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1. INTRODUCTION

The aim of this article is to establish singular holomorphic Morse inequal-
ities on complex manifolds satisfying certain convexity conditions. The asymp-
totic estimates of the dimension of the cohomology groups of high tensor powers
of a holomorphic line bundle were motivated by the Grauert-Riemenschneider
conjecture [I5], which states that a compact complex manifold with a Her-
mitian holomorphic line bundle whose curvature form is positive definite on
an open dense subset is a Moishezon manifold. Siu [28] proved this conjec-
ture using the Riemann-Roch-Hirzebruch formula and showed that for any
qg > 0, dim HY(X,LP) = o(p") as p — oo, for any compact complex man-
ifold X and semi-positive line bundle L. This can be seen as a refinement
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of the Kodaira-Serre vanishing theorem and of the Kodaira embedding theo-
rem. Based on Siuw’s 99 formula and the rescaling trick, Berndtsson [3] im-
proved Siu’s result to the optimal size p"~9¢, i.e. for every ¢ > 0 one has that
dim H4(X,LP) = O(p"~1?) as p — oo, for any compact complex manifold X
and semi-positive line bundle L. Later, Berndtsson’s estimates were extended
to various complex manifolds [32, 33| [34] and line bundles with metrics with
algebraic singularities [34].

Motivated by Siu’s solution and Witten’s analytic proof of the standard
Morse inequalities, Demailly [10] established the holomorphic Morse inequali-
ties, which strengthen Siu’s solution by explicitly showing that

7
(1.1) dim H(X, LP) > p,/ c1(L, K™ + o(p™), p — o0,
e JXx (<1

where X is a compact complex manifold and L is a line bundle with a smooth
Hermitian metric h”. A powerful tool for finding holomorphic sections, De-
mailly’s holomorphic Morse inequalities have been extended to various classes
of complex manifolds [6], 18, 19, 20} 22, 17, B1] and line bundles with metrics
having algebraic singularities [5]. It is noteworthy that Bonavero’s singular
holomorphic Morse inequalities [5] on compact complex manifolds, as well as
the criteria of Ji-Shiffman [16] and Takayama [30], provide a complete charac-
terisation for Moishezon manifolds, and the bigness of line bundles [I7]. To-
gether with Fujita’s approximate Zariski decomposition [14] and Demailly’s
approximation theorem for positive closed currents [11], the singular holomor-
phic Morse inequalities lead to Boucksom’s volume formula for pseudoeffective
line bundles on compact Kéhler manifolds [7]. We refer to [12| [17] for compre-
hensive studies of the holomorphic Morse inequalities.

A natural problem is to establish holomorphic Morse inequalities, as well
as Siu-Berndtsson type estimates, for complex manifolds possessing a line bun-
dle endowed with a metric with algebraic singularities. In this paper, we con-
sider the case when the singular locus of such a metric is compact.

Let M be a connected complex manifold of dimension n, L be a holomor-
phic line bundle on M and A% be a Hermitian metric on L with algebraic singu-
larities, see Section We denote by .# (k) the Nadel multiplier ideal sheaf
of the Hermitian metric h, cf. Definition Let R(EMY) be the curvature
current of (L, h%) and set c1(L,hl) = & RIHY) | Let S(h*) be the singular
locus of h%, which is a closed analytic subset in M. On the set M \ S(hl)

the metric hZ and its curvature R are smooth. For qg€{0,1,...,n} and

x € M\ S(h%) we say that the curvature Rch’hL) has signature (¢,n — q) if

it has g negative eigenvalues and n — ¢ positive eigenvalues as a Hermitian



3 Singular holomorphic Morse inequalities on non-compact manifolds 63

endomorphism of ngl’o)M . We introduce the ¢-index set
(1.2) M(q) = M(q,h*) = {z e M\ S(h): R;L’hL) has signature (¢,n — q)},
and we set . i,
M(zr) = M), M(<r) =[] M.
It is clear that M(q), M (> r%zgnd M(<r) are operlzsoubsets of M.

The first result deals with singular holomorphic Morse inequalities for
hyperconcave manifolds. This subclass of the class of 1-concave manifolds was
introduced and studied by Mihnea Coltoiu [8, 9], see also [21].

THEOREM 1.1. Let M be a hyperconcave manifold of dimension n and L
be a holomorphic line bundle on M. Let h* be a Hermitian metric on L with
algebraic singularities such that S(h') C Z and e1(L,h*) > 0 on M \ Z for
some compact Z C M. Then, as p — 00,

‘2

P

dim HO(M, L @ Ky ® .7 (hY)) > o

/ c1 (L, hE)" 4 o(p™).
M(<1)

If the metric h” is smooth, Theorem reduces to [I7, Theorem 3.4.9].
As consequences of Theorem we obtain an estimate for the adjoint volume
of a line bundle (Corollary, and a Siu-Demailly type criterion for Moishezon
spaces with isolated singularities (Corollary. Theoremimplies a version
of Bonavero’s singular holomorphic Morse inequality for certain metrics with
more general singularities than the algebraic ones, cf. Theorem [3.10

We consider next the case of singular holomorphic Morse inequalities on
pseudoconvex domains.

THEOREM 1.2. Let M €V be a smooth pseudoconvexr domain in a com-
plex manifold V' of dimension n and L, E be holomorphic vector bundles on V
with rank(L) = 1. Let h* be a Hermitian metric on L with algebraic singular-
ities such that S(h™) C M and ci(L,h*) > 0 on the boundary of M. Then, as
p — o0,

Y2

(1.3) dim HO(M, LP @ E ® 7 (h*")) > rank(E) 2

e[ ataby o).
e Jm(<1)

Our third result deals with singular holomorphic Morse inequalities on
g-convex manifolds.

THEOREM 1.3. Let q,s € N, 1 < g, <n, M be a g-convex manifold of
dimension n, and L, E be holomorphic vector bundles on M with rank(L) =
1. Let h% be a Hermitian metric on L with algebraic singularities such that
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S(ht) € Z and ci(L,h*) has at least n — s + 1 non-negative eigenvalues on
M\ Z, for some compact set Z C M. Then, for any £ > s+q—1, the following
strong and weak Morse inequalities hold as p — oco:

n

3 () dim HI (M, I © E © 7 (h™"))

(1.4) =t
< rank(F) p—' / (=D)er (L, hE)™ + o(p™),
M0
(1.5)
dim HY(M,LP ® E ® .# (h*")) < rank(E) % / (=1)e1 (L, hEY™ + o(p™).
M)

Note that the hypotheses of Theorem [1.3] imply that for £ > s+ ¢ — 1
we have M (¢) = Z({), thus the integrals on the right-hand side of the Morse
inequalities are finite.

Theorem[I.3]is a generalization for singular Hermitian metrics of the main
theorem of [6]. If ¢;(L,h) > 0 on X \ S(h¥) then by (L.5), dim HY(M, LP ®
E® #(h*")) = o(p") for j > q. This can be improved as follows.

THEOREM 1.4. Let M be a q-convex manifold of dimensionn, 1 < g <mn,
let K be the exceptional set of M, and L, E be holomorphic line bundles on M.
Let ™ be a Hermitian metric on L with algebraic singularities such that S(h")
is compact and c1(L,h’) >0 on U (in the sense of currents), where U C M is
open and K U S(h%) C U. Then there exists C > 0 such that for every j > q
andp > 1,

(1.6) dim HY (M, L’ @ E ® (™)) < Cp"J.

When M is compact (hence 1-convex), Theorem |1.4| reduces to [34, The-
orem 1.7], and when S(h*) = ) to [33, Theorem 1.5]. When M is compact and
S(h%) = () this is of course Berndtsson’s result [3].

The paper is organized as follows. In Section[2] we introduce the notations
and recall how to reduce the case of metrics with algebraic singularities to that
of smooth metrics, following [5]. The main results are proved in Section

This paper is dedicated to the memory of Mihnea Coltoiu, for his many
fundamental contributions to the convexity theory of complex spaces, brilliant
solutions to difficult open problems and his inspiring mathematical personality.
He will be fondly remembered.
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2. REDUCTION TO THE CASE OF SMOOTH METRICS

The proof of the singular Morse inequalities follows the methods of Bona-
vero [5] (see also [I7), Section 2.3.2]). That is, one uses a proper modification
such that the pull-back of the curvature current of h” has singularities along
a divisor with normal crossings. Then one introduces a modified Hermitian
holomorphic line bundle with cohomology groups isomorphic to the original
ones. Since the singular locus of h% is compact, the convexity of the ambient
manifold is preserved by the proper modification, which allows us to reduce
the singular case to the smooth one in Section |3} We recall this construction in
Theorem and give an outline of its proof. We begin with a brief discussion
of singular Hermitian metrics.

2.1. Singular metrics with algebraic singularities

Let M be a connected complex manifold of dimension n and &); denote
its structure sheaf. Let w be a Hermitian form on M and set dvys = w"/nl.
We denote by HY(M,.F), where 0 < ¢ < n, the ¢-th cohomology group of a
sheaf .# on M. If F is a holomorphic vector bundle on M and &)/ (F) is the
sheaf of holomorphic sections of F', we set HY(M, F') := HY(M, O (F)).

A function ¢ : M — [—00, +00) which is locally the sum of a plurisubhar-
monic (psh) function and a smooth function is called quasi-plurisubharmonic
(quasipsh).

Let L be a holomorphic line bundle on M and hg be a smooth Hermitian
metric on L. If h" is a singular Hermitian metric on L (cf. [IT], I7]) then
ht = hfe=2° for some real function ¢ € Li (M). The curvature currents of
(L, h*) are defined by

REM) = RENE) 4 998, ¢y(L, hE) = i REM) = ¢ (L, hE) + %859@.
We denote by R(h”) the largest open subset of M where h’ (or equivalently
¢) is smooth, and we call S(h%) := M \ R(h*) the singular locus of h.

We introduce the following important class of singular Hermitian metrics,

of. [, 7, 12

Definition 2.1. A function ¢ on M is said to have analytic singularities
if there exists a coherent ideal sheaf .¢ C O0); and a constant ¢ > 0 such that
© can be written locally as

m

(2.1) o= % log (D 1£?) + 4,

J=1
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where fi,..., f; are local generators of the ideal sheaf .# and 1 is a smooth
function. If ¢ is rational, we furthermore say that ¢ has algebraic singularities.
Note that a function with analytic singularities is quasipsh, and that its singular
locus is the support of the subscheme V(%) defined by .#. If L is a holomorphic
line bundle on X and h” is a singular Hermitian metric on L, written hl =
hée‘zs" where hg is smooth, we say that h” has analytic (resp. algebraic)
singularities if ¢ has analytic (resp. algebraic) singularities.

The following notion was introduced by Nadel [24], see also [111 [12].

Definition 2.2. The Nadel multiplier ideal sheaf .#(y¢) of a real locally
integrable function ¢ on M is the sheaf of germs of holomorphic functions f
such that |f|?e~2# is locally integrable. We denote by .#(h%) := #(p) the
Nadel multiplier ideal sheaf of Al = hL 20,

Clearly, the ideal sheaf .#(h%) is independent on the choice of the Her-
mitian metric h{. Since the Nadel multiplier ideal sheaf # () of a psh (thus
also quasipsh) function ¢ is coherent [24] (cf. also [11], [I2, (5.7) Proposition]),
it follows that ¢ (k%) is a coherent analytic sheaf on M for any Hermitian
metric h” with analytic singularities.

2.2. Resolving algebraic singularities

Let M be a connected complex manifold of dimension n. We need the
following theorem about the resolution of singularities (see [2, Theorems 3, 4,
5.4.2] and [4, Theorem 1.10, 13.4]).

THEOREM 2.3. Let % be a coherent ideal sheaf on M such that
Y :=supp(Oy/F) ={x € M : Fp # Ong}

is compact. Then there exits a complex manifold M and a proper modification
m: M — M, given as the composition of finitely many blow-ups with smooth
center, such that:

(i) the restriction 7 : M \ 7 YY) — M\Y is biholomorphic;

(ii) the pullback F =n"\F is locally normal crossings everywhere in M
i.e., for every point x € M there exits a coordinate neighborhood W centered at

x and a monomial h € O3;(W) such that ;‘fv(W) is the principal ideal generated
by h.

The holomorphic Morse inequalities for a singular metric are obtained
from the corresponding inequalities for a suitable smooth metric by the follow-
ing theorem. We denote by |a]| the integer part of a € R.
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THEOREM 2.4. Let (L, h*) be a holomorphic line bundle on M such that
hY has algebraic singularities as in and S(h') is compact. There exists
a proper modification 7 : M — M, given by a composition of finitely many
blow-ups with smooth center, such that 7 : M\ 71 (S(hE)) — M\ S(hl) is
biholomorphic and the following hold: N

(A) The weight 3 = ¢ o of the metric h = m*h* = (7*hf)e 2% on
L = m*L has the form

k
(2.2) gB:chjlog|gj|+w
j=1

in local holomorphic coordinates at any given point  in M, where 1; 18 a smooth
function, ¢; € N\ {0}, g; are irreducible in O - and they define a global

divisor Z?Zl cjﬁj that has only normal crossings and support m—'(S(h)).
Moreover,

~ k ~
(2.3) I (W) = 7 (pp) = O (— Zchcjj Dj), forallp>1.
j=1
(B) Let ¢ =r/m, where r,m are positive integers, and set

~ k ~ ~ ~ ~ 7

(2.4) D:=rY ¢;Dj, L:=L"® On(-D)=L"® 7 (h"").
j=1

Then there ezists a smooth Hermitian metric hE on L such that
(2.5) c1(L, hE) = mey (L, kL) on M\ D.

(C) If E is a holomorphic vector bundle on M then, for p sufficiently
large, we have

(26) HI(M,I' @ E@ Ky o7 (h) = B(M, L’ E© Ky o7 (h"),

(27) H/(MIPoEe (W) =HOLI"e B K o Ko s (h"),

for 0 < j <mn, where E=1*F and k\]\*; =" (Kj},).

Proof. (A) Let us apply Theorem for the coherent ideal sheaf .# from
Definition Let 7 : M — M be as in Theorem and let g be the local
generator of the ideal 71.# in a neighborhood of a point & € M. Let {f; :
j=1,...,m} be generators of .# near x = n(z). Since {fjom:j=1,...,m}
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are generators of 77!.# near ¥ there exists holomorphic functions hj such that
fj o™= ghj, where h; have no common zeros. It follows that
m

~ C ~
7= Stog (D Ifsomf?) + b om = cloglgl + 9,
j=1

where 1; is smooth. We write g = H?:l g;j with g; irreducible factors, and

consider the global divisors lN)j defined logally by g;. Hence Z?Zl cjDj is a
divisor with only normal crossings. Since v is smooth, this implies ([2.3)).

(B) Let s7 be the canonical section of ﬁﬁ(—ﬁ) such that Div(sz) = -D.
We endow 6’1\7(—5) with a Siilgulali metric hP such that |spl,5 =1 on M\Bj
and we consider the metric A = A" ® hP on L. Since the local weight of hP
is —r Z?Zl cjlog|g;|, we infer from (2:2)) that A% is smooth and (2.5) holds.

(C) This follows by the same local arguments as in [5] (see also [I7), pp.
106-109, (2.3.45)]), by using the Leray theorem about the cohomology of a
direct image of a sheaf and the Nadel vanishing theorem for weakly 1-complete
manifolds. We emphasize that it is essential here that the proper modification
7 is the composition of finitely many blow-ups with smooth center. Note that

(2.7) follows at once from ([2.6). O

3. SINGULAR MORSE INEQUALITIES

This section is devoted to the proofs of our main results. We state first the
singular holomorphic Morse inequalities for compact manifolds due to Bonavero
[5].

THEOREM 3.1. Let M be a compact complex manifold of dimension n,
and L, E be holomorphic vector bundles on M with rank(L) = 1. Let h* be a

Hermitian metric on L with algebraic singularities. Then, for 0 < q < n, we
have as p — oo that

(3.1) dim HY(M, LP® E®.7 (h'")) §rank(E)% / (=1)%¢1 (L, hE) +o(p™),
* v M(q)

zq:(—nq—j dim HY (M, L* @ E ® % (h™"))
(32) =0

<rank(E) ];—T‘L /M 3 (—1)4c1 (L, hL)n + o(p"),

with equality for ¢ = n (the asymptotic Riemann-Roch-Hirzebruch formula for
singular metrics).
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As a consequence,
dim HY(M, L’ @ E @ .# (h'"))

(3.3) p"

> rank(E) — (=1)%c (L, k)™ 4+ o(p™).

n! /M(ql)UM(q)uM(q+1)
Moreover, if for some 0 < ¢ < n we have M (¢ — 1) = M(q+ 1) =0, then

(3.4) nmn!p—"dimHQ(M,LP@E@f(hL”)):rank(E)/ (—=1)%¢y (L, RE)™.
p=ree M(q)

By the notation fM c1(L, h*)™ we also assume that the set M(q) refers to

the metric A, that 1s, M(q) = M(q,h*) (cf. (T.2)). Note that the integrals
on the right-hand side of the Morse mequahtles are finite. By (2.5) we have
a (M) = ( )\ D and the integral of cl(L hL) on M(E) equals the

integral of the everywhere smooth form m "¢y (L, hL) on M (0)\ D.

In the following, we consider manifolds M satisfying various convexity
conditions (such as g-convexity, weakly 1-completeness, g-concavity, hypercon-
cavity). For a coherent analytic sheaf .# on such manifold M the cohomology
spaces H7 (M, .%) are finite dimensional only for some values of j € {0,1,...,n}
and the Morse inequalities hold for these values, but also for some connected
values (for example j = 0).

3.1. g-convex manifolds

According to [1], a complex manifold M of dimension n is called g-convex
for some g € {1,...,n} if there exists a smooth function ¢ : M — [a,b),
where a € R, b € RU{+0o0}, such that M, = {¢ < ¢} € M for all ¢ € [a,b) and
100y has at least n — ¢+ 1 positive eigenvalues on M \ K for a compact subset
K C M. We call K the exceptional set of M. By the Andreotti-Grauert theory
[M], H(X,.#) is finite dimensional for any j > ¢ and any coherent analytic
sheaf .%# on a g-convex manifold X.

The smooth version of the holomorphic Morse inequalities for g-convex
manifolds is the following, see [0, Theorem 0.1], [I7, Theorem 3.5.8].

THEOREM 3.2. Let q,s € N, 1 < q,s <n, M be a g-convexr manifold of
dimension n, and L, E be holomorphic vector bundles on M with rank(L) = 1.
Let h* be a Hermitian metric on L such that c1(L,h") has at least n — s + 1
non-negative eigenvalues on M \ Z for some compact Z C M. Then for any
{> s+ q—1, the following strong Morse inequality holds as p — oo,

/ (—1)fer (L, hP)" + o(p").
M(>0)

Y (~1)* dim B (M, I? ® E) < rank(E) 25
n:
j=t
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Proof of Theorem- Let 7 : M — M be the proper modification pro-
vided by Theorem [2.4l Then D = 7~ }(S(ht)) c #~1(Z) and 7 : M\ D —

M\ S (RE) is blholomorphlc So M is also g-convex with exceptional set
D U 7 YK), where K is the exceptional set of M. Moreover, by 25,
cl(i, hz) = mei(L, hY) has at least n — s 4+ 1 non-negative eigenvalues on
M\ 7 1(2).

We write p = mp’ +m/, where p’,m’ € N, 0 < m/ < m. We infer by

and (2.4) that

(3.5) Posm) =" o I™ @ 05( Z m'cc; |
Let E = n*E, KAJ"\‘//[ = m*(K3,), and
. o _ k
(3.6) Fm/::E®KX/[®KM®Lm®ﬁ~ chcj Dj), 0 <m’ <m.
7=1

Then rank(F,,/) = rank(F). By (2.7) we have, for p = mp’ + m’ sufficiently
large and for each 0 < j < n, that

(3.7) HI(M, I’ ® E® #(h*)) = HI (M, I” ® F,).

Applying Theorem (3.2 on M to the Hermitian holomorphic line bundle (E, h*)
and to each F,,, 0 < m' < m, we get for £ > s+ q — 1 and all p sufficiently
large that

n n .
ST (-1 dim B (M, IP ® E © .7 (b)) Z )47 dim HY (M, L' ® F,y)
J=t J=

( ) ~1)e 7 3 I\n o(p™
2 /M(Z@( e (E AP + o).

Since ¢ (L, hf) has at least n — s 4+ 1 non-negative eigenvalues on M\ 7 1(2)
it follows that M(Z ¢) € 771(Z). The latter set is compact, so the above
integral exists. Note that M(> ¢) ¢ M \ S(h%). Using we infer that
M(>0)\D=7r"YM(>¢)) and

< rank(FE)

(3.8) /~ e (L, KM = m» /~ (L, hz)” = m"/ ey (L, hE)™.
M(=0) M(=0\D M(=£)

Hence, the last integral exists and we obtain
n
> (=) dim BH/(M,LP @ E® 7 (h""))
j=¢
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n

(mp’)

n!
Pttty ot
e JM(>e)

The inequality (1.5)) follows by summing up (1.4) for ¢ and ¢+ 1. The proof of
Theorem is complete. [

< rank(F) /M(>£) 1 (L, k)™ + o(p™)

Y2

= rank(FE)

We conclude this section with the proof of Theorem [I.4, We need the
following result.

THEOREM 3.3 (|33, Theorem 1.5]). Let M be a q-convexr manifold and
L, E be holomorphic line bundles on M. Let h* be a Hermitian metric on L
such that c1(L,h"*) > 0 on a neighborhood U of the exceptional set K of M.
Then there exists C' > 0 such that for every j > q and p > 1,

dim HY (M, ¥ ® E) < Cp".

Proof of Theorem[1.7) As in the proof of Theorem let 7: M — M
be the proper modification provided by Theorem [2.4] So

m: M\ D — M\ S(h")
is biholomorphic and M is g-convex with exceptional set D U 7 UK) C U,
where U = 7~ Y(U). By ([.5), it follows that ¢ (L, hz) = ma (L, hz) =
mm*c1(L, h*) > 0 on U\D. Since KL is smooth, this implies that ¢; (L, hi) >0
on U. Using (3.5), we obtain that holds for 0 < j < n, where p = mp'+m/
and F,,, 0 < m’ < m, are the line bundles defined in . Applying Theorem
to M, (E, hz) and F},;, we obtain for p > m and j > ¢,

dim H/ (M, [’ ® E ® .# (k")) = dim H/ (M, L ® F,,) < C(p/)" < Cp",

which is the desired estimate. [

3.2. Pseudoconvex domains

We establish here the singular holomorphic Morse inequalities on smooth
pseudoconvex domains and weakly 1-complete manifolds. The corresponding
results for smooth Hermitian metrics were obtained in [0, 17, [1§].

Let M be a relatively compact domain with smooth boundary bM in a
complex manifold V. Let p € €°°(V,R) be a defining function of M, i.e. M =
{z € V: p(x) < 0} and dp # 0 on the boundary bM = {x € V : p(z) = 0}.
Let T\"9b 0 = {ve 7Oy Jdp(v) = 0} be the holomorphic tangent space of
bM at x € bM. The Levi form .%, is the restriction of d9p to the holomorphic
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tangent bundle TH9pM . The domain M is called pseudoconvex if the Levi
form .Z, is positive semidefinite. We need the following holomorphic Morse
inequality for pseudoconvex domains.

THEOREM 3.4 ([17, (3.5.25)]). Let M &€ V be a smooth pseudoconvexr
domain in a complex manifold V and let L, E be holomorphic vector bundles on
V withrank(L) = 1. Let h™ be a Hermitian metric on L such that c1 (L, h%) > 0
on bM. Then, as p — 0o, we have

dim H°(M, LP ® E) > rank(E) ’% / c1 (L, hE)™ + o(p™).
e Jm(<1)

Proof of Theorem[I.2. By shrinking V', we assume that ¢ (L, h*) > 0 on
V' \ M. Let p be a defining function for M and 7 : V' — V be the proper
modification from Theorem Then D = n~1(S(h*)) c 7~ 1(M) and

m:V\D—V\SH
is biholomorphic. So ]\N{ = m Y (M) is pseudoconvex with defining function
pom. Moreover, if (L, h*) = (7*L, 7*h") then h” is smooth and ¢; (L, h%) > 0
on a neighborhood of bM. B R
We write p = mp’ +m’, 0 < m/ < m. Let £ = n*E, and L, F,,, be the

bundles defined in (2.4) and (3.6]), respectively. By ({3.5)) and (2.7) we have, for

all p sufficiently large, that
HY(M,L? @ E® 7 (h*")) = H'(M,L" @ F,,).
Let il be the Hermitian metric on AE provided by Theorem (B) and M (<1)
be the subset of M where R is non-degenerate and has at most one
negative eigenvalue. By (2.5), c¢1(L,h") > 0 on bM,
M(<D)\D=n""(M(< 1))

and

/N e (B, hEY™ = /N (B hh = e e (L, hEy".
Fi(<1) F(<I\D M(<1)

In particular, the last integral exists. Theorem now follows from Theorem
applied to (L,h") and F,,. O

Following Nakano [25], we call a manifold weakly 1-complete if it admits
a smooth plurisubharmonic exhaustion function ¢ : M — R. The holomor-
phic Morse inequalities for weakly 1-complete manifolds and line bundles with
smooth metrics appeared in [0, [I7,18]. The general version of [18] for ¢-positive
line bundles outside a compact set answered a question of Ohsawa [26], p. 218].
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We state here a version of the holomorphic Morse inequalities for positive
line bundles outside a compact set. Note that by the finiteness theorem due to
Ohsawa [26, Ch. 3, Theorem 1.3] if L, E are bundles on a weakly 1-complete
manifold M such that rank(L) = 1 and L is positive outside a compact set
then there exists pg € N such that for every p > pg and for j > 1 the spaces
HI(X,LP ® E) are finite dimensional.

THEOREM 3.5. Let M be a weakly 1-complete manifold dimension n, and
L, E be holomorphic vector bundles on M with rank(L) = 1. Let h™ be a
Hermitian metric on L with algebraic singularities such that S(h*) is compact
and cl(L,hL) is positive outside a compact set. Then, for any £ > 1, the
following strong and weak Morse inequalities hold as p — oo:
n
> (1) dim BHI(M, LF @ E® 7 (b))
(3.9) 7=¢

'

p

< rank(E) —
n!

| vty v opn),
M(0)

(3.10)
dim HY(M, L? @ E @ . (h'")) < rank(E)

Y22

r-
n!

/ (=1)fer (L, BE) + o(p™).
M(0)

2

p
n!

(3.11) dim H'(M, L’ ® E® .#(h"")) > rank(E) / c1 (L, k)™ +o(p™).
M(<1)

Proof. If the metric h” is smooth the statement reduces to [I7, Theorem
3.5.12], so the proof proceeds as above by using [I7, Theorem 3.5.12] on the
blow-up. [

Remark 3.6. In the same vein, we can generalize [I8, Theorem, p. 897]
for the case of a line bundle L which is g-positive (that is, whose curvature
has n — g+ 1 positive eigenvalues) outside a compact set K. In this case ,
hold for the cohomology groups H!(M,, [’ @ E® .7 (h'")), £ > ¢, on any
sublevel set M, = {p < c} containing K and S(h’). If we assume moreover
that M is endowed with a Hermitian metric which is Kahler outside K and
L is semi-positive outside K, then the restriction morphism H(M,LP ® E ®
I (W) — HY (M., L’ ® E® .# (h"")) is an isomorphism cf. [26, Theorem 2.5,
p. 221]. We deduce that the Morse inequalities , hold in this case
for HY(M,LP @ E @ #(h™")), £ > q.
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3.3. Hyperconcave manifolds

A complex manifold M is called hyperconcave if there exists a smooth
function ¢ : M — (—o0,u], where u € R, such that M. := {¢ > ¢} € M for all
¢ € (—oo,u| and ¢ is strictly plurisubharmonic outside a compact subset (cf.
[8, @, 21]). A hyperconcave manifold is 1-concave in the sense of Andreotti-
Grauert [1], see Section

If X is a compact complex space with isolated singularities the regular
locus X,eq is hyperconcave (see [I7, Example 3.4.2]. A complete Kéhler mani-
fold of finite volume and bounded negative sectional curvature is hyperconcave
(see e.g. [I7, Theorem 6.3.8]). As in the compact case, Siegel’s lemma holds
for hyperconcave manifolds:

(3.12) dim H°(M, LP @ K);) < Cp,
where g, < dim M is the maximal rank of the Kodaira map associated to
H(M, LP @ K ) (see [17, Theorem 3.4.5, Remark 3.4.6]).

We will need the following holomorphic Morse inequality for hyperconcave
manifolds.

THEOREM 3.7. Let M be a hyperconcave manifold of dimension n and
(L, k"), (E,h") be Hermitian holomorphic line bundles on M that are semi-

positive outside a compact set. Then
o

(3.13) dimH(OQ)(M, LPRQE®K)) > p/ c1(L, hE)"o(p™), as p — oo,
M(<1)

n:

where the set M (< 1) corresponds to the metric h* and H&) (M, LPRQE® Ky)

is the space of L?-holomorphic sections of LP @ E @ Ky with respect to h*, h¥
and any metric on M.

Proof. The case when (E, h¥) is trivial was treated in [I7, Theorem 3.4.9].
In the general case, we observe that [I7, Theorem 3.3.5 (i)], on which [I7,
Theorem 3.4.9] is based, holds if we twist LP with a line bundle E which is
semi-positive outside a compact set, since the crucial estimates [17, (3.3.10-11)]
still hold in this case. Thus, the proof of [17, Theorem 3.4.9] goes through with
only minor modifications. [

Proof of Theorem [I.1. Let 7 : M — M be the proper modification pro-
vided by Theorem so D =7 YS(t) c 7 (Z) and 7 : M\ D —
M \ S(h*) is biholomorphic. It is clear by the definition that M is hypercon-
cave. We write p = mp’ +m/, 0 < m’ < m, and set

k
D, = Z{m’ccjj ﬁj , Eppi= fm’ & ﬁ]\“j(_Dm’)
j=1
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We have by (3.5 that P ® f(th) =" ® E,,, where L is defined in (2.4).
Therefore, using (2.6]), we obtain for p sufficiently large that
HY M, I’ @ Ky @ (W) = H' (M, 1P @ K7 @ 7 (b))

(3.14) B
= H'(M,LP ® Epy ® Kq7).

Let AL be the Hermitian metric of L from Theorem (B) and M (k) be

the subset of M where R s non-degenerate and has exactly k negative

eigenvalues. By ([2.5)),

~ ~

e1(L, kL) = mey (L, hL) > 0 on M\ 7~ 1(Z).

Jh
Applying (3.13) to (E, hY) and using (3.12)), we deduce that

0< /N a (L, W)™ < +o00.
M (0)

Note that F,, carries a Hermitian metric h,,, which is semi-positive out-

side a compact set. Indeed, let s,,» be the canonical section of 77 (—Dyy) and

N be the singular Hermitian metric on &37(—Dyy) such that [sy], , =1 on

M\ D, . On ]\A/f\f), the metric hE™ @1y is smooth and ¢1(O37(— Dt ), M) =

0. So we can find a smooth metric hy, of E,, such that hy, = hE™ & Ny ON
M \ K for some compact K D 7w~ 1(Z). Hence

Cl(Em/,hm/) = m'cl(z,hz) Z 0 on M\ K.

Therefore, we can apply Theorem to (E, hZ) and (Ey, hyy). Using (2.5)
we infer that M(< 1)\ D = 7~ }(M(< 1)) and

/N a(L, hz)" =m" /N (L, hz)" =m" c1(L, hE)™.
N(<1) M(<1\D M(<1)

In particular, fM(<1) c1(L,h*)" € R exists. By (3.14) and (3.13) we obtain, as
D — 00,

dim HO(M, LP @ Ky @ & (h*")) > dim H{y) (M, LF ® Eyy @ Kip)

(pl)n = 2 Ih\n n
/mq)cl(L,M +o(p")

n!

=< cr(L, hE)™ + o(p").
e JM(<1)

This is the desired estimate. [

Theorem [I.1]has the following immediate corollary. Recall that in analogy
to the volume of a line bundle [7], the adjoint volume of a line bundle L on a
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complex manifold M of dimension n is defined by
|
vol*(L) := limsup — dim H(M, LP @ K ).
p—oo P
The volume of any line bundle on a hyperconcave manifold is finite by (3.12)).

COROLLARY 3.8. Let M be a hyperconcave manifold of dimension n and
L be a holomorphic line bundle on M.

(i) If h* is a Hermitian metric on L with algebraic singularities such that
S(ht) C Z and c1(L,h*) >0 on M \ Z for some compact Z C M, then

0< / c1(L, h*)" < vol*(L) —/ e (L, hF)" < 0.
M (0) M(1)

In particular, if ¢y (L, k") > 0 on M, we have [y, c1(L, h*)" < vol*(L) < ooc.
(ii) If ¢ is a function on M with algebraic singularities as in (2.1) such

that @ is smooth and plurisubharmonic on M \ K for some compact K C M,
then

0< / (i00p)" < — / (i00¢p)" < +oo.
M(0) M(1)

Proof. (i) This follows at once from Theorem since by (3.12)),
dim HO(M, LP @ Ky @ & (h*)) < dim HO(M, LP ® Kj;) < +oc.

(ii) We apply (i) to the trivial bundle L = M xC endowed with the singular
Hermitian metric |(x,1)|> = ¢72#(*) | and we note that vol*(L) = 0. [

When S(h%) = 0, Corollary was obtained in [I7, Corollary 3.4.11].
When S(h*) = () and M is compact, (ii) is motivated by the calculus inequal-
ities derived from holomorphic Morse inequalities [29].

Another consequence of Theorem is the following Siu-Demailly-Bo-
navero type criterion for Moishezon spaces with isolated singularities. Recall
that a Moishezon space is a compact irreducible complex space whose algebraic
dimension is equal to its complex dimension [23].

COROLLARY 3.9. Let X be a compact irreducible complex space of di-
mension n > 2 with at most isolated singularities and L be a holomorphic line
bundle on the reqular locus Xieg. Let hY be a Hermitian metric on L with
algebraic singularities such that S(ht) C Z and c1(L,h%) > 0 on Xyeq \ Z for
some compact set Z C Xyeg . If

/ e1 (L hEY" > 0,
Xreg(<1)

then X is Moishezon.
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Proof. 1t is easy to see that X,q is hyperconcave (see [I7, Example 3.4.2]).
By Theorem we have

dim H(Xyeg, IF ® Kx) > dim H( Xy, IP ® Kx @ . (h*)) > Cp",

for some constant C' > 0 and all p sufficiently large. It follows from Siegel’s
lemma that the Kodaira map associated to HO(Xreg, LP ® Kx) has max-
imal rank g, = n, for some p. Hence by [I7, Theorem 3.4.7], there exist
n algebraically independent meromorphic functions on X,¢,. These extend
to meromorphic functions on X by Levi’s removable singularity theorem [17,
Theorem 3.4.8]. O

When S(hl) = 0, Corollarywas obtained in [I7, Theorem 3.4.10], [20].
When X = X, it reduces to Bonavero’s criterion for Moishezon manifolds.
Finally, when X = X,¢; and S(hl) = 0, this is the criterion of Siu-Demailly.

We conclude this section by applying Theorem to obtain a version
of Bonavero’s singular holomorphic Morse inequality for certain metrics with
more general singularities than the algebraic ones. The setting is as follows.

Let (X, w) be a compact Hermitian manifold of dimension n, L be a holo-
morphic line bundle on X and hg be a metric on L with algebraic singularities.

Then by (3.3)),
dim HY(X, P @ Kx @ S (h3")) > P / c1(L, ho)™ + o(p"), p — 0.
X(<1)

~ nl
Set A = S(hg), for the singular locus of hg. Let U C X be an open set
with U C X \ A and assume that there exists a psh function p on U such that
P={xeU: p(r) = —oo} is compact and p is smooth and strictly psh on
U \ P. Moreover, assume that

(3.15) c1(L,ho) > ew on U,

for some constant ¢ > 0. We fix a function y € C*°(X) such that 0 < y <1,
suppx C U and x = 1 on an open set V' O P. For t > 0 we define the singular
metric hy on L by

(3.16) hi = hge™2XP,
Note that the singular locus S(h;) = AU P and set h := h{’P.

THEOREM 3.10. Let (X,w) be a compact Hermitian manifold of dimen-
ston n, L be a holomorphic line bundle on X and hg be a metric on L with
algebraic singularities that verifies . Let h; be the singular Hermitian
metric on L defined in . Then there exists tg > 0 such that if 0 < t <t

we have, as p — 0o,
T

(3.17)  dim HY(X, I’ @ Kx ® 7 (h?)) > p/( )"+ o)
X(<1

n!
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If we assume in addition that

(3.18) / e (L, ho)™ > 0,
X(<1)

then for every 6 € (0,1) there exists t1 = t1(0) > 0 such that if 0 < t < t1, we
have

dim H(X, I? @ Kx ® . (h}))

3.19 v
( ) > (1—5)p/ c1(L, ho)" 4+ o(p"), p — oo.
X(<1)

n!

Proof. Let M = X \ P. Then M is hyperconcave, as the function yp is
smooth on M, strictly psh on V' \ P, and —yp is an exhaustion of M. Note
that h; is a metric with algebraic singularities on L|ys. Indeed, hy = hg on
X \ U and h; is smooth on U \ P. Since xp = p is psh on V, it follows using

(3-15) that

T .= €
(3.20) c1(Lyhy) = c1(Lyhg) + ¢ - 00(xp) > S
holds on U, for 0 < t < ty and some ty > 0. The set Z = X \ U is compact
and contained in M, S(hy) "M = A C Z, and ¢1(L,h;) > 0on M\ Z. Hence,
by Theorem

dim HO(M, LP|y @ Ky @ F(hE))
2
(3:21) Zp—' c1(L,hy)™ + o(p"), as p — oo.
e JXx(<1)

Let S € HY(M,LP|y @ Kyy @ #(hY)) and x € P. Fix a coordinate
neighborhood W of x such that x = 1 and L has a holomorphic frame ey
on W. Then S = fe%}’ ® (dz1 A ... Ndzy), where f € Ox(W \ P) verifies
fW |f|?e2PP d)\ < 400 with A the Lebesgue measure on W. Since p is upper
bounded this implies that [}, |f |2d\ < +oo. Hence, f extends to a holomor-
phic function on W, since pluripolar sets are removable for square integrable
holomorphic functions (see e.g. [27, Theorem 5.17]). We conclude that S ex-
tends to a section of LP @ Kx @ .#(hY), so

HO (M, IP|yy @ Ky @ F(WY)) = HY (X, ILP @ Kx ® #(hY)).

Thus (3.17) follows from (3.21).
Assume next that (3.18) holds and let 6 € (0,1). We claim that there

exists t1 = t1(6) > 0 such that

(3.22) / c1(Lyh)" > (1 — 5)/ c1(L, ho)"™, for 0 <t < t.
X (<1, he) X (<1, ho)
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Indeed, U C X (0, hg) by (3.15)), and U\ P C X (0, ht) by (3.20), provided that
t < to. Since hy = hg on X \ U, it follows that X (1,h;) = X(1,hg) C X \ U
and X (0, ht) = X(0, hg) \ P. Therefore,

[ awhr=] @ | er(L )"
X (<1, hy) X(1, ho) X(0, ho)\P

:i/ cmuh@“+/‘ er(Ly he)" — ex (L, ho)”
X (<1, ho) X (0, ho)\P

— [ a@mr s [ allh) - allbo
X(<1, ho) U\P
Since ¢1(L, he) = c1(L, ho) +t £ 9dp > c1(L, hg) > 0 on V' \ P we infer that

/ Cl(L, ht)n — Cl(L, ho)n > 0.
V\P

We conclude by above that

/ c1(L, he)™ > / c1(L, ho)" +/ c1(L, hy)" — c1(L, ho)™.
X (<1, he) X (<1, ho) \%

Now ([3.22) follows using (3.18]) and the fact that
C1 (Laht)n - CI(L7 h‘O)n =
. n—1 .
v o5 - ; .
t—00(xp) A L, ho) +t—00(xp)) Ner(L,ho)" 17 = Ot
—90(xp) ]z:% (e1(L; ho) +¢ —90(xp))” A er(L, ho) (t)
on the compact set U \ V.

Since (3.17) and (3.22)) imply (3.19)), the proof is complete. [

Ezxample 3.11. We observe that there are many situations in which The-
orem applies, if one chooses U to be an open coordinate set (or a disjoint
union of such sets) and p a psh function on U with the desired properties.
Simple examples can be given as follows. Let D be a polydisc centered at 0 in
C" and write z = (2/,2,) € C" ! x C. Let P, = {¢j : j > 1} be an at most
countable compact subset of D and €; > 0 be chosen small enough so that the
function

u(2) =) ejlogllz = Gl
=1

‘]7
is psh on D and smooth on D \ P;. Let next P, C DN {2z = 0} be a com-
pact polar set. By a theorem of Evans, there exists a probability measure u
supported on P, whose logarithmic potential

L) = [ 1og |20 = vl duu)
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is subharmonic on C, harmonic on C\ P> and equal to —oco on E. Set

uz(2) = maxy{log ||2'|], L (zn)},
where 0 < n < 1 is fixed and max, denotes the regularized maximum as
constructed in [[3, Lemma 5.18]. Then the functions p;(2) = u;(2) + |z|%

z € D, j =1,2, are strictly psh on D, smooth on D\ P}, and equal to —co on
P;.

3.4. g-concave manifolds

According to [1], a complex manifold M of dimension n is called g-concave
for some ¢ € {1,...,n}, if there exists a smooth function ¢ : M — (a,b],
where a € RU{—o0} and b € R, so that M, := {¢ > ¢} € M for all ¢ € (a, b
and there exists a compact subset K C M such that i00¢ has at least n —q+1
positive eigenvalues on M\ K. By the Andreotti-Grauert theory [1], H (X,.%)
is finite dimensional for any j < n — ¢ — 1 and any coherent analytic sheaf .
on a g-concave manifold X.

By applying [19, Corollary 4.3] and the same method as above, we obtain:

THEOREM 3.12. Let M be a g-concave manifold of dimension n > 3,
and L, E be holomorphic vector bundles on M with rank(L) = 1. Let h* be a
Hermitian metric on L with algebraic singularities such that S(h) C Z and
c1(L,h") <0 on X\ Z for some compact Z C M. Then, for any { < n—q—2,
we have as p — 0o,

¢
> (=1 dim HI(M, LF @ E® .7 (h*"))
j=0

< rank(E) 2} /Mw)(—n%l@, A 4+ o(p"),

dim H*(M, LP ® E ® 7 (h*"))

< rank(FE) % /M(Z)(—l)gcl(l), R+ o(p™).
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