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Abstract
Let X be a compact normal complex space of dimension n and L be a holomorphic line bundle
on X . Suppose that � = (�1, . . . , ��) is an �-tuple of distinct irreducible proper analytic
subsets of X , τ = (τ1, . . . , τ�) is an �-tuple of positive real numbers, and let H0

0 (X , L p) be
the space of holomorphic sections of L p := L⊗p that vanish to order at least τ j p along � j ,
1 ≤ j ≤ �. If Y ⊂ X is an irreducible analytic subset of dimension m, we consider the space
H0
0 (X |Y , L p) of holomorphic sections of L p|Y that extend to global holomorphic sections in

H0
0 (X , L p). Assuming that the triplet (L, �, τ) is big in the sense that dim H0

0 (X , L p) ∼ pn ,
we give a general condition on Y to ensure that dim H0

0 (X |Y , L p) ∼ pm .When L is endowed
with a continuous Hermitian metric, we show that the Fubini-Study currents of the spaces
H0
0 (X |Y , L p) converge to a certain equilibrium current on Y . We apply this to the study

of the equidistribution of zeros in Y of random holomorphic sections in H0
0 (X |Y , L p) as

p → ∞.
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1 Introduction

Let X be a compact complex manifold of dimension n. If L is a holomorphic line bundle over
X we let L p := L⊗p and denote by H0(X , L p) the space of global holomorphic sections of
L p . The line bundle L is called big if its Kodaira-Iitaka dimension is equal to the dimension
of X (see [37, Definition 2.2.5]). One has that L is big if and only if the volume of L

VolX (L) := lim sup
p→∞

n! p−n dim H0(X , L p) > 0

(see [37, Theorem 2.2.7]). By the Ji-Shiffman/Bonavero/Takayama criterion [37, Theorem
2.3.30], L is big if and only if it admits a strictly positively curved singular Hermitian metric
h (see Sect. 2.1 for definitions).

Let Y ⊂ X be a complex submanifold of dimension m. To understand “how many"
sections of L p|Y are restrictions to Y of global sections in H0(X , L p), Hisamoto considers
in [32] the space H0(X |Y , L p) := {S|Y : S ∈ H0(X , L p)} and the restricted volume

VolX |Y (L) := lim sup
p→∞

m! p−m dim H0(X |Y , L p).

He studies the asymptotics of the restricted Bergman kernels of the spaces H0(X |Y , L p)

when L is endowed with a smooth Hermitian metric h, and obtains formulas for VolX |Y (L)

in terms of the Monge-Ampère measure related to an equilibrium metric associated to h
along Y .

Let now X be a compact normal complex space of dimension n and L be a holomorphic
line bundle over X . Suppose � = (�1, . . . , ��) is an �-tuple of distinct irreducible proper
analytic subsets of X and τ = (τ1, . . . , τ�) is an �-tuple of positive real numbers. In [17]
we studied the spaces of holomorphic sections of L p that vanish to order at least τ j p along
� j for all j = 1, . . . , �. Motivated by [32], in this paper we consider in addition an analytic
subset Y ⊂ X of dimensionm and the spaces H0

0 (X |Y , L p) of sections of L p|Y which extend
to global holomorphic sections of L p on X having the above vanishing properties. We study
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algebraic and analytic objects associated to H0
0 (X |Y , L p), especially the asymptotic growth

of their dimension, and the asymptotics of their Bergman kernels, Fubini-Study currents
and potentials. We also study the equidistribution of zeros of random sequences of sections
{sp ∈ H0

0 (X |Y , L p)}p≥1, as p → ∞.
More precisely, in analogy to [17], we consider in this paper the following setting:

(A) X is a compact, irreducible, normal (reduced) complex space of dimension n, Xreg

denotes the set of regular points of X , and Xsing denotes the set of singular points of X .

(B) L is a holomorphic line bundle on X .

(C) � = (�1, . . . , ��) is an �-tuple of distinct irreducible proper analytic subsets of X
such that � j 
⊂ Xsing, for every j ∈ {1, . . . , �}. We set

�∪ =
�⋃

j=1

� j .

(D) τ = (τ1, . . . , τ�) is an �-tuple of positive real numbers such that τ j > τk , for every
j, k ∈ {1, . . . , �} with � j ⊂ �k .

(E) Y is an irreducible proper analytic subset of X of dimension m such that

Y 
⊂ Xsing ∪ �∪ ∪ A,

where A = A(L, �, τ) is the analytic subset of X defined in (3.2).

For p ≥ 1, let H0
0 (X |Y , L p) be the space of sections S ∈ H0(Y , L p|Y ) which extend to

a holomorphic section of L p on X that vanishes to order at least τ j p along � j , 1 ≤ j ≤ �.
Set

t j,p =
{

τ j p if τ j p ∈ N

�τ j p + 1 if τ j p /∈ N
, 1 ≤ j ≤ � , p ≥ 1, (1.1)

where �r denotes the greatest integer ≤ r ∈ R. Then

H0
0 (X |Y , L p) = H0

0 (X |Y , L p, �, τ) := {
S|Y : S ∈ H0

0 (X , L p)
} ⊂ H0(Y , L p|Y ), (1.2)

where

H0
0 (X , L p) = H0

0 (X , L p, �, τ) := {S ∈ H0(X , L p) : ord(S, � j ) ≥ t j,p, 1 ≤ j ≤ �} ,

(1.3)
and ord(S, Z) denotes the vanishing order of S along an irreducible analytic subset Z of X ,
Z 
⊂ Xsing.

Tomeasure the asymptotic growth of the dimension of these spaces,wedefine the restricted
volume of L relative to Y with vanishing along (�, τ) by

VolY ,�,τ (L) := lim sup
p→∞

dim H0
0 (X |Y , L p)

pm/m! . (1.4)

Note that, when Y = X , H0
0 (X |X , L p) = H0

0 (X , L p) are the spaces defined in (1.3),
which were introduced and studied in [17]. We recall from [17] the following:

Definition 1.1 We say that the triplet (L, �, τ) is big if

VolX ,�,τ (L) = lim sup
p→∞

dim H0
0 (X , L p)

pn/n! > 0.
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In [17, Theorem 1.6] we gave a complete characterization of big triplets (L, �, τ), in
analogy to the Ji-Shiffman/Bonavero/Takayama criterion for big line bundles. We recall this
characterization in Sect. 3.1. Our first main result here is the following:

Theorem 1.2 Let X , L, �, τ verify assumptions (A)-(D), and assume that (L, �, τ) is big
and X is a Kähler space. Then VolY ,�,τ (L) > 0 for any analytic subset Y ⊂ X that verifies
(E). More precisely, if Y verifies (E) then there exist constants C > 0, p0 ∈ N such that

dim H0
0 (X |Y , L p) ≥ Cpm, ∀ p > p0.

Theorem 1.2 shows that if Y verifies (E) the dimension of the restricted spaces
H0
0 (X |Y , L p) of sections of L p vanishing along (�, τ) has the largest possible asymp-

totic growth pdim Y , as soon as the dimension of the “global" spaces H0
0 (X , L p) grows like

pdim X . The proof of Theorem 1.2 is given in Sect. 3.

Our next result deals with the asymptotics of the Bergman kernel functions and Fubini-
Study currents associated to the spaces H0

0 (X |Y , L p). Let X , Y , L, �, τ verify assumptions
(A)-(E), and assume in addition that there exists a Kähler formω on X and that h is a singular
Hermitian metric on L . We fix a smooth Hermitian metric h0 on L and write

α := c1(L, h0) , h = h0e−2ϕ , (1.5)

where ϕ ∈ L1(X , ωn) is called the (global) weight of h relative to h0. The metric h is called
bounded, continuous, resp. Hölder continuous, if ϕ is a bounded, continuous, resp. Hölder
continuous, function on X .

Let H0
(2)(X , L p) = H0

(2)(X , L p, h p, ωn) be the Bergman space of L2-holomorphic sec-
tions of L p relative to the metric h p := h⊗p and the volume form ωn on X , endowed with
the inner product

(S, S′)p :=
∫

X
〈S, S′〉h p

ωn

n! ,

and set ‖S‖2p := (S, S)p .

We assume in the sequel that the metric h is bounded. Then h|Y = h0|Y e−2ϕ|Y is a well
defined singular metric on L|Y and we have

H0
0 (X |Y , L p) ⊂ H0

(2)(Y , L p|Y , h p|Y , ωm |Y ).

We use the notation

H0
0,(2)(X |Y , L p) = H0

0,(2)(X |Y , L p, �, τ, h p, ωm) := H0
0 (X |Y , L p)

when we consider the space H0
0 (X |Y , L p)with the inner product induced by h p|Y andωm |Y .

Let PY
p , γ Y

p be the Bergman kernel function and Fubini-Study current of the Bergman

space H0
0,(2)(X |Y , L p) defined in (2.4) and (2.7)–(2.8). Then

1

p
γ Y

p = c1(L, h)|Y + 1

2p
ddc log PY

p = α|Y + ddcϕY
p , where ϕY

p = ϕ|Y + 1

2p
log PY

p .

(1.6)
Here dc := 1

2π i (∂ − ∂), so ddc = i
π

∂∂ . We call the function ϕY
p the global Fubini-Study

potential of γ Y
p . We obtain here the following result on the convergence of the Fubini-Study

currents.
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Theorem 1.3 Let X , Y , L, �, τ verify assumptions (A)-(E), and assume that (L, �, τ) is big
and there exists a Kähler form ω on X. Let h be a continuous Hermitian metric on L and
α, ϕY

p be defined in (1.5),(1.6). Then there exists a weakly α|Y -plurisubharmonic function

ϕY
eq on Y such that

ϕY
p → ϕY

eq ,
1

p
γ Y

p = α|Y + ddcϕY
p → T Y

eq := α|Y + ddcϕY
eq , as p → ∞, (1.7)

in L1(Y , ωm |Y ), respectively weakly on Y . Moreover, if h is Hölder continuous then there
exist a constant C > 0 and p0 ∈ N such that

∫

Y
|ϕY

p − ϕY
eq| ωm ≤ C

log p

p
, for all p ≥ p0 . (1.8)

Definition 1.4 The current T Y
eq from Theorem 1.3 is called the equilibrium current associated

to (Y , L, h, �, τ).

Theorem 1.3 is proved in Sect. 4. The study of the Fubini-Study currents associated to
various Bergman spaces of holomorphic sections ismotivated by a foundational result of Tian
[44] (see also [37, Theorem 5.1.4]), who showed that in the case of a positive line bundle
(L, h) on a projectivemanifold X the correspondingFubini-Study forms γp/p → c1(L, h) as
p → ∞ in the C∞-topology. This result was generalized in [11, Theorem 5.1] to the case of
a singular metric h whose curvature is a Kähler current, by showing that in this case γp/p →
c1(L, h) in the weak sense of currents. It was further generalized to the case of arbitrary
sequences of line bundles on compact normalKähler spaces in [14]. The case of non-positively
curved Hermitian metrics h on big line bundles over projective manifolds was treated in [3,
4] by considering the equilibrium metric associated to h, constructed by analogy to extremal
plurisubharmonic functions. Previously, Bloom [6, 7] (cf. also Bloom-Levenberg [8]) pointed
out the role of the extremal plurisubharmonic functions in the equidistribution theory for
random polynomials. More generally, equilibrium metrics with prescribed singularities on a
line bundle are introduced and studied in [42] (see also [18, Theorem 3]).

We conclude this paper with an application of Theorem 1.3 to the study of the distribution
of zeros in Y of random sections in the spaces H0

0,(2)(X |Y , L p) as p → ∞. To this end, we
consider the projective space

X
Y
p := PH0

0,(2)(X |Y , L p), dp := dim H0
0,(2)(X |Y , L p) − 1.

We identity H0
0,(2)(X |Y , L p) ≡ C

dp+1 by using an orthonormal basis, and we let σp = ω
dp
FS

be the Fubini-Study volume on X
Y
p induced by this identification. Here and in the sequel

ωFS denotes the Fubini-Study form on a projective space PN . We also consider the product
probability space

(XY∞, σ∞) :=
∞∏

p=1

(XY
p , σp).

Theorem 1.5 Let X , Y , L, �, τ verify assumptions (A)-(E), let h be a singular Hermitian
metric on L, and assume that (L, �, τ) is big and there exists a Kähler form ω on X.

(i) If h is continuous then
1

p
[sp = 0] → T Y

eq as p → ∞, in the weak sense of currents

on Y , for σ∞-a.e. {sp}p≥1 ∈ X
Y∞ .
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(ii) If h is Hölder continuous then there exists a constant c > 0with the following property:
For any sequence of positive numbers {λp}p≥1 such that

lim inf
p→∞

λp

log p
> (1 + m)c,

there exist subsets E p ⊂ X
Y
p such that, for all p sufficiently large,

(a) σp(E p) ≤ cpm exp(−λp/c) ,
(b) if sp ∈ X

Y
p \ E p we have

∣∣∣∣

〈
1

p
[sp = 0] − T Y

eq, φ
〉∣∣∣ ≤ cλp

p
‖φ‖C 2 ,

for any (m − 1, m − 1)-form φ of class C 2 on Y .
In particular, the last estimate holds for σ∞-a.e. {sp}p≥1 ∈ X

Y∞ provided that p is large
enough.

Theorem 1.5 shows that, as soon as the triplet (L, �, τ) is big, the normalized zeros of
random holomorphic sections in H0

0 (X |Y , L p) restricted to suitable analytic subsets Y ⊂ X ,
distribute as p → ∞ to the equilibrium current T Y

eq constructed in Theorem 1.3. The proof
of Theorem 1.5 is given in Sect. 5.

If (X , L) is a polarized projective manifold Shiffman-Zelditch [43] showed how Tian’s
theorem can be applied to obtain the distribution of the zeros of random holomorphic sections
of H0(X , L p). Dinh-Sibony [29] used meromorphic transforms to obtain an estimate on the
speed of convergence of the zeros (see also [28] for the non-compact setting). The result
of [43] was generalized to the case of singular metrics in [11] and further to the case of
sequences of line bundles over normal complex spaces in [14] (see also [12, 26]). In the
latter situation, the equidistribution of zeros is considered for general classes of probability
measures on the spaces of sections in [1, 2]. The case of common zeros of random k-tuples
of sections was considered in [15, 16]

2 Preliminaries

We introduce here some notation and we recall a few notions and results that will be used
throughout the paper.

2.1 Compact complexmanifolds and analytic spaces

Let X be a compact complex manifold and ω be a Hermitian form on X . If T is a positive
closed current on X we denote by ν(T , x) the Lelong number of T at x ∈ X (see e.g.
[23]). A function ϕ : X → R ∪ {−∞} is called quasi-plurisubharmonic (quasi-psh) if it
is locally the sum of a plurisubharmonic (psh) function and smooth one. Let α be a smooth
real closed (1, 1)-form on X . A quasi-psh function ϕ is called α-plurisubharmonic (α-psh)
if α + ddcϕ ≥ 0 in the sense of currents. We denote by PSH(X , α) the set of all α-psh
functions on X . The Lelong number of an α-psh function ϕ at a point x ∈ X is defined by
ν(ϕ, x) := ν(α + ddcϕ, x).

Since in general the ∂∂-lemma does not hold on X , we consider the ∂∂-cohomology and
in particular the space H1,1

∂∂
(X ,R) (see e.g. [10]). This space is finite dimensional, and if α
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is a smooth real closed (1, 1)-form on X we denote its ∂∂-cohomology class by {α}∂∂ . If X

is Kähler then H1,1
∂∂

(X ,R) = H1,1(X ,R) and we write {α}∂∂ = {α}.
Definition 2.1 A positive closed current T of bidegree (1, 1) on X is called a Kähler current
if T ≥ εω for some ε > 0. A class {α}∂∂ is called big if it contains a Kähler current.

Definition 2.2 A quasi-psh function ϕ on X is said to have analytic singularities if there
exists a coherent ideal sheaf I ⊂ OX and c > 0 such that ϕ can be written locally as

ϕ = c

2
log

( m∑

j=1

| f j |2
) + ψ, (2.1)

where f1, . . . , fm are local generators of the ideal sheaf I and ψ is a smooth function. If
c is rational, we furthermore say that ϕ has algebraic singularities. Note that {ϕ = −∞} is
the support of the subscheme V (I ) defined by I .

Definition 2.3 A quasi-psh function ϕ on X is said to have almost analytic (resp. almost
algebraic) singularities if the following hold:

(i) {ϕ = −∞} is an analytic subset of X ,
(i i) ϕ is smooth on X \ {ϕ = −∞},
(i i i) there exists a proper modification σ : X̃ → X , obtained as a finite composition of

blow-ups with smooth center and with blow-up locus contained in {ϕ = −∞}, such that
ϕ ◦ σ has analytic (resp. algebraic) singularities on X̃ .

If A is an analytic subset of X , we say that ϕ has almost analytic (resp. almost alge-
braic) singularities in A if ϕ has almost analytic (resp. almost algebraic) singularities and
{ϕ = −∞} ⊂ A.

If L is a holomorphic line bundle on X and hL is a singular Hermitian metric on L ,
written hL = hL

0 e−2ϕ where hL
0 is smooth and ϕ is a quasi-psh function, we say that hL has

(almost) analytic (resp. algebraic) singularities if ϕ has (almost) analytic (resp. algebraic)
singularities. A current T = α + ddcϕ, where α is a smooth real closed (1, 1)-form on X
and ϕ is a quasi-psh function, is said to have (almost) analytic (resp. algebraic) singularities
if ϕ has (almost) analytic (resp. algebraic) singularities.

Suppose that {α}∂∂ is big. By Demailly’s regularization theorem [22] (see also [25, The-
orem 3.2]), one can find a Kähler current T ∈ {α}∂∂ with almost algebraic singularities. The
non-Kähler locus of {α}∂∂ is defined in [10, Definition 3.16] as the set

EnK
({α}∂∂

) =
⋂ {

E+(T ) : T ∈ {α}∂∂ Kähler current
}
, (2.2)

where E+(T ) = {x ∈ X : ν(T , x) > 0}. Then, by Demailly’s regularization theorem [22],

EnK
({α}

∂∂

) =
⋂ {

E+(T ) : T ∈ {α}
∂∂

Kähler current with almost algebraic singularities
}
,

hence EnK
({α}∂∂

)
is an analytic subset of X . It is shown in [10, Theorem 3.17] that there

exists a Kähler current T ∈ {α}∂∂ with almost algebraic singularities such that

E+(T ) = EnK
({α}∂∂

)
.

Let now X be a complex space. We write X = Xreg ∪ Xsing, where Xreg and Xsing are the
sets of regular and singular points of X . We denote by PSH(X) the set of all psh functions
on X , and by PSH(X , α) the set of all α-psh functions on X , where α is a smooth real closed
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(1, 1)-form on X (see e.g. [14, 17] for the definitions). If X has pure dimension n, we consider
currents on X as defined in [20]. We denote by [Z ] the current of integration along a pure
dimensional analytic subset Z ⊂ X . If T is a current of bidegree (1, 1) on X so that every
x ∈ X has a neighborhood U such that T = ddcv on U for some v ∈ PSH(U ), then T is
positive and closed, and we say that v is a local potential of T . A Kähler form on X is a
current T as above whose local potentials v extend to smooth strictly psh functions in local
embeddings of X to Euclidean spaces. We call X a Kähler space if X admits a Kähler form
(see also [30, p. 346], [38, Section 5]). Hermitian forms on X are defined in a similar way
by means of local embeddings (see e.g. [14, 17]).

A function u : X → [−∞,+∞) is called weakly psh, resp. weakly α-psh, if it is psh,
resp. α-psh, on Xreg and it is locally upper bounded on X . If u is weakly psh, resp. weakly
α-psh, then u is locally integrable on X and ddcu ≥ 0, resp. α + ddcu ≥ 0, in the sense of
currents on X (see [20, Theorem 1.10]). When X is compact, a function ρ : X → R is called
Hölder continuous if, locally, it is Hölder continuous with respect to the metric induced by
the Euclidean distance by means of a local embedding of X into C

N .
If (L, h) is a singular Hermitian holomorphic line bundle over X , the curvature current

c1(L, h) of h is defined as in the case when X is smooth (see [14], [21]). We say that h is
positively curved, resp. strictly positively curved, if c1(L, h) ≥ 0, resp. c1(L, h) ≥ εω for
some ε > 0 and some Hermitian form ω on X .

2.2 Bergman kernel functions and Fubini-Study currents

Let X be as in (A), Y be as in (E), ω be a Hermitian form and (L, h) be a singular Hermitian
holomorphic line bundle on X such that the metric h is bounded. Since X is compact, the
space H0(X , L) is finite dimensional. The metric h induces by restriction a singular metric
h|Y on L|Y and we have c1(L|Y , h|Y ) = c1(L, h)|Y .

Let H0
(2)(Y , L) = H0

(2)(Y , L|Y , h|Y , ωm |Y ) be the Bergman space of L2-holomorphic
sections of L|Y relative to the metric h|Y and the volume form ωm/m! on Y , endowed with
the inner product

(S, S′) :=
∫

Y
〈S, S′〉h

ωm

m! . (2.3)

Let V be a subspace of H0
(2)(Y , L), r = dim V , and S1, . . . , Sr be an orthonormal basis

of V . The Bergman kernel function P = PV of V is defined by

P(x) =
r∑

j=1

|S j (x)|2h, |S j (x)|2h := 〈S j (x), S j (x)〉h, x ∈ Y . (2.4)

Note that this definition is independent of the choice of basis. Let U be an open set in Y
such that L has a local holomorphic frame eU on U . Then |eU |h = e−ϕU , S j = s j eU , where
ϕU ∈ L∞(U ), s j ∈ OY (U ). It follows that

log P |U = log
( r∑

j=1

|s j |2
)

− 2ϕU , (2.5)

which shows that log P ∈ L1(Y , ωm |Y ).
The Kodaira map determined by V is the meromorphic map given by

� = �V : Y ��� P(V �) , �(x) = {S ∈ V : S(x) = 0}, x ∈ Y \ Bs(V ), (2.6)
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where a point in P(V �) is identified with a hyperplane through the origin in V and Bs(V ) =
{x ∈ Y : S(x) = 0, ∀ S ∈ V } is the base locus of V . We define the Fubini-Study current
γ = γV of V by

γ := ��(ωFS), (2.7)

where ωFS denotes the Fubini-Study form on P(V �). Then γ is a positive closed current of
bidegree (1, 1) on Y , and if U is as above we have

γ |U = 1

2
ddc log

( r∑

j=1

|s j |2
)
. (2.8)

Hence by (2.5),

γ = c1(L, h)|Y + 1

2
ddc log P. (2.9)

Let now X , Y , L, �, τ verify assumptions (A)-(E) and H0
0 (X |Y , L p) be the space defined

in (1.2). Sinceh is a boundedmetric on L wehave H0
0 (X |Y , L p) ⊂ H0

(2)(Y , L p|Y , h p|Y , ωm |Y ).

The Bergman kernel function PY
p and Fubini-Study current γ Y

p of H0
0 (X |Y , L p) are called

the restricted partial Bergman kernel function, resp. restricted partial Fubini-Study current,
of the space of sections that vanish to order τ p along �. We have the following variational
principle:

PY
p (x) = max

{
|S(x)|2h p : S ∈ H0

0 (X |Y , L p), ‖S‖Y
p = 1

}
, x ∈ Y , (2.10)

where ‖·‖Y
p denotes the norm given by the inner product in H0

(2)(Y , L p|Y , h p|Y , ωm |Y ).

2.3 L2-extension theorem for vector bundles

We will need the following variant of the Ohsawa-Takegoshi-Manivel L2 extension theorem
[36, 40] due to Hisamoto [32, Theorem 1.4] (see also [24, 34, 39])

Theorem 2.4 Let X be a projective manifold, Y ⊂ X a complex submanifold, ω a Kähler
form on X, and let E → X be a holomorphic vector bundle with a smooth Hermitian metric
hE . Then there exist positive constants N = N (Y , X , hE , ω), C = C(Y , X), such that the
following holds:

Let L → X be a holomorphic line bundle with a singular Hermitian metric hL e−2ϕ such
that its curvature satisfies c1(L, hL)+ddcϕ ≥ Nω. Then for any section s ∈ H0(Y , E ⊗ L)

with
∫

Y |s|2e−2ϕdVω,Y < ∞, there exists a section s̃ ∈ H0(X , E ⊗ L) such that s̃|Y = s
and

∫

X
|̃s|2e−2ϕdVω,X ≤ C

∫

Y
|s|2e−2ϕdVω,Y ,

where |s| denotes the norm of s relative to the smooth metric hE ⊗ hL .

3 Dimension of restricted spaces of sections vanishing along
subvarieties

We start by recalling here the characterization of big triplets (see Definition 1.1) by means
of divisorizations that was obtained in [17]. We then prove Theorem 1.2.
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3.1 Big triplets and divisorizations

The characterization of big triplets (L, �, τ) relies on the following consequence of Hiron-
aka’s theorem on resolution of singularities:

Proposition 3.1 [17, Proposition 1.4] Let X and � verify assumptions (A) and (C). Then
there exist a compact complex manifold X̃ of dimension n and a surjective holomorphic map
π : X̃ → X, given as the composition of finitely many blow-ups with smooth center, with the
following properties:

(i) There exists an analytic subset Xπ ⊂ X such that dim Xπ ≤ n − 2, Xπ ⊂ Xsing ∪�∪,
Xsing ⊂ Xπ , � j ⊂ Xπ if dim� j ≤ n − 2, Eπ = π−1(Xπ ) is a divisor in X̃ that has only
normal crossings, and π : X̃ \ Eπ → X \ Xπ is a biholomorphism.

(ii) There exist (connected) smooth complex hypersurfaces �̃1, . . . , �̃� in X̃ , which have
only normal crossings, such that π(�̃ j ) = � j . Moreover, if dim� j = n − 1 then �̃ j is the
final strict transform of � j , and if dim� j ≤ n − 2 then �̃ j is an irreducible component of
Eπ .

(iii) If F → X is a holomorphic line bundle and S ∈ H0(X , F) then ord(S, � j ) =
ord(π�S, �̃ j ), for all j = 1, . . . , �.

Definition 3.2 [17, Definition 1.5] If X̃ , π , �̃ := (�̃1, . . . , �̃�), verify the conclusions of
Proposition 3.1, we say that (X̃ , π, �̃) is a divisorization of (X , �).

The following analog of Ji-Shiffman’s criterion for big line bundles [33, Theorem 4.6]
(see also [9], [37, Theorem 2.3.30]) was obtained in [17, Theorem 1.6]:

Theorem 3.3 Let X , L, �, τ verify assumptions (A)-(D). The following are equivalent:
(i) (L, �, τ) is big;
(ii) For every divisorization (X̃ , π, �̃) of (X , �), there exists a singular Hermitian metric

h� on π�L such that c1(π�L, h�) − ∑�
j=1 τ j [�̃ j ] is a Kähler current on X̃ (see Definition

2.1);
(iii) There exist a divisorization (X̃ , π, �̃) of (X , �) and a singular Hermitian metric h�

on π�L such that c1(π�L, h�) − ∑�
j=1 τ j [�̃ j ] is a Kähler current on X̃;

(iv) There exist p0 ∈ N and c > 0 such that dim H0
0 (X , L p) ≥ cpn for all p ≥ p0.

Given a triplet (L, �, τ) and a divisorization (X̃ , π, �̃) of (X , �), we consider the coho-
mology class

�π = �π,L,�,τ := c1(π
�L) −

�∑

j=1

τ j {�̃ j }∂∂ , (3.1)

where c1(π�L) is the first Chern class of π�L and {�̃ j }∂∂ ∈ H1,1
∂∂

(X̃ ,R) is the class of the

current of integration along �̃ j . We have the following simple lemma whose proof is left to
the interested reader.

Lemma 3.4 In the above setting, the following are equivalent:
(i) There exists a singular Hermitian metric h� on π�L such that c1(π�L, h�) −∑�
j=1 τ j [�̃ j ] is a Kähler current on X̃;

(ii) The class �π ∈ H1,1
∂∂

(X̃ ,R) is big.
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3.2 Non-Kähler loci and blow-ups

We will need certain results regarding the non-Kähler locus of big cohomology classes. The
proofs are included for the convenience of the reader.

Lemma 3.5 Let (X , ω) be a compact Hermitian manifold and {α}∂∂ ∈ H1,1
∂∂

(X ,R) be a big
cohomology class. Then there exists ε > 0 such that if η is a smooth real closed (1, 1)-form
on X with η ≥ −εω then {α + η}∂∂ is big and EnK

({α + η}∂∂

) ⊂ EnK
({α}∂∂

)
.

Proof Let T ∈ {α}∂∂ be a Kähler current such that E+(T ) = EnK
({α}∂∂

)
and T ≥ δω

for some δ > 0. If ε < δ and η ≥ −εω then T + η ∈ {α + η}∂∂ is a Kähler current and
EnK

({α + η}∂∂

) ⊂ E+(T + η) = E+(T ). ��

Lemma 3.6 Let (X , ω) be a compact Hermitian manifold and σ : X̃ → X be a finite
composition of blow-ups with smooth center with final exceptional divisor E. If {α}∂∂ ∈
H1,1

∂∂
(X ,R) is a big cohomology class then σ�{α}∂∂ ∈ H1,1

∂∂
(X̃ ,R) is big and

EnK
(
σ�{α}∂∂

) ⊂ σ−1(EnK
({α}∂∂

)) ∪ E .

Proof It is well known that there exist a > 0 and a Hermitian metric h on the line bundle
OX̃ (E) determined by E such that ω̃ := σ�ω − aη is a Hermitian form on X̃ , where η =
c1(OX̃ (E), h) (see e.g. [14, Lemma 2.2]). Let s be the canonical section of OX̃ (E). Then, by
the Lelong-Poincaré formula, [E] = η + ddc log |s|h .

We fix a Kähler current T ∈ {α}∂∂ such that E+(T ) = EnK
({α}∂∂

)
and T ≥ δω for some

δ > 0. Then T̃ := σ�T − δaη ≥ δω̃ is a Kähler current on X̃ . We have

S := σ�T + δa ddc log |s|h = T̃ + δa[E] ≥ δω̃.

So S ∈ σ�{α}∂∂ is a Kähler current. Note that σ : X̃ \ E → X \ Z is a biholomorphism,
where Z is a analytic subset of X of codimension ≥ 2 such that E = σ−1(Z). Since Lelong
numbers are biholomorphically invariant and the function log |s|h is smooth on X̃ \ E , we
infer that E+(S) ⊂ σ−1(E+(T )) ∪ E . ��

3.3 Bonavero’s Morse inequalities

Bonavero’s singular holomorphic Morse inequalities [9] have the following consequence
which will be needed in the proof of Theorem 1.2.

Proposition 3.7 Let (L, h) be a singular Hermitian holomorphic line bundle over a compact
Hermitian manifold (X , ω) of dimension n, such that h has almost algebraic singularities in
an analytic subset A ⊂ X and c1(L, h) ≥ εω on X, where ε > 0. If Y ⊂ X is a (connected)
complex submanifold of dimension m such that Y 
⊂ A, we have as p → ∞ that

dim H0
(2)(Y , L p|Y , h p|Y , ωm |Y ) ≥ pm

m!
∫

Y\A
c1(L, h)m + o(pm) ≥ εm pm

m!
∫

Y
ωm + o(pm).

Proof Note that h defines a singular Hermitian metric h|Y on L|Y , since Y 
⊂ A. Let σ :
X̃ → X be a proper modification as in Definition 2.3 such that the metric h̃ := σ�h on
L̃ := σ�L has algebraic singularities. Fix a Hermitian form ω̃ on X̃ such that ω̃ ≥ σ�ω,
and let Ỹ be the strict transform of Y under σ . Then Ỹ is a complex submanifold of X̃ of
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dimension m. Since Ỹ 
⊂ σ−1(A) we see that h̃ induces a singular metric h̃|Ỹ on L̃|Ỹ which
has algebraic singularities. Moreover,

H0
(2)(Y , L p|Y , h p|Y , ωm |Y ) ∼= H0

(2)(Ỹ , L̃ p|Ỹ , h̃ p|Ỹ , σ �ωm |Ỹ ) ⊃ H0
(2)(Ỹ , L̃ p|Ỹ , h̃ p|Ỹ , ω̃m |Ỹ ).

If Z ⊂ A is the blow-up locus of σ then σ : X̃ \ E → X \ Z is a biholomorphism,
where E = σ−1(Z) is the final exceptional divisor. Thus σ : Ỹ \ σ−1(A) → Y \ A is a
biholomorphism. Note that on Ỹ \ σ−1(A), h̃|Ỹ is smooth and c1

(
L̃|Ỹ , h̃|Ỹ

) ≥ σ�ω > 0.
Therefore, by [9] we have as p → ∞ that

dim H0
(2)(Ỹ , L̃ p|Ỹ , h̃ p|Ỹ , ω̃m |Ỹ ) ≥ pm

m!
∫

Ỹ\σ−1(A)

c1
(
L̃|Ỹ , h̃|Ỹ

)m + o(pm)

= pm

m!
∫

Y\A
c1(L, h)m + o(pm).

��

3.4 Proof of Theorem 1.2

Let us start by introducing the analytic subset A ⊂ X from hypothesis (E). We set

A = A(L, �, τ) :=
⋂ {

π
(
EnK

(
�π

)) : (X̃ , π, �̃) is a divisorization of (X , �)
}
. (3.2)

Here �π ∈ H1,1
∂∂

(X̃ ,R) is defined in (3.1) and it is a big class by Theorem 3.3, since the
triplet (L, �, τ) is big.

Condition (E) implies that we can fix a divisorization (X̃ , π, �̃) of (X , �) such that

Y 
⊂ Xsing ∪ �∪ ∪ π
(
EnK

(
�π

))
. (3.3)

We have that π : X̃ \ Eπ → X \ Xπ is a biholomorphism (see Proposition 3.1). Let Ỹ be
the final strict transform of Y , and set L̃ := π�L , �̃∪ := ⋃�

j=1 �̃ j .

Lemma 3.8 There exists a compact complex manifold X̂ of dimension n and a surjective
holomorphic map π̃ : X̂ → X̃ , given as the composition of finitely many blow-ups with
smooth center, such that π̃ : X̂ \ Ê → X̃ \ Z̃ is a biholomorphism, where Z̃ ⊂ X̃ is
an analytic subset of dimension ≤ n − 2 and Ê = π̃−1(Z̃) is the final exceptional divisor.
Moreover, the strict transform Ŷ of Ỹ is a (connected) complex submanifold of X̂ of dimension
m, and Ŷ , Êπ , Ê have simultaneously only normal crossings, where Êπ denotes the union
of the strict transforms under π̃ of the irreducible components of Eπ .

Proof WeapplyHironaka’s theoremon the embedded resolution of singularities [5, Theorems
10.7 and 1.6] to Ỹ ∪ Eπ ⊂ X̃ . ��

Set

L̂ = π̃ � L̃, �̂ = (�̂1, . . . , �̂�), �̂∪ :=
�⋃

j=1

�̂ j ,

where �̂ j is the strict transform of �̃ j under π̃ . By [17, Corollary 3.4] we have

H0
0 (X , L p, �, τ) ∼= H0

0 (X̃ , L̃ p, �̃, τ ) ∼= H0
0 (X̂ , L̂ p, �̂, τ ), for all p ≥ 1. (3.4)
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Lemma 3.9 H0
0 (X |Y , L p, �, τ) ∼= H0

0 (X̃ |Ỹ , L̃ p, �̃, τ ) ∼= H0
0 (X̂ |Ŷ , L̂ p, �̂, τ ), for all

p ≥ 1.

Proof The linear map π� : H0(X , L p) → H0(X̃ , L̃ p), S → π�S, is bijective with inverse
π� : H0(X̃ , L̃ p) → H0(X , L p) defined as follows: if S̃ ∈ H0(X̃ , L̃ p), set π� S̃ = S, where
S := (π−1)�(S̃|X̃\Eπ

) ∈ H0(X\Xπ , L p|X\Xπ ) extends to a section in H0(X , L p) since X

is normal and dim Xπ ≤ n − 2 [31, p. 143]. By [17, Corollary 3.4], π� : H0
0 (X , L p) →

H0
0 (X̃ , L̃ p) is an isomorphism. We define a linear map F : H0

0 (X |Y , L p) → H0
0 (X̃ |Ỹ , L̃ p)

as follows: if s ∈ H0
0 (X |Y , L p) then s = S|Y for some S ∈ H0

0 (X , L p), and we set
F(s) = π�S|Ỹ . It is easy to see that F is well defined and bijective. In a similar manner we
show that H0

0 (X̃ |Ỹ , L̃ p) ∼= H0
0 (X̂ |Ŷ , L̂ p). ��

Proof of Theorem 1.2 We use the notation and set-up introduced above, so π(Ỹ ) = Y ,
π(�̃ j ) = � j , π̃(Ŷ ) = Ỹ , π̃(�̂ j ) = �̃ j . Let ω̂ be a Hermitian form on X̂ . Since Y ver-
ifies (3.3) it follows that Ỹ 
⊂ EnK

(
�π

) ∪ �̃∪, hence Ŷ 
⊂ π̃−1
(
EnK

(
�π

)) ∪ �̂∪. By
Lemma 3.6 we have that the class π̃ ��π ∈ H1,1

∂∂
(X̂ ,R) is big and

Ŷ 
⊂ EnK
(
π̃ ��π

) ∪ �̂∪. (3.5)

Let now

�̂ := c1(L̂) −
�∑

j=1

τ j {�̂ j }∂∂ ∈ H1,1
∂∂

(X̂ ,R), (3.6)

where c1(L̂) is the first Chern class of L̂ and {�̂ j }∂∂ ∈ H1,1
∂∂

(X̂ ,R) is the class of the current

of integration along �̂ j . Using (3.1) we infer that �̂ = π̃ ��π + {R}∂∂ , for some positive
closed current R of bidegree (1, 1) supported in Ê . This implies that �̂ is a big class and

EnK
(
�̂

) ⊂ EnK
(
π̃ ��π

) ∪ Ê . (3.7)

Indeed, if T ∈ π̃ ��π is a Kähler current with E+(T ) = EnK
(
π̃ ��π

)
then T + R ∈ �̂ is a

Kähler current and E+(T + R) ⊂ E+(T ) ∪ Ê . By using (3.5) it follows that

Ŷ 
⊂ EnK
(
�̂

) ∪ �̂∪. (3.8)

Consider the class

�̂r := c1(L̂) −
�∑

j=1

r j {�̂ j }∂∂ = �̂ +
�∑

j=1

(τ j − r j ){�̂ j }∂∂ , r j ∈ Q, r j > τ j . (3.9)

By Lemma 3.5 we have that �̂r is big and EnK
(
�̂r

) ⊂ EnK
(
�̂

)
if r j − τ j is small enough.

Hence by (3.8),
Ŷ 
⊂ EnK

(
�̂r

) ∪ �̂∪. (3.10)

By Demailly’s regularization theorem [22] (see also [25, Theorem 3.2]) and by [10, The-
orem 3.17] there exists a Kähler current T̂ ∈ �̂r with almost algebraic singularities such
that E+(T̂ ) = EnK

(
�̂r

)
. Then T̂ + ∑�

j=1 r j [�̂ j ] ∈ c1(L̂), so there exists a singular metric

ĥ on L̂ such that c1(L̂, ĥ) = T̂ + ∑�
j=1 r j [�̂ j ]. Since T̂ has almost algebraic singularities

and r j > 0 are rational, it follows easily that the metric ĥ has almost algebraic singularities
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contained in EnK
(
�̂r

) ∪ �̂∪. Moreover we have c1(L̂, ĥ) ≥ T̂ ≥ εω̂, for some ε > 0.
Thanks to (3.10) we can apply Proposition 3.7 to obtain, as p → ∞,

dim H0
(2)(Ŷ , L̂ p|Ŷ , ĥ p|Ŷ , ω̂m |Ŷ ) ≥ εm pm

m!
∫

Ŷ
ω̂m + o(pm). (3.11)

Since X is a Kähler space it follows that X̂ is a Kähler manifold (see e.g. [14, Lemma
2.2]). Moreover, (3.4) implies that the line bundle L̂ is big, as (L, �, τ) is a big triplet. Hence
X̂ is a projective manifold. By Theorem 2.4, if p is sufficiently large, every section s ∈
H0

(2)(Ŷ , L̂ p|Ŷ , ĥ p|Ŷ , ω̂m |Ŷ ) extends to a section S ∈ H0
(2)(X̂ , L̂ p, ĥ p, ω̂n). Since c1(L̂, ĥ) ≥

r j [�̂ j ] the metric ĥ has a global quasi-psh weight with Lelong number ≥ r j along �̂ j . Thus
S must vanish to order �r j p on �̂ j , 1 ≤ j ≤ �. As r j > τ j we have �r j p > τ j p for all
p sufficiently large, so S ∈ H0

0 (X̂ , L̂ p, �̂, τ ). It follows that H0
(2)(Ŷ , L̂ p|Ŷ , ĥ p|Ŷ , ω̂m |Ŷ ) ⊂

H0
0 (X̂ |Ŷ , L̂ p, �̂, τ ), and the proof of Theorem 1.2 is concluded by (3.11) and Lemma 3.9. ��

Remark 3.10 In the setting of Theorem 1.2 assume in addition that Y ∩ �∪ = ∅. Since the
triplet (L, �, τ) is big it follows that L is big. By [32] we have that VolX |Y (L) > 0 when
X , Y are smooth. Theorem 1.2 actually shows that VolY ,�,τ (L) > 0, i. e. the dimension of
the space of sections of L p|Y that extend to X and vanish at least to order pτ on �, grows
like pdim Y .

An important special situation is the onewhen X is smooth and� j are analytic hypersurfaces.
We recall the characterization of big triplets in this case, which follows from [17, Theorem
1.3] and Lemma 3.4.

Theorem 3.11 Let X , L, �, τ verify (A)-(D) and assume that X is smooth and dim� j =
n − 1, 1 ≤ j ≤ �. The following are equivalent:

(i) (L, �, τ) is big;
(ii) The class � = �L,�,τ := c1(L) − ∑�

j=1 τ j {� j }∂∂ ∈ H1,1
∂∂

(X ,R) is big.

As above, {� j }∂∂ is the class of the current of integration [� j ]. In this case the exceptional
set A from (3.2) can be described more precisely:

Proposition 3.12 In the setting of Theorem 3.11, if (L, �, τ) is big then A ⊂ EnK (�)∪�∪.
Hence Theorem 1.2 holds for any Y that verifies the assumption

(E*) Y is an irreducible proper analytic subset of X of dimension m such that Y 
⊂ EnK (�)∪
�∪.

Proof Let (X̃ , π, �̃) be a divisorization of (X , �). We apply (3.7) to π : X̃ → X , � and the
class �π from (3.1). Using Lemma 3.6 we infer that

EnK
(
�π

) ⊂ EnK
(
π��

) ∪ Eπ ⊂ π−1(EnK (�)
) ∪ Eπ .

By Proposition 3.1, π(Eπ ) = Xπ ⊂ �∪, hence π
(
EnK

(
�π

)) ⊂ EnK (�) ∪ �∪. ��
We conclude this section with a simple example that illustrates Theorem 1.2.

Example 3.13 Let X = P
n , τ j > 0, and � j be irreducible analytic hypersurfaces in X

of degree d j , where 1 ≤ j ≤ �. Let L = O(d), where d >
∑�

j=1 τ j d j . Then c1(L) −
∑�

j=1 τ j {� j } is a Kähler class, so the triplet (L, �, τ) is big by Theorem 3.11. Moreover,

H0
0 (X , L p) is given by the space of homogeneous polynomials of degree dp inC[z0, . . . , zn]
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which are divisible by
∏�

j=1 P
t j,p
j , where Pj is an irreducible polynomial of degree d j such

that � j = {Pj = 0}. Let now Y ⊂ X be an irreducible analytic subset of dimension m such
that Y 
⊂ �∪, i.e. Y verifies (E*). By Theorem 1.2 we have that the space H0

0 (X |Y , L p) of
restrictions of polynomials in H0

0 (X , L p) to Y verifies dim H0
0 (X |Y , L p) ≥ Cpm for all p

sufficiently large.

4 Convergence of the Fubini-Study potentials

In this section we introduce a certain restricted extremal quasi-psh function with poles along
a divisor, which will be used to define the equilibrium potential and current from Theorem
1.3. We refer to [35, 41] for similar constructions in the case of psh Green functions with
poles along analytic sets. In the absence of the poles our envelope coincideswith the restricted
equilibrium weight introduced by Hisamoto [32, Definition 3.1]. We then proceed with the
proof of Theorem 1.3.

4.1 Envelopes of quasi-psh functions with poles along a divisor

Let (X , ω) be a compact Hermitian manifold of dimension n, Y ⊂ X be a complex subman-
ifold of dimension m, � j ⊂ X be irreducible complex hypersurfaces, and let τ j > 0, where
1 ≤ j ≤ �. Assume that

Y 
⊂ �∪ :=
�⋃

j=1

� j .

We write � = (�1, . . . , ��), τ = (τ1, . . . , τ�), and let dist be the distance on X induced by
ω.

Let α be a smooth real closed (1, 1)-form on X . We fix a smooth Hermitian metric g j on
OX (� j ), let s� j be the canonical section of OX (� j ), 1 ≤ j ≤ �, and set

β j = c1(OX (� j ), g j ) , θ = α −
�∑

j=1

τ jβ j , σ j := |s� j |g j . (4.1)

As in [17, (4.2)] we consider the class

L(X , α,�, τ) = {ψ ∈ PSH(X , α) : ν(ψ, x) ≥ τ j , ∀ x ∈ � j , 1 ≤ j ≤ �} (4.2)

of α-psh functions with logarithmic poles of order τ j along � j . Given a function ϕ : Y →
R ∪ {−∞} we introduce the following subclasses of quasi-psh functions and their upper
envelopes:

A(X |Y , α,�, τ, ϕ) = {ψ ∈ L(X , α,�, τ) : ψ ≤ ϕ on Y }, (4.3)

A′(X |Y , α,�, τ, ϕ) =
{
ψ ′ ∈ PSH(X , θ) : ψ ′ ≤ ϕ −

�∑

j=1

τ j log σ j on Y \ �∪}
, (4.4)

ϕY
eq(x) = ϕY

eq,�,τ (x) = sup{ψ(x) : ψ ∈ A(X |Y , α,�, τ, ϕ)}, x ∈ Y , (4.5)

ϕY
req(x) = ϕY

req,�,τ (x) = sup{ψ ′(x) : ψ ′ ∈ A′(X |Y , α,�, τ, ϕ)}, x ∈ Y . (4.6)
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We call ϕY
eq the equilibrium envelope of (α, Y , �, τ, ϕ), and ϕY

req the reduced equilibrium
envelope of (α, Y , �, τ, ϕ). Note that when Y = X these coincide with the equilibrium
envelopes ϕeq, ϕreq defined in [17, Section 4]. However, when Y 
= X it is possible that
ϕeq = ϕreq = +∞ on X \ Y . The following result is concerned with some basic properties
of these envelopes. Its proof is very similar to that of [17, Proposition 4.1], so we omit it.

Proposition 4.1 Let X , Y , �, τ, α, θ be as above, and let ϕ : Y → R ∪ {−∞} be an upper
semicontinuous function. Then the following hold:

(i) The mapping PSH(X , θ) � ψ ′ �→ ψ := ψ ′ + ∑�
j=1 τ j log σ j ∈ L(X , α,�, τ) is

well defined and bijective, with inverse L(X , α,�, τ) � ψ �→ ψ ′ := ψ − ∑�
j=1 τ j log σ j ∈

PSH(X , θ).
(ii) There exists a constant C > 0 depending only on X , Y , �, τ, α, θ such that supY ψ ′ ≤

supY ϕ + C, for every ψ ′ ∈ A′(X |Y , α,�, τ, ϕ).
(iii) A(X |Y , α,�, τ, ϕ) 
= ∅ if and only if A′(X |Y , α,�, τ, ϕ) 
= ∅. Moreover, in this

case we have that (ϕY
eq)

� ∈ P SH(Y , α|Y ) and (ϕY
req)

� ∈ P SH(Y , θ |Y ), where the upper
semicontinuous regularization is taken along Y , and

ϕY
eq = ϕY

req +
�∑

j=1

τ j log σ j on Y . (4.7)

(iv) If ϕ is bounded and there exists a bounded θ -psh function on X, then ϕY
req is bounded.

(v) If PSH(X , θ) 
= ∅ and ϕ1, ϕ2 : Y → R are bounded and upper semicontinuous, then

ϕY
1,req − sup

Y
|ϕ1 − ϕ2| ≤ ϕY

2,req ≤ ϕY
1,req + sup

Y
|ϕ1 − ϕ2|

holds on Y . Moreover, if ϕ1 ≤ ϕ2 then ϕY
1,req ≤ ϕY

2,req.

It is worth noting that we may obtain a regularity of ϕY
eq in terms of ϕ using the technique

developed in [27] and [17].

4.2 Proof of Theorem 1.3

Let X , Y , L, �, τ verify assumptions (A)-(E), and assume in addition that there exists a
Kähler form ω on X and that h is a continuous Hermitian metric on L . Let h0, ϕ be as in
(1.5). Let PY

p , γ Y
p be the Bergman kernel function and Fubini-Study current of the space

H0
0,(2)(X |Y , L p), and let ϕY

p be the global Fubini-Study potential of γ Y
p (see (1.6)).

We use the set-up and notation introduced in Sect. 3.4. Namely, (X̃ , π, �̃) is a divisoriza-
tion of (X , �) such that (3.3) holds, and π̃ : X̂ → X̃ is a resolution of singularities as in
Lemma 3.8.

Lemma 4.2 Let π̂ := π◦π̃ : X̂ → X and Z := Xπ ∪π(Z̃). Then Z ⊂ X is an analytic subset
of dimension ≤ n − 2, π̂−1(Z) = Êπ ∪ Ê , π̂ : X̂\(Êπ ∪ Ê) → X\Z is a biholomorphism,
and π̂ �ω > 0 on X̂ \ (Êπ ∪ Ê).

Proof Note that π(Z̃) ⊂ X is an analytic subset of dimension ≤ n −2, by Remmert’s proper
mapping theorem. We have that π−1(Z) = Eπ ∪ Z̃ , so π̂−1(Z) = π̃−1(Eπ ∪ Z̃) = Êπ ∪ Ê ,
and the lemma follows. ��
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Let ω̂ be a Kähler form on X̂ such that ω̂ ≥ π̂ �ω (see e.g. [14, Lemma 2.2]) and denote
by dist the distance on X̂ induced by ω̂. Set

L̂ := π̂ �L , ĥ0 := π̂ �h0 , α̂ := π̂ �α = c1(L̂, ĥ0) , ϕ̂ := ϕ ◦ π̂ , ĥ := π̂ �h = ĥ0e−2ϕ̂ .

(4.8)
We write ĥ p = ĥ⊗p and ĥ p

0 = ĥ⊗p
0 . Lemma 3.9 implies that the map

S ∈ H0
0,(2)(X |Y , L p) → π̂ �S ∈ H0

0,(2)(X̂ |Ŷ , L̂ p) = H0
0,(2)(X̂ |Ŷ , L̂ p, �̂, τ, ĥ p, π̂�ωm)

(4.9)
is an isometry. It follows that

P̂ Ŷ
p = PY

p ◦ π̂ , γ̂ Ŷ
p = π̂ �γ Y

p (4.10)

are the Bergman kernel function, resp. Fubini-Study current, of the space H0
0,(2)(X̂ |Ŷ , L̂ p).

Note that π̂(Ŷ ) = Y and

1

p
γ̂ Ŷ

p = α̂|Ŷ + ddcϕ̂Ŷ
p , where ϕ̂Ŷ

p = ϕ̂|Ŷ + 1

2p
log P̂ Ŷ

p = ϕY
p ◦ π̂ . (4.11)

Let ϕ̂Ŷ
eq be the equilibrium envelope of (̂α, Ŷ , �̂, τ, ϕ̂) defined in (4.5),

ϕ̂Ŷ
eq(x) = sup{ψ(x) : ψ ∈ L(X̂ , α̂, �̂, τ ), ψ ≤ ϕ̂ on Ŷ }, x ∈ Ŷ , (4.12)

where L(X̂ , α̂, �̂, τ ) is defined in (4.2). Let s�̂ j
be the canonical section of OX̂ (�̂ j ) and fix

a smooth Hermitian metric g j on OX̂ (�̂ j ) such that

σ j := |s�̂ j
|g j < 1 on X̂ , 1 ≤ j ≤ �. (4.13)

Set

β j = c1(OX̂ (�̂ j ), g j ) , θ̂ = α̂ −
�∑

j=1

τ jβ j . (4.14)

Note that [�̂ j ] = β j + ddc log σ j , by the Lelong-Poincaré formula. Moreover {θ̂} = �̂,
where �̂ is the big class defined in (3.6). In this setting, we first prove the convergence of the
global Fubini-Study potentials on Ŷ .

Theorem 4.3 Let X , Y , L, �, τ verify assumptions (A)-(E), and assume that (L, �, τ) is big
and there exists a Kähler form ω on X. Let h be a continuous Hermitian metric on L, let ϕ, ϕ̂,
ϕ̂Ŷ

p , ϕ̂Ŷ
eq, θ̂ be defined in (1.5), (4.8), (4.11), (4.12), resp. (4.14), and set Ẑ := EnK

({θ̂})∪�̂∪.
Then the following hold:
(i) ϕ̂Ŷ

p → (
ϕ̂Ŷ
eq

)�
in L1(Ŷ , ω̂m |Ŷ ) and locally uniformly on Ŷ \ Ẑ as p → ∞.

(ii) If ϕ is Hölder continuous on Y then there exist a constant C > 0 and p0 ∈ N such that
for all y ∈ Ŷ \ Ẑ and p ≥ p0 we have

∣∣ϕ̂Ŷ
p (y) − (

ϕ̂Ŷ
eq

)�
(y)

∣∣ ≤ C

p

(
log p + ∣∣ log dist(y, Ẑ)

∣∣).

The proof is done by estimating the partial Bergman kernel P̂ Ŷ
p from (4.10) as in [17, Theorem

5.1] (see also [3], [4], [11], [42] for similar approaches). Let

�ϕ̂(δ) = sup
{|ϕ̂(x) − ϕ̂(y)| : x, y ∈ Ŷ , dist(x, y) < δ

}

be the modulus of continuity of ϕ̂.
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Proposition 4.4 In the setting of Theorem 4.3, there exists a constant C > 0 such that for all
p ≥ 1 and δ ∈ (0, 1) the following estimate holds on Ŷ :

ϕ̂Ŷ
p ≤ ϕ̂Ŷ

eq + C
(
δ + 1

p
− log δ

p

)
+ 2�ϕ̂(Cδ).

Proof We proceed along the same lines as in the proof of [17, Proposition 5.4], working with
Ŷ instead of X̂ . Using Lemma 4.2 and following the proof of [17, Proposition 5.2] we can
show that there exists a constant C > 0 such that

Fp(δ) := sup
{ 1

2p
log P̂ Ŷ

p (y) : y ∈ Ŷ , dist(y, Êπ ∪ Ê) ≥ δ
}

≤ C

p
(1−log δ)+δ+�ϕ̂(δ) ,

(4.15)
for p ≥ 1 and 0 < δ < 1.

By Lemma 3.8, Ŷ , Êπ , Ê have simultaneously only normal crossings. So Êπ ∩ Ŷ , Ê ∩ Ŷ
are divisors in Ŷ that have simultaneously only normal crossings. Therefore the argument
from the proof of [17, Proposition 5.4] goes through without changes and shows that there
exists a constant C ′ > 0 such that for all y ∈ Ŷ , p ≥ 1 and 0 < δ < 1 we have

ϕ̂Ŷ
p (y) ≤ ϕ̂(y) + C ′δ + �ϕ̂(C ′δ) + Fp(δ/C ′). (4.16)

Recall that the sections in H0
0,(2)(X̂ |Ŷ , L̂ p) are restrictions to Ŷ of sections in

H0
0 (X̂ , L̂ p, �̂, τ ). Therefore we infer from (4.11) that the function ϕ̂Ŷ

p is the restriction

to Ŷ of an α̂-psh function v on X̂ with Lelong number ≥ t j,p/p ≥ τ j along �̂ j , 1 ≤ j ≤ �.
So v ∈ L(X̂ , α̂, �̂, τ ), and by (4.16) and (4.12)

ϕ̂Ŷ
p ≤ ϕ̂Ŷ

eq + C ′δ + �ϕ̂(C ′δ) + Fp(δ/C ′).

The proof is concluded by applying (4.15). ��
We now obtain a lower bound on log P̂ Ŷ

p and ϕ̂Ŷ
p . Recall that {θ̂} = �̂ is a big class, where

θ̂ is defined in (4.14) and �̂ in (3.6).

Lemma 4.5 There exists a θ̂ -psh function η with almost algebraic singularities on X̂ such
that

{η = −∞} = EnK
({θ̂}) , η ≤ −1 , θ̂ + ddcη ≥ ε0ω̂ ≥ ε0π̂

�ω (4.17)

hold on X̂ , for some constant ε0 > 0. Moreover, there exist constants N0, M0 > 0 such that

η(x) ≥ −N0
∣∣ log dist

(
x, EnK

({θ̂}))∣∣ − M0, x ∈ X̂ . (4.18)

Proof The existence of η satisfying (4.17) follows directly from [10, Theorem 3.17] and
Demailly’s regularization theorem [22, 25]. Moreover, by [22, Proposition 3.7] η has locally
the form η = c log

( ∑∞
j=1 | f j |2

) + ψ , where c > 0 is rational, f j are holomorphic func-
tions, and ψ is a bounded function. Since the ring of germs of holomorphic functions is
Noetherian there exists k such that locally EnK

({θ̂}) = { f1 = . . . = fk = 0}. Thus
η ≥ c log

( ∑k
j=1 | f j |2

) + c′, and (4.18) follows from the Łojasiewicz inequality. ��
Proposition 4.6 In the setting of Theorem 4.3, there exist a constant C > 0 and p0 ∈ N such
that for all p ≥ p0 the following estimate holds on Ŷ \ Ẑ :

ϕ̂Ŷ
p ≥ (

ϕ̂Ŷ
eq

)� + C

p
η + 1

p

�∑

j=1

log σ j > −∞.
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Proof Using Choquet’s lemma, we can find an increasing sequence of functions {ψk}k≥1 ⊂
A(X̂ |Ŷ , α̂, �̂, τ, ϕ̂) such that ψk ↗ (

ϕ̂Ŷ
eq

)� a.e. on Ŷ . Let

ρ := η +
�∑

j=1

τ j log σ j ∈ L(X̂ , α̂, �̂, τ ) ∩ C∞(X̂ \ Ẑ), (4.19)

where η is the function from Lemma 4.5. Then

α̂ + ddcρ = θ̂ + ddcη +
�∑

j=1

τ j [�̂ j ] ≥ ε0ω̂. (4.20)

Since ϕ̂ is bounded there exists a ∈ R such that ρ ≤ ϕ̂ + a on X̂ . Replacing ψk by
max{ψk, ρ − a} we obtain a sequence

ψk ∈ A(X̂ |Ŷ , α̂, �̂, τ, ϕ̂), ψk ≥ ρ − a on X̂ , ψk ↗ (
ϕ̂Ŷ
eq

)� a.e. on Ŷ . (4.21)

Consider the Bergman space H0
(2)(X̂ , L̂ p, Hp,k, ω̂

n), where themetric Hp,k on L̂ p is given
by

Hp,k := ĥ p
0 e−2ψp,k , ψp,k = (p − p0)ψk + p0ρ +

�∑

j=1

log σ j , (4.22)

and p0 ∈ N will be specified later. We have that ψp,k ∈ L∞
loc(X̂ \ Ẑ), and ψp,k ≤ pϕ̂ + p0a

on Ŷ since σ j < 1. Moreover, by (4.20) and since α̂ + ddcψk ≥ 0 we obtain

c1(L̂ p, Hp,k) = (p − p0)(̂α + ddcψk) + p0 (̂α + ddcρ) +
�∑

j=1

([�̂ j ] − β j ) ≥ (p0ε0 − C1)ω̂

for every k ≥ 1, whereC1 > 0 is a constant such that
∑�

j=1 β j ≤ C1ω̂. By (3.8), the singular

metric Hp,k |Ŷ on L̂|Ŷ is well defined and c1(L̂ p|Ŷ , Hp,k |Ŷ ) ≥ (p0ε0 − C1)ω̂|Ŷ . Therefore,
if p0 is chosen large enough we can apply the L2 -estimates for ∂ from [19] (see also [17,
Theorem 5.5]) and proceed as in the proofs of [11, Theorem 5.1] and [17, Proposition 5.6],
working on Ŷ , to show the following: there exist C2 > 0 and p0 ∈ N such that for all k ≥ 1,
p ≥ p0 and y ∈ Ŷ \ Ẑ there exists Sy,p,k ∈ H0

(2)(Ŷ , L̂ p|Ŷ , Hp,k |Ŷ , ω̂m |Ŷ )with Sy,p,k(y) 
= 0
and

0 <

∫

Ŷ
|Sy,p,k |2Hp,k |Ŷ

ω̂m

m! ≤ C2|Sy,p,k(y)|2Hp,k |Ŷ < +∞. (4.23)

Note that X̂ is projective since it is Kähler and L̂ is a big line bundle. Applying The-
orem 2.4 and increasing p0 if necessary (so that p0ε0 − C1 > N ), we infer that Sy,p,k

extends to a section Ŝy,p,k ∈ H0
(2)(X̂ , L̂ p, Hp,k, ω̂

n). Using (4.19),(4.21), (4.22), we see

that the quasi-psh function ψp,k has Lelong number ≥ pτ j + 1 along �̂ j , 1 ≤ j ≤ �.
Hence H0

(2)(X̂ , L̂ p, Hp,k, ω̂
n) ⊂ H0

0 (X̂ , L̂ p, �̂, τ ) and Sy,p,k ∈ H0
0 (X̂ |Ŷ , L̂ p, �̂, τ ). By

(4.8),(4.22) we get

Hp,k = ĥ p
0 e−2ψp,k = ĥ pe2pϕ̂−2ψp,k , so Hp,k ≥ ĥ pe−2p0a on Ŷ .

As ω̂ ≥ π̂ �ω we obtain by (4.23)

e−2p0a
∫

Ŷ
|Sy,p,k |2ĥ p |Ŷ

(π̂�ω)m

m! ≤ C2|Sy,p,k(y)|2
ĥ p |Ŷ e2pϕ̂(y)−2ψp,k (y).
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Using (2.10) this yields that

P̂ Ŷ
p (y) ≥ C−1

2 e2ψp,k (y)−2pϕ̂(y)−2p0a, ∀ k ≥ 1, p ≥ p0, y ∈ Ŷ \ Ẑ . (4.24)

So by (4.11),(4.22),(4.24) we get that

ϕ̂Ŷ
p = ϕ̂|Ŷ + 1

2p
log P̂ Ŷ

p ≥ 1

p

⎛

⎝(p − p0)ψk + p0ρ +
�∑

j=1

log σ j − logC2

2
− p0a

⎞

⎠ on Ŷ \ Ẑ ,

for p ≥ p0 and k ≥ 1. Letting k → ∞ and using (4.21),(4.7),(4.19) we obtain

ϕ̂Ŷ
p ≥ (

ϕ̂Ŷ
eq

)� + 1

p

⎛

⎝p0η − p0
(
ϕ̂Ŷ
req

)� +
�∑

j=1

log σ j − logC2

2
− p0a

⎞

⎠ on Ŷ \ Ẑ ,

for p ≥ p0. Here ϕ̂Ŷ
req is the reduced equilibrium envelope of (̂α, Ŷ , �̂, τ, ϕ̂) defined in (4.6).

The conclusion follows since
(
ϕ̂Ŷ
req

)� is bounded above on Ŷ and η ≤ −1. ��
Proof of Theorem 4.3 By the Łojasiewicz inequality, there exist constants N j , M j > 0, 1 ≤
j ≤ �, such that log σ j (x) ≥ −N j

∣∣ log dist
(
x, �̂ j

)∣∣ − M j , x ∈ X̂ . Using Proposition 4.6
and (4.18) we infer that there exist C1 > 0, p0 ∈ N such that

ϕ̂Ŷ
p (y) ≥ (

ϕ̂Ŷ
eq

)�
(y) − C1

p

(∣∣ log dist
(
y, Ẑ

)∣∣ + 1
)
, y ∈ Ŷ , p ≥ p0. (4.25)

Note that log dist
(·, Ẑ

)|Ŷ ∈ L1(Ŷ , ω̂m |Ŷ ), since Ŷ 
⊂ Ẑ (see e.g. [15, Lemma 5.2] and its
proof). The proof of Theorem 4.3 now proceeds exactly as that of [17, Theorem 5.1] by using
the lower bound (4.25) and the upper bound from Proposition 4.4. ��

Proof of Theorem 1.3 Since
(
ϕ̂Ŷ
eq

)� is α̂|Ŷ -psh, we have
(
ϕ̂Ŷ
eq

)� ≤ M on Ŷ for some constant

M . Recall from Lemma 4.2 that π̂ : X̂ \ (Êπ ∪ Ê) → X \ Z is a biholomorphism. Therefore
the function

ϕY
eq := (

ϕ̂Ŷ
eq

)� ◦ π̂−1 (4.26)

is α|Y -psh and ϕY
eq ≤ M on Yreg\Z , hence it extends to a α|Y -psh function on Yreg which is

bounded above by M . This shows that ϕY
eq is a weakly α|Y -psh function on Y . Moreover, by

(4.11) and since ω̂ ≥ π̂ �ω we have
∫

Y\Z

∣∣ϕY
p − ϕY

eq

∣∣ ωm =
∫

Ŷ\(Êπ∪Ê)

∣∣ϕ̂Ŷ
p − (

ϕ̂Ŷ
eq

)�∣∣ π̂ �ωm ≤
∫

Ŷ

∣∣ϕ̂Ŷ
p − (

ϕ̂Ŷ
eq

)�∣∣ ω̂m .

Theorem 1.3 now follows from Theorem 4.3. ��

When ϕ is smooth, we may obtain a more precise estimate for
P̂ Ŷ

p
pm , and hence for ϕ̂Ŷ

p as
in [13].

5 Zeros of random holomorphic sections

We deal here with the proof of Theorem 1.5. It is very similar to the proof of [17, Theorem
1.10], so we will only give an outline. The first step is to show that zero divisors of random
sections distribute like the Fubini-Study currents.
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Theorem 5.1 Let X , Y , L, �, τ verify assumptions (A)-(E), let h be a bounded singular
Hermitian metric on L, and assume that (L, �, τ) is big and there exists a Kähler form ω

on X. Then there exists a constant c > 0 with the following property: For any sequence of
positive numbers {λp}p≥1 such that

lim inf
p→∞

λp

log p
> (1 + m)c,

there exist subsets E p ⊂ X
Y
p such that

(a) σp(E p) ≤ cpm exp(−λp/c) holds for all p sufficiently large;
(b) if sp ∈ X

Y
p \ E p we have

∣∣∣
1

p
〈[sp = 0] − γ Y

p , φ〉
∣∣∣ ≤ cλp

p
‖φ‖C 2 ,

for any (m − 1, m − 1)-form φ of class C 2 on Y .
In particular, the last estimate holds for σ∞-a.e. {sp}p≥1 ∈ X

Y∞ provided that p is large
enough.

Proof We follow closely the proof of [17, Theorem 6.1] and apply the Dinh-Sibony equidis-
tribution theorem for meromorphic transforms [29, Theorem 4.1]. Recall by (4.9) that the
spaces H0

0,(2)(X̂ |Ŷ , L̂ p)), H0
0,(2)(X |Y , L p) are isometric. Using the notation from Sect. 4.2,

we first show that Theorem 5.1 holds on Ŷ for the spaces

X̂
Ŷ
p := PH0

0,(2)(X̂ |Ŷ , L̂ p), σp = ω
dp
FS, (X̂Ŷ∞, σ∞) :=

∞∏

p=1

(X̂Ŷ
p , σp), dp = dim X̂

Ŷ
p = dimX

Y
p ,

and the Fubini-Study currents γ̂ Ŷ
p . This is done exactly as in the proof of Theorem 6.1,

Step 1, from [17] (see also [15, Section 4]), by applying [29, Theorem4.1] to theKodairamaps
considered asmeromorphic transformsof codimensionm−1,�p : Ŷ ��� PH0

0,(2)(X̂ |Ŷ , L̂ p),
with graph

�p = {
(y, ŝ) ∈ Ŷ × PH0

0,(2)(X̂ |Ŷ , L̂ p) : ŝ(y) = 0
}
.

Note that Siegel’s lemma implies that dp = O(pm).
We next show that Theorem 5.1 holds on Y for the spaces XY

p . Consider the restriction

π̂ := π̂ |Ŷ : Ŷ → Y . By Lemma 4.2 π̂ : Ŷ \ (Êπ ∪ Ê) → Y \ Z is a biholomorphism, and
by (4.9) S ∈ H0

0,(2)(X |Y , L p) → π̂ �S ∈ H0
0,(2)(X̂ |Ŷ , L̂ p) is an isometry. Using (4.10) and

(4.11) we obtain

1

p
γ̂ Ŷ

p = α̂|Ŷ + ddcϕ̂Ŷ
p = π̂ �α + ddc(ϕY

p ◦ π̂).

Since ϕY
p ∈ L1(Y , ωm |Y ) and ϕ̂Ŷ

p = ϕY
p ◦ π̂ ∈ L1(Ŷ , ω̂m |Ŷ ) we infer that π̂�γ̂

Ŷ
p = γ Y

p as
currents on Y . Similarly we can show that π̂�[π̂ �S = 0] = [S = 0] as currents on Y , for
S ∈ H0

0,(2)(X |Y , L p). Theorem 5.1 now follows from the above considerations by arguing
as in the proof of Theorem 6.1, Step 2, from [17]. ��
Proof of Theorem 1.5 Theorem 1.5 follows easily from Theorems 1.3 and 5.1, by proceeding
as in the proof of [17, Theorem 1.10]. ��
Remark 5.2 Assume that X , L, �, τ verify (A)-(D), X is smooth and dim� j = n − 1,
1 ≤ j ≤ �. Then Theorems 1.3 and 1.5 hold for any analytic subset Y ⊂ X that verifies
assumption (E*) from Proposition 3.12.
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