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Abstract

We study the asymptotic of the generalized Bergman kernels of the renormalized Bochner—Laplacian on high tensor powers
of a positive line bundle on compact symplectic manifoltiscite this article: X. Ma, G. Marinescu, C. R. Acad. Sci. Paris,
Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé
Noyaux de Bergman généralisés sur les variétés symplectiques. On étudie le développement asymptotique du noyau de
Bergman généralisé du Laplacien de Bochner renormalisé associé a une puissance tendant vers I'infini d’un fibré en droites pos

tif sur une variété symplectiqgue compad®eur citer cet article: X. Ma, G. Marinescu, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Dans [4] nous avons étudié le développement asymptotique du noyau de Bergman de I'opérateur de Dirac
spirf associé a une puissance tendant vess d'un fibré en droites positif swrne variété symeictique, et nous
I'avons relié au développement asymptotique du noyawadsbleur correspondant. Cette approche est inspirée
de la théorie de I'indice locale, en particulier de [1, §10, 11]. Dans [4], nous avons aussi étudié le développement
asymptotique en dehors de la diagonale [4, Théoréd& Jui est nécessaire pour étudier le noyau de Bergman
sur un orbifold. On y trouve également une introduction breve au noyau de Bergman sur les variétés projectives.
Cette Note est une continuation de [4]. Nous étudions le développement asymptotique du noyau de Bergmar
généralisé de I'opérateur de Laplace—Bochner renorénasisocié a une puissance tendant vers I'infini d’un fibré en
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droites positif sur une variété symplectique compacte. Dans cette situation, ces opérateurs ont des valeurs propre
petites quand la puissance tend vers l'infini (dans [d]seule valeur propre petite est zéro, d’ol nous tirons
I'équation-clé [4, (3.89)]). En combinant I'estimation de la norme de Sobolev de [4] et une technique de série
formelle, nous démontrons le Théoréme 3.1, qui donneveldppement du noyau de Bergman généralisé pres de
la diagonale. Nous obtenons aussi une méthode pour calculer les coefficients de ce développement.

Le détails des démonstrations et des aggtions de nos résultats sont donnés dans [8].

1. Introduction

In [4] we studied the asymptotic expansion of the Bergman kernel of thé §piac operator associated to
a positive line bundle on compact symplectic manifolds, and related it to that of the corresponding heat kernel.
This approach is inspired by local Index Theory, especially by [1, §10, 11]. In [4], we also focused on the full
off-diagonal asymptotic expansion [4, Theorem 3.18] which is needed to study the Bergman kernel on orbifolds.
We refer to [4] for a brief introduction to the Bergman kernel on complex projective manifolds.

This Note is a continuation of [4]. We study the asymptotic expansion of the generalized Bergman kernels of the
renormalized Bochner—Laplacian on high tensor powers of a positive line bundle on compact symplectic manifolds.
In this situation the operators have small eigenvalues when the gowepo (the only small eigenvalue is zero
in [4], thus we have the key equation [4, (3.89)]) and we are interested in obtaining Theorem Begritiiegonal
expansion of the generalized Bergman kernels. This result is enough for most of applications. We will combine the
Sobolev norm estimates from [4] and a formal power series trick to obtain Theorem 3.1, and in this way, we have
a method to compute the coefficients, which is new also in the case of [4].

The full details and some applications of our results are given in [8].

2. Generalized Bergman kernels

Let (X, w) be a compact symplectic manifold of real dimension Assume that there exists a Hermitian
line bundle(L, k%) over X endowed with a Hermitian connectiéf with the property tha@lRL = w, where
RL = (vL)2is the curvature ofL, VL). Let (E, h£) be a Hermitian vector bundle dawith Hermitian connection
VE and its curvatureR £ .

Let ¢”X be a Riemannian metric oXi. Let VI X be the Levi-Civita connection off X, g7 *) with its curvature
RTX and its scalar curvature’. Let dvy be the Riemannian volume form 6f' X, g7 ). The scalar product on
C®(X,L? ® E), the space of smooth sectionslof ® E, is given by(s1, s2) = fX (s1(x), s2(x)) LrgE dux (x) .

LetJ:TX — T X be the skew-adjoint linear map which satisfies the relation

w(u,v) = gTX(Ju, V) (1)

foru,v e TX. Let J be an almost complex structure which is (separately) compatiblegdithandw, especially,
w(-, J-) defines a metric o X. ThenJ commutes also witl. Let VXJ € T*X ® End(T X) be the covariant
derivative ofJ induced byv7X. Let VL"®E e the connection oh” ® E induced byVX andV~. Let{e;}; be an

orthonormal frame of 7 X, g7%). Let AL"®F = — 3", [(VL'®E)2 Véi?f] be the induced Bochner—Laplacian
acting onC*° (X, L? ® E). We fix a smooth Hermitian sectiah of Endfi) onX. Sett(x) = —n Tr|rx[JJ], and
Apo=APE _pr o 2)

By [7, Cor. 1.2] there existo, C; > 0 independent op such that the spectrum &f, » satisfies
SpecA, ¢ C[—Cr,Cr1U[2ppuo — Cpr, +o0l. 3
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Let P, , be the orthogonal projection froo®@>° (X, L” ® E), (, )) onto the eigenspace &f,, ¢ with the eigenval-

ues in[—Cy, C.]. We defineP, ,(x, x’), ¢ > 0 as the smooth kernels of the operatfss, = (A, ¢)? Po,, (We
set(Ap,qb)O = 1) with respect to dx (x"). They are called the generalized Bergman kernels of the renormalized
Bochner-Laplaciam , ¢. Let det) be the determinant function df € End(T, X).

Theorem 2.1. There exist smooth coefficierts, (x) € End(E), which are polynomials iR’ X, R (andRL, @)
and their derivatives of ordex 2(r + ¢) — 1 (resp.2(r +¢)) atx, and
bo,o = (detd)/?1dp, (4)

such that for an, ! € N, there exist<; ; > 0 such that for anyk € X, p € N,

< Cp p L (5)
@l

k
1 _
‘qu,p(x’x)_zbq,r(x)p "

r=0

Moreover, the expansion is uniform in that for ahy € N, there is an integes such that if all data(g” X, n*,
vE, hE, VE, J and®) run over a bounded set in th@'-norm andg” X stays bounded below, the constaht, is
independent o7 X; and the@’-norm in(5) includes also the derivatives on the parameters.

Theorem 2.2.If J =J, then forg > 1,

1 1
le:8—|:rX+§|VXJ|2+2«/—1RE(ej,Jej)i|, (6)
T
1 V=1 a
bq70:<1—2|VXJ|2+TRE(ej,Jej)+<P> . (7)

Theorem 2.1 foy = 0 and (6) generalize the results of [3,6,9,10]the symplectic case, and we can view (7)
as an extension and refinement of the results of [2], [5, 85] about the density of states funetips of

3. ldea of the proofs

Forxg € X, ¢ > 0, we identify the open ba 0¥ (0, ¢) in Ty, X with center 0 and radius with a neighborhood
of xo € X by means of the exponential map. We also identify the fibereloh’), (E, hF) with (L,,, %),
(Exys hEx0), respectively, in a neighborhood.af, by using the parallel transport with respecitb, VE along the
radial direction.

We apply the strategy from the proof in [4]. First, (3)dathe finite propagation speed for hyperbolic equa-
tions, allows to localize the problem. In particular, the asymptoticB,0f (xo, x') as p — oo are localized on a
neighborhood ofg. Thus we can translate our analysis fraio the manifoldR?* ~ Ty X =: Xo.

We then extend the bundles and connections from a neighborhood of 0 toZa)j20f In particular, we can
extendV’ (resp.V%) to a Hermitian connectioR 20 on (Lo, h0) = (Xq x Ly,, h*0) (resp.V£0 on (Eq, h*0) =
(Xo x Eyy, hF20)) on T,, X in such a way so that we still have positive curvat@®; in addition R0 = RE
outside a compact set. We also extend the metrito, the almost complex structutk, and the smooth section
&g (resp. the connectiow£0) in such a way that they coincide with their values at 0 (resp. the trivial connection)
outside a compact set. Moreover, using a fixed unit ve§toe L,, and the above discussion, we construct an

isometryEq ® LY ~ Ey,. Let A[)f?% be the renormalized Bochner—LaplacianXg associated to the above data
by a formula analogous to (2). Then (3) still holds mf?% with uo replaced byuo/2.
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Let dvrx be the Riemannian volume form ¢#,, X, gTXoX) andk (Z) be the smooth positive function defined

by the equation d,(Z) = x(Z) dvrx(Z), with k(0) = 1. Fors € C®(R?", E,,), Z € R?* andt = 1/,/p, set
Isll3 = fza: |s(Z)|}21Exo dvrx(Z), and consider

L= s,—lzle/ZA;‘f’%K—l/ 25,,  where(S;s)(Z) =s(Z/1). (8)

Then «£; is a family of self-adjoint differential operators with coefficients in EHY,. We denote by
Po,: : (C*®(Xo, Exy), || llo) = (C*(Xo, Exy), |l llo) the spectral projection aof; corresponding to the interval
[—Crot?, CLot?). LetPy (Z, Z') = Py.ixo(Z, Z), (Z, Z' € X0, g > 0) be the smooth kernel 6%, , = (L) Po,
with respect to drx(Z'). We can viewP, ; .,(Z, Z') as a smooth section ef* EndE) overT X xx T X, where
m:TX xx TX — X.Herewe identify a sectiofi e C*°(T X xx T X, 7* End(E)) with the family (S, )ecx, where
Sy = Slp-1(y). We denote by |es(xy) @ C® norm on it for the parameten € X. Let§ be the counterclockwise
oriented circle inC of center 0 and radiugg/4. By (3),

1
pq,t=—./ﬂ(x—£t)—ldx. (9)
2mi
)

From (3) and (9) we can apply the techniques in [4], which are inspired by [1, §11], to get the following key
estimate.

Theorem 3.1. There exist smooth sectiofs , € C*°(T X xx TX, n*End(E)) such that fok, m,m’ e N, o > 0,
there exists” > O such thatifr €10,1], Z, Z' € Ty, X, | Z|, | Z'| < o,

glal+le]

k
W(Pq’t —ZFq,rtr>(Z,Z/) SCtk. (10)
r=0

sup
o], || <m @m’(x)

Let Poy p(Z,Z') e EndE,,) (Z,Z' € Xo) be the analogue a?, ,(x, x). By (8),forZ,Z’ € R?",
Po. g p(Z,Z)y=172"2 Y22y P, (Z/1,Z [ty "Y2(Z). (11)
To complete the proof of Theorem 2.1, we finally pravg, = 0 forr < 2g. In fact, (10) and (11) yield
by.r(x0) = Fy,2-424(0,0). (12)

4. Evaluation of F ,

The almost complex structuteinduces a splittingr X ®r C = TOX ¢ TOV X, whereT 9 x and7 @V X
are the eigenbundles df corresponding to the eigenvalugs-1 and—+/—1, respectively. We choode;}?_; to

be an orthonormal basis @];(Ol’O)X, such that
—27v/=1,, = diag(as, ..., a,) € EndT -9 X). (13)

We use the orthonormal basgis;_1 = %(w,- +w;) andey; = %(U)j —wj), j=1,...,n0of T\ X to introduce
the normal coordinates as in Section 3. In what follows we will use the complex coordinates, ..., z,), thus
Z=z+7z,andw; = \/E% w; = 2% It is very useful to introduce the creation and annihilation operdtors

b,
d 1 _ 0 1
bi = _28_21- + 5aiZi, b = 28_21- + 5aizi, b=(by,...,by). (14)
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Now there are second order differential operatdravhose coefficients are polynomialsihwith coefficients
being polynomials irk” X, R9et RE  RL and their derivatives ato, such that

o0
Ly =Lo+ Y Opt", with Lo=)",; bib;. (15)
r=1

Theorem 4.1. The spectrum of the restriction dfp to L?(R?") is given by{2 3", a;a;: o; € N} and an orthog-
onal basis of the eigenspace®} !, «;a; is given by

b® <zﬁ exp(—%1 > ailz |2>>, with 8 € N”. (16)

Let N be the orthogonal space of = Ker Lo in (L2(R?", E,). || |lo). Let PN, PN" be the orthogonal
projections fromL2(R?", E,,) ONtON, N1, respectively. LeP" (Z, Z’) be the smooth kernel of the operaiet
with respect to dyx(Z’). From (16), we get

1 & 1 .
PN(z,2)) = oy | L EXD<_Z Y ai(lzilP+ |z§|2—2zz-z§)>- an
i=1 i

Now for i € §, we solve for the following formal power series grwith g, (1) € End(L2(R?", Exy), N), frl 1) e
End(L2(R?", E ), N1,

(A — L) g(g,(x) + [ =1d 2@ ) - (18)

From (9), (18), we claim that

1 1
F,, = _,/mg,()\) dr + —_/Mf,i(x) dx. (19)
2mi 2mi
$ $

From Theorem 4.1, (19), the key observation tRatO; PV = 0, and the residue formula, we can get, by

using the operatorxgl, PN, PNL, O; (i <r). This gives us a method to compuig, in view of Theorem 4.1
and (12). Especially, fof > 0,r < 2¢g,

Foo=P",  F,,=0,
Fy2q = (PYO2PY — PNO1Lg PN 01PN PV, (20)

In fact Lo and O, are formal adjoints with respect {o ||o; thus in Fp 2 we only need to compute the first two
terms, as the last two terms are their adjoints. This simplifies the computation in Theorem 2.2.
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