundles. Let A be an r x r matrix of com-
plex numbers. Recall that the elementary invariant polynomials Pk are defined by (see e.g.
[24, p. 402])

.
det(A+1-1d,) = Y PRk, rec,
k=0
where Id, is the 7 x r identity matrix. We have PX¥(U~'AU) = P¥*(A) for any invertible r x r
matrix U and

2.1) PK(4) =) detAp,
#l1=k

where Ay j denotes the (1, J)-th minor (4;;);ey, jes of A.
Since the wedge product is commutative on differential forms of degree 2, Pk(4) is
well-defined in the same way for any r x r matrix A of forms of degree 2, namely

.
det(A +1-1d,) = Y PR (4) nt¥,
k=0

where ¢ is a form of degree 2 or a number. Then
(2.2) cr(A) = Pk(4)

is a form of degree 2k given by (2.1).

Let (X, ) be a compact Kihler manifold of dimension 7, and let (E, h£) be a holomor-
phic vector bundle on X of rank » > 1. Let V£ denote the associated Chern connection on E,
and let RE = (VE)2 € Q1(X,End(E)) be its curvature.

Definition 2.1. The total Chern form associated to a Hermitian holomorphic vector
bundle (E, hE) of rank r is defined by

. r
c(E, hE) = det(zl—RE n IdE) e P a*P(x.R).
T
k=0
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The differential form ¢(E, hE) is closed; thus it defines a de Rham cohomology class
¢(E) € HJ (X, R), which is independent of the choice of hZ . The k-th Chern form ¢ (E, hf)
is the component of bidegree (k, k) of ¢(E, hE). Then

2.3) C(E.hE) = 3 cp(EWF),  cx(E.hF) = ck(%RE).
k=0

In particular,
co(E,hE) =1,
e (E,hFy = L TvE[RE),
2
1
e2(E . hE) = —(TrP [RE?] - e [RE]?),
82
1 r
er(E, hE) = (’—) det RE .
21

If (L, h™) is a Hermitian holomorphic line bundle on X, then rank(L ® E) = r and

,
(L ®Eh®E) =" cp(E. ) ne(L by,
k=0

where, by definition, c(L,hL) =1+c1(L, hL); cf. [7,(21.10)]. Then, fork = 0,1,...,r, we
have

k .

(24) k(L ® EhHeF) = Z(,Z _ j.)cy(E, W) Aer(L By,
j=0

For every integer p > 1, let (L?, hL”) := (L®P, (hL)®P).

Lemma 2.2. For every { € N, there exists Cy > 0 such that if p > 1and 0 <k <r,

then | c
‘ —ce(L? ® E.hM78F) — (r)cl(L,hL)k <=t
p k tx) P
Proof.  Since c1(L?,ht"”) = pei (L, hY), we get, by (2.4),
koo . 4
c(L? ® E.h"®F) = Z(k J.)P"—chE,hE) Aer(L hR)R
j=o"
r —
= p" (k)cl(L,hL)" + 0",
The lemma now follows directly from the above identity. |

2.2. Universal bundle on Grassmannian. The Grassmannian G (r, m) is the set of r-
dimensional complex linear subspaces of C™ (r < m). The universal (or tautological) vector
bundle 7 on G(r, m) is the holomorphic vector bundle of rank r defined by

T ={W, )€ Gr,m)xC™: f e W C C™}.
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Let 47 denote the Hermitian metric on .7 induced by the standard Hermitian metric #/C"
on C™. Let V7 and R” denote the Chern connection and the Chern curvature, respectively,
of (7,h”). We recall here the explicit formula for R7 in certain local charts.

Let Wy € G(r,m). We fix {e; }]’.=1 an orthonormal C-basis of (Wo,hcm|WO), and we
extend it to an orthonormal basis {e; };"zl of C™. The map

m-—r

(Zje)1<j<r 1<t<m—r € CT*" ) s Spang {ej + Z Zjgepyr, j =1, r} ccr
=1

is a local chart of G (r, m) near the point Wy. Set Z = (z;¢)1< <r, 1<t<m—r for the coordinate
matrix of size r x (m — r). For (W, f) € .7 and W near W, set

m-—r

nj(wW)=e; + Z Zigegrr €C™, j=1,...,1.
(=1

Then {n; }]r —1 is a local holomorphic frame of .7 near Wp.
Let K(W) = (Kk; (W))1<k,j<r be the square matrix valued function near Wy given by

Ki; (W) = h7 (nj, i)
Then
KW)y=1+2ZZ",

where I =1d,,, Z* = ZT and AT denotes the transpose of a matrix A.
Under this local holomorphic frame, the Chern connection of (.7, 1”7 ) is given by

V7 =d+ K '0K.
Then the Chern curvature is
R7 = K'90K — K~10K A K™'0K.
With the notations dZ = (dzj;), dZ* = (dZ;;)", we have
R7 =—(I 4+ 22 YdZAdZ* = (I +Z2Z*) ' ZdZ* AU + 22"V dzZ".

In particular, at Wy,
m-—r

Rg(Wo)kj = — Z dzg NdZjy.
{=1
Let .7* be the dual holomorphic vector bundle of .7 on G (r,m), and let 7" be the induced
Hermitian metric. For j = 1,....r, (W, f) € 7 ,set (o; (W), f) = (e/, f). Then {O'j};zl is
a local holomorphic frame of .7 * near Wy. Note that (07, ;) = §;;,1i.e., {o; }jr — is exactly the
dual frame of {n; }Jr'=1-
Let H(W) = (Hy;(W))1<k,j<r be the square matrix valued function near Wy given by

Hyj(W) = h7" (0, 00).

Then
HW)=(KW)y Y =u+zz" L
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Under this local holomorphic frame of .7*, the Chern connection of (Z*,h7") is given by
(2.5) V7" =d + H '0H.

Then the Chern curvature is
(2.6) R7" = H'00H — H™'0H A H™'0H.

In terms of the local coordinate Z (viewed as a matrix of size r x (m —r)),

*

R7 = —dZAndZ)"U+Z2ZY ' =ZWAd2)TU +2Z"Y "' A"dzZ" (1 + 22"~
Note that R7 " = —(R7)T. In particular, at Wy,

m-—r

Rg* (WO)kj = Z deg A dfkg.
(=1

Now we can write the Chern forms for .7 * at the point Wy in the above coordinates. By (2.3)
and (2.1), we have, fork = 1,...,r,

ik

* 3 T* _
(T BTN =

> det R7 (W1,
#1=k

where R7" (Wo)r1,s is the (I, J)-th minor (R7” (Wo)ij)ier, jes of the matrix R7T" (Wy).

2.3. Bergman kernel asymptotics. Let (X, w) be a compact Hermitian manifold of
dimension 7, and let (L, h%) be a positive holomorphic line bundle on X, that is, 4~ is a smooth
Hermitian metric on L such that the first Chern form ¢ (L, h¥) is a Kihler form on X . More-
over, ¢1 (L, h¥) is a de Rham representative of the Chern class ¢; (L) € H?(X,R). We identify
the 2-form RL with the Hermitian matrix RL € End(T(l’O)X ) such that, for W, Y € 710 x|
REW,Y) = (REW,Y).

We will call (L, h%) a prequantum line bundle of (X, w) if the following condition holds:

2.7) w=eci(L,hY) = RL.
2
In particular, (X, w) is a Kéhler manifold in this case.

Let (E,h%) be a holomorphic vector bundle on X of rank r > 1. Let V£ denote the
associated Chern connection on E, and let RE = (VE)?2 be its curvature.

Let £2(X,L? ® E) be the L2-space corresponding to the L? inner product on X in-
duced by g7, hL”, and hE. Let H°(X, L? ® E) denote the space of holomorphic sections
of L? ® E over X, which is a finite-dimensional complex vector subspace of £2(X, L? ® E).
Let

Py L*(X,L? @ E) - H*(X,L? ® E)
be the orthogonal (Bergman) projection. The Schwartz kernel P, (-,-) of P, with respect to

the volume form 3—7 is called the Bergman kernel of H%(X, L? ® E). It is a smooth section

of (L? ® E) X (L? ® E)* over X x X,

Pp(x,x') € (LP ® E)x ® (L? ® E)}

x’
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especially,

Py(x,x) € End(L? ® E)x = End Ey,
where we use the canonical identification End(L?) = C for any line bundle L on X. Let
{Sf’}j’; 0 dp :=dim H%(X, L? ® E) — 1, be any orthonormal basis of H%(X, L? ® E) with
respect to the L2 inner product. Then

dp
Pp(x.x') =) SP(x) ® S/ (x)* € (L7 ® E)x ® (L” ® )},
j=0
dp
Pp(x.x) =Y SP(x) ® S7(x)* € End(Ex).
Jj=0

We have the following diagonal asymptotic expansion of the Bergman kernel.

Theorem 2.3 ([29, Theorem 4.1.1]). For every m € N, there exist smooth coefficients
b, (x) € End Ey, which are polynomials in RTX, RE (and dw, R™) and their derivatives of
order at most 2m — 2 (resp. 2m — 1, 2m) and reciprocals of linear combinations of eigenvalues
of RL at x, such that by = det(RL /(27)) 1dE, and for any k, £ € N, there exists Ck,¢ > Osuch
that, for any p € N,

< Crep" L.

k
Pp(x.x) = D bu(x)p" ™" -

m=0

(2.8)

In [29, Theorem 4.1.1], additional information about the uniformity of the expansion with
respect to g7X, hL and h% and their derivatives is given. We refer to [16,30] for further inter-
esting results on the asymptotic expansion of the Bergman kernels for powers of a holomorphic
line bundle, or more generally for an arbitrary sequence of holomorphic line bundles [9].

2.4. Dimension of the space of holomorphic sections. Let (X, w) be a compact Kédhler
manifold of dimension 7, and let (L, 1) be a positive line bundle on X . Let (E, h£) be a holo-
morphic vector bundle on X of rank r > 1. For p large enough, the Kodaira—Serre vanishing
theorem [29, Theorem 1.5.6] says that H?(X, L? ® E) = 0 for every ¢ > 1, and thus the
Euler number

n
AX.LP Q@ E) =) (-1)?dim HY(X.L? ® E)
qg=0
equals dim H%(X, L? ® E). On the other hand, by the Riemann—Roch-Hirzebruch theorem
[5, Theorem 4.9], we have

¥(X,L? Q E) = / td(T'°X) ch(L? ® E),
X

where td(7'1°°X) denotes the Todd class of 71:0X, and ch(F) denotes the Chern character of
a Hermitian vector bundle F (see e.g. [29, Appendix B.5]). Hence we have, for p large enough,

(2.9) dim H(X,L? ® E) = y(X,L? Q E) = / td(T1°X)ch(L? ® E)

X
C1 Ly"
:r/ (1) P" + Ru—1(p),
X n:
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where R,_1(p) is a polynomial of degree (n — 1) in p. Consequently, dim H%(X, L? ® E) is
a polynomial of degree n in p with a positive leading coefficient r [y c1(L)"/n!.

Furthermore, one can also determine the order of growth of dim H%(X,L? ® E) by
utilizing the identity

dim H°(X,L? @ E) = /XTrE[Pp(x,x)] dvy (x),

and integrating expansion (2.8) to obtain, for sufficiently large p,

c1(L)"

PO,

dmH(X,L? Q E) = r[
X

3. Tian’s theorem for Grassmannian embeddings

In this section, we provide the proof of Theorem 1.1. Recall from (1.2) the definition
of the Kodaira map ®,: X — G(r, Vp*), where V), = H%(X,L? ® E). Since L is positive,
this map is a holomorphic embedding for all p sufficiently large (see [29, Theorems 5.1.15—
5.1.18]). Recall that 7 is the universal holomorphic vector bundle over G(r, V) endowed
with the Hermitian metric 47 induced by the inner product on Vy. Let (7%, h7") be the
corresponding dual holomorphic vector bundle.

If s € Vp, the evaluation map &5: V' — C, &5(f) = f(s) defines a holomorphic sec-
tion o5 € HY(G(r,V}), 7*) = Vp, where o5(W) = &5|w and W € G(r,V,}). For p large
enough, we have the following isomorphism of holomorphic vector bundles on X (see [29, The-

orem 5.1.16]):
o W, ®5(T*) — LP Q E,
' Uy ((@05)(x)) = s(x) foranys € Vp, x € X.

Moreover, under this isomorphism, we have
(3.2) h®P D (x) = hE"®F (x) 0 Pp(x, x) 7",

where h%5(77) is the Hermitian metric on ®,(7*) induced by h”.
Assertion (1.3) of Theorem 1.1 is a direct consequence of Theorem 3.1 and Lemma 2.2.

Theorem 3.1. Let (X, w) be a compact Hermitian manifold of dimension n, let (L, h™)
be a positive line bundle on X, and let (E, hE) be a Hermitian holomorphic vector bundle on
X of rank r < n. Then, for every £ € N, there exists Cy > 0 such that

(3.3) 193 (ck (T*.h7")) — ex (LP @ E,hE"®F)|| o) < Coep*™!

holds for 0 < k < r, and for all p sufficiently large.

Proof. The proof of the statement proceeds as follows. The difference in Chern cur-
vatures of two Hermitian structures can be expressed explicitly in terms of the derivatives of
the endomorphism that relates the two metrics. In our specific case, (3.2) identifies this endo-
morphism with the diagonal Bergman kernel. Since the Bergman kernel expansion governs its



12 Bayraktar, Coman, Liu and Marinescu, Tian’s theorem for Grassmannian embeddings

derivatives, the desired estimate can be readily derived from standard curvature-comparison
identities. For completeness, we provide the necessary details.

We assume throughout the proof that p is sufficiently large. By [29, (5.1.38)], the evalu-
ationmap s € V, = s(x) € (L? ® E)y is surjective at any point x € X.

We fix a point x¢g € X and prove that (3.3) holds in a neighborhood of x¢. Let e7, be
a holomorphic frame of L near x¢ and let vy, ..., v, be a holomorphic frame of E near xq. Set

tjzefp@)vj, j=1...,r

Then t1, ..., is a holomorphic frame of L” ® E near x¢. Using the isomorphism W, given
in (3.1), we see that there is a holomorphic frame 71, ..., 7, of ®7(7*) near x¢ such that

Vy(tj(x)) =tj(x), j=1,...,r, xnearxo.
Using (3.2), we infer that
(34) W) (@ (x), 77 (x)) = hE"EF (Py (e, x) ™ i (6), 17 ().

To establish (3.3), we will connect the curvature R®(7) with the curvature RL”®E by
means of the isomorphism described in (3.4). For sufficiently large p, Pp(x,x) € End Ey is
invertible. For x near x¢, we define the matrix valued function Q,(x) by

Pp(x, )15 (x) = Y (Qp(X))ijtie (X).

k=1

This is the matrix representing the inverse of P,(x,x) in the frame 71, ... . For p suffi-
ciently large, we obtain the asymptotics of O, (x) from the asymptotics of P,(x, x) stated in
Theorem 2.3. More precisely, we have the uniform expansion in any local %’*-norm near xq,

(3.5) Pp(x,x) = Qp(x)"" = p"bo(x)(Idg +O(p~")), where by = det(R"/(27)).
As a consequence, we have the analogous expansion in any local ¢ ¢_norm
(3.6) Qp(x) = p"(bo(x)" (Idg +0(p~1)).

Using this, we obtain

b
00p(x) =—p™" —(Z ((’(x)z ldg +0(p~™" ),

37 bo X))
00,(x) = — —n 0bo() 1, +0(p™" Y
P oy TETT T

Consider the r x r-matrix valued functions
(T* X (T* P
H® (T — (Hj,,f( ))’ HLP®E _ (ng;n ®F)

defined near xo by

HE7 O (x) = k) (0 (), 7 (x). HE®E (x) = hE"OF (1, (x). 1 (x)).

By (3.4), we obtain
(38) H¢;(7*) — HLP®E Qp~
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As in (2.5)—(2.6), the curvature tensor is given by
RCI>;(,7*) — _(HCDI’;(._"]*))—I(—_)HCD;(,?*) A (H<I>;(._"7*))—laH<I>;(9*)
+ (H® (TN~ 19oH®» (7).
Using (3.8), we obtain

RO _ —(Q;I(HLp‘X’E)_l(éHLp@E)Qp n Q;léQp)
A (Q;I(HLP‘X’E)_l(aHLp@E)Qp + Q;lan)
4 Q;l(HLp‘X’E)_l(éaHLp@E)Qp _ Q;l(HL”@)E)—laHL”@E A0,
+ 0, (HE"®E) 9HL"®E 150, + 0,000,
Hence
(3.9) R¥7) = 9T1RL"®E 9, — 02150, A 0,100, + 0,000,
— Q;I(HLP®E)—16HLP®E A0,
— Q;l(éQp)Q;l A (HL”®E)—1(aHLP®E)Qp'
Set H/};Fn = hE (vm. vj), ¢L(x) = leL|?, (x). Then HL"®E = HE 4P A direct compu-

tation shows

(3.10) (HL"®E)-1gyL"8E _ (gEy=15E | fawLIdE.
L

The presence of Idg in formula (3.10) transforms (3.9) into the following:

R®7) = 0 RM'®E 9, — 0,100, A 0,100, + 0,000,
~ 0, ' (H®)'0H® 700y — 0,1(00,)0," A (HE)THOH®) Q).
Hence
(3.11) o5 (R7") = RY%) = 0 H(RE®E 4+ 4,)0,.
where
Ap = _éQp A Q;l(an)Qp_l + (éan)Qljl
—(HE)T0H" 7 (00,)0," — (00,)0," A (HF) "oHE.
Using (3.5)—(3.7), and exploiting the fact that the leading terms in these asymptotic expansions

are diagonal matrices, we deduce that, for every ¢, there exists a constant C; > 0 such that, for
all p > 1,

(3.12) ”Ap”(é’[(near x0) = C.

Since RL"®E — pRL @ 1dg + RE, it follows from (2.1), (2.2), (2.3), and (3.12) that, for
every £, there exists C é > 0 such that, forall p > 1 and 0 < k < r, we have

(3.13) Hck (l—(RL”@E + Ap)) —a(L? ® E, th@E)‘

1 k—1
e <Cip .

¢t (near xo)
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Here we use the ©’*-norm on differential forms in local coordinates near Xo. Observe that the
preceding computations are local in nature; however, by the compactness of the manifold X,
the resulting estimates extend uniformly over the entire X. By (3.11), we have

* [
(3.14) Op(cx(7*h7)) = e (5 (RYOF + 4,)).
and (3.3) follows directly from (3.13) and (3.14). O

Remark 3.2. For k = 1, (1.3) coincides with [29, Theorem 5.1.17],
| - 13 1
(3.15) — ) (wrs) — rer(Lh") = 0(-).
p p
where wgs is the Fubini—Study form on G (r, H(X, L? ® E)*).

We now examine the situation in which (L, hL) is a prequantum line bundle over (X, »),
that is, condition (2.7) is satisfied. In this case, if (E, hE ) is the trivial line bundle, Tian’s
estimate (3.15) of the speed of convergence of the induced Fubini—Study metric to w can be
improved as follows, as shown in [29, Remark 5.1.5]:

1, |
(3.16) B (ors) - er(L,hEy = 0(?).

For general Chern forms, we obtain the following generalization of (3.16).
Theorem 3.3. Let (X, ®) be a compact Kihler manifold of dimension n, let (L, h™) be
a positive line bundle on X, and let (E, hE ) be a Hermitian holomorphic vector bundle on X

of rank r < n. Assume that @ = c1(L,h™). Then, for every £ € N, there exists Cy > 0 such
that

(3.17) 195 (cx (7" h77)) = e (LP ® EhE"®F) ey < Cop*™?
holds for 0 < k < r, and for all p sufficiently large.

Proof. Since w = c¢1(L,h%), we have by = 1 on X (see (3.5)). In the setting of the
proof of Theorem 3.1 near xg € X, since by = 1, equations (3.7) become

00p(x) = O(p™"7"),  0Qp(x) = O(p™"7"),  30Qp(x) = O(p™" 7).
Using this and (3.6), we deduce that (3.11) holds with estimate (3.12) replaced by

Cy
”APH%Z(near X0) = ?

Arguing as in (3.13), we obtain

“Ck(zl—n(RL%E + Ap)) — (L ® E,hL’J@E)‘

< C/ k—2
¢ (near x9) 24

This directly implies estimate (3.17). O
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As a consequence of Theorem 3.3, we compute the second-order approximation of the
pullback of the k-th Chern form. In the semi-classical limit, we retrieve the first Chern form
c1(E,hE) of (E, h®). This proves the semi-classical asymptotics (1.4) and completes the proof
of Theorem 1.1.

Corollary 3.4. Let (X, w) be a compact Kiihler manifold of dimension n, let (L, h™) be
a positive line bundle on X, and let (E,hE) be a Hermitian holomorphic vector bundle on X
of rank r < n. Assume that @ = c1(L, h*). Then we have, in the € topology on X,

* —1
% (e (T*. 077 = pF (2)& + pkt (l'; - 1)(:1(15,/1’5) AR+ 0(pF2).

Proof. 'This follows directly from Theorem 3.3 and (2.4). O

Consequently, if @ = ¢ (L, h™), we obtain the following refinement of (3.15) and gen-
eralization of (3.16):

1
@} (wrs) = prey(Lhb) + ci(E.hF) + 0(;)
If (E, h®) is trivial, this gives

1, ; 1
() —rei(Loht) = 0(?).

4. Kodaira maps as meromorphic transforms

In this section, we show that the Kodaira map can be interpreted as a meromorphic trans-
form of codimension n — r in the sense of Dinh—Sibony [21]. Furthermore, we establish that
the intermediate degrees of this transform can be expressed in terms of the Chern classes of the
vector bundle E.

Let (X, ), (E,hT),V, N verify assumptions (A)~(C), and let ®g: X — G(r, V*) be
the Kodaira map defined in (1.8). It follows from (B) that dim Zg > n — r for every s € P V.
Moreover, Bertini’s theorem for vector bundles [31, Theorem 1.2] implies that Z is a complex
submanifold of X of dimension n — r for all s outside a proper analytic subset of P }'. Hence
the current of integration [Zs] = [s = 0] along Z; is a well-defined positive closed current of
bidegree (r, r) for such s. Locally, if U C X is an open set such that E|y is trivial, then s is
represented by an r-tuple of holomorphic functions ( f, ..., fr) on U and

[s = 0] = ddlog|fi1| A--- Add€log| fr].
Consider the probability space (P V, wévs) and the current valued random variable
PV > s+ [Zs].

The expectation of this random variable, also called the expected zero current of the ensemble
(PV, a)lé\é), is the current E[Z] = E; (a)é\g) defined in (1.10). Namely,

“.1) (E[Z,].¢) = /P s = 0. glofs
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where ¢ is a smooth (n — r,n — r) form on X . The following result of Sun [36, Theorem 4.2]
provides a formula for E[Z;] in terms of the r-th Chern form of (7*,h7"). A novel proof is
presented in Section 5.

Theorem 4.1 ([36]). If (X, ), (E,hE) verify (A)~(C) and O is defined in (1.8), then
E[Zs] = % (cr(T* h7 7).

Let us recall in our setting the notion of meromorphic transform introduced by Dinh and
Sibony [21]. If X1, X, are connected compact Kihler manifolds of dimension k1, k, and [
is an integer such that k1 — ky <[/ < ky, a meromorphic transform F from X; to X is an
irreducible analytic subset I’ C X7 x X» of dimension k, + [ such that the restrictions of the
canonical projections X1 x X — X to I are surjective (see [21, Section 3.1] for the general
definition). One calls I" the graph of F and [ the codimension of F.

We now consider the Kodaira map ® g as the meromorphic transform Fg from X to PV
with graph

4.2) I'e ={(x,s) e X xPV:5(x) =0} C X xPV.

Letm: X xPV — X, m2: X x PV — PV be the canonical projections.
Proposition 4.2. Fg is a meromorphic transform of codimension n — r.

Proof. We have to check that the restrictions of the canonical projections to I'g are
surjective. It is clear by (B) that 7, (') = P V. By (C), the linear map S € V — S(x) € Ey
has rank r forevery x € X,so{s € PV : s(x) = 0} is a linear subspace of dimension N — r of
PV.Hence m1(I'r) = X and, since X is connected, ['g is a connected complex submanifold
of X x PV of dimension N + n — r (a projective bundle over X). O

Let Ih(Fg) = {s € PV :dim Zs; > n — r} denote the second indeterminacy set of Fg.
Then codim I>(Fg) > 2. For s € PV \ I(Fg), we denote by [Z;] = [s = 0] the current of
integration along Z;. We also let 65 be Dirac mass at s € PV, viewed as a probability measure
onPV.

By [21, Section 3.1], if N —r < k < N, the pullback of a current 7" on PV of bidegree
(k, k) is defined by

(4.3) FE(T) = (m1)+ (73 (T) A [TE)),

in the case when T is smooth, or when 7 is the current of integration over an analytic subset
H C PV suchthatdim(ma|r, ) '(H N [2(Fg)) <N +n—r —k—1.Then FA(T)isacur-
rent of bidegree (k — N + r,k — N +r) on X.If T is smooth, then Fz(T) is given by a form
with coefficients in L(X). If T = [H], where H C PV is an analytic set of pure dimen-
sion N —k, then (2|1, )*([H]) is defined to be the current of integration [(72|r )~ (H)]
over the analytic subset (72|r,) 1 (H) = Ty 1(H)yNTg C T'r which has pure dimension
N +n —r —k, and its push-forward F(T') = (m; It )« [(2|r )" (H)] is a current of bi-
degree (k — N +r,k — N +r) on X. Similarly, if § is a smooth (k, k) form on X, where
n —r < k < n, then the push-forward

(FE)+(S) = (m2)x (7{ (S) A [CE])
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is a well-defined current of bidegree (k —n + r,k —n 4+ r) on PV and it is given by a form
with coefficients in L1 (P V).

We consider now the case 7 = [H], where H C PV is a linear subspace of dimen-
sionk’,0 <k’ <r,soT is acurrent of bidegree (k,k), k = N — k’. For generic H, we have
dim(n2|pE)_1(H N I>(Fg)) <k’ +n —r — 1. Moreover, since k' < r, we have for generic
H that dimnl(nz_l(H) NTg)=k"+n—r and m:nz_l(H) NI — nl(nz_l(H) NTEg)
is bimeromorphic. It follows that, for the generic linear subspace H C PV of dimension
k" < r, Fg([H]) is the current of integration along the analytic set F L(H),

(4.4) FE([H]) = [Fg'(H)], Fg'(H):=mi(ny ' (H) N TE).
Let
(4.5) J = 1I,(Fg)U{s € PV : Z; is not smooth}.

By [31, Theorem 1.2], J is an analytic subset of PV. We infer from (4.4) thatif s € PV \ J,
then Z; is a complex submanifold of X of dimension n — r and

(4.6) Fr(Ss) =[s =0].

Indeed, in this case, 712_1(5) NTEg =Zsg x{s}and ny: Zs x {s} — Z; is biholomorphic.
The intermediate degree of Fg of orderk, N —r <k < N, is defined by

@47 Ae(Fp) = fX (k) AoV 17k = /P o A )@

- /F 72 @V A 3 ()
E

(see [21, (3.1)]). We show here that they can be expressed in terms of the Chern classes
Ck—N+r(E) of E.

Theorem 4.3. Let (X, w), (E, hE) verify assumptions (A)—(C). If Fg is the meromor-
phic transform defined in (4.2), then

(4.8) M(Fg) = / Ch-N+r(E) NN TR N <k < N,
X
(4.9) FR(ol) = &% (e, (7%, h77)).
Proof. Let ¢ be a smooth (n — r,n — r) form on X. We have
(F;@.0) = [ 7@ nni@l) = [ (Fo)@) nofs
T're PV
where (Fg)«(¢) € LY(PV).If s ¢ J, where J is defined in (4.5), then

nzznz_l(U) NT'g —->U

is a submersion for some neighborhood U C PV of s. We infer that

(FE)x@)(5) = (ralrp)« ((malrp)" ) (s) = f

1 (m1lrg) "¢
7, (s)NI'g

:/ p=(s=0.¢), s¢&J.
Zg



18 Bayraktar, Coman, Liu and Marinescu, Tian’s theorem for Grassmannian embeddings

where the third equality follows since m1|r : nz_l(s) NTg = Zs x{s} - Zs is a biholo-
morphism. This yields that

4.10) (FA (o). ¢) = fP s =0l $)off = (E(Z:).4),

where [E[Z;] is the expectation current from (4.1), and (4.9) follows from Theorem 4.1. The
Chern class ¢, (E) is the Poincaré dual of Z for generic s € PV (see e.g. [24, p. 413]), so

/ a)”_r=/ cr(EYAa" ",
s X

Hence (4.10) applied with ¢ = @™ yields (4.8) fork = N.
To prove (4.8) for N —r < k < N, we use a cohomological argument. Let Hy C PV
be a linear subspace of dimension N — k such that

dim(m2|r) " (Hg N (FE) <N +n—r—k —1,
and let sg, ..., Sy—x € PV be linearly independent points such that
Hy = {aoso + -+ an—gsy—k : (@o.....an-g) € CNTEFI\ {0},
If [ Hy] denotes the current of integration along Hy, then a)és ~ [Hy], so by (4.7),

Ax(FE) :/XFg(w{gs)AwN“—’—k :/XFE([Hk])/\a)NJF"_r_k.

By (4.4), F([Hy]) is the current of integration along Fb?l (Hy). Note that bel (Hy) is

the degeneracy set D y_g+1(S0, - .., Sny—k) defined in (1.9), i.e., the set of points x € X where
50(x),...,SN_r(x) are linearly dependent (see (5.1)). By [24, p.413], the Poincaré dual of
Dy _k41(S0, ..., SN—k) 1S Ck—N+r(E). Therefore, since w is closed,
)Lk(FE) — / FE‘([Hk]) A wN-‘rn—r—k — / wN+n—r—k
X Fr ' (Hy)
= / ChNir(E) AN Tk, O
X

5. Expectation currents of degeneracy sets
In this section, we investigate the expectation currents Ex (uy) defined in (1.10) and we
establish Theorems 1.3 and 1.4. When k = 1, our results recover those obtained by Sun [36]

(as presented in Theorem 4.1), provided that the Kodaira map ® g is an embedding.

5.1. Cohomology class of expectation currents. Let 1 < k < r. We start by recalling

some facts about the degeneracy sets Dy (s1, . . . , 5x). We will denote by AX E the k-th exterior
power of E, so in particular, A" E is the determinant bundle of E. If sq,...,5; € V, then
St A~ Asp € HY(X,AFE).

For

s =(s1,...,850) € (PV)K,
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let H(s) C PV be the linear subspace spanned by s1, ..., ;. We have

(5.1) Fg'(H(s)) =m (3 "(H$) NTe) = | Zo = Dilsi.....50).
o€H(s)

Recall that, by assumption (B), Zs # @, so Z4 has codimension at most  for each o € H (s).
If 5 is generic (i.e., outside an analytic subset of (PV)¥), then H (s) has dimension k — 1 and
dim(ma|r,) "YW (H N I(Fg)) <n —r + k — 2, where I(FEg) is the second indeterminacy set
of the meromorphic transform Fg defined in (4.2). So, by (4.4) and (5.1),

[Di(s1.-...56)] = FE([H(s)])

is a positive closed current of bidegree (r + 1 —k,r + 1 — k) on X.

For generic (s1,...,s;) € (PV)¥, the following property holds: each degeneracy set
Dj(s1,...,sj), where 2 < j <k, has the expected codimension r — j + 1 and is smooth
away from D;_1(s1,...,8;—1); moreover, Di(s1) = Zs, is a complex submanifold of X of
codimension r (see [24, pp.411-412]). Thus the current of integration [Dy(s1,...,S%)] on
Dy (s1,...,8;) is equal to the current of integration [s; A --- A s = 0], since the latter has
multiplicity one along each irreducible component of the zero set of the holomorphic section
ST A A Sk

We now provide the proof of Theorem 1.3.

Proof of Theorem 1.3. If Sp, ..., Sy is a basis of V', we have a bijective map
PN 5 [xo:---:xny]> xS0 +---+xNySn € PV.
Let U C X be an open set such that E£|y; has a holomorphic frame ey, ..., e,, and write

r
Sj = Zhjgeg, where hjg S ﬁx(U).

{=1
Ifs = (s1,...,5¢) € (PV)¥, there exist am = [amo : -+~ : amn] € PV such that
N r N
sm=2aijj :Z(Zamjhje)eg, 1<m<k.
Jj=0 {=1 =0

Therefore, x € Dy (s) N U, where

Dk(S) = Dk(sl, e ,Sk),

if and only if rank A(s, x) < k — 1, where

N
A(s,x) = A(ay,...,ar;x) = [ amjhjg(x)]
j=0

1<m<k,1<l<r

is a k x r matrix of holomorphic functions on (P¥)¥ x U. Thus Dy (s) N U is defined by (]r()
equations, given by the vanishing of all the k x k minors of A(s, x).

By the considerations preceding the proof, there exists an analytic set . < (IP V)* such
that, for s = (s1,...,5%) € (PV)*\.#, Di(s) has pure dimension n + k —r — 1 and it is
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smooth away from its singular locus Dy _1(s1,...,5¢—1). Let xo € U \ Dp_1(51,...,5%k—1)-
We may assume that the (k — 1) x (k — 1) minor of A(s, x) determined by its first (k — 1)
rows and columns does not vanish in an open set W, xo € W C U \ Dg_1(s1,...,5¢_1)- Let

gj(s,x) be the k x k minor of A determined by its first k — 1 columns together with the col-
umn j +k—1,1<j <r+1—k.Then g; are holomorphic functions on (PN)k x U, and
gj(s,-) are defining functions for the complex manifold D (s) N W. Moreover, by shrink-
ing W, we may assume that if o € (PV)¥ \ .7 is close to s, the corresponding functions
gj(o,-), 1 < j <r+1—k, are defining functions for the complex manifold Dy (o) N W.
From this, we infer that, as 0 — s € (PV)¥ \ .7, the currents [Dy ()] converge weakly to
[Dr(s)] in X \ Dg_1(s1,...,5k—1). Since ¢,41—x(E) is the Poincaré dual of Dy (o) (see
[24, p.413]) and w is Kéhler, we have

(52) / wn—i—k—r—l :/ cr-l-l—k(E) /\wn-i-k—r—l’
Dy (o) X

so the currents [ Dy (0)] have the same mass. By the support theorem, this implies that
[Dr(0)] = [Dr(s)] weaklyon X aso — s € (P V)k \ ..

Therefore, the function f(s) := ([Dx(s)], ¢) is continuous on (P V) \ .7, where ¢ is
afixed(n +k —r—1,n+k —r — 1) formon X. We now observe that f is bounded. Indeed,
we can assume that ¢ is real, so there exists Cy > 0 such that

_C¢wn+k—r—l <¢ < C¢wn+k—r—l.

Using (5.2), we obtain for s € (PV)¥ \ . that

1f(s)] < Cy / ¢ra1_p(E) A1,
X

We conclude that Ej (uy) is a well-defined current of bidegree (r + 1 —k,r +1—k) on X,
and it is clearly positive and closed. Moreover, if ¢ isaclosed (n + kK —r —1,n +k —r — 1)
form on X, then (5.2) holds for s € (PV)¥ \ . with w replaced by ¢, so

(Ex (). 6) = /(

PV)k\»7

(1D 8) e ) = [ crar-alE) 1 6.
This shows that E¢ (1x) belongs to the Chern class ¢, 1—¢ (E). m|

Remark 5.1. We can also consider the expectation current

Ex(ux) = /V Dilsn....s0)] du

with respect to a probability measure p; on V¥ that does not charge proper analytic subsets.
Arguing as in the proof of Theorem 1.3 we see that E; (uz) is a well-defined positive closed
current of bidegree (r + 1 —k,r + 1 — k) on X in the Chern class ¢, 41— (E).

If 11 is a continuous probability measure on PV, i.e., of the form u; = )(wé\g, where y
is a continuous function on PV, we remark that the case k = 1 of Theorem 1.3 follows from
[36, Theorem 4.2].
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5.2. Invariance properties under group actions. In this section, we establish Theo-
rem 1.4 in the case of the dual universal bundle on a Grassmannian (see Theorem 5.4 below).

Let (X, w), (E, hE ), V, N verify (A)—(C) and let V' be endowed with the L2-inner prod-
uct (1.7). Assume that there exist holomorphic automorphisms g € Aut(X) and G € Aut(E)
such that, for every x € X, G: E|x — E|g(x) is a linear isometry, i.e.,

(5.3) th(x)(G(u), G()) = hf (u,v) forallu,v € Ey.
Then
(5.4) AV =V, A1(S)=GoSog !,
is a linear isomorphism, and we define
(5.5) A VE S VR Ap(St, ... Sk) = (A1(S1). ..., A1(Sk)).

We denote again by Ay the induced maps Ay: (PV)K — (PV).

Lemma 5.2. [n the above setting, the following hold.
() g*(ck(E.hF)) = ci(E.hF), 0 <k <.
(i) If (Ar) i = ke, then gu (B (px)) = Ex (1ak)-

Proof. (i) Let e1(x),...,er(x) be a holomorphic frame for E in a neighborhood of
apoint xg € X. Then A;(ey),..., A1(er) is a holomorphic frame for £ near g(xp). Consider
the matrices

Hy = [hf (ex. ej)]lfjsr, 1<k<r» Hy = [hf(x)(Al(ek)v Al(ej))]lfjfr, 1<k<r
that represent 1 £ near xo and near g(xo) respectively. By the isometry property (5.3) of G, we
infer that
Hy = [hE(exog ' ejog Dl

hence

1

g Hy = [g*hE (e og ejog D] = Hi.

Therefore,
g Ry () = & (0(H5 '0H2)) = 9((¢* H2)™'0(¢" H2)) = O(Hy '0H1) = RY,

which yields (i).
(ii) Let ¢ be asmooth (n + k —r —1,n +k —r — 1) form on X. Then

...........

Since G: E|x — E|g(x) is an isomorphism, we have, by (5.4),

g(Dr(s1,- -+, 5)) = {g(x) 1 51(x) A=+ Asp(x) = 0}
={yisi@ O A AsK(E@T () =0}
={y 1 A1(s)(Y) A+ A A1(sp)(y) = 0}
= Di(A1(s1), ..., A1(s))-
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Hence, by the invariance assumption on iy, we obtain

.....

- / f 6 d((A) s i) = (Ex (1g). ). 5
PV« IDi(S1,00s8%)

We now apply these invariance properties to the case of the universal bundle on a Grass-
mannian. Let W be a complex vector space of dimension m endowed with an inner product
(-,-), and let G(r, W) be the Grassmannian of r-planes in W. Let .7 — G(r, W) be the uni-
versal bundle endowed with the Hermitian metric 47 induced by the inner product on W, and
let (Z*,h7") be the dual holomorphic vector bundle. The unitary group U(W) of (W, (-,-))
acts on G(r, W) in the obvious way: if g € U(W) and {H} € G(r, W), where H is an r-
plane in W, then g{H} = {g(H)}. This action lifts to .7* as follows: if £ € H*, we define
Gl) =Log ! e g(H)*. Since H*(G(r,W), 7*) = W*, the map A; defined in (5.4) is
given by

(5.6) AW > W*, A1) =Log L.

We consider W* with the inner product (-, -) induced by that on W. Let wgs be the Fubini—
Study form on P W* and let v be the Gaussian probability measure on W* given in coordinates
with respect to an orthonormal basis of W*.

Lemma 5.3. Ifg € UW), then G € Aut(.7*) verifies (5.3). Moreover, the map Ay in
(5.6) is an isometry of W*; hence Awgs = wgs and (A1)«v = V.

Proof. For each £ € W™, there is a unique wy € W such that £(w) = (w, wy), w € W.
We have (£,{') = (wy, wy/), and if g € U(W), then

A1) = (g7 (W), we) = (w, g(we)), (A1(6), A1) = (g(wy), g(we)) = (wy, wer).

The assertion about G follows in a similar way. O

Theorem 5.4. In the above setting, let vy be the Gaussian probability measure on
(W*)¥ and let puy, be the product measure on (PW *)* determined by the Fubini—Study volume
(wrs)™ Y on PW*. Then

Er(ur) = Ex(p) = e,k (T 077), 1<k <r

Proof. We have j; = wps(z1)™ 1 A-++ A wps(zx)™ ™!, where wps(z;) = nj’.*a)Fs and
i (P W)k — IP’WZj, is the projection on the j-th factor. If Az is the map defined in (5.5),
then by Lemma 5.3, we infer that (Ag)«vie = Vi, (Ax)« ik = k- Hence, by Lemma 5.2, we
have g.[E; = E; for all g € U(W), where E; denotes either one of Ej (ux) or Ex (vg).

Let dg denote the Haar measure on U(W). Then

/ (g )'Erdg = / g+E dg = Ey,
uw) uw)

so the current [E; is represented by a smooth U(W)-invariant form [26, Proposition 1.2.1].
Since G(r, W) = U(m)/U(r) x U(m — r) is a symmetric space, the U(W)-invariant forms
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coincide with the harmonic forms (see e.g. [28, p.26]), so each cohomology class contains
a unique invariant form. By Lemma 5.2, ¢, 41— (7 *, h7 ") is U(W)-invariant, and by Theo-
rem 1.3, Ex € ¢, 411 (T*). Therefore, Ef = ¢, 411 (T*.h7 7). i

The case k = 1 of Theorem 5.4 was obtained via different methods in [36, Theorem 3.1].

5.3. Formula for the expectation current. We give here the proof of Theorem 1.4.
This will be done by using the Kodaira map (1.8) and Theorem 5.4. We will consider the
case of the product measure uy on (P V)k. The proof in the case of the Gaussian probability
measure on V¥ is identical. Let us write for simplicity

Y=G@ V"), m=dmY =r(N+1-r), ®=0p:X > Y,

where ® g is the Kodaira map defined in (1.8). Recall that every s € V' induces, by evaluation,
a linear functional o: V* — C, g5(v*) = v*(s). By restriction to the fibers, o5 determines
a global section oy € HO(Y, .7*), given by o5(y) = os|7,, and we have a linear isometry

V- HYY., 7%, s+ 0.
For og,,...,05 € HO(Y, T*), we consider the degeneracy set
Dy(osy,....05) ={y €Y 105 (y) A= Aog (y) = 0}.

Since @ is holomorphic, we have as in (3.1) an isomorphism of holomorphic vector
bundles on X,

U 0*(T*) — E, ¥ (®Po5)(x)) =s(x), seV,xelX.

Moreover, if s1,...,5; € PV, then
(5.7) Di(s1,...,5k) = N (Dy(0g,,...,05)), 1<k<r
Recall from Section 5.1 that, for generic (51, .. .,s;) € (PV)¥, we have

(5.8) codimy Dg(s1,...,5¢) =r+1—k, codimy Di(0s;,....05,) =1 +1—k.

Lemma 5.5. The following statements hold.
() If (s1,...,5%) € (PV)¥ verifies (5.8), then
CI)*[Dk(Sl, .. ,Sk)] = [Dk(dsl e ,O‘sk) N q)(X)].

(i1)) We have

®ELu) = [ Dk(On-.05) N O] diro1. - 50)
(PV)k

Proof. Let y beasmooth (n +k —r —1,n+k —r — 1) formon Y and set
Z = Dp(s1,...,85¢).
Since @ is an embedding, it follows by (5.7) and (5.8) that

®(Z) = Di(0s,.....05.) N BX),

(5.9) . .
codimy Z = codimgx) ®(Z) =r +1—k.
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Hence ®(Z) C ®(X) C Y is an analytic subset of pure dimension n + k —r — 1. We have

(@2 [Di(s1e- 511 1) =/Z<I>*X=L(Z)x= ([Dk Gy . .05,) N D], 7).

which proves (i). Using (i), we obtain
(@) n) = [ Dk 501 0" ) di
(PV)k

- / ([Di (05, - .., 05) NP(X)], x) dpa. o
®V)*

Lemma 5.6. The current T = ®*(c; 41— (T, h7™)) — Ex (g is strongly positive.

Proof. The statement is local. Let xo € X. Since ® is an embedding, we can find a co-
ordinate polydisc U C Y centered at yg = ®(xp) such that if z = (z/,z”) € C"™" x C" are
the coordinates on U, then ®(X) NU = {z/ = 0}.

Let y be a (weakly) positive (n + k —r — 1,n + k — r — 1) form supported in ®~1(U).
It is easy to see that there exists a positive (n +k —r —1,n + k —r — 1) form y supported
in U such that ®*y = y.

Assume that (sq, ..., sx) € (PV)F verifies (5.8) and let Z := Dy (s1, ..., s). We have

(5.10) [®(X)NU] = (ddv)™™", wherev(z) =log|z'||, ze€U.

Note that, by (5.9), the unbounded locus {z’ = 0} of v intersects the support of the current
[Dg (o5, ..., 05.)] in the analytic set ®(Z) N U, which has dimension n + k —r — 1. Hence
R = [Dy(0s,,...,05)] A(ddv)™" is a well-defined positive closed current of bidimen-
sion(n+k—r—1,n+k—r—1)in U by [17, Theorem 2.5] (see also [23, Corollary 3.6]).
Moreover, if v.(z) = % log(]|z’||> + ¢), then by the continuity of the complex Monge—Ampere
operator along decreasing sequences ([17, Proposition 2.9], [23, Corollary 3.6]), we have

(5.11) [Di (05, ..., 05)] A (dd )™ — [D (05, ..., 05)] A (ddv)™"

as ¢ N\ 0, in the weak sense of currents on U. By (5.10), the support of R is equal to ®(Z) N U.
The support theorem for positive closed currents implies that R = ) a;[A;], where A; are the
irreducible components of ®(Z) N U and a; > 1 are integers. Hence

(5.12) [Di(0s,, ..., 05) N P(X)] < [Dg(0g,....05)] A (dd )"

holds on U. Using Lemma 5.5 and (5.12), we obtain

(Ex (i), x) = (PxEr(ux). x) = /(Pv)k([Dk(Usp —s Os) N X)), i) dpg

< / ([Dk (s, -, 05 )] A (D)™ 7) .
(PV)k

Applying (5.11) and Fatou’s lemma, we infer that

(Ex (e, ) < liminf / (D@5, o5 (ddve)™™ A 7) dias.
eNO  J(PV)k
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By Theorem 5.4, we have

Jy KO0 (000" 1 7

:[ i1k (T h7) A (ddC )™ AT
Y
As e N\ 0, it follows that
(Ex (1), 1) < / Cra1-k (T T YA T = / O* (cry1k (T h7)) A 1.
®(X) X

This concludes the proof of the lemma. |

Proof of Theorem 1.4. By Lemma 5.6,
T = @*(crp1-1(T* 177)) = Ex (i)

is a positive closed current of bidegree (r + 1 —k,r + 1 — k) on X which is null-cohomolo-
gous. Indeed, by Theorem 1.3, Ej (1% ) belongs to the Chern class ¢, 41—k (E), and so does the
form ®* (¢, 41—k (F*,h7 ")) since the vector bundles ®*(.7*) and E are isomorphic. Since
w 1is closed, we have fX T A"t =7=1 = 0: hence T = 0. O

Proof of Corollary 1.5. Under the hypothesis of Corollary 1.5, for all sufficiently large p,
the Kodaira map ®,, in (1.2) is a holomorphic embedding. Moreover, by the isomorphism in
(3.1), assumptions (A)—(C) hold for (X, ) and (L? ® E,hL"®E). So Theorem 1.4 applies,
and we have

Ex (1) = Ex(0)) = @) (crp1-(T*h77)), 1<k=r p>1

Then (1.11) and (1.12) follow directly from (1.3) and (1.4) respectively. O

5.4. Degeneracy set of a tuple of sections. Let us consider a special case of Theo-
rem 1.4 for E = L® (1 <r < n), where (L, h’) is a positive line bundle on X such that the
Kodaira map ®7: X — PV};* is an embedding, where V, := H O(X, L). We also assume that
every r sections in V7 have at least one common zero in X . Then (X, w) and

(E,hE) = (LGBr, (hL)GBr)

satisfy assumptions (A)—(C). Note that V := HO(X,L®") = VLeBr , and let vz, be the Gaussian
probability measure on V.

We define a canonical embedding ©,: PV;* — G(r, V*) that sends the complex line [£]
to the r-subspace (C£)®”. Moreover, we have the following isomorphism of the Hermitian
bundles on PV;*:

OrT* ~0(1)%",

As a consequence, on PV, for0 <k <r,

* . 1 T* r
®rck(9 ’h? ) = (k)a)}]gS’

where wgg is the Fubini—Study form on P VL* associated to the L2-inner product on V7.
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Let Pr: X — G(r, V*) be the Kodaira map (1.2). Then we have ®g = ©®, o ®r. Hence
@ g is an embedding, and

r

(5.13) % (cx (T*,h77)) = (k

) @} (wrs)*.

When k = r, combining Theorem 1.4 and (5.13), we recover [34, Lemma 4.3] for the expec-

tation current of simultaneous zeros of r independent random holomorphic sections of L.
Consider the random square matrix (s;¢)1<j.e<r € Mrxr(VL) = V] 2, where the coeffi-

cients s;¢ are independent and identically distributed random elements in V7, with the law vy .

Define the determinant section

(5.14) det(s;¢)1<je<r € HY(X,L").

Then the zero set of det(s;¢)1<;¢<, €quals the degeneracy set of (s1,....s,) € V', \;vhere
s¢ = (s5j¢)1<j<r € V. We endow V" with the Gaussian probability measure v, = v; . By
Theorem 1.4 and (5.13), the expectation current for the zeros of the determinant section (5.14)
is given by

(5.15) E[det(sj¢)1<je<r = 0] = r @] (wrs).

We will discuss further the case E = L®” in Section 7.

6. Distribution of zeros of random sections

In this section, we give the proof of Theorem 1.2. To this end, we will use Theorem 1.1,
together with an equidistribution theorem of Dinh—Sibony for meromorphic transforms [21].
We will apply their result to the meromorphic transforms determined by the Kodaira maps into
Grassmannians as in Section 4.

We start by recalling a few notions that we will need. Let P* be the complex projective
space of dimension £ and let wgs be the Fubini-Study form. We denote by PSH(P¢, wgs) the
class of wps-plurisubharmonic functions. These are the functions ¢ on P¢ which are locally the
sum of a plurisubharmonic (psh) function and a smooth one, such that wgs + dd ¢ > 0 in the
sense of currents. Let

6.1) R(]Pe) = sup{maxw tp € PSH(PZ,O)Fs), / (pa)és = 0},
o | P¢ Pt

6.2) APY1) = sup{/ ot : @ € PSH(PY, wrs), / pwts = o}, t €R.
@ {p<—t} Pt

Then
1
(6.3) R(PY) < 5 (1 +log ). AP 1) < cle ™ forallt € R,

where ¢ > 0, @ > 0 are constants independent of £; cf. [21, Proposition A.3, Corollary A.5].

Theorem 6.1. Let (X, w) be a compact Kihler manifold of dimension n, let (L, h') be
a positive line bundle on X, and let (E, h®) be a Hermitian holomorphic vector bundle of rank
r <non X. Let (#,Y) be the probability space defined in (1.5). Then there exist C > 0 and
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po € N such that the following holds: for any y > 1, there exist subsets &, = €,(y) C PV,
such that, for p > po, we have

(i) Yp(Ep) <Cp77;

(ii) if sp € PV \ &y, then

1 . . T log p
?dsp =0]— @}(c,(T*.h77)).¢)| < CV7||¢||<5/2(X)

for any (n —r,n —r) form ¢ of class €* on X. Moreover, estimate (ii) holds for Y-a.e.
sequence {Sp}p>1 € H provided that p is large enough.

Proof. 'We consider the Kodaira maps ®, from (1.2) as meromorphic transforms as in
Section 4 (see (1.8), (4.2)). Since (L, h'™) is positive, we have by [29, Theorem 5.1.15] that the
vector bundles L? ® E verify (C) for all p sufficiently large.

Let Iy, C X x PV}, be the set defined by ®,, as in (4.2), where PV}, is endowed with
the Fubini—Study form wgs. It follows from [27, Corollary 3.6] that, for all p sufficiently large
and for generic s € V), we have Zg # @, so the image of the projection 72(I'y) C PV}, is
dense. Thus 1 is surjective since 2 (I, ) is an analytic subset of PV}, so (B) holds as well. By
Proposition 4.2, ®,, defines a meromorphic transform Fj, of codimension n — r, with graph I',.
Let d(F)), §(F)) denote its intermediate degrees of order d, and d,, — 1 respectively; see (4.7).
Using Theorem 4.3 and Lemma 2.2, we get

d(Fp) = /;(cr(LP ® E, hL"®E) A =T
= /X (L. hD)" A"+ 0(p" ),
§(Fp) = /Xcr_l(Ll’ ® E, hE"®E) A n—r+1

Using these, (2.9), and (6.3), we infer that there exist C; > 1 and pg € N such that, for all
P > po, we have

d(Fp) _ p
d Sclpnv d(F)Sclprv —pZ_’
(6.4) ’ ’ 3(Fp) ~ G

R(PV,) < C1 + glog p. APVp.1) < Crp"e™ forallt € R,

where R(PV)), A(PVp, t) are defined in (6.1) and (6.2), and o > 0 is the constant from (6.3).
For e > 0, let

Ee)i= |J tsp e PV [(Fy(s,) — Fy (Yp).0)| = d(Fp)e},
¢l p2(x)<1

&)@ = | fsp €PVy:|(F}(s,) — F(Yp).0)| = Cip’e}.
Illp2 x, <1

where ¢ is an (n — r,n — r) form on X of class €2. Recall that Fy(Yp) is defined by (4.3),
since T}, is smooth. Lemma 4.2 (d) in [21] states that, for all ¢ > 0, we have

d(Fp)
8(Fp)

(6.5) Yp(EL(e) < Yp(EL(e)) < APV, tsp), wherets, = e —3R(PV}).
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Recall by (4.6) that ) (8s,) = [sp = 0] for s, outside an analytic subset of PPV}, More-
over, by Theorem 4.3, F(Yp) = @;(cr(f*,hy*)). Using (6.4) and (6.5), we get for all
p > po and ¢ > 0 that

ep n oEp 3an
le.p > c 3(C1 + Elogp), Tp(&,(e) < C1p" exp(—c—1 + 3aCy + Tlogp).
We now take y > 1 and choose ¢ = ¢, such that
ape 3an
_CL + 3aCy + Tlogp =—(n+y)logp.
1

Let &, = &p(y) := &,(ep,y). Then, for all p > po, we have

Yp(Ep(y) = Cip™”.

Moreover, if s, € PV}, \ &, and ¢ is an (n — r,n — r) form on X of class €2, we infer by the
definition of &, that

1 * * *
| llsp = 0= @5er (7% h770).9)| = Crepy I8l 2y

Note that
log p

C 3an
Epy = ;((” +y+ T) log p + 30!C1) < Cyy

holds for p > pg, where C» > 0 is a constant independent of p and y. This yields assertion (ii)
of Theorem 6.1. Finally, the last assertion of Theorem 6.1 follows from the Borel-Cantelli
lemma since ) 72 Y,(Ep) < oo, o

Proof of Theorem 1.2. The proof is a direct application of Theorems 6.1 and 1.1. O

Remark 6.2. Note that, in Theorem 1.2, we may always replace (PV),, ) by (Vp, ),
where %), denotes the Gaussian probability measure on V), induced by the L?-inner product.
Indeed, if 7r: V,, \ {0} — PV, is the canonical projection and &, = 7~ 1(&,), then

9,(8p) = T,(8p),

so Theorem 1.2 holds for the sets é;.

7. Simultaneous zero sets of holomorphic sections

Let (X, ) be a compact Kihler manifold of dimension n and let (L, 2%) be a positive line
bundle on X.Let Eg = X x C” be the trivial vector bundle on X, where r < n. In this section,
we specialize the results of Theorem 1.2 and Corollary 1.5 to the case E = Ey. In particular,
we recover the results of Shiffman—Zelditch [34] and Dinh-Sibony [21] for the simultaneous
zeros of several independent random sections of a line bundle.

If V, := HO(X, L? ® Ey), we have a natural isomorphism

(7.1) V, = HO(X, L?)®",

which identifies sections of L? ® E¢ to r-tuples of sections of L?. For j =1,...,r, let
H;’ Vp—> H O(X, LP?) be the projection onto the j-th component in the direct sum of (7.1).
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Let hgo denote the trivial Hermitian metric on Eg. Then (7.1) is also an isometry of the
L?-inner products induced by 4~ and & (},50. If we equip the trivial bundle Eo with an arbitrary
smooth Hermitian metric 72 £0, then the identification (7.1) is generally no longer isometric, and
the direct sum is not orthogonal with respect to the L2-inner product induced by 4% and h£o,

Let M (C") be the set of positive definite Hermitian matrices of rank r, which carries
the usual smooth structure. Then the set of smooth Hermitian metrics #£0 on Eq is given by
the set €°°(X, M4 (C")) of all smooth functions on X with values in M4 (C").

If hfl‘) on Ey is given by an element H € €°°(X, M (C")), that is,

hEO(-,)(x) = hEO(H(x)-,-), x€X,

then the Chern curvature associated with hgo is given by the following matrix of (1, 1)-forms
(see (2.9)): ) )
RE = H™'00H — H™'9H A H™'0H.

We can write the formula for ¢ (Ep, hg") in terms of the matrix H,
Eoy _ | —15 _ g-13 -1
c1(Eo.hy) = 2—Tr[H 00H —H '0H AN H "0H]
T
— —2’—a510gdetH(x) e V().
T

We equip V), with the inner product induced by hL and h go, and we denote by ﬁlf = ﬁllf’ H
the corresponding Gaussian probability measure on Vpk ,where 1 < k < r (it corresponds to the
measure v]f in Corollary 1.5). If (sl, . ,s;f) € Vk, then s; A A s],f defines a random holo-
morphic section of LP¥ @ A¥ Eq over X, where AKEg = X x AKC”. Let

Er(95) = E[Di(s).....s5)]

be the expectation current of the degeneracy set of s!, ... ,s;f defined in (1.10). Then Theo-
rem 1.2 and Corollary 1.5 hold in this setting (see also Remark 6.2). In particular, we have the
following proposition.

Proposition 7.1. In the above setting, where hgo is the Hermitian metric associated to
H € €°°(X, M (C")), the following hold.

() If sp = (Sp,1.....8p,r) € Vp, then, as p — oo, the normalized current of integration
plsp=01=p[sp1 = =spr =0

over the simultaneous zeros converges weakly almost surely to c1(L,h™)", with conver-
gence speed O(p~!log p).

(i) Ifw = c1(L,ht), then, as p — oo,

1 ey _ [T 1k

[ r—1 = r—k 1
_%(r_k)aalogdetH/\a) +0(?).

The sub-leading term (coefficient of p~') vanishes identically if det H is constant on X.
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In particular, when k = 1 and w = ¢1(L, h%), we obtain the following asymptotics for
the expectation of the currents of integration along simultaneous zeros as p — 00:

1 1
(7.3) —El[sp =0] = ?E[sp,l = =5p, =0]
i - 1
=" ———00logdet H A" ™! + 0(—)
2np p?
where s, = (Sp,1,....5p,r) € Vp.
If we assume that the function H is the constant identity matrix H = Id,, then the
random sections Sp.1, ..., Sp,r are mutually independent identically distributed Gaussian vari-

ables. Consequently, Proposition 7.1 (i) and (7.3) precisely replicate the results obtained by
Shiffman—Zelditch [34, Propositions 4.4 and 4.5] and Dinh-Sibony [21, Section 7].
Letting k = r in (7.2), we obtain

1 |- 1
(7.4) —E[D,(s},....s")] =ro— l—aalogdetH + 0(—) p —> .
p ? 2mp p?

Let det(s!, ... ,slr,) be the determinant of (s}, ... ,slr,), which is a holomorphic section of
LP" ® A" Eq (see Section 5.4). Note that A" Ey = X x C is the trivial line bundle on X . If
we equip it with the Hermitian metric /g such that | 1|,21H (x) := det H(x), then we can rewrite
(7.4) as

1 r 1
(7.5) —E[Dy(sk.....s)] = er(L” @ A" Eo, k" @ h}f?) + 0(—2).
p p
If we take H = Id,, then we are in the setting of Section 5.4, that is, s;, . ,slr, are

independent and identically distributed Gaussian variables. By (5.15) and under the assumption
that = ¢1 (L, h'), we get a special case of (7.5),

1 r r 1
—E[Dy(sh - St = — P} (wrs) = 1 (L7 ") + 0(—2),
V4 V4 V4

where the last identity is deduced from Tian’s original theorem for positive line bundles.
We conclude the paper by considering constant metrics on Ey. In this instance, we com-
pute the covariance between the components of a random vector s, = (sp.1,...,5p,r) € Vp.

Proposition 7.2. Given A = (aj¢)1<j1<r € M+(C"), we equip Eo with the Hermitian
metric hf" (u,v) := hgj" (A7 u, v). Let G, denote the Gaussian probability measure on V), in-
duced by ht and hfo. Let sp = (Sp,1.....8p,r) be a random element in V,, where each
Sp,j = Hjl.) (sp) is a random variable valued in HO(X, LP). Then, for all sufficiently large
p € N, we have the following.

(i) Each sp,; is a Gaussian random variable valued in H O(X, LP) with the same dis-
tribution as /djjsp,o (note that ajj > 0). Here sp o denotes the random element in
HOY(X, L?) with the Gaussian probability measure induced by the L?*-inner product
associated with h*.

(i1) The covariance matrix is given by
E[(sp,j’sp,ﬁ)p] =npajZ forl S]’E Srv

where n, := dim H%(X, L?).
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Proof. Let (-, )p,12nkEo0), (-, )p,L2(hF0) denote the L2-inner products on V), induced
by hEO and hEO respectively. Let A, € End V), be defined by

r r
Apsp = (L avsspoee Y )
Jj=1

j=1
with respect to the splitting (7.1). Then, for sp, s;, € Vp, we have
(7.6) (sp,s;)p’L2(h650) = (ApSp,Sl/))p,Lz(hEO).

Forj € {1,...,r},let E; P-HOX,LP ) — V) be the linear embedding that gives the j-th com-
ponent in the sphttlng (7. 1) Let {e,, K)r t— be an orthonormal basis of H O(X, LP) with respect
to the L2-inner product (-, -), induced by hL. Then we have

np
Sp,0 = Z Nkép,k»
k=1

where {1y} is a vector of independent and identically distributed standard complex Gaussian
variables (with complex variance one).

Let s, be the random element in V), equipped with the Gaussian probability measure §,
(induced by hEO) We proceed to prove (i) and (ii). Since sp,; = H (sp) is a linear transfor-
mation of a Gaussian vector, s, ; is a Gaussian random variable Valued in H(X, L?). That is,
for any v € HO(X, L?), (sp,j,v)p is a complex Gaussian variable. To determine the distribu-
tion of sp, ;, it suffices to study the Gaussian variables (sp,;, e, x)p for k = 1,...,n,. By the
definitions of hfo and Ap, we have the following identity:

(7.7) (ApEjPep’k/, ApEjp/ep’k)p,LZ(hfo) = Sprxdjrj.
Using (7.6) and the fact that A is Hermitian, we obtain

(Sp,j’ep,k)P = (Hf(sp)vep,k)p = (sp, Ejpep,k)p’Lz(th)

_ p _ p
= (Apsp, E; €p k)p,L2(hE0) = (sp, APEj €p.k)p,L2(hE0).

Therefore,
np
(7.8) Spj = Y (5ps ApEL ep 1) p, 12 (hE0yep k-
k=1

By (7.7), for afixed j € {1,...,r}, the set

2

A EP }
{\/ﬁ epkkl

forms an orthonormal set in V), with respect to the inner product (-, -)p,22(n%0). By the fact
that s, is Gaussian with respect to this inner product, we obtain that

np

1
——(sp. ApETe ,k)p,Lz(hEO)}
{«/ajj U ) k=1
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is a vector of independent and identically distributed standard complex Gaussian variables; see

[35, Lemma 2.4.2 and Theorem 2.4.3]. Thus (i) follows from the definition of s, ¢ and (7.8).
Moreover, we have
np
(Sp,j’sp,li)p = kX:(Sp’ ApEf)ep,k)p,Lz(hEO)(Spv Ap Efep,k)p,Lz(hfo)-
=1
Consequently, (7.7) and the fact that s, is Gaussian directly imply (ii). O
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