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1. Introduction

A fundamental problem in pluripotential theory is to characterize those positive closed currents on a
projective complex manifold which can be approximated by effective cycles with real coefficients. The case
of bidegree (1,1) was originally introduced by Lelong [26] and intensively studied since then, see e.g. [13,
15,20,25]. Approximation results for positive currents have applications to analytic geometry (analyticity
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of level sets of Lelong numbers [32]), complex algebraic geometry (invariance of plurigenera [33,29]) and
number theory (algebraic values of meromorphic maps [4,27,34]).

The problem of approximation by analytic cycles is widely open for higher bidegree currents and is linked
to the Hodge conjecture [11]. It turns out that there are counter-examples [1] to the strong Hodge conjecture
formulated in [11]. It is thus interesting to identify large classes of currents which can be approximated by
analytic/rational cycles. The purpose of this paper is to study the case of currents obtained as the wedge
product of curvature currents of singular Hermitian line bundles, by assuming that the analytic sets where
the metrics are singular (unbounded or discontinuous) are in general position. Note that the study of singular
metrics of holomorphic line bundles is central to several questions of complex algebraic geometry [4,12-15,

The main ideas are an equidistribution property of the common zeros of random holomorphic sections of
powers of line bundles and the compactness of the space of currents approachable by cycles. The equidistri-
bution result enters the program of studying equidistribution in the setting of singular Hermitian metrics
[5-9,16,17,30,31]. Our main tools are Bertini type results from [5,9] and Theorem 4.4, a version of an ab-
stract equidistribution theorem due to Dinh—Sibony [18], which is a Large Deviation Principle in this setting.
Another ingredient is an estimate on the Bergman kernel function (Theorem 3.1), which is of independent
interest.

In the remaining of the introduction we give a short discussion about the background of this work and
then state our approximation and equidistribution results.

1.1. Background
Let (X,w) be a compact Kéhler manifold of dimension n, dist be the distance on X induced by w,

and Kx be the canonical line bundle of X. If (L,h) is a holomorphic line bundle on X endowed with
a singular Hermitian metric h, we denote by ¢1(L,h) its curvature current, cf. [12], [28, Section 2.3.1].

Recall that if ey, is a holomorphic frame of L on some open set U C X then ler|? = e 2?, where
¢ € L} .(U) is called the local weight of the metric h with respect to er, and ci(L,h)|ly = dd°¢.

Here d = 0 + 9, d° = 5=(0 — ). We say that h is positively curved (resp. strictly positively curved)
if ¢1(L,h) > 0 (resp. c¢i(L,h) > ew for some € > 0) in the sense of currents. This is equivalent
to saying that the local weights ¢ are plurisubharmonic (psh for short) (resp. strictly plurisubhar-

monic). We say that (L,h) is pseudo-effective if the metric h is positively curved. For p € N and

L a holomorphic line bundle on X, let L? := L®P. Given a holomorphic section s € H°(X,LP),
we denote by [s = 0] the current of integration (with multiplicities) over the analytic hypersurface
{s=0} CX.

Recall that a holomorphic line bundle L is called big if its Kodaira—Titaka dimension equals the dimension
of X (see [28, Definition 2.2.5]). By the Shiffman—Ji-Bonavero-Takayama criterion [28, Lemma 2.3.6], L is
big if and only if it admits a strictly positively curved singular Hermitian metric h. In this case we also say
that (L, h) is big.

Recall from [9, Definition 1.1] the following concept. We say that the analytic subsets Aq,..., 4,, C X
are in general position if codim(A4;, N...NA;, ) > kforevery 1 <k <mand1<i <...<i, <m.

Let Ly, 1 < k < m < n, be m holomorphic line bundles on (X,w). For each p € N* we define
P(Ly,...,Ly) to be the space of all positive closed currents R of bidegree (m,m) on X of the form

1
R:W[Splzo]/\.../\[smeO], sp; € HO(X, LP), (1)
where sp; are such that the hypersurfaces {sp1 = 0},...,{spm = 0} are in general position. This condition

ensures that [sp1 = 0] A ... A [spm = 0] is a well-defined positive closed current of bidegree (m,m) which is
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equal to the current of integration with multiplicities along the analytic set {sp,1 =0} N...N{spm = 0} (see
e.g. [14, Corollary 2.11, Proposition 2.12] and [22, Theorem 3.5]).

When Ly =---=L,, = L, &P(L,...,L) is related with the space A,,(LP) introduced by the first and
second authors in [7] as

N
A (LP) = {R: NZR;: Ry € o/P(L,..., L), NeN*}.

In particular, &P (L, ..., L) C A, (LP).
For each p € N*, we define &% (L1, ..., Ly,) to be the space of all positive closed currents R of bidegree
(m,m) on X of the form

R:pim[s,ﬂ:om...mspm:()], spj € H'(X, L! @ Kx), (2)
where sp; are such that the hypersurfaces {s,1 = 0},...,{spm = 0} are in general position.
1.2. Approximation results
Here is our first approximation result using the sequence of spaces &/?(L1,...,Ly), p > 1.

Theorem 1.1. Let (X,w) be a compact Kdihler manifold of dimension n and 1 < m < n be an integer. For
1 <k <mlet Ly be a holomorphic line bundle on X endowed with two singular Hermitian metrics g, and
hi such that:

(i) gk and hy are locally bounded outside a proper analytic subset ¥y, C X;
(ii) e1(Li,gr) = ew on X for some e >0 and ¢1(Lg, hy) > 0 on X;
(iii) Xq,...,%, are in general position.

Then there exists a sequence of currents R; € «/Pi(L,...,L,,), where p; /* oo, such that R; converges
weakly on X to c1(L1,h1) A... ANc1(Lm, him) as § — oo.

Working with sections of adjoint line bundles, i.e. using the sequence of spaces &% (L1, ..., Ly,),p > 1, we
obtain a more general approximation result than Theorem 1.1, in the sense that the metrics g, are assumed
to verify a weaker positivity condition. The next theorem only deals with two line bundles. However, it
requires a very weak assumption on the sets where the metrics may not be continuous.

Theorem 1.2. Let (X,w) be a compact Kihler manifold of dimension n > 2, and for 1 < k < 2 let Ly be a
holomorphic line bundle on X endowed with two singular Hermitian metrics g and hy such that:

(i) gk and hy are continuous outside a proper analytic subset Xy C X;
(ii) e1(Lg,hi) >0 on X, c1(Lg, gr) > 0 on X, and for every x € X \ Xy, there is a constant ¢, > 0 so that
c1(Lg, gr) > czw in a neighborhood of x;
(iii) 31 and Yo are in general position.

Then there exists a sequence of currents R; € 42%;{” (L1, L), where pj / 0o, such that R; converges weakly
on X to c1(Li,h1) Aer(La, ha) as j — oo.

The last approximation result deals with several line bundles. However, it requires a strong assumption
on the set where the metrics may not be continuous.
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Theorem 1.3. Let (X,w) be a compact Kahler manifold of dimension n and 1 < m < n be an integer. For
1 <k <mlet Ly be a holomorphic line bundle on X endowed with two singular Hermitian metrics g, and
hy such that:

(i) gr and hy are continuous outside a proper analytic subset ¥ C X;
(ii) e1(Lg,hg) >0 on X, ¢1(Lk, gx) > 0 on X, and for every x € X \ X there is a constant ¢, > 0 so that
c1(Lg, gr) > czw in a neighborhood of x;
(iii) codim(X) > m.

Then there exists a sequence of currents R; € dfy (L1,...,Ly,), where p; /* oo, such that R; converges
weakly on X to c1(L1,h1) A... ANc1(Lm, b)) as § — oco.

1.3. Equidistribution results

In order to investigate the equidistribution problem, we need to introduce some more notation and
terminology. Let (Lg, hk), 1 < k < m < n, be m singular Hermitian holomorphic line bundles on (X, w).
Let H&) (X, LY) (resp. H?Q)(X, L? ® Kx)) be the Bergman space of L?-holomorphic sections of L (resp.
of LZ ® Kx) relative to the metric hip == h?p induced by hj, and the metric R%* on Kx induced by the

volume form w™ on X. These spaces are endowed with the respective inner product

(S, ) p = /<s,s'>hk,p W, 8,8 € HYy (X, LY),
X

(3)
(5,5, == / (8,5 s " 8,8 € HY (X, L7 @ Kx).
X

For every p > 1 and 1 < k < m, let oy, be the Fubini-Study volume form on the projective space
PH ?2)(X ,L7) (resp. IP’H?Q)(X, LY ® Kx)) which is the projectivization of the finite-dimensional complex
vector spaces H&)(X7 L?) (resp. H&)(X, L? ® Kx)) endowed with the above inner product (S, 5")x,p (resp.
(S, 5’ )ﬁp). Clearly, the measure oy, , depends not only on Ly and p, but also on hg.

For every p > 1 we consider the multi-projective spaces

X, := PH (X, LY) x ... x PH(y (X, LE),
(4)
Xk p = PHy (X, L) @ Kx) x ... x PHy (X, LD, ® Kx)

equipped with the probability measure o, which is the product of the Fubini-Study volumes on the com-
ponents. If S € H(X,LY) (resp. S € HY(X, L} ® Kx)), we denote by [S = 0] the current of integration
(with multiplicities) over the analytic hypersurface {S = 0} of X. Set

[sp =0] :=[sp1 = 0] A...A[spm =0], fors, = (sp1,...,8pm) € X, or € Xk,

whenever the hypersurfaces {s,1 = 0},...,{spm = 0} of X are in general position. We also consider the
probability spaces

2

(QvUOO) = (Xpﬂap)7

I
-

p

(UK, 000) := Xgp,0p) -

2

Il
—

p
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For the sake of clarity we may write Q(h1,...,hm), Oco(h1y ...y hm) (resp. Qi (b1, ... hm), 0oc(h1, .-y him))
in order to make precise the dependence of (§,04) (resp. (2k,0s)) on the metrics hy, ..., hy,. Assume
that for oo-a.e. {sp}p>1 € N (resp. € k), the hypersurfaces {s,1 = 0},...,{spm = 0} of X are in general
position for all p sufficiently large.

Definition 1.4. We say that (£2, 00 ) (resp. (Qx, 000)) (or simply Q (resp. Q) if 0 is clear from the context)
equidistributes toward a positive closed (m,m) current T defined on X if for o.-a.e. {splp>1 € Q (resp.
€ Qk), we have in the weak sense of currents on X,

1

[sp=0—=T asp— 0.
pm

Our first equidistribution theorem only deals with two line bundles. However, it requires a very weak
assumption on the sets where the metrics may not be continuous.

Theorem 1.5. Let (X,w) be a compact Kihler manifold of dimension n > 2 and (Lg, hg), 1 < k <2, be two
singular Hermitian holomorphic line bundles on X such that:

(i) hi is continuous outside a proper analytic subset ¥y C X;
(ii) c1(Lk, hg) > 0 on X, and for every x € X \ Xy there is a constant ¢, > 0 so that ¢1(Lg, hg) > cuw in
a neighborhood of x;
(iii) X1 and Xg are in general position.

Then Qi equidistributes toward the current ¢1(L1,h1) A c1(La, ha).

The last equidistribution result deals with several line bundles. However, it requires a strong assumption
on the set where the metrics may not be continuous.

Theorem 1.6. Let (X,w) be a compact Kihler manifold of dimension n and (Lg,hi), 1 <k <m <n, bem
singular Hermitian holomorphic line bundles on X such that:

(i) hg is continuous outside a proper analytic subset ¥ C X;
(ii) e1(Li, hi) =0 on X, and for every x € X \ ¥ there is a constant ¢, > 0 so that ¢ (L, hg) > czw in a
neighborhood of x;
(iii) codim(X) > m.

Then Q equidistributes toward the current ¢1(Li,hi) A ... A c1(Lmy hun)-

This paper is organized as follows. In Section 2 we first present a method which allows us to deduce
approximation results from equidistribution theorems. Using this method as well as our previous work [9],
in the remainder of the section we give the proof of Theorem 1.1 and we show that equidistribution theorems
(Theorems 1.5-1.6) imply approximations theorems (Theorems 1.2-1.3).

The next two sections develop the necessary tools. Section 3 studies the dimension growth of section spaces
and Bergman kernel functions. Section 4 establishes the convergence towards intersection of Fubini—Study
currents. Here we apply equidistribution results due to Dinh—Sibony for meromorphic transforms [18].

Having these two tools at hand and using the intersection theory of positive closed currents, our first
equidistribution theorem (for two line bundles), Theorem 1.5, will be proved in Section 5.

Finally, Section 6 concludes the article with the proof of our second equidistribution theorem, Theo-
rem 1.6.
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2. Equidistribution implies approximation

Let (X,w) be a compact Kéhler manifold of dimension n and 0 < m < n be an integer. In [19] Dinh
and Sibony have introduced the following natural metric on the space of positive closed currents of bidegree
(m,m) on X.If R and S are such currents, define

dist(R,S):= sup [(R—S,®),
1]l 51<1

where ® is a smooth (n — m,n — m)-form on X and we use the sum of %'-norms of its coefficients for a
fixed atlas on X.

Lemma 2.1. (i) On the convex set of positive closed currents of bidegree (m,m) and of mass <1 on X, the
topology induced by the above distance coincides with the weak topology.

(ii) Assume that T, (15)52, (T)p)5p=1 are positive closed currents of bidegree (m,m) on X such that
T; =T as j — oo and that for each j € N*, T, — T; as p — oo. Then there is a subsequence (pj);?‘;l -
N* 7 oo such that Tj,, — T as j — oo.

Proof. Assertion (i) has been proved in [19, Proposition 2.1.4].

By passing to a subsequence if necessary, we may assume without loss of generality that the masses of
currents T, (Tj);?‘;17 (ij);op:l are all bounded from above by a common finite constant. Therefore, applying
assertion (i), we obtain that

lim dist(73,7) =0 and lim dist(T},,7;) =0 for each j € N*.

j—o0 p—00
The second limit shows that for every j € N*, there is p; > p;_1 such that dist(7},,,T;) < 1/j. This,
combined with the first limit, implies that lim;_, . dist(T},,,T) = 0, proving assertion (ii) in view of asser-
tion (i). O

The following result shows that equidistribution implies approximation:

Proposition 2.2. Let (X,w) be a compact Kihler manifold of dimension n and 1 < m < n be an integer. For
1 <k <mlet Ly be a holomorphic line bundle on X endowed with two singular Hermitian metrics g and
hy such that

(i) gk and hy are locally bounded outside a proper analytic subset ¥y, C X;
(ii) ¢ (Lk,gk) >0 and ¢1(Lg, hi) > 0 on X
(iii) Xq,...,%,, are in general position;
(iv) there is a sequence €; \, 0 such that Q(h1 679?,...,]1}{6]'976,{) (resp. QK(h} gy ,...7h3n7€jgf,{))

equidistributes towards the current ¢1(Lq, hl TgIYN o Aer (Lo, B grs) for all j € N*.

Then there exists a sequence of currents R; € «/Pi(Ly,...,Ly) (resp. R; € /37 (La,...,Ly)), where
p; /oo, such that R; converges weakly on X to ci(Li,h1) A...Aci(Lpm, hm) as j — oo.

Proof. We only give the proof when the space € is considered in (iv). The case of Qk is identical to this
one.

For each 1 < k < m and j € N*, observe that the metric h
and that

63

. is locally bounded outside Xy by (i),

(L, by g7) = (1 — e)er (i, hi) + €5 1 (g, gi) = 0
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by (ii). Consequently, using (iii) and applying [14, Corollary 2.11, Proposition 2.12] or [22, Theorem 3.5],
we get that

Tj = Cl(Ll,h} nglJ) ~/\Cl( mahl 61961)

= (1—¢)"er(Li,ha) Ao Aer(Lims hin +Z€ Q= eI A\ er(Lihe) A\ er(Lis gn),
J keJ keJ!
where the last sum is taken over all subsets J C {1,...,m} with cardinal |J| and J' := {1,...,m}\ J. Since

for such a subset .J, the current A, ; ci(Lk, hx) A Npcy c1(Lg, gx) is a well-defined positive closed current
and e -l N0 as j 7 oo, it follows that

e (Lyshy g A Ay (Lm, BE9g5) = e1(L1, ) A ... Ay (L, b)) = T as j — oo.

In other words, T; — T as j — oo.

On the other hand, by (iv) for each j € N* and each p € N* there is a current T}, € &/P(L1,..., Ly,)
such that Ty, — T; as p — oo. Applying Lemma 2.1 (ii) to the above family of currents 7', (7})52; and
(Tjp)$5,=1, we can find a subsequence (p;)?2; C N* 7 oo such that

ij]. —)Cl(Ll,hl)/\.../\Cl(Lm,hm) as j — oo.
Since R; := T}, € &P (Ly,..., Ly) and p; /' oo as j /oo, the proof is complete. O

To illustrate the usefulness of Proposition 2.2, we give in the remainder of the section the proof of
Theorems 1.1-1.3, by taking Theorems 1.5 and 1.6 for granted. The following equidistribution result is
needed.

Theorem 2.3. Let (X,w) be a compact Kihler manifold of dimension n and (Lg,hi), 1 <k <m <n, bem
singular Hermitian holomorphic line bundles on X such that:

(i) hg is locally bounded outside a proper analytic subset X C X;
(ii) e1(Li, hi) > ew on X for some & > 0;
(iii) 34q,..., %, are in general position.

Then Q(hq, ..., hy) equidistributes toward the current ¢y(Li,hi) A ... A c1(Lmy hm).

Proof. When (i) is replaced by the stronger condition that hy is continuous outside ¥y, the theorem was
proved in our previous work [9, Theorem 1.2]. A careful verification shows that our proof still works assuming
the weaker condition (i). Indeed, let Py, j, be the Bergman kernel function of (L}, hyp) (see [9, eq. (4)]). Then
the fact that 2 5log Py — 0 in LY (X,w") as p — 00, as well as the estimate [9, eq. (14)] hold under the
more general assumption (i) (see also [5, Theorem 5.1]). Moreover, [9, Proposition 4.7] holds with the same
proof for metrics that are locally bounded outside an analytic subset of X. O

Proof of Theorem 1.1. Fix a sequence €¢; \, 0 as j /" co. By (ii) we get that
(Lk,hl eggky) = (1 —¢j)e1(Lg, hi) + €5 c1(Lk, g) > €jew, 1<k<m.

Therefore, applying Theorem 2.3 to the singular Hermitian holomorphic big line bundles (Ly, hk 6’ gk’ ),
1 < k < m, we infer that Q(h] hi™ gy h;n “ g equidistributes toward the current ¢ (L1, h}_ej g7) A
o Ner (L, hin “gy) for all j € N*. Putting this together with (i) and (iii), we are in the position to apply

Proposition 2.2, and hence the proof is complete. O
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Proofs of Theorem 1.2 and Theorem 1.3. Theorem 1.2 (resp. Theorem 1.3) follows from Theorem 1.5 (resp.
Theorem 1.6). We will only give here the proof that Theorem 1.5 implies Theorem 1.2. The other implication
can be proved similarly. Fix a sequence €; N\, 0 as j * co. By (ii) we get that

Cl(Lk7h11€_€ngj) = (1 —¢€j)ei(Lp, hi) + €5 c1(Lg, gr) = €5 (L, gr), 1<k<m.

Therefore, applying Theorem 1.5 to the singular Hermitian holomorphic line bundles (Lk,h,lc_ej a7),

1 < k < 2, we infer that Qg (hy “g5 hy “g5) equidistributes toward the current ¢;(Ly, ki 7 gi) A
c1 (Lg,hé_ejggj) for all j € N*. Putting this together with (i) and (iii), we are in the position to apply

Proposition 2.2, and hence the proof of Theorem 1.2 is complete. 0O
3. Dimension growth of section spaces and Bergman kernel functions

In this section we prove a theorem about the dimension growth of section spaces and the asymptotic
behavior of the Bergman kernel function of adjoint line bundles.

Let (L,h) be a singular Hermitian holomorphic line bundle over a compact Ké&hler manifold (X,w) of
dimension n. Consider the space H, ?2)(X ,LP ® Kx) of L?-holomorphic sections of LP relative to the metric
h, := h®P induced by h, h¥x on Kx and the volume form w™ on X, endowed with the natural inner product
(see (3)). Since H&)(X, L? ® Kx) is finite dimensional, let

dy, := dim Hp (X, LP @ Kx) — 1, (6)

and when d, > 0 let {Sf }?20 be an orthonormal basis. We denote by P, the Bergman kernel function
defined by

dp
Pp(x) = Z ‘S]p(x)‘}glp@)thv |S§‘)(x)|ip®hf(x = <Sf($), Sf(x>>hp®hKX’ zeX. (7)
=0

Note that this definition is independent of the choice of basis.

Theorem 3.1. Let (X,w) be a compact Kahler manifold of dimension n, (L,h) be a singular Hermitian
holomorphic line bundle on X, and 3 C X be a proper analytic subset such that:

(i) h is continuous outside 3;
(ii) e1(L,h) > 0 on X, and for every x € X \ X there is a constant ¢, > 0 so that c1(L,h) > cyw in a
neighborhood of x.

For every p > 1, let d,, be given by (6) and P, be the Bergman kernel function defined by (7) for the space
H(OQ)(X7 L? @ Kx). Then

1) lim, oo %log Py(z) = 0 locally uniformly on X \ X.

2) There is a constant ¢ > 1 such that Tl < dy/p™ <c forallp>1.

In order to prove our theorems we need the following variant of the existence theorem for J in the case of
singular Hermitian metrics. The smooth case goes back to Andreotti—Vesentini and Hérmander, while the
singular case was first observed by Bombieri and Skoda and proved in the present general form by Demailly
[10, Theorem 5.1].
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Theorem 3.2 (L2-estimates for d). Let (M,w) be a Kihler manifold of dimension n which admits a complete
Kdhler metric. Let (L,h) be a singular Hermitian holomorphic line bundle and let X : M — [0,00) be a
continuous function such that ¢y(L, h) > M. Then for any form g € L7, ; (M, L,loc) satisfying

9y =0, [ Aol < o,
M
there exists u € L2 (M, L,loc) with Ou =g and

[ < [ X1
M

M

2 n
w’hw .

Proof. See [6, Corollary 4.2]. O

Proof of Theorem 3.1. Following the arguments of [13,5,6] we will first establish the following upper and
lower estimates (8)—(9) for %log P,

To state the upper estimate (8), let z € X and let U, C X be a coordinate neighborhood of = on which
there exists a holomorphic frame e, of L and e/, of Kx. Let ¢, be a psh weight of h and p, be a smooth
weight of X on U,. Fix ry > 0 so that the ball V := B(x,2r¢) CC U, and let U := B(x, 7). Then (8)
says that there exist constants C' > 0, pg € N, so that

log P,(2) < log(Cr—2m) 49 (

le) ¢ ol max wa—wz)) (®)

B(z,r)
holds for all p > pg, 0 < r < rg, and z € U with ¢,(z) > —o0.

The lower estimate (9) says that for every x € X \ ¥, there exist a constant C = Cy, py € N large enough
and an open neighborhood U of z such that

1 1
_logC < , log P,(2) (9)

holds for all p > pg and z € U.

For the upper estimate (8), let S € H?Q)(X, LP @ Kx) with ||S|| = 1 and write S = se%? @ €,. Repeating
an argument of Demailly we obtain, for 0 < r < ro,

- z)— z — z)— z Cl n
S(2)|5, gnix = Is(z)[Pem?PPal®)720a(2) < om2pba(z)=20al )ﬂ_n / 152w
B(z,r)
C ) . o
< oroxp <2p (ggg)(wa + %) —alz) - PT@» / 2em2rva—e o1

z,7)

Co
S 5 OXp (2p (ér(l;cmg) Vo — %(Z))) :

where C7, Co are constants that depend only on x, and we use here the fact that p, is smooth. Hence

log(Cor—2m) ( B )
E— +2 n(lax)ﬂ;a Ya(z) ] .

B(z,r

1 1
“log P,(2) = = max log|S(2)[? <
Clog Py(2) = - max 1og [S(2)[E, guex <
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Note that this estimate holds for all p and it does not require the strict positivity of the current ¢; (L, h),
nor the hypotheses that X is compact or w is a Kéhler form. Covering X by a finite number of such open
set U, the last estimate implies (8).

For the lower estimate (9), let z € X \ ¥ and U, € X \ ¥ be a coordinate neighborhood of x on which
there exists a holomorphic frame e, of L and e/, of Kx. Let ¢, be a psh weight of h and p, be a smooth
weight of X on U,. Fix ry > 0 so that the ball V := B(z,2ry) CC U, and let U := B(z,70). Next, we
proceed as in [15, Section 9] and [6, Theorem 4.2] to show that there exist a constant C = C, > 0 and
po € N large enough such that for all p > pg and all z € U (note that ¢, > —oo on U) there is a section
S.p € H(OQ) (X, LP @ Kx) with S, ,(2) # 0 and

||Sz,p ‘2 < Clsz,p(z)lip@)th .

Observe that this implies that

>_logC’

‘2
hy,®hKx = :

1 1
— log Py(2) = — max log|S(z
5 e () 15(2) »

D lISlI=t

Note that, by the continuity of v¥,, putting (8) and (9) together implies that % logP, - 0 as p = o0
locally uniformly on V' \ ¥. This proves Part 1).

Now we turn to the proof of Part 2). Let x € X \ ¥ and U, € X \ ¥ be a coordinate neighborhood of x
on which there exists a holomorphic frame e,, of L and e, of Kx. Let ¢, be a psh weight of h and p, be a
smooth weight of h*x on U,. Fix ry > 0 so that the ball V := B(z,2ry) CC U, and let U := B(x, 7). Let
6 € €°°(R) be a cut-off function such that 0 < 6 <1, 6(t) =1 for |t| < 3, 6(t) = 0 for [¢t| > 1. For z € U,
define the quasi-psh function ¢, on X by

29(|yr_zl)log (‘UT;Z‘) , foryelU,,
p=(y) = ’ ’ (10)
0, forye X\ B(z,r0).

Note the function ¢, is psh, hence dd°p, > 0, on {y : |y — z| < ro/2}. Since V € U,, it follows that there
exists a constant ¢’ > 0 such that for all z € U we have dd®p, > —c'w on X and dd°p, = 0 outside V. By
assumption (ii), there is a constant ¢ > 0 such that ¢; (L, h) > cw on a neighborhood of V. Therefore, there
exist 0 < a,b < 1 and pg € N such that for all p > pg and all z € U

e (L7, hpefbp“"z) >0 on X,

c1(LP hye™"P?2) > apw  on a neighborhood of V.
Let A: X — [0,00) be a continuous function such that A\ = ap on V and
c1(LP, hye "P%2) > Aw on X.

By identifying V' to an open ball in C”, we may write y = (y1,...,yn) fory € V. Fix 8 = (f1,...,5,) € N
with 2?21 Bj < [bp] —n. Let v, , g € O(V) be given by

Veps(y) = (1 =27 (yn —za)? for oy eV (11)

Consider the form

9zp,B € Li,l(X7 LP), gz pp = 5(Uz,p,ﬂe( ‘yiz‘)egp ® e:x)'

To
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As g.p s = 0 outside V', we get that
l| |2 e~ bPez ,n — l| |2 e~ bPes yn — i | |2 e~ bpez ,n
)9zl h, @k x = | X9=pBlh,0nKx ~ap 9z,p.8h,@nKx ‘
X Vv 14

Note that the integral at the right is finite since v, is bounded on V, g, , 3 = 0 on B(z,7/2), and ¢, is
bounded on V'\ B(z,79/2), so

/ 192,08
\%

- 2 _ 3 - - o ,—bpo:
R B T

V\B(z,r0/2)

" 2 —2pa, n
<Gy /|vz7p7ﬁ\ e w" < 0,
v

where C}/ > 0 is a constant that depends only on x and p.

The hypotheses of Theorem 3.2 are satisfied for the complete Kéhler manifold (X, w), the semipositive
line bundle (LP, hpe*bp%) and the form g, , g, for all p > pg and z € U. So by Theorem 3.2, there exists
Uz pp € L%VO(X, LP) such that Ou, , 5 = g. s and

- 1 _ %4 _
[ m sl e < [ L1l 7w < 2 [ fospale e, 2)
X X \4

Define

._ ly—=]\ ®p /
SepB = Uz,p,ﬁe( o )ea @ ey — Uz p,g-

Then 05,5 =0and S, , 5 € H?Q) (X, L? ® Kx). Moreover, by (10) we get that

Sz,pﬁ(y) = Uz,p,B (y)egp ® efx - uz,p,B(y) for y € B(z,70/2). (13)

Therefore, we deduce from this and (11) that du, 3 = 05,5 = 0. Thus u,, s is a (n,0)-holomorphic
form near z.

Let # be the sheaf of holomorphic functions on X vanishing at z and let m C Ox . the maximal
ideal of the ring of germs of holomorphic functions at z. For k,p € N we have a canonical residue map
P @ Kx — LP ® Kx ®@ (Ox/_#*') which induces in cohomology a map which associates to each global
L2-holomorphic section of L? @ K its k-jet at z:

Jy o Hiy (X, P @ Kx) = H(X,IP @ Kx @ (Ox/ 7)) = (L)% © (Kx). ® (Ox,./m"*1).
The right hand side is called the space of k-jets of L?-holomorphic sections of LP @ Kx at z.

Near z, e~ tP?=(W) = 2%y — 2|27 Tt is well-known (see [28, p. 103]) that for v = (y1,...,7,) € N and

z=(z1,...,2n) € C", the integral

1 — 217y — 2P |y — 2| 7P iy Adigy A Ay A dg,
ly1—z1|<1,...,|yn—2n|<1

is finite if and only if Z?:l v; > [bp] — n + 1. Putting this together with (13), (11) and (12) and the fact
that u, , g is an (n, 0)-holomorphic form near z, we see that the ([bp] —n)-jet of S, , g coincides with v, , g.
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Summarizing what has been done so far, we have shown that the map J,[)bp 1= s surjective. Hence, there

is a constant ¢ > 1 such that for all p sufficiently large

[bp]

dy = dim HY (X, [P © Kx) — 1 > dim(&x/ g bP=n+1y 1 = ({bp} .

> —1>c1pn

On the other hand, arguing as in the proof of Siegel’s lemma [28, Lemma 2.2.6], there is a constant ¢ > 1
such that d, < ¢p™ for all p > 1. This completes the proof. O

4. Convergence towards intersection of Fubini-Study currents

In this section we show that the intersection of the Fubini-Study currents associated with line bundles
as in Theorem 1.5 is well-defined. Moreover, we show that the sequence of wedge products of normalized
Fubini-Study currents converges weakly to the wedge product of the curvature currents of (Lg, hy). We
then prove that almost all zero-divisors of sections of large powers of these bundles are in general posi-
tion.

Let V be a complex vector space of dimension d 4+ 1. If V' is endowed with a Hermitian metric, then we
denote by wrg the induced Fubini-Study form on the projective space P(V') (see [28, pp. 65, 212]) normalized
so that wlq is a probability measure. We also use the same notations for P(V*).

We return to the setting of Theorem 1.5. In fact, for the results of this section it suffices to assume that
the metrics involved are only locally bounded. Namely, (Lg, hi), 1 < k < m < n, are singular Hermitian
holomorphic line bundles on the compact Kéhler manifold (X,w) of dimension n, such that

(i) hy is locally bounded outside a proper analytic subset ¥j C X;
(ii) ¢1(Lg, hr) > 0 on X, and for every x € X \ X there is a constant ¢, > 0 so that ¢;(Lg, hg) > c,w in
a neighborhood of z;

(iii) ¥4,...,%,, are in general position.

Consider the space H?Q)(X ,LP @ Kx) of L*-holomorphic sections of Lf ® Kx endowed with the inner
product (3). Let

dy.p = dim Hiy) (X, L} @ Kx) — 1.
By Part 2) of Theorem 3.1, there is a constant ¢ > 1 such that
cipt < di.p < cp™. (14)

The Kodaira map associated with (L} @ Kx, by, ® h*x) is defined by
Brp: X - G(dpp, HYy (X, I © Kx)), ®pp(a) = {s € HY (X, L} @ Kx): s(z) = o} . (1)

where G(dy, ,, H )(X, L? @ Kx)) denotes the Grassmannian of hyperplanes in H?Q)(X, LY @ Kx) (see [28,

(2
p. 82]). Let us identify G(dg,p, Hoy (X, LY @ Kx)) with ]P’(H?Q)(X, L? ® Kx)*) by sending a hyperplane to

2
an equivalence class of non-zero complex linear functionals on H ?2)(X , L} ® Kx) having the hyperplane as

their common kernel. By composing ®;, , with this identification, we obtain a meromorphic map

Dpyp: X - P(Hpy (X, LY @ Kx)*). (16)
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To get an analytic description of ®y ,, let
S e HYy (X, LY @ Kx), j=0,... dk,p, (17)

be an orthonormal basis and denote by Py, the Bergman kernel function of the space H (02) (X, L} ® Kx)
defined as in (7). This basis gives identifications H(y (X, L} ® Kx) ~ C™»*! and P(Hy (X, Ly ® Kx)*) ~
P>, Let U be a contractible Stein open set in X, let ey, ¢/ be local holomorphic frames on U for Ly,
k,p k,p
J J

@}, given in (16) with the last identification, we obtain a meromorphic map @y, : X --+ P4 » which has

respectively Kx, and write SJ]-”’ =35 e?p ® €', where s’°F is a holomorphic function on U. By composing

the following local expression

By () = [sEP(x) ... sfl,f; (x)] for x € U. (18)
It is called the Kodaira map defined by the basis {Sf’p}?’;’g.
Next, we define the Fubini-Study currents vy, p of H?Z)(X, LY @ Kx) by

di,p

1
7k,p|U = 5 dd* IOgZ |S§’p|2’ (19)
j=0

P

where the open set U and the holomorphic functions sf are as above. Note that v;, is a positive closed

current of bidegree (1,1) on X, and is independent of the choice of basis.
Actually, the Fubini—Study currents are pullbacks of the Fubini-Study forms by Kodaira maps, which
justifies their name. If wpg is the Fubini-Study form on P%-» then by (18) and (19),

Ty = Prp(wrs), 1<k <m. (20)
Using (7) we introduce the psh function
dy P
u 'zilogZ\sk’pFZU —i—B—&—ilogP on U (21)
k,p + 2p pa j k D 2p k,p )

where uy, (resp. p) is the weight of the metric hy (resp. R X) on U corresponding to e (resp. €’), i.e.
lek|n, = e ", |e'|xx = e P. Clearly, by (19) and (21), dd°uy,p, = %’yk,p. Note that p/p — 0 uniformly as
p — 00 because the metric KX is smooth. Moreover, note that by (21), log P, € L*(X,w™) and

1 1 1
—Yrp = c1(Ly, hy) + —c1 (Kx, h5%) + — dd®log Py, 22
p k.p 1( k k) o 1( X ) % k,p ( )

as currents on X. For p > 1 consider the following analytic subsets of X:
Ypp = {ZCEX: Sf’p(x)zO, Ogjﬁd;w,}, 1<k<m.

Hence X, is the base locus of H(OQ) (X, L} ® Kx), and X, NU = {ug,, = —oo}. Note also that £, NU D

{ur, = —o0}.
Proposition 4.1. In the above hypotheses we have the following:

(i) For all p sufficiently large and every J C {1,...,m} the analytic sets yp, k € J, Xy, £ € J =
{1,...,m}\ J, are in general position.
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(ii) If p is sufficiently large then the currents

N vew AN\ (Lo, he)

keJ LeJ’

are well defined on X, for every J C {1,...,m}.

Proof. (i) We show that for p large enough, codim(X ;s ,) > m, where

Srrp=)Zkp [ e
keJ LeJ’

The remaining assertions of (i) are proved in a similar way. Assume for a contradiction that there exists
a sequence p, — oo such that ¥ j , has an irreducible component Y, of dimension n —m + s for some
s > 1. Note that the estimate (9) from the proof of Part 1) of Theorem 3.1 holds in the case that the
metric h is locally bounded away from X. It implies that for every compact K C X \ X there exist
¢y, ik > 0 and pyx € N such that P, > ¢,k holds on K for p > py i, where 1 < k& < m. Using
(21) we infer that, given any e-neighborhood Vi . of ¥i, ¥i,, C Vi for all r sufficiently large. Hence
Y = Mees e N Npey Xe =10 ---N Yy as r — oo. Let R, = [Y;]/|Y;|, where [Y;] denotes the current
of integration on Y, and |Y,| = fYT wnm+s Since R, have unit mass, we may assume by passing to a
subsequence that R, converges weakly to a positive closed current R of bidimension (n —m+s,n —m+ s)
and unit mass. But R is supported in 31 N---NX,, which has dimension < n —m, so R = 0 by the support
theorem ([21], see also [23, Theorem 1.7]), a contradiction.
(ii) Using (i) and [14, Corollary 2.11], assertion (ii) follows. O

The following version of Bertini’s theorem is proved in [9, Proposition 3.2].

Proposition 4.2. Let L, — X, 1 < k < m < n, be holomorphic line bundles over a compact complex
manifold X of dimension n. Assume that:

(i) Vi is a vector subspace of H°(X, Ly) with basis Sko,-..,Skd,, base locus BsVy := {Sko = ... =
Sk.d, =0} C X, such that di, > 1 and the analytic sets BsVi,...,BsV,, are in general position.

(i) Z(tr) = {w € X : X0 te;Sk(x) = 0}, where ty = [tro: ... tra,] € P
(iii) v = 1 X ... X iy, is the product measure on P4 x ... x P where py, is the Fubini-Study volume on
P,

Then the analytic sets Z(t1), ..., Z(ty) are in general position for v-a.e. (t1,...,t,) € P% x ... x Pdm,

We keep the hypotheses (i), (ii), (iii) at the beginning of the section. If {Sf’p };1;6’ is an orthonormal basis
of H&)(X, L}, ® Kx), we define the analytic hypersurface Z(t) C X, for tp = [tgo : ... : tha,,] € Pdr.s
as in Proposition 4.2 (ii). Let py, be the Fubini-Study volume on P%» 1 < k < m, p > 1, and let

Hp = b1p X ... X [bm p be the product measure on P%r x ... x P4m.». Applying Proposition 4.2 we obtain:

Proposition 4.3. If p is sufficiently large then for pp-a.e. (t1,... ty) € PUr x. . xPdme the analytic subsets
Z(t1),..., Z(tm) C X are in general position, and Z(t;,) N ...N Z(t;, ) has pure dimension n — k for each
1<k<m,1<i1<...<ip<m.

Proof. Let Vj, , := H&) (X, LY ®Kx), so BsVj,, = X . By Proposition 4.1 (i), 15, ..., X, p are in general

position for all p sufficiently large. We fix such p and denote by [Z(¢x)] the current of integration along the
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analytic hypersurface Z(t;); it has the same cohomology class as pci (L, hi,) +c1 (Kx, hx). Proposition 4.2
shows that the analytic subsets Z(t1),..., Z(ty,) are in general position for py-a.e. (t1,...,t,) € P4r x
s X Pdmr Hence if 1 <k <m, 1 <i; <...<ix <m, the current [Z(t;,)] A ... A[Z(t;,)] is well defined
by [14, Corollary 2.11] and it is supported in Z(t;,) N ... N Z(t;, ). By the Lelong—Poincaré formula [28,
Theorem 2.3.3] and hypothesis (ii) it follows that

1
F/[Z(til)]/\.../\ [Z(tlk)] /\wn—k = /Cl(Lil,hil)/\.../\Cl(Lik,hik)/\wn_k-i-O(p_l) > 0.
X X

So Z(t;,) N...NZ(t;,) # 0, hence it has pure dimension n — k. O

ik
The main result of this section is the following theorem, which is a Large Deviation Principle in our
setting.

Theorem 4.4. We keep the hypotheses (i), (i), (iii) at the beginning of the section and use the nota-
tion introduced in (4)—(5). Then there exist a constant £ > 0 depending only on m and a constant
c=c(X,Li,h1,..., Ly, hy) > 0 with the following property: For any sequence of positive numbers {Ap}p>1
with

A
liminf —— > (1 + &n)c,
p—oo logp

there are subsets B, C Xk, such that

(a) op(E,) < cp*™exp(—Ap/c) for all p large enough;
(b) if sp € Xk p \ Ep we have that the estimate

1 A
_m<[sp =0 —mpA... AVm,p7¢> <c Lg%
p p

holds for every (n —m,n —m)-form ¢ of class €>.
In particular, for co-a.e. s € Qg the estimate from (b) holds for all p sufficiently large.

Proof. We repeat the proof of [9, Theorem 4.2] by making the necessary changes. In fact, we apply Dinh—
Sibony’s equidistribution results for meromorphic transforms [18] and Propositions 4.1 and 4.3. Here the
main point is that the dimension estimate (14) plays the role of [9, Proposition 4.7]. O

5. Equidistribution for sections of two adjoint line bundles

The main purpose of this section is to prove Theorem 1.5. Let 74, kK = 1,2, be the Fubini-Study currents

of the spaces H(OQ) (X, L} ® Kx) as defined in (19).

Theorem 5.1. In the setting of Theorem 1.5 we have
1
g2 e Av2p = c1(La,ha) Aei(La, ho) as p— oo,

in the weak sense of currents on X.
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Taking for granted the above result, we arrive at the
Proof of Theorem 1.5. This follows directly from Theorem 4.4 and Theorem 5.1. 0O

The remainder of the section is devoted to the proof of Theorem 5.1. Let us start with the following
lemma.

Lemma 5.2. Let U be an open set in C™, A, B be proper analytic subvarieties of U with codim AN B > 2,
and u, v, up, Vp, p > 1, be psh functions on U such that:

(i) w is continuous on U \ A and u, — u as p — oo locally uniformly on U \ A.
(if) v 4s continuous on U \ B and v, — v as p — oo locally uniformly on U \ B.
(iii) The currents dd°u, A ddv, = dd°(u,dd®v,) = dd°(vpdd®u,) are well defined.

Then dd°u, A dd°v, — dd®u A dd°v in the weak sense of currents on U\ (AN B). Moreover, if n = 2 then
ddu, A dd°v, — dd°u A dd°v as measures on U.

Proof. We recall that the current ddp AT := dd°(pT) is well defined, where p is a psh function and T a
positive closed current on U, if p is locally integrable on U with respect to the trace measure of T. The
current dd®u A ddv is well defined on U since codim AN B > 2 and u, v are locally bounded on U \ A, resp.
on U \ B [14, Corollary 2.11] (see also [22]). Since u, — u locally uniformly on U \ A and w is continuous
there, we have by [5, Theorem 3.4] that u, — u in L}, (U) hence dd‘u, — ddu weakly on U. Similarly,
dd®v, — dd°v weakly on U. Using again the uniform convergence of u, on U \ A and the continuity of u
there, it follows that u,dd“v, — wddv, hence ddu, A dd°v, — dd°u A dd°v, weakly on U \ A (see e.g. [2,3],
[14, Corollary 1.6]). Similarly one has that v,dd°u, — vdd°u, hence dduy, A dd°v, — dd°u A dd°v, weakly
on U\ B. Thus dd“u, A ddv, — dd°u A dd°v weakly on U \ (AN B).

We prove now that u,dd°v, — udd°v weakly on U \ B as well. Indeed, note that by [24, Theorem 4.1.8]
we have u, — u, v, — vin LF, (U) for any 1 < p < oo, and in the Sobolev space WL (U) for any 1 < p < 2.
If y is a test form supported in U \ B then

/upddcvp Ax = /vpddc(upx)
= /vpddcup Ax+ /vp(dup AN dx — dup A dx + updd®x) .

Now our claim follows since v,dd°u, — vdd“u weakly on U \ B and since vpdu, — vdu, v,d°u, — vd°u,
vpu, — vu in L} (U). Therefore we have in fact that u,dd®v, — udd®v weakly on U \ (AN B).

loc
We consider finally the case n = 2, so AN B consists of isolated points. Let x € AN B and x > 0 be
a smooth function with compact support in U so that x = 1 near & and supp x N (A N B) = {z}. Since
updd®v, — udd®v weakly on U \ (AN B) D supp dd®x we obtain

/decup A dd v, = /upddcvp Add®x — /uddcv Add®x = /x dd®u A ddv .

Hence the sequence of positive measures dd“u, A ddv, has locally bounded mass and any weak limit point
w satisfies pu({z}) = dd°uAndd®v({z}) for x € AN B. It follows that dd°u, A dd°v, — dd°uAddv as measures
onU. O

Proof of Theorem 5.1. Recall that the currents 1 , A y2,, and ¢1(L1, k1) A c1(L2, ha) are well defined by
Proposition 4.1. Formula (22) implies that
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1
P

1
/’}/17;0 /\’}/2717 A wn72 = /Cl(Ll,hl) N Cl(LQ, hg) /\(.Mn72 + O(};) .
X X

Hence it suffices to show that if T is a limit point of the sequence {ﬁ Yip A ’}/Qm} then T = ¢; (L1, h1) A
¢1(La, ho). For simplicity, we may assume that #Fylm A7vyap = T as p — oo. Since T and ¢1(L1, k1) A
¢1(La, ho) have the same mass, it is enough to prove that T > ¢1(L1, hi) A ¢1(L2, he).

We fix x € X and let U be a neighborhood of x such that there exist holomorphic frames e; of Li, e of
Lo, and €’ of Kx, over U. Using the notation from Section 3, we let w1, us, p be the weights of hy, ho, KX on
U corresponding to these frames, and let uy, ,, be the psh functions defined in (21). Then % Vp = dd®uy, , and
¢1(Lg, h) = dd°uy, on U. Note that uy, is continuous on U \ X(hy). By (21) and by Part 1) of Theorem 3.1
and by the smoothness of %%, we have

1 P
Uk,p — Uk = —— long, + = =0,
? 2p P

locally uniformly on U\ £(hg). It follows by Lemma 5.2 that T = ¢1 (L1, h1) Ac1 (L2, he) on U\T, and hence
on X \ I, where T" := 3(hy) N X(hs).

Next we write I' = Y U(U;>1Y}), where Y; are the irreducible components of dimension n—2 and dimY" <
n — 3. Then by Federer’s support theorem ([21], see also [23, Theorem 1.7]), T = ¢1(L1, h1) A ¢1(La, ha) on
D = X \U;>1Y;, since Y is an analytic subset of D of dimension < n— 3. Siu’s decomposition formula ([32],
see also [14, Theorem 6.19]) implies that

T = R+ch[Yj], c1(La, ha) Aei(La, ha) = R+Zdj[yj]a (23)

Jj=1 ji>1

where [Y;] denotes the current of integration on Y}, ¢;,d; > 0, and R is a positive closed current of bidegree
(2,2) on X which does not charge any Y;. To conclude the proof of Theorem 5.1 we show that ¢; > d; for
each j, by using slicing as in the proof of [5, Theorem 3.4].

Without loss of generality, let j = 1 and & € Y; be a regular point of I' with a neighborhood U
as above. By a change of coordinates z = (2/,2”) near x we may assume that x = 0 € A" c U and
FNA™ =Y, NA™ = {z/ = 0}, where A is the unit disk in C, 2’ = (21, 22), 2"/ = (23,...,2n). Let x1(2’) >0
(resp. x2(z”) > 0) be a smooth function with compact support in A? (resp. in A"~2) so that x; = 1 near
0 € C? (resp. x2 = 1 near 0 € C"~2), and let 3 =i/2 Z;.L:B dz; A dz; be the standard Kéhler form in C"~2.
We set

"

ui () = wnp(#,2") , up () = (2, 2").

Let X, denote the base locus of H?Q)(X, LY ® Kx) and set X, = ¥4, ,NYs . Then ¥y ,NU = {uy,, = —oo}.
Since ug,p, — ug locally uniformly on U \ ¥(hy) and uy is continuous there, it follows that X, N A™ C
{(z',2") € A" : |2/| < 1/2} for all p sufficiently large. Thus for each 2" € A"~2 the analytic set {2’ €
A?: (2,2") € £, N A"} is compact, hence finite, so the measures ddcuf; A dd“’ug,,;9 are well defined [14,

Corollary 2.11]. Moreover,

W= ddoui ) Addous, — i = ddoud A ddoud
weakly as measures on A? by Lemma 5.2. One has the slicing formula (see e.g. [18, formula (2.1)])

/ X (2 )xa(e")ddeus , A ddus y A B2 = / / ) diz () ) xa(z1)87,

AT An—2 A2
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and similarly for dd“u; A dd®us. Since dd“uy ;, A ddug , — T it follows from Fatou’s lemma that

/Xl(Z/)XQ(Z”)T/\ﬂn%Z / lim /Xl(zl)duzu(z') xa(2) 32

p—o0
AT An—2 A2

= [ | [ @) ) e

An—2 \A2
= /Xl(zl)X2(Z//)ddcul A ddus A B2,
An

This implies that ¢; > dy, since by (23), T = R+ ¢1[2' = 0] and dd°u; A ddus = R+ di[z' =0] on A™. O
6. Equidistribution for sections of several adjoint line bundles

We prove here Theorem 1.6. We will need the following local property of the complex Monge—Ampeére
operator:

Proposition 6.1. Let U be an open set in C™, ¥ be a proper analytic subset of U, and uq,...,u, be psh
functions on U which are continuous on U\ X. Assume that dim ¥ < n—m and that uy p, where 1 <k <m
and p > 1, are psh functions on U so that uk, — ug locally uniformly on U \ X. Then the currents
dd“ui p A ... A ddUy, p are well defined on U for p sufficiently enough, and dd°uip, A ... A ddUupp, —
dd®uy A ... A ddu,y, weakly as p — oo in the sense of currents on U.

Proof. It follows along the same lines as those given in the proof of [5, Theorem 3.4]. O

Proof of Theorem 1.6. Let U C X be a contractible Stein open set, uy p, ur be the psh functions defined
in (21), so dd®uy = c1(Lg, hy) and dduy, = %fy;w on U. By Part 1) of Theorem 3.1 we have that
% log Py , — 0 locally uniformly on U \ X, hence by (21), ug, — ug locally uniformly on U \ ¥ as p — oo,
for each 1 < k < m. Therefore, Proposition 6.1 implies that ddu; , A ... A dd°Up, p, — dd°ur A ... A ddup,
weakly on U as p — oco. Thus, we have shown that

1
pim T,p Ao A Ym.,p — Cl(Ll, hl) VAN Cl(Lm, hm)
as p — 00, in the weak sense of currents on X. This, combined with Theorem 4.4, implies Theorem 1.6. 0O
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