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ABSTRACT. Let X be a compact normal complex space of di-
mension 7, and L be a holomorphic line bundle on X. Suppose
3 = (Zy,...,%p) is an L-tuple of distinct irreducible proper an-
alytic subsets of X, T = (71,...,Ty) is an f-tuple of positive
real numbers, and consider the space H8(X ,L?) of global holo-
morphic sections of L? := L®? that vanish to order at least T;p
along =j, 1 < j < £. We find necessary and sufficient condi-
tions which ensure that dimHg(X,Lp) ~ p™, analogous to Ji-
Shiffman’s criterion for big line bundles. We give estimates of
the partial Bergman kernel, investigate the convergence of the
Fubini-Study currents and their potentials, and the equilibrium
distribution of normalized currents of integration along zero di-
visors of random holomorphic sections in Hg (X,LP)asp — oo.
Regularity results for the equilibrium envelope are also included.
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1. INTRODUCTION

Let (X, L) be a polarized projective manifold of dimension 1, let X be a complex
hypersurface of X, and let T be a positive real number. The study of holomorphic
sections of L” which vanish to order at least pT along X received much attention
in the past few years. The density function of this space, called partial Bergman
kernel, appears in a natural way in several contexts, and especially in Kihler ge-
ometry and pluripotential theory, linked to the notion of extremal quasiplurisub-
harmonic (qpsh) functions with poles along X (see, e.g., [Bel, RoS, PS, RWNI,
RWN2,CM3, ZZ]). One of the motivations is the notion of slope of the hyper-
surface X in the sense of Ross-Thomas [RT06] and its relation to the existence of
a constant scalar curvature Kihler metric in ¢ (L).

In this paper, we consider a compact normal complex space X of dimension
N, a holomorphic line bundle L over X, and the space Hg (X,L?) of holomorphic
sections vanishing to order at least pT; along irreducible proper analytic subsets
i c X, j=1,...,4. We study algebraic and analytic objects associated with
H8 (X,LP), especially the partial Bergman kernels, the Fubini-Study currents, and
their potentials.

We first give an analytic characterization for HY(X,LP) to be big, which
means by definition that dim HY(X,LP) ~ p™, p — oo. This criterion, stated
in terms of singular Hermitian metrics with positive curvature current in the spirit
of the Ji-Shiffman/Bonavero/Takayama criterion for big line bundles, involves a
desingularization of X where the X; become divisors.

Next, we prove that under natural hypotheses the Fubini-Study currents as-
sociated with HS(X ,L?) and their potentials converge as p — co. The limit of
the sequence of Fubini-Study potentials is the pushforward @4 of a certain equi-
librium envelope with logarithmic poles defined on a desingularization. The se-
quence of the Fubini-Study currents converge to the corresponding equilibrium
current Teq. These are analogues of Tian’s theorem [T], which applies for smooth
Hermitian metrics with positive curvature. In the context of singular Hermitian
metrics, they were introduced in [CM1, CM2]. The convergence of the Fubini-
Study currents/potentials is based on the asymptotics of the logarithm of the par-
tial Bergman kernel (see also [CM1, CM2, CMM, DMM] for results of this type
concerning the full Bergman kernel).

Returning to the case of a polarized projective manifold (X, L), Shiffman-
Zelditch [SZ] showed how Tian’s theorem can be applied to obtain the distribu-
tion of the zeros of random holomorphic sections of H(X,L?). Dinh-Sibony
[DS] used meromorphic transforms to obtain an estimate on the speed of con-
vergence of zeros to the equilibrium distribution (see also [DMS] for the non-
compact setting). Random polynomials (or more generally, holomorphic sections
in high tensor powers of a holomorphic line bundle) and the distribution of their
zeros represent a classical subject in analysis (see, e.g., [BP,ET, H, Ka]). The result
of [SZ] was generalized for singular metrics whose curvature is a Kihler current in
[CM1] and for sequences of line bundles over normal complex spaces in [CMM]
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(see also [CM2, DMM]). We show here that the equilibrium distribution of ran-
dom zeros of sections from Hg (X, LP) is the equilibrium current Teq, and we give
an estimate on the convergence speed.

1.1. Background and notation. Let X be a compact normal complex space
of dimension n. If L is a holomorphic line bundle on X, we let L? := L®F and
denote by H(X, L?) the space of global holomorphic sections of L?. Since X is
compact, the spaces H?(X, L?) are finite dimensional. Given § € H(X,L?), we
denote by [S = 0] the current of integration (with multiplicities) over the analytic
hypersurface {S = 0} ¢ X. If h is a singular Hermitian metric on L we denote by
ci1(L, h) its curvature current.

Suppose now X is a compact complex manifold. For a closed current T of
bidegree (1,1) on X, let {T} denote its class in the Dolbeault cohomology group
HU(X). If L is a holomorphic line bundle over X we denote by ¢ (L) its first
Chern class in HV1(X,Z). We have that {¢;(L,h)} = ¢i(L), for any singular
Hermitian metric h on L. The line bundle L is called big if its Kodaira-Iitaka
dimension equals the dimension of X (see [MM, Definition 2.2.5]). One has
that L is big if and only if lim SUp, .o p"dimH?(X,LP) > 0 (see Theorem
2.2.7 in [MM]). By the Ji-Shiffman/Bonavero/Takayama criterion [MM, Theo-
rem 2.3.30], L is big if and only if it admits a strictly positively curved singular
Hermitian metric h (see Section 2.1 for definitions).

Throughout the article, we denote by |7 ] the greatest integer < ¥ € R, and
we let

dc := (1/(2mi))(d - 9),

sodd¢ = (i/1) d 0.

1.2. Sections vanishing along subvarieties. We consider in this paper the
following general setting:

(A) X isacompact, irreducible, normal (reduced) complex space of dimension
N, Xpeg denotes the set of regular points of X, and Xing denotes the set of
singular points of X.

(B) L is a holomorphic line bundle on X.

(C) == (Z1,...,%p) is an £-tuple of distinct irreducible proper analytic sub-
sets of X such that 3; ¢ Xgn,, for every j € {1,...,}.

(D) T = (T1,..., Tp) is an L-tuple of positive real numbers such that T; > T,
forevery j, k € {1,...,0} with =; C 3.

Forp = 1 let Hg(X,U’) be the space of sections S € H(X, L?) that vanish
to order at least T;p along 2}, forall 1 < j < £. More precisely, let

Ti ifTtip €N,

[Tipl+1 ifTjp €N,
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for1<j<4¥, p=>1.Then,
(1.2) HY(X,LP) = HJ(X,L?,5, T)
={S e HYX,L?) : 0rd(S,%)) > tj,, 1 < j<{},

where ord(S, Z) denotes the vanishing order of S along an irreducible analytic
subset Z of X, Z ¢ Xiing.

Definition 1.1. We say that the triplet (L, X, T) is big if

. dim HJ (X, LP)
lim sup e
p—oo p

> 0.

The first problem we address in this article is the following,.

Problem 1.2. Characterize the big tripless (L, 2, T).

We first give an answer to Problem 1.2 in the case when X is a complex
manifold and X; are irreducible hypersurfaces in X. In particular, we have the
following analog of Ji-Shiffman’s criterion for big line bundles [JS, Theorem 4.6]
(see also [Bon], [MM, Theorem 2.3.30]).

Theorem 1.3. Ler X, L,3, T verify assumptions (A)—(D), and suppose that X is
smooth and dim3%; =n — 1 forall j = 1,...,4. The following are equivalent:

(i) (L,X,7) is big.

(i) There is a singular Hermitian metric h on L such that c1(L, h)— Zle T[]

is a Kibler current on X.
(iii) There exist po € N and ¢ > 0 such that dimHg(X,L’”) > cp™ for all
p = po.

Here, [%;] denotes the current of integration along ;. Recall that a Kihler
current is a positive closed current T of bidegree (1,1) such that T = ew for
some number & > 0 and some Hermitian form w on X. To find a solution to
Problem 1.2 in the general case, we first use Hironaka’s theorem on resolution of
singularities to prove the following result.

Proposition 1.4. Let X and 3 verify assumptions (A) and (C). Then, there exist
a compact complex manifold X of dimension . and a surjective holomorphic map
1 : X — X, given as the composition of finitely many blowups with smooth center,
with the following properties:

(i) There is an analytic subset Y of X so thatdimY < n—2, Y C Xjng U UJ 125,
Xng C Y, 35 C Y ifdim3; < n -2, E = w (Y) is a divisor in X that
has only normal crossings, and Tt X\E—-X\Yisa biholomorphism.

(ii) There exist (connected) smooth complex hypersurfaces 1, ..., 5 in X, which
have only normal crossings, such that (5;) = ;. Moreover, if diim3; =
n — 1 then S; is the final strict transform of =j, and if dimX; < n — 2 then
S is an irreducible component of E.
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(i) IfF — X is a holomorphic line bundle and S € HY(X,F), then
ord(S,%;) = ord(n*S,ij), forallj=1,...,4.

Definition 1.5. 1f X, ms=(E,...,5) verify the conclusions of Proposi-
tion 1.4, we say that (X, ,%) is a divisorization of (X,3).
Divisorizations are not unique. Note that if X is a manifold and X4,...,%)
are smooth hypersurfaces with normal crossings, then (X, 1d, X) is a divisorization
of (X, %), where Id is the identity map. We now give an answer to Problem 1.2 in
the general case.
Theorem 1.6. Ler X,L,3, T verify assumptions (A)—(D). The following are
equivalent:
(i) (L,X,7) is big.
(ii) For every divisorization X, m, %) of (X, X), there exists a singular Hermitian
metric h* on TT* L such that c1(1t*L,h*) — Zle Tj[ij] is a Kibler current
on X.

(i) There exist a divisorization (X, ,5) of (X,2) and a singular Hermitian
metric W* on T0* L such that c1(1t*L,h*) — Zj;l Tj[ij] is a Kibler current
on X.

(iv) There exist py € N and ¢ > 0 such that dim H)(X,L?) > cp" for all
p = po.

An interesting consequence of Theorem 1.6 is the following. Assume that
(L,Z,T) is big and all = have dimension 1 — 1. If one fixes proper analytic subsets
Z} C X; and considers the subspace V), C HY(X,L?) of sections that vanish to the
higher order (T, + 6)p along X', then it holds as well that dim V), 2 p™ for all p
large enough, provided that 6 > 0 is sufficiently small (see Corollary 3.8 for the
precise statement).

Proposition 1.4, Theorem 1.3, and Theorem 1.6 are proved in Section 3.

1.3. Equidistribution of zeros. Let X,L,3, T verify assumptions (A)—(D),
and assume in addition there exists a Kihler form w on X and that h is a singular
Hermitian metric on L. We fix a smooth Hermitian metric hy on L and write

(1.3) «:=c1(L,hg), h-= h()e_Z(p,

where @ € L1(X, w™) is called the (global) weight of h relative to ho. The metric h
is called bounded, continuous, respectively Holder continuous, if @ is a bounded,
continuous, respectively Hélder continuous, function on X.

Let H(Oz) (X,L?) = H?z) (X,LP,h?, w") be the Bergman space of L2-holomor-
phic sections in L? relative to the metric h? := h®? and the volume form w" on
X, endowed with the inner product

n

(5,8)y := JX<5,S’>W%,
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and set [|S]|7 := (S,5)p. Let
HY 5)(X,LP) = Hy 5)(X,LP, 5, T,hP, ") := H (X,LP) N H (X, LF)

be the Bergman subspace of L2-holomorphic sections in H{ (X, L?), where the
space HJ (X, L?) was defined in (1.2). We assume in the sequel that the metric h
is bounded, so

HY,) (X,LP) = H(X,LP),
H{ 5)(X,L”) = Hy(X,L").

For every p = 1 we consider the projective space

Xp := PHY 5 (X,LP), dp := dimX;, = dim H} ,, (X, L) -1,

equipped with the Fubini-Study volume o, = wl‘fg’, where by wrs we denote
the Fubini-Study Kihler form on a projective space PN. We also consider the
probability space

(o)

(Xeo, O) 1= [ [ (Xp, 0p).
p=1
The second problem we address in this article is the following.

Problem 1.7. Assume that (L,3,T) is big and the metric h is bounded. Do
zeros of sequences from (Xe, Ow) equidistribute towards a positive closed current T of
bidegree (1,1)? That is, for O«-almost every {sp}p>1 € X, do we have

1
—[sp=0]—-T asp — ,
p 14

in the weak sense of currents on X? If yes, express T in terms of W and estimate the
speed of convergence.

The bigness of (L, X, T) is a reasonable assumption, in order to ensure that
the spaces H{ (X, L) have sufficiently many sections. Let P, ¥, be the Bergman
kernel function and Fubini-Study current of Hgy(z) (X,L?), defined in (2.1) and
(2.3). Then,

(1.4) L — el h) + —ddtlogP, = & + dd @y,
14 2p
1
where @, = @ + w log Pp.

We call the function @, the global Fubini-Study potential of y,. To answer Prob-
lem 1.7, we first study the convergence of the Fubini-Study currents. We have the
following result.
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Theorem 1.8. Let X, L, X, T verify assumptions (A)—(D), and assume (L, %, T)
is big and there exists a Kihler form w on X. Let h be a continuous Hermitian metric
on L and &, @p be defined in (1.3), respectively (1.4). Then, there exists an x-psh
Sunction Qeq on X such that, asp — o,

Qp — Peq  in LN(X, 0™),

%yp =x+ddQp - Toq:= & +dd @eq weakly on X.

Moreover, if h is Hilder continuous then there exist a constant C > 0 and py € N
such that

1"%”, forall p > po.

JX |(pp - (peq|wn <C

Definition 1.9. The current Teq from Theorem 1.8 is called the equilibrium
current associated with (L, h,2, T).

Theorem 1.8 is proved in Section 5. The function @.q is constructed as fol-
lows. Let (X, ,%) be a divisorization of (X,3) as in Definition 1.5, and let
&=1"x, @ = @ o 1. We introduce in Section 4 the equilibrium envelope @cq
of (&,%,7T,p), as the largest &-psh function dominated by @ on X, and with
logarithmic poles of order T; along ij, 1 <j<¥(see (4.5), (5.5). In Theorem
4.3 we study the regularity of @.q when @ is continuous, respectively Holder con-
tinuous, and show that @4 is continuous outside a certain analytic subset of X,
respectively Hélder continuous, with singularities along that analytic subset (see
Definition 4.2). The function @4 is then constructed by pushing down @.q to
X.

Theorem 1.8 is a generalization of the following foundational result of Tian
[T] (with improvements by [Ca, R, Z1]; see also [MM, Theorem 5.1.4]): if X is a
compact Kihler manifold and (L, h) — X is a positive line bundle (with smooth
metric h), then @, — @ and (1/p)y, — c1(L, h) as p — o in the C*-topology.
If h is a singular metric whose curvature is a Kihler current, it was shown in
[CM1, Theorem 5.1] that ¢, — @ in L'(X,w™) and (1/p)y, — ci(L, h)
weakly as p — 0. On the other hand, Bloom [B1, B2] (cf. also Bloom-Levenberg
[BL]) pointed out the role of the extremal plurisubharmonic (psh) functions in
equidistribution theory for polynomials and Berman [Bel, Be2] extended this
point of view to the context of Kihler manifolds. In [DMM, Theorem 1.3] it is
shown that in the case of a polarized projective manifold (X, L) and for a Hélder
continuous weight @, we have [|@) — Qeqlle = O(pllogp) as p — 0. We also
note that the statement of Theorem 1.8 is new even in the case when X is smooth
and X = & (see Corollary 5.7).

Using Theorem 1.8, we obtain a positive answer to the above equidistribution
problem in the case when the metric h is continuous. In this formulation it can
be seen as a large deviation principle in this context.
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Theorem 1.10. Ler X,L,3, T verify assumptions (A)—(D), let h be a singular
Hermitian metric on L, and assume that (L, X, T) is big and there exists a Kiibler form
w on X. We have the following:

(i) If h is continuous then (1/p)[sp = 0] — Teq as p — o, in the weak sense

of currents on X, for Oe-almost every {sp}p>1 € Xeo.

(ii) Ifh is Holder continuous then there exists a constant ¢ > 0 with the following

property: for any sequence of positive numbers {Ap}p=1 such that

liminf/\—’” > (1+n)c,
r— logp

there exist subsets Ep C Xy such that, for all p sufficiently large, the following
hold:

(@) op(Ep) <cp™exp(—Ap/c).

(b) If'sp € Xp \ Ep we have

1 cA

for any (n — 1,n — 1)-form ¢ of class CZon X.
In particular, the last estimate holds for 0 «-almost every {Sp} p=1 € Xoo provided that
p is large enough.

The proof of Theorem 1.10 is given in Section 6. We refer to [BCM, B,
B2,BL,CM1,CM2,CM3, CMM, CMN2, DMM, DMS, DS, SZ] and to the sur-
veys [BCHM, Z2] for equidistribution results for holomorphic sections in various
contexts.

We close the introduction with the following remark concerning the spaces
and approach used in this paper. If g is a singular Hermitian metric on L with
ci(L,g) = 0, itis well known that for p sufficiently large, sections in the Bergman
space H(y (X,LP, g¥, ™) must vanish to high order at the points where the psh
weights of g have positive Lelong number. In particular, if the Lelong number
equals v along an analytic hypersurface A, then any section in H ?2) (X,LP,g¥,w")
vanishes to order at least | vp | along A. Note that

H?z) (Xle!gpl w’i’l) = HO(X,LW ® ,](gp)))

where 7(g”) is the multiplier ideal sheaf associated with g¥”. One can try to study
the dimension growth of our spaces HJ (X, L?) by constructing special metrics g
with singularities in X such that H(Oz) (X,L?,g?,w") C Hg(X, L?). The existence
of such metrics is in general unclear, and as seen in Section 4, it requires additional
hypotheses even in the simplest case of hypersurfaces. The result of Theorem 1.6
is very general, as it holds for a singular space X which is not assumed to be Kihler.
The study of Bergman spaces and their Bergman kernels does require that X be
assumed to be Kihler.



Holomorphic Sections Vanishing along Subvarieties 501

2. PRELIMINARIES

We start by recalling a few notions of pluripotential theory on analytic spaces
that will be needed throughout the paper. We then recall some basic facts about
Bergman kernels and Fubini-Study currents.

2.1. Compact complex manifolds and analytic spaces. Let X be a compact
complex manifold, and let w be a Hermitian form on X. If T is a positive closed
current on X we denote by v(T, x) the Lelong number of T at x € X (see, e.g.,
[D5]). A function @ : X — R U {—co} is called quasiplurisubharmonic (qpsh) if
it is locally the sum of a psh function and a smooth one. Let & be a smooth real
closed (1, 1)-form on X. A qpsh function @ is called &-plurisubharmonic (x-psh)
if x +dd°@ = 0 in the sense of currents. We denote by PSH(X, &) the set of
all «-psh functions on X. The Lelong number of an a-psh function @ at a point
x € X is defined by v(@, x) := v(x + dd°®, x). Note that if ¢ = u + X near
x, where u is psh and x is smooth, then v(@, x) = v(u, x).

Since in general the 0 0-lemma does not hold on X, we will consider the 9 0-
cohomology and particularly the space Hala1 (X, R) (see, e.g., [Bou]). This space is
finite dimensional, and if « is a smooth real closed (1, 1)-form on X we denote
its 0 0-cohomology class by {«} ;5. Note that if X is a compact Kihler manifold,
then by the 0 0-lemma H;’a»l(X, R) = HY1(X, R), and we write {t} 55 = {«}.

Definition 2.1. A positive closed current T of bidegree (1, 1) on X is called
a Kihler current if T > ew for some number & > 0. A class {«} ;5 is called big if
it contains a Kihler current.

Suppose that {«};; is big. By Demailly’s regularization theorem [D4], one
can find a Kihler current T € {«} ;5 with analytic singularities, that is, of the form
T=«a+dd°@ = sw, where € > 0 and @ is a qpsh function such that

N
@ = clog( > |gj|2) + X
j=1

locally on X, where ¢ > 0, x is a bounded function, and gj are holomorphic
functions, 1 < j < N. Moreover, there is a (global) proper modification o : X -
X, obtained as a sequence of blowups with smooth centers and with blowup locus
contained in the analytic subset {¢p = —oo}, such that the functions x o o are
smooth (see, e.g., [DP, Theorem 3.2]).

The non-ample locus of {«} ;5 is defined in [Bou, Definition 3.16] as the set

NAmp({a}y5) = [ {E+(T) : T € {a};5 Kihler current}
= m {E+(T) : T € {«},5 Kahler current

with analytic singularities} ,
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where E.(T) = {x € X : v(T,x) > 0}, and the second equality follows by
Demailly’s regularization theorem [D4]. Hence, NAmp({«};3) is an analytic
subset of X. The ample locus of o« is Amp({x};5) := X \ NAmp({«x};5). It
is shown in [Bou, Theorem 3.17] there exists a Kihler current T € {«};; with
analytic singularities such that E, (T) = NAmp({«};3).

Let now X be a complex space. A chart (U, t,V) on X is a triple consisting of
an open set U C X, a closed complex space V .C G ¢ CV in an open set G of CV
and a biholomorphic map ¢ : U — V (in the category of complex spaces). The map
t:U — G c CV s called a local embedding of X. We write X = Xreg U Xqing, where
Xieg and Xiing are the sets of regular and singular points of X. Recall that a reduced
complex space (X, O) is called normal if for every x € X the local ring Oy is inte-
grally closed in its quotient field My (cf. [GR2, p. 124]). Every normal complex
space is locally irreducible and locally pure-dimensional (see [GR2, p. 125]), and
Xiing is a closed complex subspace of X with codim Xjing = 2.

A continuous (respectively, smooth) function on X is a function @ : X — C
such that for every x € X there exists a local embedding ¢ : U — G ¢ CV with
x € U and a continuous (respectively, smooth) function @ : G — C such that
@ly = @ o t. A (strictly) plurisubharmonic (psh) function on X is a function
@ : X — [—co,) such that for every x € X there exists a local embedding
t:U - G c CN with x € U and a (strictly) psh function @ : G — [—o0, ) such
that @y = @ o . If @ can be chosen continuous (respectively, smooth), then @
is called a continuous (respectively, smooth) psh function. We let PSH(X) denote
the set of all psh functions on X.

Assume now that X has pure dimension n. We consider currents on X as
defined in [D2]. If DP4(X) is the space of forms with compact support, en-
dowed with the inductive limit topology, then the dual D, 4(X) of DP1(X) is
the space of currents of bidimension (p, q), or bidegree (n — p,n — q), on X. If
T € Dyp—1,n-1(X) is so that, for every x € X, there is a domain U containing x
and v € PSH(U) with T = dd“v on U, then T is positive and closed, and we say
that v is a local potential of T. A Hermitian form on X is a smooth (1, 1)-form w
such that for every point x € X there exist a local embedding t: U 5 x - G c CV
and a Hermitian form @ on G with w = (* @ on U N X;g. Note that w™/n! gives
locally an area measure on X. A Kihler form on X is a current T € Dy —1,n-1(X)
whose local potentials extend to smooth strictly psh functions in local embeddings
of X to Euclidean spaces. We call X a Kihler space if X admits a Kihler form (see
also [G, p. 346], [O, Section 5]).

The notions of qpsh and «-psh function on X, where « is a smooth real closed
(1,1)-form on X, are defined exactly as in the case when X is smooth. We denote
by PSH(X, ) the set of all x-psh functions on X. If X is compact, a function
p : X — Ris called Holder continuous if there exists a finite open cover of X by
charts (U,,V), V c G c CN, such that p|y is Holder continuous with respect to
the metric on U induced by the Euclidean distance on CV.
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If (L, h) is a singular Hermitian holomorphic line bundle over X, the curva-
ture current ¢1(L, h) of h is defined as in the case when X is smooth [D3]. If ey
is a local holomorphic frame of L on some open set U C X then |ey|p = e ¥V,
where @y € LL_(U) is called the local weight of the metric h with respect to ey,
and ¢ (L, h) |y = dd°@y. We say that h is positively curved, respectively strictly
positively curved, it ¢ (L, h) = 0, respectively ¢1(L,h) = ew for some € > 0 and
some Hermitian form w on X.

2.2. Bergman kernel functions and Fubini-Study currents. Let X be as in
(A), w be a Hermitian form on X, and (L, h) be a singular Hermitian holo-
morphic line bundle on X. Since X is compact, the space H’(X,L) is finite
dimensional. Let H(OZ)(X,L) = H(Oz) (X,L,h,w™) be the Bergman space of I2-
holomorphic sections of L relative to the metric h and the volume form w™/n!
on X, endowed with the inner product

(8,8') := JX(S,S’)h%.

Set ISI1 = ISI1} on = (S, 5).
Let V be a subspace ofH?z) (X,L),r =dimV, and Sy, ..., S, be an orthonor-
mal basis of V. The Bergman kernel function P = Py of V is defined by

21 P =D S0 |h  SiG0) |} = (Si(x),S(xX)n, x € X.
j=1

Note that this definition is independent of the choice of basis. Let U be an open
set in X such that L has a local holomorphic frame ey on U. Then, ley|n = e Y,
where @y € LIIOC(U, w™"), and S; = sjey, where s; € Ox(U). It follows that

2.2) logP|, = log( z |Sj|2> -2y,
j=1
which shows that logP € L' (X, w™).
The Kodaira map determined by V' is the meromorphic map given by
O =0y : X-P(V*), &(x)={SeV:5(x) =0}, xeX\Bs(V),
where a point in P(V*) is identified with a hyperplane through the origin in V
and Bs(V) = {x € X : S(x) =0, VS € V} is the base locus of V. We define the

Fubini-Study current y = yy of V by

(2.3) y := ®* (wrs),



504 DAN COMAN, GEORGE MARINESCU ¢ VIET-ANH NGUYEN

where wrs denotes the Fubini-Study form on P(V*). Then, y is a positive closed
current of bidegree (1, 1) on X, and if U is as above we have

1 s
o = Ladetog (3 15,).
j=1
Hence, by (2.2),
y=c(Lh)+ %ddC log P.

Let now X, L,, T verify assumptions (A)—(D) and HJ(X,L?) be the space
defined in (1.2). If h is a bounded metric on L, then

HQ(X,LP) C H},)(X,LP,h?, ™).

The Bergman kernel function P, of Hy (X, LP) is called the partial Bergman kernel
function of the space of sections that vanish to order Tp along X. It satisfies the
following variational principle:

Pp(x) = max {|S(x) |}y : S € HY(X,LP), ISIlp = 1},
where || - ||, denotes the norm given by the inner product in H?z) (X,L?, h?, ").

3. DIMENSION GROWTH OF THE SPACES H8(X,U’)

In this section, we give the proofs of Theorem 1.3, Proposition 1.4, and Theo-
rem 1.6.

3.1. Divisorization. We start by proving the existence of the divisoriza-
tion of (X,X) claimed in Proposition 1.4. We will use the following theorems of

Hironaka on resolution of singularities. For the first one we refer the reader to
[BM, Theorem 13.2].

Theorem 3.1 (Hironaka). If X is a compact, reduced complex space then there
exists a compact complex manifold X and a surjective holomorphic map o : X — X
such that o+ X\ E — Xieg 15 @ biholomorphism, where E = o} (Xsing) is a divisor
with only normal crossings. Moreover, if X is irreducible then X is connected and
dim X = dim X.

The second one is Hironaka’s embedded resolution of singularities theorem
(see, e.g., [BM, Theorems 10.7 and 1.6], [MM, Theorem 2.1.13]).

Theorem 3.2 (Hironaka). Let X be a complex manifold of dimension n, and
A C X be a compact analytic subset of X. Then, there exist a complex manifold X and

a surjective holomorphic map o : X — X, given as the composition of finitely many
blowups with smooth center, with the following properties:
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() E=07! (Aging) #s a divisor in X, ando : X \E — X\ Aging 15 a biholomor-

phism.

(i) The strict transform A" = 0~V (Arg) is smooth, and A’, E simultaneously

have only normal crossings.

IfA = AjU---UAp has irreducible components Aj, and A’ is the strict
transform of Aj, it follows from Theorem 3.2 that A are pairwise disjoint con-
nected submanifolds of X. Performing blowups of X with centers A}, for all j
with dimA; < n — 2, one obtains the following version of Theorem 3.2 (see also
[CM1, Theorem 2.1]).

Theorem 3.3. Let X be a complex manifold of dimension n, and A C X be a
compact analytic subset of X with irreducible components A, ..., Am. Then, there
exist a complex manifold X and a surjective holomorphic map o : X — X, given as the
composition of finitely many blowups with smooth center, with the following properties:

(i) IfY = Agng UULA) : dimAj < n -2} then E = o~ '(Y) is the final

exceptional divisor, o : X \ E — X \'Y is a biholomorphism, and E has only
normal crossings.
(ii) There are (connected) smooth complex hypersurfaces Ay, . .., A in X, which
have only normal crossings, such that o(A i) = Aj. Moreover, if dimA; =
n—1 then A; is the final strict transform of A}, and ifdim Aj < n—2, then
Aj is an irreducible component of E.

(i) IfF — X is a holomorphic line bundle and S € H*(X,F), then

ord(S,Aj) = ord(0*S,A;), foralj=1,...,m.

Proof- The existence of X and o with properties (i)—(ii) follows directly from
Theorem 3.2, as previously described. Property (iii) clearly holds for j with

dimAj = n — 1, since Aj = 07 1(A;j\'Y) is the final strict transform of A; and
o:X\E - X\Yisa biholomorphism. If j is such that dimAj; < n -2
and A} C X, is the strict transform of A; produced in Theorem 3.2, then
AJ- = Tr‘l(A;-'), where 1T : X — X is the blowup of X; with center A;’. Thus,
property (iii) follows easily from the local description of the blowup map r. O

Proof of Proposition 1.4. Let & : X — X be a desingularization of X as in
Theorem 3.1, let £ = 6”1(Xsing) be the exceptional divisor, and let ﬁ:j be the
strict transform of X;. Hence, ¢ : X\FE - Xieg s a biholomorphism. Since
3j ¢ Xqing we have that 3 # @ and dim2; = dim =;. Moreover, 3 is irreducible
since 3 is. Note that 3; ¢ 3 if and only if 3; ¢ 3.

We next apply Theorem 3.3 repeatedly, starting with X,31,...,3,, as fol-
lows. Let ﬁjl’"'iﬁjk be the minimal elements of {3, .. .,ﬁg} with respect to
inclusion. We apply Theorem 3.3 to X and A =3, U - - - UZ,, to obtain a map
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o1 : X; — X verifying properties (i)—(iii). Let ﬁ; be the strict transform of 3; by
o1, forje {1,...,4}\ {j1,..., jx}, and note that ﬁ; C ﬁ;( ifand onlyifﬁj c k.

We now apply Theorem 3.3 to X; and the analytic subset given by the union of
the minimal elements of

{8 j el 0\ e i)

with respect to inclusion, to obtain a map o : X, — X verifying properties
(i)—(iii). Repeating this procedure finitely many times, we resolve all of the sets
;. Finally, we apply Theorem 3.3 one more time in order to make the resulting
smooth hypersurfaces 51,...,5%, and the final exceptional divisor (including the
preimage of E) simultaneously have only normal crossings. Taking the composi-
tion of the maps 0, we obtain a compact complex manifold X and a surjective
holomorphic map o : X — X, given as the composition of finitely many blowups
with smooth center, with the following properties:

(a) There exists an analytic set ¥ ¢ E U Ule % such that dimY <

n—2, Ey := o~ 1(Y) is a divisor in X with only normal crossings, and

0:X\Ey—X\Visa biholomorphism.

(b) There exist smooth complex hypersurfaces s j C X,1 < j<4¥, which

have only normal crossings, such that oE i) = s j. Moreover, if dim s i =

n—1 then 3; is the final strict transform of 2; by o, and if dim 3; < n-2,

then £; is an irreducible component of Eo.

() IfF - Xisa holomorphic line bundle and S € HO(X,F), then

ord(S,ﬁj) = ord(O‘*S,ij), forallj=1,...,%.

We define ™ := 6 o0 : X — X, and set Y := Xing U 6 (Y). Since 6(Y) is an
analytic subset of X of dimension < n — 2, we have dimY < n — 2.

By (b), ifdimﬁj < n — 2 then ij C Ey, so ﬁj = U(ij) Cc Y and 3=
635 c oY) Y. Since ¥ c EUUL 8, we have 6(¥) € Xing U U, 55, 50
Y C Xing U Ule 3. Moreover,

EUY C 67 Xang) UG HE(Y)) = 671(Y),
GTHEW) CEUG NG\ Xing) =EU(Y\E)=EUY.

Thus, 6-1(Y) = EU Y. Let E’ be the strict transform of E by o. It is easy to see
that 0~ 1(671(Y)) = £’ U Ey. Thus, E := £’ U Ey is a divisor in X that has only
normal crossings and E = w1 (Y). Since 0 : X\Ey— X\Y,6:X\E— Xieg are
biholomorphisms and Xjing C Y, Y c 6-1(Y), we conclude that T : X\E — X\Y
is a biholomorphism, so property (i) of Proposition 1.4 is satisfied.
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Properties (ii)—(iii) of Proposition 1.4 follow easily from (b) and (c), since
n(ij) = é’(ﬁj) = X;. Further, since ﬁj is the strict transform of 3 ¢ X by 0,
we have ord(S,%;) = ord(é'*S,ﬁj), forany S € H*(X,F)and j=1,...,¢. DO

Proposition 1.4 has the following corollary which will be needed later, for the
proof of Theorem 1.6.

Corollary 3.4. Let X, L, 3, T verify assumptions (A)—(D), and let (X,1,%) bea
divisorization of (X,2). Then, Hg(X,L’”,Z, T) = HS(X, w*LP, S, T) forallp = 1.

Proof. Fix p = 1. The map 7 induces a linear map
m :H(X,L”) - H'(X,m*LP), S —m"S.

We can define a linear map ., : HO(X, w*LP) — HO(X,LP) as follows: ifS e
HOX, 07 LP), set T,.§ = S, where S := (171)* (Slg,p) € HUX \ Y, LP|x\y)
extends to a section in H9(X,L?) since X is normal and dimY < n — 2, [GR2,
p. 143]. Since 7 : X\VE—- X\Yisa biholomorphism, it follows that 1. =
(rt*)~1. Proposition 1.4 (iii) implies t* (HJ(X,L?,%,T)) ¢ HY(X,w*LP,5, T).
Moreover, if § € Hg(f(,n*lf’,i,'r) then § = m*m, S, and so ord(g,ij) =
ord(ﬂ*g,Zj), so T, S e H8(X,L’”,Z,T). Thus,

T (HY(X,LP,5, 7)) = H)(X,m*L",5, 7). m

Remark 3.5. In hypothesis (D), we make the natural assumption that T; >
Tk, for every j, k € {1,...,¢} with £; C Z. We note that Corollary 3.4 is in
fact valid for every {-tuple T of positive real numbers. Suppose that £y € Zj and
T is such that Tp < 1. Set X' = (34,...,%p_1), T = (T1,...,Ty_1), and note
that if (X, 1,%) is a divisorization of (X,3) then (X, ,S’) is a divisorization of
(X,3'), where &' = (£4,...,%,_1). Clearly, H)(X,L?,3,T) = H)(X,LP,5',T').
By Corollary 3.4, we have that Hg(X, mrLP, S T) = HS(X, wrLP, 3 T').

3.2. Proofs of Theorems 1.3 and 1.6. Theorem 1.3 will follow from The-
orem 3.6 below. Let X be a compact complex manifold of dimension n, 3; ¢ X
be irreducible complex hypersurfaces, and let T; > 0, where 1 < j < {. Let L be a
holomorphic line bundle over X and consider the following:

¢

Ep:=L" @ Q) Ox(~LT;jplS)), Vp:=H(X,Ep),
j=1
¢

Fp:= Lp®®OX(_tj,pzj); Wp = H*(X, Fp),
j=1

where tj , are defined in (1.1). Note that V) is isomorphic to the space of sec-
tions in H%(X, L?) that vanish to order | T;p | along 2;, 1 < j < ¥, while W, is
isomorphic to the space H) (X, L?) defined in (1.2). Clearly, dimW, < dimV,.
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Theorem 3.6. In the above setting, the following are equivalent:
(i) lim sup, ., P " dimV, > 0.
(i1) lim sup, ., P " dim W, > 0.

(iii) There is a singular Hermitian metric h on L such that ¢, (L, h)—Zle Ti[Z;]
is a Kéibler current on X.
(iv) There exist po € N and ¢ > 0 such that dimV,, = cp™ for all p = po.
(v) There exist py € N and ¢ > 0 such thar dimW,, = cp™ for all p = po.

Proof. Let w be a Hermitian form on X.

(i) = (ii) There exist a constant ¢ > 0 and a sequence of natural numbers py ~
such that dimV),, > cpy! forall k > 1. Let us fix k and assume that T1px & N.
Consider the short exact sequence

0 — Ep, ® Ox(=21) — Ep, — Ep |5, — 0,
which gives the exact sequence

0 — HY%X,Ep, ® Ox(-%)) — H%(X,Ep,)
—’HO(ZliEnk|zl) .

It follows that
dim H*(X, Ep,) < dimH®(X, Ep, ® Ox(-%1)) + dimH (21, Ep, |5, ).

By Siegel’s lemma applied to the analytic subset 2; (see Lemma 3.7 following this
proof), there exists a constant ¢’ > 0 such that

dimH®(3,Ep|5,) <dimH(21, L7 |g) <c'p™!, Vp=1.

Hence, dimHO(X,Epk ® Ox(-%1)) = cpy — c’p,’f‘l. If T2pik € N we repeat the
above argument working with the short exact sequence
0— Ep, ® Ox(=21) ® Ox(—2) — Ep, ® Ox(=21)
— Ep, 8 Ox(-3)) |5, — 0,

and so on. This yields (ii).

(i) = (iii) We proceed in two steps.
Step 1. Assume that X is projective. We fix a smooth ample divisor A C X and
consider, as above, the exact sequence

0 — H°X,F, ® Ox(-A)) — W, = H*(X,Fp)
— HY(A,Fp|4) — -+
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Since, by Siegel’s lemma [MM, Lemma 2.2.6],
dimH(A,F, | 4) <dimH®(A,LP|,) = O0(p™™"),

by (ii) there are ¢ > 0 and px ~ o such that dim H*(X,F,, ® Ox(—A)) = cp}.
We fix such a p = px. Since HO(X,Fp ® Ox(—A)) is nontrivial, there exists an
effective divisor D), C X such that F, ® Ox(—A) = Ox(D,). Hence,

L
LP = Ox(A) ® Ox(Dp) ® X) Ox(tjpZ)).
j=1

Let hs be a smooth positive metric on Ox(A), and let hp, (respectively, hs;) be
the metric induced on Ox (D)) (respectively, on Ox(Z;)) by the canonical section
of Ox(Dp) (respectively, of Ox (X)), so that

c1(Ox(Dyp),hp,) = [Dypl, c1(Ox(Zj),hs;) = [Z;].

We define the metric hy := ha ® hp, ® ®f:1 hg’*” on L?, and we let h = h;;/p
be the induced metric on L. Then,

¢
C1 (L,h) = %(w() + [Dp] + Z t],p[zj])’
j=1

where wo = ¢1(Ox(A), hy) is a Kihler form on X. Since t;, > Tjp we get

¢ ¢
t,
ci(Lh) — > 7,21 = 1wy + [Dp]) + > <ﬂ - Tj) (31> L e,
o 4 o\r 4

which proves (iii) in the case when X is projective.

Step 2. In the general case when X is a compact complex manifold, we have by (ii)
that lim Sup, p "dimH%(X,L?P) > 0; hence, L is a big line bundle and X is
Moishezon (see, e.g., [MM, Theorem 2.2.15]). By a theorem of Moishezon (see,
e.g., [MM, Theorem 2.2.16]), there exists a projective manifold Xanda surjective
holomorphic map o : X — X, given as the composition of finitely many blowups
with smooth center, such that o : X\E — X\Y isa biholomorphism, where Y € X
is an analytic subset with dimY < n — 2, and E = 0~1(Y) is the final exceptional
divisor. Let Z} be the strict transform of 2; by ¢, and note that if § € H(X, L?)
then 0*S € HY(X,0*L?) and ord(S,%;) = ord(0*S,%"), 1 < j < 4. It follows
that
, 0l o % ! , ) dim W,
Wp=W,:=H (X,O' I" e (X OX(—tj,ij)>, so lim sup

1 > 0.
j=1 pme

pn
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We fix a Hermitian form @ on X. Then, 0*w + @ is a Hermitian form on
X, and by Step 1 there exists a singular Hermitian metric h* on 0 * L such that

¢
(3.1 ci(c*L,h*) — ZTJ'[Z;'] >e(0*w+ D) > 0t w,
j=1

for some constant € > 0. The metric h = (0~!)*h* on L|x\y extends to a
metric on L as follows. If U is a coordinate ball centered at x € Y and ey is a
frame of L|y, then o *ey is a frame of 0 *L|s-1(1y). Let |0 *ey|p- = e~ P, where
@* € PSH(o~1(U)). The function @ = @* o0~ lispshon U Y, so it extends
to a psh function on U since dimY < n — 2, and we set |ey|p = e ?.

We have that o.c1(0*L,h*) = ¢i(L,h) on X \ Y, and hence on X by the
support theorem. Similarly, 0'*[2;.] = [Z;], and 0.0 w = w since w is a

smooth form. By (3.1) it follows that ¢; (L, h) — Zﬁ'}:l Tj[Z;] = ew, which proves
(ii).

(iif) = (iv) Let h be a singular metric on L so that R := ¢; (L, h) — Zle Ti[Zi] =
3&w, for some constant € > 0. We fix a smooth metric hg on L, set & = ¢1(L, hy),
and write h = hpe 2%, where ¢ € PSH(X, &) since ¢;(L,h) = & + dd°y = 0.
Let g be a smooth metric on Ox (X)), Ss; be the canonical section of Ox(X),
and set

I

0j:=Iss;lg;, Bj = c1(0x(£)),g;5), 0 = o — > TiBj.
j=1

By the Lelong-Poincaré formula, [2;] = Bj + dd‘logo;. Hence, R = 0 +dd‘y’,
where @' = @ — Z§=1 T;jlogoj. The function ¢’ € L1(X, w") is defined every-
where on X \ (U§=1 3;). Since R = 0 it follows that /' = u almost everywhere

on X, for some function u € PSH(X, 0), and hence everywhere on X'\ (Uj;l 25
since both (', u are gpsh there. Thus, ¢’ extends to a 0-psh function on X.

Applying Demailly’s regularization theorem [D4] to ¢/, it follows that there
exists a qpsh function @ with algebraic singularities on X—that is, a function @
as described after Definition 2.1, where ¢ € Q, such that T := 0 + dd° @ > 2¢ew.
Moreover, there is a proper modification o : X — X, obtained as a sequence
of blowups with smooth centers and with blowup locus contained in the analytic
subset {@ = — o}, such that the functions x oo are smooth. Let 0 be a Hermitian
form on X such that @ = o* w.

We take sequences {¥jx}k>=1 C Q such that rjx ~ Tj as k — o0, and we
consider the qpsh functions

¢
Yk =@+ > rjklogo;,
j=1
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with algebraic singularities in Z := {¢p = —c0} U U5=1 3;. Then,

l £
T=o+ ddc(cp + > Tj,klOgO'j> Z rix(Bj + dd¢log o)
j=1 j=1
{
+ > (rjx = T))B;
j=1
¢ ¢
=a+ddyr— D 1kl + D (rjx - Tj)Bj.
j=1 j=1
There exists a constant C > 0 such that ; < Cw for j = 1,...,£. We obtain that
l £
a+ddwr =T+ > rix[Zi1- > (rjx — Tj)B;
j=1 j=1
{

zst—C(Z Tik—Tj )wzsw,

if k is chosen sufficiently large.

With k fixed as above, we now define the singular metric hy = hoe 2% on
L, which verifies ¢1 (L, hy) = o + dd @i > ew. Let Hpy (X, LP, h}, w™") be the
space of L2 holomorphic sections of L? with respect to the metric h; on L? and
the volume form " on X. Since @ > 0*w, and since 0 : X\ o 1(Y) - X\ Y is
biholomorphic, where Y € {¢p = —oo} is an analytic subset with dimY < n -2,
it follows that

HY (X, 0*LF,0*hi,®") < H})(X,0*LF,0*h},0*w") = H{, (X, LV, h}, w").

Note that ¢1(0*L,0*hy) = €0*w. Bonavero’s singular holomorphic Morse
inequalities [Bon] (see also [MM, Theorem 2.3.18]) imply that

%

n
dim H,, (X, 0*LP, 0 * hy, @") p_‘ J c1(0*L,o*h )" +o(p™)
n. Jx\o-1(2)

ny.

Since | ¥jxp| = [ Tjp], it follows from the definition of yy that
HY) (X, LP, hy, ™) C Vp,

so (iv) holds.
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(iv) = (v) This now follows by the same argument as the one in the proof of

() = (i1).

(v) = (i) This is obvious since dim W), < dim V. O
Lemma 3.7. Let A be a compact irreducible analytic subset of a complex manifold

M, and ler k = dim A. If F is a holomorphic line bundle over A then there exists a

constant C > O depending on A,M,F, such that dim H°(A,FP) < Cpk for all
p =1

Proof. By Theorem 3.2, there are a complex manifold M and a surjective holo-
morphic map o : M — M, given as the composition of finitely many blowups with
smooth center, such that E = 0~ (Aing) is a divisor in M,0:M\E— M\ Aging
is a biholomorphism, and the strict transform A" = 0 ~1(Ag) is a connected k-
dimensional complex submanifold of M. The restriction o : A" — A is a surjective
holomorphic map and the induced map o* : H*(A,FP) — H%(A’, 0 *FP?) is in-
jective. Thus, dim H%(A, FP) < dimH(A’, 0 *F?), and the lemma follows from
Siegel’s [MM, Lemma 2.2.6] applied to A" and o *F. O

Proof of Theorem 1.6. (i) = (ii). By Corollary 3.4 we have that
HY)(X,L?,5, 1) = H)(X,m*LP,5,T), Vp=1,

and hence (m*L,3, T) is big and (ii) follows from Theorem 1.3.

(it) = (iii) This is obvious.

(iii) = (iv) By Theorem 1.3 with X, *L, %, T, there exist po € N and ¢ > 0

such that dimHg(X,Tr*L’”,i,T) > cp" for all p = py. Hence, (iv) follows by

using Corollary 3.4.

(iv) = (i) This is obvious by Definition 1.1. O
Theorem 1.6 has the following interesting corollary.

Corollary 3.8. Let X,L,X, T verify assumptions (A)—(D), and suppose that
dimSj =n—1forallj = 1,...,0. Let 5 C X be distinct irreducible proper
analytic subsets such that Z; ¢ Xiing, and let

S = (She, 20,50, 5,
T = (T1,...,Tp, T1 + 6,...,Tp + §),

where 6 > 0. If (L, =, T) is big then (L,3', T") is big for 6 > O sufficiently small.

Proof- Without loss of generality we may assume X is a complex manifold, by
first desingularizing X if necessary using Theorem 3.1 and applying Corollary 3.4
to the map o from Theorem 3.1 and the strict transforms of X, X by 0. Let w

be a Hermitian form on X.
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Let (X, 1,3’) be a divisorization of (X,3’),so 1 : X \ E — X\Yisa biholo-
morphism, where E = w7 1(Y) is the final exceptional divisor, Z;. are irreducible
components of E, and £ is the strict transform of = by 7. Let @ be a Her-
mitian form on X such that @ > m* w. By Theorem 1.6, there exists a singular
Hermitian metric h* on 1* L such that

13
T:=ci (T L,h*) = > 7[Ej] = ed0 = em* w,
-1

for some constant € > 0. As argued in the proof of Theorem 3.6 (Step 2 of the
implication (ii) => (iii)), the metric h = (11~ 1)*h* on L|x\y extends to a metric
on L. Moreover, 10, c1(Tt*L,h*) = c1(L, h), ™. [2;] = [2;], and T, TT* w0 = w.
We conclude that

13
S:=m.T=ci(Lh) - > T3] = ew.
j=1

It is well known there exists a smooth Hermitian metric g on the line bundle
O« (E) and a constant 8¢ > 0 such that @ := ™% w — (0O is a Hermitian form on
X, where © = ¢, (0% (E), g) (see, e.g., [CMM, Lemma 2.2]). If s is the canonical
section of O g (E), then by the Lelong-Poincaré formula, [E] = © + dd°€ log skl 4.

Let 6 = €8p. Then, T*S — 60 = eT* W — €690 = £@(. We introduce the
singular Hermitian metric h=|sg |§251T*h onTT*L, so

ci(t*L,h) = ¢ (T* L, w* h) + 6ddC log sk 4.

Since Z;- C Xj, we have m*[3;] = [ij] + [i;] + R;, where R; are positive closed
currents of bidegree (1, 1) supported in E. It follows that

?
TS — 60 = ci(m*L,m*h) — > 7, [2;] - S([E] — dd€ log s lg)
j=1
~ l) ~ l) —
=ci(m*Lh) - Y 181 - (T + 8)[E] - R,
j=1 j=1

where R is a positive closed current of bidegree (1, 1) supported in E. Thus,
- 4 ~ 4 —
cl(m*Lh) = > i[85 - > (1j + 8)[E] = 1" S = 60 + R = £,
j=1 j=1

and hence (L,3’, T) is big by Theorem 1.6. O
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4. ENVELOPES OF QPSH FUNCTIONS WITH POLES ALONG A DIVISOR

In this section, we define the relevant spaces of qpsh functions with poles along a
divisor and prove the regularity theorem for their upper envelopes.

Let (X, w) be a compact Hermitian manifold of dimension n, £; C X be
irreducible complex hypersurfaces, and let T; > 0, where 1 < j < £. We write
2= (%,...,2p), T = (T1,...,Ty), and we denote by dist the distance on X
induced by w.

Let o be a smooth closed real (1, 1)-form on X. We fix a smooth Hermitian
metric gj on Ox(X;), let Ss; be the canonical section of Ox(2;), 1 < j < ¥, and
set

I
(4.1) Bj = c1(0x(2)),g)), 0 = «x= D TiBj, 0j:= Iss;lg;-
j=1

We let

(4.2) LX,0,2,T) =
={y ePSHX, ) : v(y,x) =2 Tj, Vx €Zj, 1 <j<{}

be the class of «-psh functions with logarithmic poles of order T; along =;. Given
a function @ : X — R U {—co} we consider the following subclasses of qpsh
functions and their upper envelopes:

(4.3) AX,0,2,7,@)={ye LX,x,2,T): ¢ <@ on X},
(4.4) A(X,x,2,T,Q) =
l 0
= {(p' e PSH(X,0): ¢y < @ — Z Tjlogo;jon X \ U Zj},
j=1 j=1
(4.5) Peq = Peq,3,1 = sup{p : ¢ € A(X, o3, T, @)},
(4.6) Preq = Preqzr =supiy’ @' € A'(X, o, 3,7, 9)}.

The function @q defined in (4.5) is the largest &-psh function dominated by
@ and with logarithmic poles of order T; along Xj. We call @.q the equilibrium
envelope of (0,2, T, @), and Qyq the reduced equilibrium envelope of (0,2, T, ).
This is motivated by the terminology of equilibrium metric used in the case when
@ is the weight of a singular metric h = hoe 2% on a Hermitian holomorphic
line bundle (F, hg) over X (see below).

Extremal psh functions on domains in Stein manifolds with poles along sub-
varieties (also known as pluricomplex Green functions) are studied in [LS], [RaS].
In particular, pluricomplex Green functions with finitely many poles were studied
by many authors. In the context of metrics on line bundles over compact com-
plex manifolds, the above envelope method is introduced in Section 4.1 of [Bel]
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for defining equilibrium metrics with poles along a divisor. More generally, equi-
librium metrics with prescribed singularities on a line bundle are introduced and
studied in [RWN2] (see also [Da, Theorem 3]).

Our first result is concerned with some basic properties of the envelope de-
fined in (4.5) under natural, very general assumptions.

Proposition 4.1. Let X, %, T, &, 0 be as above, and let @ : X — R U {—oo} be
an upper semicontinuous function. Then, the following hold:

(i) The mappingPSH(X,0) 3 @'~y := (,U'+Z§=1 Tilogoje L(X, o2, T)
is well defined and bijective, with inverse

14
LX,0,5,T) > ¢ —~ ¢ =y - > Tjlogoj € PSH(X, 0).
Jj=1

(ii) There exists a constant C > 0 depending only on X,%,7T, &, 0 such that
supy @' <supy @ +C, forevery ' € A" (X, &, 2, T, P).

(i) AX, o2, T, Q) # @ ifand only if A’ (X, &, 2, T, Q) + B. Moreover, in
this case we have that req € A" (X, 4,2, T, ), Peq € AX, 1,2, T, @),
and

{
4.7) Peq = Preq + Z Tjlogoj onX.
j=1

(iv) If @ is bounded and there exists a bounded 0-psh function, then Qi is
bounded on X.

(v) IfPSH(X,0) + @ and @1, 1 : X — R are bounded and upper semicon-
tinuous, then

(pl,req — sup |Q91 - Q92| = (p2,req = (pl,req + sup |Q91 - ()92|
X X

holds on X. Moreover, if @1 < @3 then @1 eq < P2,req-
Proof- (i) If ¢ € PSH(X, 0) then ¢ = ¢ + ZLI Tjlogoj is qpsh and

13
o« +ddey =0+ddy + > Ti[5]=0,
j=1
so y € PSH(X, ). If x € 2 then v(y,x) = Tjv(logoj,x) = T}, and hence
Y eLlLX,&2T).
Conversely, if ¢ € L(X, 0,2, T),let T = ax+ ddy. As v(T,x) = 7j forall
x € Xj, we have by Siu’s decomposition theorem that T" = T — Zle Ti[Zj]isa
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positive closed current. Also, T' = 0 + dd°y’, where ¢' = ¢ — Zf=1 Tjlogo;.
The function ¢’ € L'(X,w™) is defined everywhere on X \ U§=1 3. Since
T’ = 0 it follows that ¢’ = u almost everywhere on X, for some function

u € PSH(X, 0), and hence everywhere on X \ Ule 3 since both ¢, u are qpsh
there. Thus, ¢ extends to a 0-psh function on X.

(ii) There exist points xx € X, coordinate neighborhoods Uy centered at xy,
and numbers ¥y > 0, 1 < k < N, such that the balls B(xy,2ry) ¢ Uk and
X = Uﬁ]:l B(xk,7k). Set ¥ = minj<k<n *k. Let px be a smooth function defined
in a neighborhood of B(xk, 27%) such that dd°pyx = 0. If ¢’ € PSH(X, 0) and
x € B(xk, k), we have by the subaverage inequality for psh functions that

|
prCe) + (0 < I [ (o)A,

B(x,r)

where A is the Lebesgue measure in coordinates. Hence, there exists a constant
C’ > 0 such that for every function ¢" € PSH(X, 0), one has

|

ThYy2n

P (x) < J YdA+C', VxeB(xgr), k=1,...,N.
B(x,r)
Ify e A (X, T1,@) and x € B(xy,*), we have

n!

¢
W,(X)S J ((I)—ZleogO'j)dA-i-C,
B(x,r) j=1

|

14
n /
sup (p+7J > tilogoj|dA+C < sup @ +C,
) T JBGen) | = | B(x,)

IA

for some constant C > 0 depending only on X, 3, T,«, 0. Hence, sup, ¢’ <
supy @ + C.

(iii) It follows immediately from (i) that the mapping

1
A X, 5 T,@) ¢ — @:i=y¢ + > Tilogoj € AX, &, 5, T, )
j=1
is well defined and bijective. By (ii), the family A’ (X, &, %, T, @) of 0-psh func-
tions is uniformly upper bounded, and hence the upper semicontinuous regular-
ization @, of @req is O-psh. Since Qreq < @ - Z§=1 Tjlogojon X\ U§=1 3;and
the latter is upper semicontinuous there, we see that (pr’gq e A" (X,,2,T,Q), so

Preq = (péq. Moreover, if ¢ € A(X, «, 3, T, @) then Y < Preq + Z§=1 Tjlogo;.
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It follows that the family A (X, , %, T, @) is uniformly upper bounded, the up-
per semicontinuous regularization @, of @¢q is o-psh, and it verifies g <
Preq + Zle Tjlogo; and Qg < @ on X, since the functions on the righthand
side are upper semicontinuous. Hence, (pe*q € AX, 0,3, T,Q), 50 QPeq = (pe*q
and (4.7) is clearly satisfied.

(iv) Since m := infy (@ — Zle Tjlogoj) > —oo, there exists a bounded 0-psh
function ¢ such that ¢' < m on X. Thus, ¢’ < @rq < supy @ + C on X.

(v) AsPSH(X, 0) # @ and @; is bounded, it follows that A" (X, &, %, T, @) + O,
J = 1,2. Then, (v) follows easily from the definition (4.6) of @rq. O

The following notion is needed for studying certain regularity properties of
the equilibrium envelopes.

Definition 4.2. A function ¢ : X — [—o0,00) is Holder with singularities
along a proper analytic subset A C X if there exist constants ¢, ¢ > 0and 0 < v <
1 such that

cdist(z,w)”
min{dist(z, A), dist(w, A)}¢’

lp(z) —Pp(w)]| < forall z,w € X\ A.

We assume now that the class {0} ;5 is big, and we let
Zy := NAmp({6};;).

By [Bou, Theorem 3.17] there exists a Kihler current Ty € {0} ;5 with analytic
singularities such that E, (Ty) = Zy. We let

(48) To =0 + ddC(,U() > W,

where € > 0 and (g is a qpsh function with analytic singularities. Thus, Zy =
{Yo = —oo}. By subtracting a constant we may assume that /o < —1 on X.
Using the methods developed in [D6] and [BD] (see also [DMN]), we prove
next the following regularity result for the functions @rq = @reqs,r defined in
(4.6), and @eq = Peq,z,r defined in (4.5).
If v = 1 then @ is said to be Lipschitz with singularities along A.
Theorem 4.3. Let (X, w) be a compact Hermitian manifold of dimension n,
3 C X be irreducible complex hypersurfaces, and let Tj > 0, where 1 < j < L. Ler &
be a smooth closed real (1,1)-form on X, and 0 be as in (4.1). Assume that the class
{0} ;5 is big, and ler Zy := NAmp({0};5). Then, the following hold:
(i) If @ : X = R is Hilder continuous then ©iq is Holder with singularities
along Zy, and Qq is Holder with singularities along %, U - - - U Zp U Zy.
(i) If @ : X — R is continuous then Qyeq is continuous on X \ Zo, and @.q is
continuous on X \ (X1 U -+ - UZp U Zy).
We will need the following lemma which follows from Lemma 2.8 in [DMN].
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Lemma 4.4. Letv,v € (0,1) and w be a subharmonic function in a neigh-
borhood of the ball B(0,3v) C R™. Suppose there exists a constant A > 0 such that
lu(x)| < A for all x € B(0,3v), and

Au(B(x,s)) < Asm=2+v

Jorall x € B(0,2v) and 0 < s < v. Then, there exists a constant C(m,v) > 0 such
that

lu(x) —u(y)l < Ix —ylY, Vx,ye€B(0,7r).

C(m,v)A
—

Proof of Theorem 4.3. (i) Assume @ is a CV function on X, and let ¢ := ¢preq.
We show that ¢ is Holder with singularities along Zy and with Holder exponent
v. Following [BD], we will regularize ¢/ using the method introduced by Demailly
in [DG].

Consider the exponential map associated with the Chern connection on the
tangent bundle TX of X. The formal holomorphic part of its Taylor expansion is
denoted by

exph: TX — X with TxX 5 € ~ exph (7).

Let x : R — [0, ) be the smooth function with support in (—co, 1] defined by

const 1
f 1
X(t) = (1_t)zexpt_1 ort <1,
0 fort =1,

where the constant const is adjusted so that JIEI x(IC1?)dLeb(T) = 1 with
<1

respect to the Lebesgue measure Leb(Z) on C" =~ T, X. We fix a constant ¢ > 0
small enough, and define

(4.9) ¥(x,t) = L W (exph (EEDX (T dLeb(@),

€lx

for (x,t) € X x [0, §p].
By [D6], there exists a constant b such that the function t — Y(x,t) + bt? is

increasing for t in [0, 8o]. Observe also that ¥ (x,0) = @(x).
Consider for ¢ > 0 and 6 € (0, d¢] the Kiselman-Legendre transform

(4.10)  @es(x):= inf (‘I’(x, t) +b(t?* — 8% + b(t - 8) —clog 5) :
te(0,6] 1)

It was shown in [BD, Lemma 1.12] and [KoN, Lemma 4.1] (see also [DiNT,
Lemma 3.1]) that @ s is qpsh and

(4.11) 0+dd°@es = —(ac +2bd)w,
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where a > 0 is a constant (see also [Kil, Ki2]).

For t := & we obtain from (4.10) that @, s5(x) < ¥(x,6). From (4.9) we
deduce that ¥ (x, 6) is an average of values of ¢ in a ball B(x, Ad) in X for some
constant A depending only on X and w. By Proposition 4.1 we have that

{
1] Smin{(p— z leogO'j,sup(p+C} <@+ f onlX,
Jj=1 X

where f := min{— Zle Tjlogoj,sup, @ —infx @ + C}. In the sequel, we denote
0(6Y) := C’6Y with constants C > 0 independent of x and 6. Since @ € CY
and f is a Lipschitz function on X, it follows that

Y(x,0) < sup (@ +f) <@(x)+ f(x)+0(5)
B(x,Ad)

l
< @(x) = > Tilogoj(x) + 0(8Y),
j=1

forall x € Xand 0 < & < 8y. Hence, Y. s < (p—Zﬁ;l Tjlogoj+0(58Y). Let o
be the 0-psh function with analytic singularities in Zy defined in (4.8). Since @ is
bounded there exists a constant C; > 0 such that g < C; + @ — Zle Tjlogo;.

Thus, o — C1 < ¢, and @ is locally bounded on X \ Zy. Consider the convex

combination
ac +2bd

ac +2béd

60 ) (IJC,(s,

where we take ¢ = 6V. We deduce from the above upper bounds for ¢ 5 and o
that

¢
E<p- > Tilogoj+0(3Y).
j=1

By (4.8) and (4.11) we have that

9+dwgzuw+2mmw—(1—ﬂi§%ﬁ>uw+zhﬂwzo,
0
and hence
2b5 2b5
W(x) +0(5) = E(x) = %wom + Pes(x) — %%c, 5),

for all x € X. Since ¢ = 6" and by Proposition 4.1 (ii), ¥(x,5) < supy @ <
supy @ + C, it follows that

ac +2béd

Yo + (Ifc,(i <=y + O((SV)-
)
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If x € X\ Zo then ¥(x,0) = @(x) > —oo, and so the increasing function
t — Y(x,t) + bt? is bounded and the infimum in the definition of W, s(x) is
reached for some t =ty 5 € (0,5]. Hence,

txs ac+ 2bé

(4.12)  Y(x,txs) + bt? < Y(x) +clog == - Wo(x) + O(8Y).

x,0 =

Using the fact that t — ¥ (x, t) + bt? is increasing, this implies that

clog%ﬁ - %Ozb‘sqjo(x) +0(5) 2 0.

Since ¢ = 6Y and Yo < —1, we infer from the above inequality there exists a
constant C; > 0 such that e©2%0™¥)§ < t, 5 < §, forall x € X\ Zy. By (4.12) and
using again that t — ¥ (x,t) + bt? is increasing, we see that

¥ (x, e §) — w(x) < [Yo(x)|0(5Y), VxeX\Z.

Since g has analytic singularities, it follows by the Lojasiewicz inequality, The-
orem 5.2.4 in [KP], that there exists a constant M > 0 such that e%o™) >
dist(x, Zp)M. Letting t = eC2¥X) § we conclude by the above estimates that
there exist constants £;, N > 0 such that

o(tY)
dist(x, Zy)N
VxeX\Zy,0<t<edistx, Zo)N.

(4.13) Y(x,t)—px) <

There exists ¥p > 0 such that every x € X has a coordinate neighborhood Uy
centered at x with B(x,3%) C Uy and so that the metric on X coincides at x
with the standard metric given by the coordinates. According to [DO6, (4.5)] (see
also [BD, (1.16)], [DMN, Theorem 2.7]), it follows from a Lelong-Jensen type
inequality that

Y(x,t)—p(x) = LJ A — O(t?),
B(x,t/4)

t2n—2
where the constants involved are independent of x € X and t € (0, 5p). Com-
bining this and (4.13), we infer that

O(th—2+V)
J AP < VxeX\Zy, 0<t<min{ry, & dist(x, Zy)N}.
B(x,t)

~ dist(x, Zog)N

Lemma 4.4 implies there exist constants C3,&; > 0 such thatif x € X \ Z
and dist(y, x) < & dist(x, Zy)"N, then

Cs ) v
l(y) —wx)| < det()’,x) .
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Since Yo — C1 < y, it follows that || < C4|logdist(+, Zy)| + C; holds on
X, for some constant C4 > 0. Assume now that x,y € X \ Zy and dist(y, x) >
& dist(x, Zy)N. Then,

lw(y) = w(x)| < (C4llogdist(x, Zo)| + C4llogdist(y, Zo)| + 2Cy)

dist(y, x)
& dist(x, Zy)N’

The previous two estimates combined show that ¢ = @ .q is Holder with singu-
larities along Zy and with Hélder exponent v. Hence, by (4.7), @¢q is Holder
with singularities along 3; U + - - U Zp U Zy and with Hélder exponent v, since
log o is Lipschitz with singularities along ;.

(i) Let {@x} be a sequence of real-valued smooth functions converging uniformly
to @ on X. By (i) and Proposition 4.1 (v), Qk,req are continuous and converge
uniformly to @rq on X \ Zy, and hence @rq is continuous on X \ Zo. O

5. CONVERGENCE OF THE GLOBAL FUBINI-STUDY POTENTIALS

In this section, we prove the convergence of the Fubini-Study potentials and cur-
rents of the space H{ (X, L?) defined in (1.2), towards @cq and the equilibrium
current Teq of (L, h, X, T), respectively (Theorem 1.8), provided X, L, X, T verify
assumptions (A)—(D), and assuming in addition there exists a Kihler form w on
X, and that h is a continuous Hermitian metric on L.

Let ho, @ be as in (1.3). Let Pp,y, be the Bergman kernel function and
Fubini-Study current of the space Hy ;) (X, L?), and let @, be the global Fubini-
Study potential of y, (see (1.4)). We fix a divisorization (X, 11,%) of (X,3) as in
Definition 1.5. Thus, there exists an analytic subset Y of X such that dimY <
n—-2, Xz CY, E = 11 (Y) is the final exceptional divisor, and 7 : X\E - X\Y
is a biholomorphism. We let ¢ be a Kihler form on X such that @ > 7m*w (see,
e.g., [CMM, Lemma 2.2]), and denote by dist the distance on X induced by @.
Set

(51) i:= TF*L, flo = TT*I’L(), & = Tr*(X=C1(i,,Ijlo),
T

We write h? = h®? and hf = hg". Corollary 3.4 implies that the map
(5.2)
S € H))(X,LP) - w*S € HY) (X, LP) := H (X, L7, 5, T, h?, 70" ™)

is an isometry. It follows that

(5.3) Pp=P,om, y, =1y,
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are the Bergman kernel function, respectively Fubini-Study current, of the space
Hg,(z) (X, LP). Note that

(5.4) Yp = &+dd°®,, where @, =@ + ﬁlogﬁp.

= =

We call the function @, the global Fubini-Study potential of y,,.
Let @cq be the equilibrium envelope of (&, 5,7, ®) defined in (4.5),

(55) (i)cq = (ﬁcq,i’-r = SU»P{QU : (1U € £(X! &!i!T)! (1U = (ﬁ on X})

where £(X, &, £, T) isdefined in (4.2). Let S, be the canonical section ofOX(ij),

and fix a smooth Hermitian metric gj on O X(S 7) such that
Oji=lss,lg; <1 onX, 1=j=<{.

Set

{
(5.6) Bj=c1(05(5)),g;), 0=&- TiB;.

j=1

Note that [Sj] = B + dd-logoj, by the Lelong-Poincaré formula.

In the above setting, we have the following theorem which shows that on X,
the global Fubini-Study potentials @, converge to the equilibrium envelope @4
of @.

Theorem 5.1. Let X, L, X, T verify assumptions (A)—(D), and assume (L, %, T)
is big and there exists a Kihler form w on X. Let h be a continuous Hermitian metric
onL, let @, @, Pp, Peq, 0 be defined in (1.3), (5.1), (5.4), (5.5) (respectively (5.6)),
andsetZ =%, U---USpU NAmp({é}). Then, the following hold:

(i) @p — Peq in L' (X, @™) and locally uniformly on X \ Z as p — oo.

(i) If @ is Hilder continuous on X, then there exist a constant C > 0 and py € N

such that, for all x € X\ Z and p > po, we have

Py (x) — Peg(x)] < %(loglﬂ + logdist(x, 2)1).

In particular, we have the convergence of the Fubini-Study currents defined in
(5.3):

Yp=&+dd°®y — Toq:= & + dd°Peq, asp — oo, weakly on X.

= =
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The proof is done by estimating the partial Bergman kernel P, from (5.3) (see
[Bel], [Be2], [CM1], [RWNZ2] for similar approaches). Let

Q¢(8) = sup{|P(x) — ()] : x, ¥ € X, dist(x,¥) < &}

be the modulus of continuity of @. We first deal with the upper estimate for
log P,,.

Proposition 5.2. In the setting of Theorem 5.1, there exists a constant C > 0
such that

1 - C
ElogP,,(X) < ;(1 —logd) + 6 + Qg (6),

forallp =1, 8 € (0,1), and x € X with dist(x,E) = 5.

Proof. By compactness, there exist constants 9 > 0, C; > 1 with the following
properties: every X € X has a contractible Stein coordinate neighborhood Uy
centered at x such that the following hold:

(i) The ball B(x,7y) C Uy and the Lebesgue measure in coordinates
satisfies dA < C; 0™/ n!.
(i) Cyllz — y| < dist(z,y) < C1lz — y| holds for z,y € B(x, 7).
(iii) L has a local holomorphic frame ex on Uy such that if |ex |flo =e ¥x
then x is a Lipschitz function with Lipschitz constant C; on Uy.
Moreover, there exists K > 0 such that

mrw"(x) = Cy dist(x, E)Xo"(x), VxeX.

Indeed, using local embeddings of X into CV we have that w 2 iZ]}]:l dzj Andzj,
so the above claim follows from the Lojasiewicz inequality.

We let 6 € (0,1) and fix x € X \ E with dist(x,E) > 6. Let v < 7o,
r < (2C)~'dist(x,E). If S € HY 5, (X,LP), [Sllp = 1, we write S = sex”,
where s € O¢(Uy). Using the subaverage inequality, we obtain the following:

2 B »
|S(x) |im - IS(x)IZe 2P (Px (x)+P(x))

| _ _ N
UCL 2p(mass e (W + )~ ()~ Px) J 1512, %"

T omnyn B(x,r) c

If y € B(x,7r), then dist(y,E) = dist(x,E) — C1v = %dist(X,E) > §/2, and
hence

0" (y) < Cidist(y,E) Xmr*w(y) < 2KC16 K w™(y).
Therefore,

&)

* n
2P (max ) (Y +3)~ s (X) =P (x)) [ |52, 0

B(x,r) n!

1S(x) [0 <
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where C; = nlm"2KC?. Since S € Hg‘(z) (X,LP) is arbitrary with ||Sll, = 1, we
infer that

1 - logC, n K
—logP,(x) < — —logr — —logé
+ max Yy — Px(X) + max @ — P(x)
B(x,r) B(x,r)
logC, n K
< 7 — ;logr — ﬁlog(S + C]T + qu(CIT).

Let M > C; be a constant such that (2M) 1 dist(x, E) < 1 for all x € X. Taking
¥ = 0/(2M) in the last estimate, we see that the conclusion holds with a constant
C=Cn,C,K,M). O

Remark 5.3. The conclusion of Proposition 5.2 holds in fact for the full
Bergman kernel of the space HY,, (X, L7, hP, T w™n).

Proposition 5.4. In the setting of Theorem 5.1, there exists a constant C > 0
such that for all p = 1 and 6 € (0, 1) the following estimate holds on X:

log 6
®ps®eq+c<6+%— 8

) +2Q4 (CH).
Proof. If p = 1 and 0 < & < 1, we have by Proposition 5.2 that

(5.7) Fy(8) := sup {ﬁ logP, (x) : x € X, dist(x,E) > 5}
< %(1 —logé) + 6 + Qp (6).

Let E5 := {x € X : dist(x,F) < 6}, and fix xo € E. There exist a coordi-
nate neighborhood Uy, centered at x¢ and a constant C; = Cj,x, > 1 with the
following properties:

(i) The polydisc A"(0,2) CUy, and Cy |z -y | <dist(z,¥) <Cilz - |
for z,y € A"™(0,2), where |z| := max;<j<n |Zj].
(i) & = ddcp on Ux,, where p is a smooth function with Lipschitz
constant C; on A™(0,2) (with respect to the norm |z| from (i)).
(i) E N A™(0,2) = (U?:f[zj =0}) N A"(0,2), forsome 1 < k < n.
Note that (iii) can be achieved since E is a divisor with only normal crossings.

Hence,
Esic, nA™(0,1) C {z € A™(0,1) : 1m'il’1k|Zj| < 0}.
<j<

Let z € Esjc, N A™(0, 1) and without loss of generality assume that

[z1] < O,...,1z1] <O, |ziz1] = 6,...,1zk] = 0.
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The function v := p + @ = p + @ + (1/(2p)) log P, is psh on Uy,. By the
maximum principle applied on

Vl = {C: (Clv---JClizl+1,---,Z1’l) : |§J| Sé’ lﬁjﬁl},

it follows that

- 0
v(z) <maxV <maxp + max® + F (—)
4V 04V 04V P C] ’

as |[C1| = -+ = |1l = O for T in the distinguished boundary 9;V;, and hence
dist(C,E) = 6/C;. Since

maxp < p(z) +2C16, max P < @(z) + Qe (2C16),
0aVi 0aVi

we conclude that
@p(2) = P(2) +2C16 + Qp(2C108) + Fp(6/C1), Vz € Eg, NnA™(0,1).

Using a finite cover of E with neighborhoods A™(0,1) C Uy, xo € E, we
infer by above that there exists a constant C" > 1 such that for all p > 1 and
0 <6 <1, we have

(5.8)  Pp(x) = P(x) +C6+Qp(C'8) +Fp (Ci) forall x € Es)c'.
Note that

Bp(x) = H(x) + ﬁlogf’p <@(x) + Fp (Cﬁ) for x € X\ Es)c',
so the estimate (5.8) holds for all x € X, p = 1, and 0 < § < 1. Since P, is

the Bergman kernel function of the space H (X,L?,5,T), it follows that @) has
Lelong number > tj,/p > Tjalong £, 1 < j < £. Therefore, by (5.5) and (5.7),

Pp < Peqg +C'6 +Qp(C'6) +Fp (g)
- , , C 1)
S @eq + (C"+1)6 +2Qp(C'6) + ; (1 —log5>,

which concludes the proof. |

We next deal with the lower bound for log P, and @;. The following form

of the L?-estimates of Hérmander/Andreotti-Vesentini for 0 is due to Demailly
[D1, Théoréme 5.1] (see also [CM1, Theorem 5.2], [CMM, Theorem 2.5]).
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Theorem 5.5. Ler M be a complete Kihler manifold of dimension n, Q be a
(not necessarily complete) Kihler form on M, X be a qpsh function on M, and (F, h)
be a singular Hermitian holomorphic line bundle on M. Assume there exist constants
A, B > 0 such that

RicQ > -2mBQ, ddx = -AQ, ci(F,h) = (1+B+ A/2)Q.
Ifg e L%’I(M,F,loc) satisfies 0g =0 andJ Iglie_XQ” < 400, then there exists
M

u € L} (M, F,loc) with ou = g andj ul2exQ" < [ glEe-xan.
M M

Since (L, %, T) is big and X is Kihler, it follows from Theorem 1.6 that the
class {0} = {é}aé is big, where 0 is defined in (5.6). By [D4] and Theorem 3.17

in [Bou], there exists a é-psh function n with analytic singularities on X such that
{n=-0}= NAmp({é}), n<-1,and 0 + dd°n > @ > gm* W

hold on X, for some constant &y > 0.
Proposition 5.6. In the setting of Theorem 5.1, there exist a constant C > 0 and
po € N such that for all p > po, the following estimate holds on X \ Z:

c 1<
pZ(i)eq+_n+_ Zlogo-l
ror5

Ao

Proof- We consider the Bergman space H?Z) (X,L», Hp, @™) of L-integrable
sections of L? with respect to the volume form @" on X and the metric H, :=
h{e=2¥» on L?, where

¢
Wy = (p = Po)Peq + PN + > (poT; + 1) log 0,
j=1
and po € N will be specified later. Since 0; < 1, n <0, and @eq < @, we have
for p = po that ¢, < (p — po) P. Moreover,

e S~
=p&+ (p — po)dd  Peq + poddn + > (pot; + D(E;] - B))
j=1
_ I B I
= (p = o) (& + dd°Peq) + po(0 +ddn) + > (potj + DIE;1- > B
j=1 j=1

= (pogo — C1) @,
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where C; > 0 is a constant such that Zj'):l Bj < Ci@. If pg is chosen large
enough (i.e., pogo — C1 = 1 + B + A/2, where A, B are as in Theorem 5.5) and
p = po, we use Theorem 5.5 for L?, with suitable weights X as in the proof of
[CM1, Theorem 5.1], to show there exists a constant C; > 0 such that for all
p = poand x € X\ Z, there exists Sy € H?z) (X,i’”,Hp,(I)") with Sy (x) # 0
and

||SX||%-I,,,<Z)" < G [ Sx(x) |%J,,-

Note that H, = h?e*r, where Fy = p® — @ = po@. Let a := ming @. Then,
Fp = apo, and since @ = 1m* w, we obtain

2 2 ~ 2
1Sl = [ 15x Fae?r @™ = Pl|Scly o g

By (4.7), we have that @eq = @req + ZLI Tjlogojon X, where Preq = (i’req,i,r is
the reduced equilibrium envelope of (&, 5,7, ) defined in (4.6). Hence,

I3

(pr = (Iﬂ - pO)(ﬁreq + pon + Z(pr + l)logO-J
j=1

is a qpsh function with Lelong numbers > p7; + 1 along £;. Since
1S ll57, @n < +eo,

this shows that ord(Sx, £;) = L T;p] + 1 = tjp, s0 Sx € H{(X,L?,£,T). More-
over, since
ezam”S"le;LP,n*w" =G |SX(X) |%ﬂ,e2FV(X),

we infer that
Pp (X) > Cile2ap0—2Fp(x)_

Note that on X we have, for some constant C3 > 0,

¢

Fp=p®—Wp =P(® — Peg) + PoPreq — Pon — . log o
j=1
I
< P(@ = Peg) + C3— pon — > log 0.
j=1

It follows there exists a constant C4 > 0 such that for all p > po,

0
1 _ . C4  po 1
5.9) —logPy = Pog— P — — + — +—§lo o
( 2p 08T = P P ngJ
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holds on X \ Z. By using (5.4) and since n < —1, (5.9) implies that

1
_ _ C4 + 1
(ppZ(peq+ p0n+_zlog0-j
p P o

holds on X \ Z for all p = po. O

Proof of Theorem 5.1. Since n, logo; are qpsh functions on X with analytic

singularities along NAmp({0}) (respectively, 3;), there exist constants N;, M; >
0,0 < j < ¥, such that

n(x) = =Nyl logdist(x, NAmp({8}))| — Mo,
logoj(x) = —Nj| logdist(x,ij)l - Mj,

for all x € X. Together with Proposition 5.6, these imply that there exist a con-
stant C1 > 0 and po € N such that if p > pg then

(5.10) Bp = Pog - %u log dist(x, 2)| + 1)

holds on X.

Since @ is continuous, we have that ¢ is continuous. Let &€ > 0 and fix
0 = 0(¢) such that C6 +2Qgy (CO) < €/2, where C is the constant from Proposi-
tion 5.4. There exists p¢ such that (C/p)(1 —logd) < &/2 for p = p¢. Hence,
by Proposition 5.4,

|
(5.11) ®p = ’eq+C<5+%— o§5>+2§2¢(C5)sq’aeq+s

holds on X for p = p¢. Note that logdist(-,Z) € L! (X, ™) (see, e.g., Lemma 5.2
in [CMN1] and its proof). Assertion (i) of Theorem 5.1 now follows from (5.10)
and (5.11).

Assume next that the function @ is Hélder continuous on X. Then, @ is
Hélder continuous on X, so Q¢ (0) < G20V for some constant C; > 0, where v
is the Hélder exponent of @. Taking § = p~!/¥ in Proposition 5.4, we see there
exists a constant C3 > 0 such that

l v l
(5.12)  @p < Peq+ C (p”" +p '+ ?}Lp’”) + 2Cz% < Peq + C3 O}%p

holds on X for p > 2.
Assertion (ii) follows immediately from (5.10) and (5.12). O
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Using Theorem 5.1 we can prove the convergence of the Fubini-Study cur-
rents and their global potentials on X.

Proof of Theorem 1.8. Let (X,11,3) be a divisorization of (X,3) as in Defini-
tion 1.5. Then, m: X \E — X\ Y isa biholomorphism, where Y O Xy, is an
analytic subset of X with dimY < n — 2 and E = mw~!(Y). By Theorem 5.1,
Pp = PpoT = Peq in LY(X, @"), where @ is a Kihler form on X such that
@ = 1* w. Recall that the functions @, @.q are &-psh on X, where & = T* .
We define @eq := @eq o T 1 on X\ Y C Xeg. Then,

5.13 J - w"=J Dy — Peg| T O"
(5.13) X\ylmp Peq X\Elcpp Peql

SJX"ﬁn_(ﬁeqm)n_’O asp — .

Since T* (X + A  Peq) = &+ AA°Peq = 0, it follows that @eq is x-psh on X'\ Y.

It remains to show that @4 extends to an x-psh function on X. Let xo € Y
and Uy, be a neighborhood of x¢ in X on which L has a local holomorphic frame
ex,> and let |ex,|n, = e 7, where p is a smooth function on Uy,. Then, dd‘p =
. Since p o T + @Peq is psh on W1 (Uy,) \ E, we infer that v := p + @q is psh
on Uy, \ Y. Hence, v extends to a psh function on Uy, since X is normal and
dimY < n -2 [GRI, Satz 4]. Therefore, @q extends to an &-psh function on X.

The second assertion of Theorem 1.8 follows at once from (5.13) and Theo-
rem 5.1 (ii), since the function logdist(-, Z) € L! (X, oM). |

We record here an immediate consequence of Theorems 1.8 and 1.10 for the
case when = = &.

Corollary 5.7. Let (X, w) be an irreducible compact normal Kihler space of di-
mension N, and let L be a big line bundle on X endowed with a continuous Hermitian
metric h. We denote by Py, the Bergman kernel function of HY(X, LF) relative to h?
and W™ [N\, and by y, the corresponding Fubini-Study current (1.4). Let hg be a
smooth metric on L, and denote by ®, the global Fubini-Study potential relative to
ho (1.4). Then, the following assertions hold:

(@) Thereis an x-psh function Qeq on X such that asp — o we have p — Peq
in LY (X, w™), (1/p)yp = Teq := x+dd° e, and (1/p)[sp = 0] — Teq,
in the weak sense of currents on X, for O -almost every {Sp}p>1 € Xe.

(b) If in addition, h is Hilder continuous, then there exist a constant C > 0 and
po € N such that |@p — @eqllLr x,wn) < C (ogp)/p forall p = po, and
the large deviation principle of Theorem 1.10 (ii) holds.

Note that if X is smooth, then @y = sup{y € PSH(X, ) : ¢ < @ on X} is
the usual upper envelope.
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6. PROOF OF THE EQUIDISTRIBUTION THEOREM 1.10

Let h, ho, @ be asin (1.3). Let Py, ¥p be the Bergman kernel function and Fubini-
Study current of the space H(()),(Z) (X,L¥), and let @, be the global Fubini-Study
potential of y, (see (1.4)). We start by proving that zero divisors of random
sections distribute like the Fubini-Study currents.

Theorem 6.1. Let X,L,X, T verify assumptions (A)—(D), let h be a bounded
singular Hermitian metric on L, and assume (L, 3, T) is big and there exists a Kihler
Jorm w on X. Then, there exists a constant ¢ > 0 with the following property. For
any sequence of positive numbers {Ap}p=1 such that

liminf 2 > (1+ nc,
p- logp
there exist subsets E,, C X, such that the following hold:
(@) op(Ep) < cp™exp(=Ap/c) holds for all p sufficiently large.
(b) Ifsp € Xp \ Ep we have

1 cA
E([Sp =0]-yp,P)| = 7p||¢||C2,

forany (n — 1,n — 1)-form ¢ of class C* on X.
In particular, the last estimate holds for 0 «-almost every {sp}p>1 € Xoo provided that
p is large enough.

Proof. We apply the Dinh-Sibony equidistribution theorem for meromorphic
transforms [DS, Theorem 4.1], as in the proof of [CMNI1, Theorem 4.2]. Our
present situation is easier as we only deal with currents of bidegree (1,1). We fix
a divisorization (X, ,3) of (X,3) as in Definition 1.5, and let @ be a Kihler
form on X. Let L,k be as in (5.1), and P,, ¥, be the Bergman kernel func-
tion and Fubini-Study current of the space H{ ) (X,LF) (see (5.3)). By (5.2),

Hg,(z) (X,LP), Hg‘(z) (X,LF) are isometric. We proceed in two steps.

Step 1. We prove here that Theorem 6.1 holds for the spaces H{) ,, (X, L?). Set

- - - d - .
Xp := PHp ) (X, L7), 0p = Wg8, (X, 0w) 1= [ [ (X, 0p),
p=1

We proceed as in [CMN1, Section 4] and consider the Kodaira maps as meromor-
phic transforms of codimension n — 1, &, : X IPH8,(2) (X,LP), with graph

I, = {(x,5) € X x PHY (X, LP) : §(x) = 0}.
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If 05, is the Dirac mass at §, € IPH(()),(Z) (X,L?), then ®;(65,) is well defined for
generic §p and @5 (5,) = [5p = 0]. Moreover, by [CMN1, Lemma 4.5] (see also
[SZ]) we have

(8 (0), ) = [ (15 = 01,140y (5,) = (T ),

where ¢ is a smooth (n — 1, — 1)-form on X. The intermediate degrees of @,
are

A(®) = J &5 (0p) A O™ = p J (B R A @,
X X

5(®y) = L a1 (i nan = @

For € > 0 let

Ene):= |J (S5eXp:[([§=0]1-9p, )| =d(@,)e}.
lpllc2=1

By [DS, Lemma 4.2 (d)], we infer, using the estimates of [CMN1, Lemma 4.6]
for a projective space, that there exist constants C1, a1, My > 0 such that

0p(Ep(€)) < Crdye@ép+Milogdy - e 5 0 p > 1.
By Siegel’s lemma d, = O(p™), so 0y (Ep(e)) < Cypheuep+Clogp for some
constant C; > 0.

We let & := Ap/p and E := E, (&p). Ifliminf,_w(Ap/logp) > 2Co/ay, it
follows that Op(Ep) < Cpe MM/2 forall p sufficiently large. Set

C = max <L, i,Cz,J_ C1 (i,fl) A (I)n_1>.
a(l+n) a; X

If liminf,_w (A, /logp) > (1 + n)c then 0, (Ep) < cp™e /¢ for all p large
enough. Moreover,

1 _ d(®,) Ay cAp
—([5, =01 —¥p, )| < —E="F » < —L .
‘p([sp I=¥p <I>>' < y p lpllc: < v leblc

holds for any §, € X, \ E, and any (n — 1,n — 1)-form ¢ of class C2 on X.
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Step 2. We complete now the proof of the theorem when X is singular. Let
¢ > 0 be the constant constructed in Step 1, let {A,} 51 be a sequence of positive
numbers such that liminf,_« (A, /logp) > (1 + n)c, and let Ep IS Xp be the
corresponding sets constructed in Step 1. We now recall by (5.2) that the map
S e Hg,(z)(X,L’”) - TT*S € Hg‘(z)(X,iV) is an isometry, and let E, = Fp(Ep),
where Fp, : X, — Xy, is the isomorphism induced by this isometry. Then, we have
0p(Ep) < cpme=v/¢ for all p sufficiently large. Note that 1.y, = y, and, if
s € Xp, then 1, [§ = 0] = [s = 0], where s = F,(5). Hence, if s, € X, \ Ep and
¢ isany (n — 1,n — 1)-form of class C? on X, we have

1 1, - N
E([szo]_YWi(b)' E([szo]_yp’n )

cCcidp

cAp
< —= "l <
p

plic2,

for some constant ¢; > 0. The last assertion of Theorem 6.1 follows as in [CMN1,
Theorem 4.2]. O

Proof of Theorem 1.10. If h is continuous, then by Theorem 1.8,
1
Eyp — Teq weakly on X, as p — co.

Moreover, by Theorem 6.1, (1/p)([s, = 0] — yp) — 0 weakly on X, for 0-
almost every {Sp}p>1 € Xo. This proves assertion (i).
Assume now h is Hélder continuous. There exists a constant C’ > 0 such
that
—C'lpllezw™ < ddP < C'llpllc2 0™,

for every real valued (n — 1,1 — 1)-form ¢ of class C> on X. Hence, the to-
tal variation of dd€¢ satisfies |[dd¢p| < C'[|Ppllc2w™ (see, e.g., [BCM]). Using
Theorem 1.8, we infer that

1 ¢ , n
‘ <;yp T, <I>> ‘ - j jX«pp ~ peg)dd qb\ <l jX Py — Pegl

, lo
<CC'liplle f,”,

for all p = po and ¢ as above. Assertion (ii) follows by combining this and
Theorem 6.1. O
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