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1. Intr oduction

A well–known theoremof Grauert[11] (hissolutionof theLevi problem)assertsthata
stronglypseudoconvex domainis holomorphicallyconvex. In particularthedimension
of thevectorspaceof holomorphicfunctionshasinfinite dimension.Onecanalsoask
aboutthe existenceof L2 holomorphicfunctions(with respectto a hermitianmetric
in theneighbourhoodof theclosureof thedomain).Gromov, HenkinandShubin[13]
computeactuallythevon Neumanndimensionof thespaceof L2 holomorphicfunc-
tions on coveringsof stronglypseudoconvex domains.Thevon Neumanndimension
turnsout to beinfinite. This typeof existenceresultswereintroducedby Atiyah [1].

Our goal is to extendthis resultto situationswhereweaker pseudoconvexity con-
ditions arerequired.We considertwo classesof (weak)pseudoconvex manifolds.A
smoothdomainM in a complex manifold X is calledpseudoconvex if theLevi form
of the definingfunction is positive semi–definitewhenrestrictedto the holomorphic
tangentbundleof the boundary. (The domainis calledstrongly pseudoconvex if we
replace‘semi–definite’by ‘definite’.) As shown by Grauert[12], thereexistspseudo-
convex domainswhich possessonly constantholomorphicfunctions,but aredomains
of meromorphy. Thus,it is naturalto studytheexistenceof sectionsin holomorphic
line bundlesover pseudoconvex domains.

Let E bea semipositive line bundledefinedin a neighbourhoodof M andwhich is
positive neartheboundary. Wenotethattheexamplesconstructedby Grauertpossess�
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2 Marinescu,Todor, Chiose

suchline bundles.Thenwe show that thedimensionof thespaceof holomorphicL2

sectionswith valuesin thek-th tensorpowersEk, for largek, grows fasterthanapoly-
nomial in kn with leadingcoefficient the integral over M of thecurvature

� ı
2π c
�
E ��� n,

wheren � dimM. If E is positive everywherethis is the volume of the domain in
the metric given by the curvatureof the bundle.Moreover, the sameestimateholds
if we replacethe domainwith oneof its Galoiscoveringsand the usualdimension
with the von Neumanndimension.This yields the generalizationof the theoremof
Gromov–Henkin–Shubinalludedto before.

Theabove mentionedresultsareconsequencesof Theorem3.8.We alsofind there
anupperboundfor thevonNeumanndimensionof theL2 reducedcohomologygroups
of type

�
0 � q� , q � 1, with valuesin Ek, with k very large.

Weconsiderfurtherthefollowing classof manifolds.A manifoldX is calledweakly
1–completeif admitsasmoothpshexhaustionfunctionϕ (see[20]). Thesublevel sets
Xc �	� ϕ 
 c � for regularvaluesc of ϕ arepseudoconvex domains.For suchdomains
let us considera semipositive line bundlewhich is positive nearthe boundary. Then
thedimensionof thespaceof holomorphicL2 sectionswith valuesin thehigh tensor
powersEk grows fasterthanany polynomial in kn, n � dimM. The existenceof an
exhaustionfunction permitsus to endow the manifold a completemetric of infinite
volumeandapplythepreviousestimatefor sublevel setslargerthanMc. Moreover, the
estimateholdsalsofor thevon Neumanndimensionof thespaceof L2 sectionsover a
normalcovering.

Let usnotethattheestimatesfor thedimensionof theL2 holomorphicsectionsfor
pseudoconvex coveringsarenew, evenin thecaseof relatively compactpseudoconvex
domains.Dueto theweakpositivity conditions(weakpseudoconvexity andsemipos-
itivity), we cannotsolve directly the ∂̄–equationin orderto getholomorphicsections.
Weargueindirectly, by usingtheasymptoticMorseinequalitiesintroducedby Siu[22]
andDemailly [7] for compactmanifolds(seealsoBerndtsson[3]; for thenon–compact
case,Nadel–Tsuji[18], Bouche[4], and[17]).

In [26] wegaveageneralizationof theasymptoticMorseinequalitiesfor coverings
of completehermitianmanifolds.Herewe work with incompletemetrics(andthere-
fore with thelaplacianwith ∂̄–Neumannboundaryconditions),sincewe cannotapply
[26] to obtainthemainresultof thepresentpaper(seetheremarksattheendof Section
3). However, oneof theprincipal ingredientsof theproof is takenfrom [26]. It is the
generalizationto thecoveringcaseof Demailly’s Weyl typeformula for thecounting
functionof theDirichlet laplacian∆ � �k actingon high tensorpowersEk.

The plan of the paperis as follows. In Section2 we remindthe necessaryback-
groundandresultsfrom [26]. In Section3 we usethe Bochner–Kodairaformula in
theform givenby Andreotti–Vesentini[2] andGriffiths [10] to reducethestudyof the
laplacianwith ∂̄–Neumannboundaryconditionson ∂M to the studyof the Dirichlet
laplacianon a smallerand invariantdomain.In Section4 we apply our main result
(Theorem3.8)to thecaseof weakly1–completemanifoldsandstronglypseudoconvex
domains.
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L2–holomorphicsectionsover pseudoconvex coverings 3

2. Estimatesof the spectrumdistribution function

Oneof themainingredientsin Demailly’s proof of theasymptoticMorseinequalities
is a Weyl typeformulafor thecountingfunctionof thelaplacian∆ � �k actingon Ek. On
theotherhand,Shubingave in [23] a proof of theL2 Morseinequalitiesfor covering
manifoldsin thespirit of Witten’s paper[27]. Our proof usesthetechniqueof [23] to
generalizeDemailly’s formulafor theDirichlet laplacianon acoveringmanifold.

Let M beacomplex analyticmanifoldof complex dimensionn onwhichadiscrete
groupΓ actsfreely andproperlydiscontinuously. Let 
M � M � Γ andlet π : M ��� 
M
bethecanonicalprojection.WeassumeM is paracompactsothatΓ will becountable.
Supposewearegivenaholomorphicvectorbundle 
G on 
M andtake its pull-backG �
π
� 
G, which is a Γ–invariantbundleon M. We alsofix Γ–invarianthermitianmetrics

on M andon F.
We considera relatively compactopenset 
Ω ��
M with smoothboundaryandits

preimageΩ � π � 1 
Ω; Γ actson 
Ω andΩ � Γ � 
Ω. In generalwe will decorateby tildes
theobjectsliving onthequotient.LetU beafundamentaldomainof theactionof Γ on
Ω. This meansthat(seee.g.[1]): a) Ω is coveredby thetranslationsof U , b) different
translationsof U have emptyintersectionandc)U � U haszeromeasure(since∂ 
Ω is
smooth).Since 
Ω is relatively compactU hasthesameproperty.

Let us definethe spaceof squareintegrablesectionsL2 � Ω � G� with respectto a
Γ–invariantmetricon M (andits volumeform) anda Γ–invariantmetricon G. Then
L2 � U � G� is constructedwith respectto thesamemetrics.Thereis aunitaryactionof Γ
onL2 � Ω � G� . In factit is easyto seethatL2 � Ω � G���� L2Γ � L2 � U � G���� L2Γ � L2 � 
Ω � G� .
We have a unitary actionof Γ on L2Γ by left translations:γ � ��� lγ where lγ f

�
x���

f
�
γ � 1x� for x � Γ, f � L2Γ. It inducesan action on L2 � Ω � G� by γ � ��� Lγ � lγ �

Id. Finally we denoteby Cc
��� � � � the variousspacesof smoothcompactlysupported

sections.
Let us considera formally self-adjoint,stronglyelliptic, positive differential op-

erator 
P on 
M actingon sectionsof 
G. Denoteby P the Γ–invariantdifferentialop-
eratorwhich is its pull-backto M. From P we constructthe following operators:the
Friedrichsextensionin L2 � Ω � G� of P �Cc � Ω  G! andtheFriedrichsextensionin L2 � U � G�
of P �Cc � U  G! . From now on we denotetheseextensionsby P andP0. They areclosed
self-adjointpositive operatorsandcoincidewith theDirichlet laplacianson Ω andU .

It is known thatP is alsoΓ–invarianti.e. it commuteswith all Lγ. This amountsto
sayingthatEEEλ

�
P� commuteswith Lγ, γ � Γ, where

�
EEEλ
�
P��� λ is thespectralfamily of

P. On theotherhandtheRellich lemmatells thatP0 hascompactresolventandhence
discretespectrum.

Definition 2.1. For any Hilbert space" we call the Hilbert spaceL2Γ �#" a free
Hilbert Γ–module.Γ–invariantclosedspacesof freeHilbert Γ–modulesarecalledΓ–
modules.

SinceEEEλ is Γ–invariant its imageRanEEEλ is a Γ–moduleof the free Hilbert Γ–
moduleL2Γ � L2 � U � G�$�� L2 � Ω � G� . Theactionof Γ is definedasaboveby γ � �%� Lγ �
lγ � Id.

For Γ–modulesonecanassociatea positive, possiblyinfinite real number, called
von Neumannor Γ–dimension,denoteddimΓ. For notionsinvolving theΓ–dimension
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4 Marinescu,Todor, Chiose

andlinearalgebrafor Γ–moduleswe refer thereaderto [1], [23] and[16, pp. 75–80]
(in thelatterproofsfrom scratcharegiven).

Let us denoteby & Γ the von Neumannalgebrawhich consistsof boundedlinear
operatorsin L2Γ �'" whichcommuteto theactionof Γ. To describe& Γ let usconsider
thevonNeumann( Γ algebraof boundedoperatorsonL2Γ whichcommutewith all Lγ.
It is generatedby right translations.If we considertheorthonormalbasis

�
δγ � γ in L2Γ

whereδγ is theDiracdeltafunctionatγ, thenthematrixof any operatorA �)( Γ hasthe
propertythatall its diagonalelementsareequal.Thereforewedefineanaturaltraceon( Γ asthediagonalelement,thatis, trΓA � � Aδe � δe � wheree is theidentityelement.& Γ

is thetensorproductof ( Γ andthealgebra* � "+� of all boundedoperatorson " . If Tr
is theusualtraceon * � "+� thenwe have a traceon & Γ by TrΓ � trΓ � Tr.

Definition 2.2. For any Γ–module,the projectionPL �,& Γ and we definedimΓ L �
TrΓPL.

We alsointroducethe notion of Γ–morphisms.If L1, L2 aretwo Γ–modulesthen
a boundedlinear operatorT : L1 �%� L2 is calleda Γ–morphismif it commuteswith
theactionof Γ. As for theusualdimensionthefollowing statementsaretrue(see[16,
pp.75–80]).If T is injective, dimΓ L1 - dimΓ L2, andif T hasdenseimage,dimΓ L1 �
dimΓ L2. We denoteby rankΓT � dimΓ .Ran

�
T �0/ where .V / standsfor theclosureof a

vectorspaceV.
Wedenotein thesequelNΓ

�
λ � P�%� dimΓ RanEEEλ

�
P� . Similaryweconsiderthespec-

tral distribution (counting)function N
�
λ � P0 �1� dimRanEEEλ

�
P0 � whereEEEλ

�
P0 � is the

spectralfamily of P0; it equalsthenumberof eigenvalues - λ.
To compareNΓ

�
λ � P� andN

�
λ � P0 � we useessentiallytheanalysisof Shubin[23].

However thereexist a differencein our method.Namely, we take from thebeginning
themodeloperatorP0 to betheoperatorP itself with Dirichlet boundaryconditionson
U , whereasShubinconsidersadirectsumof tangentoperatorsto P. Sowedonothave
to truncatefrom theoutsettheeigenfunctionsof themodelP0. (Seealso[23, Remark
1.3].) Thenext result[23, Lemma2.4] is fundamental.

Proposition 2.3 (Variational principle). Let P bea Γ–invariant self-adjointpositive
operator ona freeΓ–moduleL2Γ �," where " is Hilbert space. Then

NΓ

�
λ � P�2� sup3 dimΓ L � L 4 Dom

�
Q�5� Q

�
f � f �76 λ 8 f 8 2 �:9 f � L ;=< (2.1)

where L 4 Dom
�
Q� runsover Γ–modulesandQ is thequadratic formof P.

With the requisitemaximum–minimumresult in placewe now begin to examinethe
relationbetweenthetwo distribution functionsNΓ

�
λ � P� andN

�
λ � P0 � .

Proposition 2.4 (Estimate fr om below). Thecountingfunctionsof P andP0 satisfy
theinequality

NΓ

�
λ � P�>� N

�
λ � P0 �?� λ �A@ (2.2)

Proof. See[26, Proposition1.1].

In order to get an estimatefrom above we have to enlarge a little bit the funda-
mentaldomainU andcomparethecountingfunctionof P to thecountingfunctionof
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L2–holomorphicsectionsover pseudoconvex coverings 5

theFriedrichsextensionof P restrictedto compactlysupportedforms in theenlarged
domain.For h B 0, theenlargeddomainis Uh �C� x � Ω � d � x � U �>
 h � whered is the
distanceon M associatedto the Riemannmetric on M. We considerthe operatorP

with domainCc
�
Uh � G� andtake its Friedrichsextension,denotedP � h!0 .

Proposition 2.5(Estimate fr om above). There is a constantC B 0 such that

NΓ

�
λ � P� - N D λ E C

h2 � P � h!0 F λ �G@H� h B 0 (2.3)

Proof. See[26, Proposition1.4].

Theestimatesfrom below andabovefor NΓ

�
λ � P� enableusto studyasaby–product

thebehaviour for λ ��� ∞ to obtaintheWeyl asymptoticsfor periodicoperators(due
to M. Shubin,see[21] andthereferencestherein).

Corollary 2.6. If P is a periodic,positive, secondorderelliptic operator asabovethen

lim
λ I ∞

λ � nJ 2NΓ

�
λ � P�K� lim

λ I ∞
λ � nJ 2N

�
λ � P0 �

� �
2π � � n L

U

L
T Mx M

N
�
1 � σ0

�
P� � x � ξ ��� dξdx <

σ0
�
P� � x � ξ �N� Herm

�
F � F � is the principal symbolof P and N

�
1 � σ0

�
P� � x � ξ ��� is the

countingfunctionfor theeigenvaluesof thishermitianmatrix.

Proof. First let us remarkthat the last equalityis the classicalWeyl type formula
as establishedby Carleman,Gårdingand others,see[21, p. 72]. It is obvious that
lim λ � nJ 2N

�
λ � P0 � - lim λ � nJ 2NΓ

�
λ � P� by theestimatefrom below. On theotherhand

theestimatefrom above givesfor λ �%� ∞

lim λ � nJ 2NΓ

�
λ � P� - lim O 1 E C

λh2 P nJ 2 O λ E C
h2 P � nJ 2

N D λ E C
h2 � P � h!0 F- lim µ� nJ 2N

�
µ� P � h!0 �2� � 2π � � n L

Uh

L
T Mx M

N
�
1 � σ0

�
P� � x � ξ ��� dξdx

for afixedsmallh. Wemakeh ��� 0 andobtainthedesiredformula.

Wearegoingto applytheaboveresultsto thesemi-classicalasymptoticsask ��� ∞
of thespectraldistribution functionof the laplacian1

k∆ � �k on M. Let 
G bea hermitian

holomorphicbundle on 
M and G � p
� 
G its pull-back. We defineC � 0 q!c

��� � � � to be
thespaceof smoothcompactlysupported

�
0 � q� forms.We denoteby L0 q � M � G� the

spaceof
�
0 � q� –formswhich areL2 on M with respectto smoothΓ–invariantmetrics

on X andG. Let ∂̄ : C0  q
c
�
M � G�Q��� C0  qR 1

c
�
M � G� be the Cauchy–Riemannoperator

andϑ : C0 qR 1
c

�
M � G�7��� C0  q

c
�
M � G� theformal adjointof ∂̄ with respectto thegiven

hermitianmetricsonM andG. Then∆ � � � ∂̄ϑ E ϑ∂̄ is a formally self-adjoint,strongly
elliptic, positive andΓ–invariantdifferentialoperator.

We take E andF two Γ–invariantholomorphicbundles.Let usform theLaplace–
Beltramioperator∆ � �k on

�
0 � q� formswith valuesin Ek � F. Thuswe will considerthe
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6 Marinescu,Todor, Chiose

Γ–invarianthermitianbundleG � Λ � 0 q! T � M � Ek � F andapplythepreviousresults
for P � 1

k∆ � �k S Ω wherethe index Ω emphasisesthat the Friedrichsextensiongives
the operatorof the Dirichlet problemon Ω. Now we have to make a good choice
of the parameterh. We take h � k � 1J 4. By (2.2) and(2.3), we obtainthe following
semi–classicalestimatefor laplacian.

Proposition2.7. Thereexistsa constantC B 0 such that for λ �A@ andk B 0 wehave

N O λ � 1k∆ � �k S U P - NΓ O λ � 1k∆ � �k S Ω P - N D λ E CT
k
� 1k∆ � �k S Uk U 1V 4 F < (2.4)

Demailly hasdeterminedthe distribution of spectrumfor the Dirichlet problem
for 1

k∆ � �k in [7, Theorem3.14].For this purposehe introduces([7, (1.5)]) the function
νE : M WG@X���Y@ dependingon the curvatureof E andthenconsidersthe function
ν̄E
�
x � λ �N� limε Z 0 νE

�
x � λ E ε � . The function ν̄E

�
x � λ � is right continuousin λ and

boundedabove on compactsof M. Denoteby α1
�
x�5��<�<�<5� αn

�
x� the eigenvaluesof of

the curvatureform ic
�
E � � x� with respectto the metric on M. We also denotefor a

multiindex J 4C� 1 ��<�<�<5� n � , αJ � ∑ j [ J α j andC
�
J �1�\� 1 ��<�<�<5� n ��� J . For V � M we

introduce
Iq � V � µ�]� ∑^

J
^ _

q

L
V

ν̄E
�
2µ E αC � J ! � αJ � dσ <

Proposition2.8(Demailly). Assumethat ∂V hasmeasure zero andthat thelaplacian
actson

�
0 � q� forms.Then

lim
k � I ∞

k � nN
�
λ � 1k∆ � �k S V � - Iq � V � λ �?<

Moreover there existsan at mostcountableset `a4b@ such that for λ �,@c�d` the
limit of theleft–handsideexpressionexistsandwehaveequality.

Wereturnnow to thecaseof a coveringmanifoldandapplyDemailly’s formulain
(2.4). Let usfix ε B 0. For sufficiently largek we haveUk U 1V 4 4 Uε sothefact thatthe
countingfunctionis increasingandthevariationalprinciple(2.1)yield

N D λ E CT
k
� 1k∆ � � S Uk U 1 V 4 F - N D λ E ε � 1k∆ � � S Uk U 1V 4 F - N O λ E ε � 1k∆ � � S Uε P <

Henceby (2.4)andProposition2.8(∂Uε is negligible for smallε),

lim sup
k

k � nNΓ

�
λ � 1k∆ � �k S Ω � - Iq � Uε � λ E ε �5<

The use of dominatedconvergenceto make ε �%� 0 in the last integral yield the
following asymptoticformulafor thelaplacianon acoveringmanifold.

Theorem 2.9. Thespectral distribution functionof 1
k∆ � �k S Ω on L0  q � Ω � Ek � F � with

Dirichlet boundaryconditionssatisfies

lim
k � I ∞

k � nNΓ O λ � 1k∆ � �k S Ω P - Iq � U � λ �5< (2.5)

Moreover, there existsan at mostcountableset `a4e@ such that for λ �f@c�d` the
limit existsandwehaveequalityin (2.11).
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L2–holomorphicsectionsover pseudoconvex coverings 7

Weneedto know thebahaviour of Iq � U � λ � for λ �%� 0 which is givenin [7]. First it is
clearthat limλ � I 0 Iq � U � λ �g� Iq � U � 0�7� ∑^

J
^ _

q h U ν̄E
�
αC � J ! � αJ � dσ. By definition ([7,

(1.5)]),

ν̄E
�
αC i J j � αJ �2� 2sU 2nπ U n

Γ � n � sR 1! �α1
�����

αs � ∑
p [:k s

3 αC i J j � αJ � s

∑
j
_

1

�
2p j E 1�l�α j � ; n � sR �

wheretheeigenvaluessatisfy �α1 �m�	�α2 �n<�<�<?�o�αs �pB 0 �X�αsR 1 �q�C<�<�<p�X�αn � with the

notationλnJ 2R ( . λ / 0R � 0 for λ 
 0, . λ / 0R � 1 for λ � 0). It is clearthat for p �sr s, the
correspondingsummandin the above expressionvanishesunlesss � n, p1 � ����� �
pn � 0, α j 
 0 for j � J andα j B 0 for j � C

�
J � . In particular, if ν̄E

�
αC i J j � αJ �Ht� 0,

ıc
�
E � is non–degenerateandhasexactlyq negative eigenvalues.
Let U

�
q� bethesetof pointsx of U suchthat ıc

�
E � � x� is non–degenerateandhas

exactly q negative eigenvalues.For x � U
�
q� and � J �:� q it follows ν̄E

�
αC � J ! � αJ �g��

2π � � n �α1
�����

αn �u� � � 1� q � 2π � � n � ıc � E ��� n for J � J
�
x� whereJ

�
x�v�+� j : α j

�
x�1
 0 �

andν̄E
�
αC � J ! � αJ �2� 0 for J t� J

�
x� . Therefore

lim
λ � I 0

Iq � U � λ �=� 1
n!
L

U � q! � � 1� q D ı
2π c
�
E � F n < (2.6)

For theformulationof themainresultwe setU
� - 1� : � U

�
0�xw U

�
1� .

3. Pseudoconvex manifolds

Let X beacomplex manifoldacteduponfreelyby adiscretegroupof automorphisms
Γ andG ��� X be a Γ–invariantholomorphicvectorbundle.We fix on X andG Γ–
invarianthermitianmetrics.

Let M 4 X beasmoothopensetsuchthat:� M is pseudoconvex,� M is Γ–invariant,� M � Γ is compact.

ThusM � Γ is a pseudoconvex relatively compactdomainin themanifoldX � Γ. We in-
troducethefunctionalspacesC0  q � M � G� of smooth

�
0 � q� –formsonM andC0 q

c
�
M � G�

the subspaceof forms smoothup to the boundaryandwith compactsupportin M.
We remindthat L0  q � M � G� is the L2 spaceof

�
0 � q� –forms,with respectto the fixed

Γ–invariantmetricson M andG.
Theobjectof our studyis thereducedL2 cohomologyfor ∂̄. To defineit, we con-

sidertheweakmaximalextension∂̄ : L0  q � M � G�7�%� L0 qR 1 � M � G� , which is a closed
denselydefinedoperatorwith domainDom

�
∂̄ � (consistingof elementsu suchthat ∂̄u

calculatedin distributional senseis in L2). The reducedL2 Dolbeaultcohomologyis
definedto be

H0 q� 2! � M � G� : � Ker∂̄ y L0  q � M � G��z|{ Ran∂̄ y L0  q � M � G�n}��
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8 Marinescu,Todor, Chiose

where .V / denotestheclosureof thespaceV. We needto take theclosurein orderto
make surethatH0  q� 2! � M � G� is a Hilbert space.Theoperator̄∂ is obviously Γ–invariant

sothatH0  q� 2! � M � G� is a Γ–module.

Welink theL2 cohomologyto thetheoryof elliptic operatorsvia theHodgedecom-
positionfor acertainLaplace–Beltramioperator. Let ∂̄

�
betheHilbert spaceadjointof

∂̄. We introducetheoperator∆ � � definedby

Dom
�
∆ � � � : � ~ u � Dom

�
∂̄ �?y Dom

�
∂̄
� � : ∂̄u � Dom

�
∂̄
� �?� ∂̄

�
u � Dom

�
∂̄ �l���

∆ � � u � ∂̄∂̄
�
u E ∂̄

�
∂̄u for u � Dom

�
∆ � � �?<

By generalargumentsof functional analysiswe know that ∆ � � is selfadjoint ([9,
Proposition1.3.8]).Theadvantageof using∆ � � is that it leadsto theHodgedecompo-
sition, sinceKer∆ � � � Ker∂̄ y Ker∂̄

�
. It is clearthat ∂̄

�
and∆ � � areΓ–invariantandwe

have thefollowing lemma(for a proofseee.g.[13, Proposition1.4]).

Lemma 3.1. ThefollowingweakHodge decompositionholds:

L0  �� � M � G�d� Ker∆ � �5� {Ran∂̄ } � {Ran∂̄
� }��

Ker∂̄ � Ker∆ � � � {Ran∂̄ } <
In particular wehavean isomorphismof Γ–modules:

H0  q� 2! � M � G�2�� Ker∆ � � y L0 q � M � G�?< (3.1)

We will work with the quadraticform canonicallyassociatedto ∆ � � , rather than
directly with ∆ � � . Let us recall that the closedquadraticform q � q

�
A� associated

to a positive selfadjoint operatorA is definedby Dom
�
q��� Dom

�
A1J 2 � , q

�
u � v����

A1J 2u � A1J 2v� for u � v � Dom
�
A1J 2 � .

Lemma 3.2. Thequadratic form associatedto ∆ � � is theform Q givenby Dom
�
Q� : �

Dom
�
∂̄ �xy Dom

�
∂̄
� � and

Q
�
u � v�v� � ∂̄u � ∂̄v�xE � ∂̄ � u � ∂̄ � v�?� u � v � Dom

�
Q�

Proof. FirstremarkthatQ is aclosedform. It iswell–known (seee.g.[6, pp.81–83])
thatany closed,positive form is associatedto auniqueselfadjoint,positiveoperatorF .
Thedomainof F consistsof elementsu � Dom

�
Q� suchthatthereexistsw with

Q
�
u � v�v� � w� v� for any u � Dom

�
Q�?< (3.2)

Moreover, for suchu, Fu � w. For u � Dom
�
∆ � ��� it is clearthat u � Dom

�
Q� andu

satisfies(3.2)with w � ∆ � � u. Therefore∆ � � 4 F and,sincebothoperatorsareselfadjoint,
F � ∆ � � .

We describenext a coreform for Q, i.e. a densesubspaceof Dom
�
Q� in thenorm8 u 8 Q ��O�8 u 8 2 E Q

�
u � u� P 1J 2. Let M ��� x � X : r

�
x�7
 0 � wherer is asmoothfunction

on X whichhasnon–vanishinggradienton ∂M. Wedenote

B0  q � M � G�2�o� u � C0  q
c

�
M � G� : ∂r �G� u � 0 on∂M �=<

gd2.tex; 13/12/2002; 15:06; p.8



L2–holomorphicsectionsover pseudoconvex coverings 9

Integrationby parts([9, Propositions1.3.1–2])shows that

B0 q � M � G�2� C0 q
c
�
M � G�xy Dom

�
∂̄
� �?� ∂̄

� � ϑ onB0  q � M � G�?< (3.3)

Notethat,by (3.3), theoperator̄∂ϑ E ϑ∂̄ on � u � B0  q � M � G� : ∂̄u � B0 qR 1 � M � G��� is
positive and∆ � � is oneof its selfadjointextensions.

Lemma 3.3(Approximation). B0  q � M � G� is a core form for Q.

Proof. In thecasetheelementfrom Dom
�
Q�]� Dom

�
∂̄ ��y Dom

�
∂̄
� � to beapprox-

imatedin 8 � 8 Q hascompactsupport,the lemmais well known, see[15, Proposition
1.2.4].Thustheonly thing to do is to approximateelementsfrom Dom

�
∂̄ �?y Dom

�
∂̄
� �

with elementswith compactsupport.We cando this thanksto the Γ–action,which
guaranteesthat the Γ–invariant metric on M is in somesense‘complete’. For the
details,see[13, Lemma1.1].

Next let ususea form of theBochner–Kodairaformula introducedby Andreotti–
Vesentini[2] andGriffiths [10]. Let usassumethatthereexistsaΓ–invarianthermitian
metric on X, Kähler near∂M, written in local coordinateszα as a smoothpositive
definitematrix

�
gαβ � . Wealsofix a Γ–invarianthermitianmetricon G, written locally

in aholomorphicframe f of G, asasmoothpositive functionh.
Thereexists a canonicalconnectionon G, compatiblewith thecomplex structure

andthemetric.Thecurvatureof this connectionis denotedc
�
G� . It is a

�
1 � 1� -form on

X, c
�
G�=� ∑θαβ dzα � dz̄β, whereθαβ �X� ∂zα∂z̄β log h. Let θµ

β bethecurvaturetensor
with thefirst index raised.Let

u � 1
q! ∑uλ1 � � � λq dz̄λ1 � ����� � dz̄λq � f

beaG–valued
�
0 � q� –form on X. Wedefinethe

�
0 � q� –form

c
�
G� u � 1

q! ∑θµ
λ1

uµλ2 � � � λq
dz̄λ1 � ����� � dz̄λq � f <

WealsointroducetheRicci curvatureRic ��� c
�
KX � , whereKX is thecanonicalbundle

of X. For aG–valued
�
0 � q� –form u, we setRicu �C� c

�
KX � u.

We definenext theLevi operator(see[10, p.418]).First let usremarkthatwe can
choosea Γ–invariantdefiningfunction r for M suchthat � ∂r �:� 1 in a neighbourhood
of ∂M, with respectto thehermitianmetriconX. Let uspick, nearaboundarypointof
M, anorthonormalframeω1 ��<�<�<�� ωn for thebundleof

�
1 � 0� –forms,suchthatωn � ∂r.

Wehave
∂∂̄r �C� ∂̄ωn � ∑ lαβ ωα � ωβ � �

1 - α � β - n�?<
Definition 3.4. The Levi form of ∂M is the restrictionof ∂∂̄r to the holomorphic
tangentbundle of ∂M; it is given in the dual frame of ω1 ��<�<�<�� ωn� 1 by the matrix�
lαβ � 1 � α  β � n � 1. M is pseudoconvex if the Levi form is everywherepositive semi–

definite.

For a
�
0 � q� –form written locally

u � 1
q! ∑uα1 � � � βq ωα1 � ����� � ωαq � f

gd2.tex; 13/12/2002; 15:06; p.9



10 Marinescu,Todor, Chiose

where f is anorthonormalframein G, we set� �
u � u�]� 1� q� 1! ! ∑ lαβ uαβ1 � � � βq U 1 uββ1 � � � βq U 1

�
1 - α � β - n�?<

Theform u � B0  q � M � G� if andonly if uα1 � � � αq � 0 for n �f� α1 ��<�<�<�� αq � . Thereforefor
u � B0  q � M � G� thesummationrestrictsover1 - α � β - n � 1 and� �

u � u�]� 1� q� 1! ! ∑ lαβ uαβ1 � � � βq U 1
uββ1 � � � βq U 1

� 0 < (3.4)

Finally, let ∇ denotethecovariantderivative in the
�
0 � 1� –direction.

Lemma 3.5. Assumethat the Γ–invariant metric on X is Kähler in a Γ–invariant
neighbourhoodU of ∂M. Thenfor anyu � B0  q � M � G� with supportin U wehave

Q
�
u � u�=���� ∇u �� 2 EoO c � G� u � uP E	O Ricu � uP E L

∂M

� �
u � u� dS (3.5)

Proof. This formulawasgivenby Griffiths [10, p. 429,(7.14)].

Next wespecializeto thecaseG � Ek for aΓ–invarianthermitianholomorphicline
bundleE. Let ∆ � �k thelaplacianactingon formswith valuesin Ek. We shallnormalize
thequadraticform of thelaplacian:

Qk
�
u � u�]� 1

k O 8 ∂̄u 8 2 E�8 ∂̄ � u 8 2 P �
for u � Dom

�
Qk � : � Dom

�
∂̄ ��y Dom

�
∂̄
� ��y Lp  q � M � Ek � . ThebundleE is endowedwith

a Γ–invarianthermitianmetricwhosecurvatureis positive near∂M. Fromnow on we
fix aΓ–invarianthermitianmetriconX whichcoincideswith c

�
E � near∂M. Sinceany

two Γ–invariantmetriconM areequivalenttheL2 spacesoverM do not change.

Lemma 3.6. LetE bea Γ–invariantholomorphicline bundleonX endowedwith a Γ–
invariant hermitianmetricwhich is positivein a neighbourhoodU of ∂M. LetV 4 U
beanotherΓ–invariant neighbourhoodof ∂M and0 - ρ - 1 bea smoothΓ–invariant
functionwhich equals1 onV andvanishesoutsideU. Thenfor sufficientlylargek, any
u � Dom

�
Qk �?y L0  q � M � Ek � , q � 1, satisfiestheapriori estimate:

8 u 8 2 - 12Qk
�
u � u�?E 4 L

Ω �� � 1 � ρ � u �� 2 � (3.6)

where Ω : � M � V.

Proof. Letu � B0  q � M � Ek � , q � 1,with supportin U . By (3.5)and(3.4)andc
�
Ek ���

kc
�
E � ,

Qk
�
u � u�>� O c � E � u � uP E 1

k O Ricu � uP <
Sincethe metric coincideswith c

�
E � near∂M we have c

�
E � u � u. Thereforethere

existsa constantC0 (dependingonly of theRicci curvatureof the invariantmetricon
M) suchthat

Qk
�
u � u�>� 1

2 8 u 8 2 � k � C0 < (3.7)
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L2–holomorphicsectionsover pseudoconvex coverings 11

Weusenow theelementaryestimate:

Qk
�
ρu � ρu� - 3

2Qk
�
u � u�xE 6

k sup� dρ � 2 8 u 8 2 < (3.8)

ObviouslyC1 � 6sup� dρ � 2 
 ∞ . If Ω � M � V estimates(3.7)and(3.8)yield

8 u 8 2 - 12Qk
�
u � u�?E 4 L

Ω �� � 1 � ρ � u �� 2 � k � max� C0 � 8C1 �=�
for any u � B0 q � M � Ek � . By theApproximationLemma3.3theestimateholdsalsofor
u � DomQk. This provesourcontention.

Fromrelation(3.6)weinfer next thatthespectralspacescorrespondingto thelower
part of the spectrumof 1

k∆ � �k on
�
0 � q� –forms,q � 1, canbe injectedinto the spectral

spacesof theΓ–invariantoperator1k∆ � �k S Ω, whichcorrespondto theDirichlet problem
on Ω for 1

k∆ � �k . We may apply thus the resultsfrom section2. This idea appearsin
Witten’s proof of the Morse inequalities(see[27] [14]) and in [4] in the context of
q–convex manifoldsin thesenseof Andreotti–Grauert.

Let us introducethefollowing spectralspaces:� q
k

�
λ �v� RanEEEλ

� 1
k∆ � �k � is thespec-

tral spaceof 1
k∆ � �k on L0  q � M � Ek � , � q

k  Ω � µ�>� RanEEEµ
� 1

k∆ � �k S Ω � , the spectralspacesof
1
k∆ � �k S Ω. As beforeEEEλ standsfor the spectralprojection.We denoteNq

Γ O λ � 1k∆ � �k P �
dimΓ � q

k

�
λ � thevon Neumanndimensionof thespectralspacesof 1

k∆ � �k.

Lemma 3.7. Assumewe are in the hypothesesof Lemma3.6. Thenfor sufficiently
large k, for q � 1 andanyλ 
 1� 24 thefollowingmapis an injectiveΓ–morphism:� q

k

�
λ �g�%��� q

k  Ω O 12λ E 8C1
k P � u � �%� EEE

12λ R 8C1
k
O 1k∆ � �k S Ω P � 1 � ρ � u < (3.9)

In particular,

Nq
Γ O λ � 1k∆ � �k P - Nq

Γ O 12λ E 8C1
k � 1k∆ � �k S Ω P � q � 1 � λ 
 1� 24 � (3.10)

Themeaningof themap(3.9) is thatwe cut–off the form u andthenwe projectit on
thespectralspaceof theDirichlet laplacian.Wenotethat(3.10)showsthatthespectral
spaces� q

k

�
λ � , for q � 1, λ 
 1� 24,areof finite Γ–dimension.

Proof. To prove the claim let us remarkthat the map(3.9) is the restrictionof an
operatoron L0  q � M � Ek � of thesameform; this is continuousandΓ–invariantbeinga
compositionof amultiplicationwith aboundedΓ–invariantfunctionandaΓ–invariant
projection.To prove the injectivity we chooseu ��� q

k

�
λ � , λ 
 1� 24 to theeffect that

Qk
�
u � u� - λ 8 u 8 2 - 1

24 8 u 8 2. Pluggingthis relationin (3.6)we get

8 u 8 2 - 8 L
Ω �� � 1 � ρ � u �� 2 � u ��� q

k

�
λ �?� λ 
 1� 24 < (3.11)

Let usdenoteby Qk  Ω thequadraticform of 1
k∆ � �k S Ω. Thenby (3.8)and(3.11),

Qk  Ω O � 1 � ρ � u � � 1 � ρ � uP - 3
2 Qk

�
u � u�?E C1

k 8 u 8 2 - O 12λ E 8C1
k P L Ω ��

�
1 � ρ � u �� 2

gd2.tex; 13/12/2002; 15:06; p.11



12 Marinescu,Todor, Chiose

whichshows thatEEE
12λ R 8C1

k
O 1k∆ � �k S Ω P � 1 � ρ � u � 0 imply

�
1 � ρ � u � 0 sothatu � 0 by

(3.11). This achievestheproof.

We now stateour main result.We find a lower boundfor the Γ–dimensionof the
groupH0� 2! � M � Ek � of L2 holomorphicsectionsin Ek andgive anupperboundfor the

growth of theΓ–dimensionof thehigherL2 cohomologygroups.TheL2 conditionis
understoodwith respectto Γ–invariantmetricson thebaseX andalongthefibersof
thebundle.

Theorem3.8. LetM bea smoothpseudoconvex domainwhich admitsa freeholomor-
phicactionof a discretegroupΓ such that theactionextendsin a complex neighbour-
hoodX of M. Assumethat M � Γ is compactandthere existsa hermitianholomorphic
Γ–invariant line bundleE on X which is positivenear∂M. Thenfor k ��� ∞,

dimΓ H0� 2! � M � Ek �>� kn

n!
L � M J Γ ! � � 1! D ı

2π c
�
E � F n E o

�
kn �?� (3.12)

where n � dimM.
Thehigher L2 reducedcohomology groups(q � 1) havefinite Γ–dimensionand

satisfytheinequalitiesfor k ��� ∞:

dimΓ H0  q� 2! � M � Ek � - kn

n!
L � M J Γ ! � q! � � 1� q D ı

2πc
�
E � F n E o

�
kn �?� (3.13)

Proof. SinceDomQk  Ω canbe embeddedin DomQk, an easyconsequenceof the
variationalprinciple (2.1) is that N0

Γ

�
λ � 1k∆ � �k ��� N0

Γ

�
λ � 1k∆ � �k S Ω � . By Theorem2.9 for

q � 0
lim

k
k � nN0

Γ O λ � 1k∆ � �k P � I0 � U � λ �?� λ 
 1� 24 � λ ��@s�#` (3.14)

(NotethatΩ canbechosensmooth.)
Wefind now anupperboundfor N1

Γ O λ � 1k∆ � �k P . Fix anarbitraryδ B 0.For k B 8C1 � δ
we have

N1 � λ � 1k∆ � �k � - N1
Γ

�
12λ E 8C1

k � 1k∆ � �k S Ω � - N1
Γ

�
12λ E δ � 1k∆ � �k S Ω �?�

henceby (2.5), limkk � nN1
Γ

�
λ � 1k∆ � �k � - I1 � U � 12λ E δ � . Wecanlet δ ��� 0 sothat

lim
k

k � nN1
Γ D λ � 1k∆ � �k F - I1 � U � 12λ �?� λ 
 1� 24 � λ ��@,��`C< (3.15)

We considernext ∂̄ : L0  0 � M � Ek ���%� L0  1 � M � Ek � . Since∆ � �k commuteswith ∂̄ it fol-
lows that thespectralprojectionsof ∆ � �k commutewith ∂̄ too, showing thus∂̄ � 0

k

�
λ �Q4� 1

k

�
λ � . Thereforewe have the Γ–morphism∂̄ : � 0

k

�
λ ������� 1

k

�
λ � , where∂̄λ denotes

the restrictionof ∂̄ (by the definition of � 0
k

�
λ � , ∂̄λ is boundedby kλ). Sincefor any

Γ–morphismA we have dimΓ .Ran
�
A�0/]� dimΓ Ker

�
A�¡  , we seethat dimΓ Ker∂̄λ E

dimΓ { Ran
�
∂̄λ �n}H� dimΓ � 0

k

�
λ � . Moreover dimΓ { Ran

�
∂̄λ �n} - dimΓ � 1

k

�
λ � andthey are

finite. Thereforeby (3.14)and(3.15),

dimΓ H0� 2! � M � Ek �g� dimΓ Ker∂̄λ � kn ¢ I0 � U � λ ��� I1 � U � 12λ �0£QE o
�
kn �?�
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L2–holomorphicsectionsover pseudoconvex coverings 13

for λ 
 1� 24 and λ �#@��¤` . We can now let λ go to zero throughthesevalues.
Thelimits I0 � U � 0� andI1 � U � 0� arecalculatedin [7] (see(2.6)) andif we identify the
fundamentaldomainU with Ω � Γ we get

dimΓ H0� 2! � M � Ek �g� kn

n!
L � Ω J Γ ! � � 1! D ı

2πc
�
E � F n E o

�
kn �?<

Now we canlet Ω exhaustM andthedesiredformula(3.12)follows.
To prove (3.13)we remarkthatfor λ � 0,

dimΓ Ker O 1k∆ � �k P y L0  q � M � Ek � - Nq
Γ O λ � 1k∆ � �k P �

andasin formula(3.15),

lim
k

k � ndimΓ Ker O 1k∆ � �k P y L0  q � M � Ek � - Iq � U � 12λ �?� λ 
 1� 24 � λ �A@f�#`+<
Weinvoke now theHodgeisomorphism(3.1)

Ker O 1k∆ � �k P y L0  q � M � Ek �2�� H0  q� 2! � M � Ek �?�
andlet λ ��� 0 throughvaluesλ �¥@'�¦` . By (2.6)wegettheinequality(3.13)for the
domainof integrationΩ � Γ sowe canlet Ω ��� M. Theproof is thuscomplete.

Corollary 3.9. In theconditionsof Theorem3.8assumethatL � M J Γ ! � � 1! D ı
2π c
�
E � F n B 0 < (3.16)

Thenfor large k thespaceH0� 2! � M � Ek � is non–trivial.More precisely,

dimΓ H0� 2! � M � Ek �]§ kn <
Remarks.
(i) Condition (3.16) may be seenas a very weak positivity condition. It means

that the integral of the curvatureover its positivity pointsexceedsthe integral of the
curvatureover thepointswherethecurvatureis non–degenerateandhasexactly one
negative eigenvalue.So thecurvaturemayhave negative eigenvalues.The inequality
(3.16) is certainlysatisfiedif the curvatureis everywheresemipositive, to the effect
that

�
M � Γ � � 1���\¨ . Thereforethe integral in (3.12) extendsover all M � Γ. If E is

everywherepositive this integal expressesthevolumeof M � Γ in themetricgivenby
c
�
E � .
(ii) AssumethatE is positive everywhereon M. Then(3.6)becomes8 u 8 2 - 12Qk

�
u � u�?� k © 1 � q � 1 < (3.17)

ThusKer∆ � �k � 0 andby Hodgeisomorphismweobtaintheasymptoticvanishingresult

H0 q� 2! � M � Ek �=� 0 � k © 1 � q � 1 <
For Γ ��� Id � , this is implicit in Takegoshi[25]. Moreover, (3.17)shows thatRan

�
∂̄ �ªy

L0  q � M � Ek � is closedfor very large k andq � 1. Therefore,for any f � L0 q � M � Ek � ,
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14 Marinescu,Todor, Chiose

q � 1, k © 1, with ∂̄ f � 0, thereexistsu � L0  q � 1 � M � Ek � with ∂̄u � f . By solvingthe
∂̄–equationwith singularlogarithmicweightswe canshow that the L2 holomorphic
sectionsof Ek, k © 1, separatepointsof M andgive local coordinateson M (see[13,
Theorem0.7] for thecasewhenM � Γ is Stein).

(iii) The inequalities(3.12), (3.13)remaintrue if ∂M �o¨ . This implies thatM � Γ
is a compactmanifold and we have obtainedestimatesfor the growth of the von
Neumanndimensionof the L2 cohomologyanalogousto the Morse inequalitiesof
Demailly [7]. Notethatsince∂M ��¨ we needno positivity conditionfor E nearthe
boundary. Corollary 3.9 holds true in this situationtoo. It canbe seenasa general-
ization of a theoremof Napier [19] which shows that if E is positive thenthereare
sufficiently many sectionsin Ek (moreprecisely, M is Ek–convex).

(iv) Let us explain briefly why it is necessaryto work directly with incomplete
metrics.Let M bea relatively compactpseudoconvex domain.If thereexistsa Kähler
metricnear∂M, thereexistsacompletemetriconM which is Kählernear∂M. Indeed,
if we denotewith d a functionwhich,near∂M, equalsthedistanceto ∂M, it is known
[8, Principal Lemma], that the complex hessian∂∂̄χ of χ �«� log

�
d � is uniformly

boundedfrom below near∂M. By addingε∂∂̄χ , (ε ¬ 1), to aKählermetricweobtain
thedesiredcompletemetric.

In orderto apply the methodfrom [26] we needto have an analogueof estimate
(3.6). But, on onehand,theboundednessfrom below of theeigenvaluesof c

�
E � with

respectto thecompletemetric just introducedcannot beverified.On theotherhand,
if we want to getaroundthis difficulty by introducingtheweightexp

� � χ �=� d along
the fibersof E, we obtain, in degree0, an L2 cohomologystrictly larger as the one
consideredin thispaper. Therefore,theresultsin [26] do not imply Theorem3.8.

4. Weakly 1–completemanifolds

In thissectionweapplythemainTheorem3.8to thecaseof weakly1–completeman-
ifolds andstronglypseudoconvex domains.We considercoveringsof pseudoconvex
domainswhichappearassublevel setsof aweakly1–completemanifold 
X. Wedenote
by ϕ : 
X �%��@ thesmoothpshexhaustionfunctionand 
Xc �+� ϕ 
 c � for c �s@ . Let
n � dimX.

Theorem 4.1. Let X bea complex manifoldwhich admitsa freeholomorphicaction
of a discretegroup Γ such that X � Γ ��
X is a weakly1–completenon–compactman-
ifold. Let Xc � π � 1 � 
Xc � where π is thecoveringmap.Assumethat E is a Γ–invariant
hermitianholomorphicline bundlein a neighbourhoodof Xc andis positivenear∂Xc.
Then,

lim
kI ∞

k � ndimΓ H0� 2! � Xc � Ek �2� ∞

where theL2 conditionis considredwith respectto anyΓ-invariant metricson Xc and
E S Xc

.

A similar resultfor the trivial covering andE an everywherepositive line bundle
hasbeenobtainedby S.Takayama[24].
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L2–holomorphicsectionsover pseudoconvex coverings 15

Proof. Considerd B csuchthatE isdefinedonXd � π � 1 � 
Xd � . Weconstructametric
of infinite volumeon 
Xd in thefollowing way. Let 
h beametricon 
E � E � Γ whichhas
positivecurvatureon 
Xd � 
Xc� ε whereε B 0 is smallenough(
h is thepushdown of the
givenmetriconE). Let 
ω beametricon 
Xd whichcoincideswith ıc

� 
E � on 
Xd �c
Xc � ε .
Let χ :

� � ∞ � d �1���­@ bea convex increasingfunctionsuchthatlimt I c χ
�
t �=� ∞ (e.g.

χ
�
t �=� � c � t � � 2). Then 
ω0 � 
ω E ı∂∂̄χ

�
ϕ � is a metricof infinite volumeif χ increases

very fast.We considerthenew metric 
h0 � 
hexp
� � χ

�
ϕ ��� with curvatureıc

� 
E � 
h0 �g�
ıc
� 
E ��E ı∂∂̄χ

�
ϕ �Q� 
ω0. We take the pull–backsof the metrics 
ω0 and 
h0 on Xd and

denotethem with ω0 and h0. We considera pseudoconvex domainXe � π � 1 
Xe (e
regular valueof ϕ, c 
 e 
 d) andapply Theorem3.8 for Xe andthe metric h0. In
particular(3.12)becomes

lim
k

k � ndimΓ H0� 2! � Xe � Ek �g� 1
n!
L �¯®Xe ! � � 1! D ı

2π c
� 
E � 
h0 � F n <

Therestrictionmorphism

Φk : H0� 2! � Xe � Ek �g��� H0� 2! � Xc � Ek �
is clearlyaninjective Γ–morphism.Moreover theL2 conditionin thelatterspacemay
betakenwith respectto any Γ–invariantmetricsin theneighbourhoodof Xc. Hence

lim
k

k � ndimΓ H0� 2! � Xc � Ek �g� 1
n!
L �¯®Xe ! � � 1! D ı

2π c
� 
E � 
h0 � F n < (4.1)

Wesplit theintegral in (4.1) in two parts:L �¯®Xe ! � � 1! D ı
2π c
� 
E � 
h0 F n � L �¯®Xc ! � � 1! D ı

2π c
� 
E � 
h0 � F n E L ®Xe °5®Xc

D ®ω0
2π F n <

The first integral is finite andmay be negative. The secondrepresentsthe volumeof
Xe �e
Xc in themetric 
ω0. Since 
ω0 hasinfinite volumeon 
Xd thesecondtermgoesto
infinity ase �%� d. Thereforeby letting e ��� d in (4.1) we obtainthedesiredresult.

Remarks.
(i) We canactuallyprove more.Namely, for eachk thereexists a sequenceof Γ–

invariantspacesLk 4 H0� 2! � Xc � Ek �?y C0  0 � Xc � Ek � suchthat

k � ndimΓ . Lk /��%� ∞ <
This followsfrom avariantof themainTheorem3.8for completehermitianmanifolds
proved in [26]. Indeed,the metric ω0 is completeon Xd andc

�
E � h0 �1� ω0 at least

outsideXc. Then,by [26], for theL2 cohomologywith respectto ω0 andh0 we have
limk k � ndimΓ H0� 2! � Xd � Ek �v� ∞ sincethevolumeof 
Xd is infinite. TherangeLk of the

injective Γ–morphismH0� 2! � Xd � Ek �1�%� H0� 2! � Xc � Ek � is containedin C0  0 � Xc � Ek � and. Lk / hasthesamevon NeumanndimensionasH0� 2! � Xd � Ek � .
(ii) Using(3.13)weobtainfor q � 1 andk © 1:

dimΓ H0  q� 2! � Xc � Ek � - kn

n!
L � Xc J Γ ! � q! � � 1� q D ı

2π c
�
E � F n E o

�
kn �?< (4.2)
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Let us examine(4.2) for the caseΓ �±� Id � . Thenby the representationtheoremof
Takegoshi ([25], Theorem6.2) H0  q� 2! � Xc � Ek �Q�� Hq � Xc �¡² � Ek ��� for q � 1 andk © 1.
We obtain thus that the growth of the dimensionof the analytic sheafcohomology
dimHq � Xc �¡² � Ek ��� is at mostpolynomial in kn. This wasproved in [17] usingthe ∂̄
operatortheorywithout boundaryconditionsasan answerto a questionof Ohsawa
[20].

We show next how we can recover someresultsfrom Gromov–Henkin–Shubin
[13]. As beforewe considera complex manifold X with a free actionof a discrete
groupΓ anda Γ–invariantdomainM.

Proposition 4.2 ([13]). Assumethat M is a strongly pseudoconvex domainsuch that
M � Γ is compact.ThendimΓ { H0� 2! � M �³y C0  0 � M �n}H� ∞. Moreover dimΓ H0  q� 2! � M �1
 ∞
for q � 1.

Proof. Since 
M � M � Γ is acompactstronglypseudoconvex domainin X � Γ wemay
take a definingfunction 
ϕ for 
M suchthat 
M �X� 
ϕ 
 0� and∂∂̄ 
ϕ is positive definite
near∂ 
M. This follows immediatelyfrom thedefinition by compositionof a defining
function as in definition with an increasingconvex function (e.g. t � �%� exp

�
At �2� 1

for large A B 0). Considerε B 0 sufficiently small suchthat 
Mε ��� 
ϕ 
 ε � is also
strongly pseudoconvex. Let χ : @|�%�´@ be a function suchthat χ

�
t �1� 0 for t - 0

andχ � � t �1B 0, χ � � � t �>B 0 for t B 0. Thenby replacing
ϕ with χ
� 
ϕ � we canassumethat

∂∂̄ 
ϕ � 0 everywhereand∂∂̄ 
ϕ B 0 near∂ 
Mε. Let ϕ be the pull–backof 
ϕ to X and
let Mε thepre–imageof 
Mε by thecovering map.Mε is a pseudoconvex domainand
the trivial bundleE � X WGµ endowed with the metric exp

� � ϕ � is semipositive and
positive near∂Mε. By Theorem3.8,

dimΓ H0� 2! � Mε � Ek �7� kn

n!
L ®Mε

D ı
2π ∂∂̄ 
ϕ F n E o

�
kn �?� (4.3)

for k �%� ∞. Since

H0� 2! � Mε � Ek �2�\¶ f : Mε �%�­µ : L
Mε
� f � 2 exp

� � kϕ �g
 ∞ ·
andϕ 
 ε onMε we seethatH0� 2! � Mε � Ek �g4 H0� 2! � Mε � for any k. By (4.3),

dimΓ H0� 2! � Mε �g� Ckn E o
�
kn �

for someC B 0 < By letting k ��� ∞ we obtaindimΓ H0� 2! � Mε �7� ∞. We take L to be

therangeof theinjective Γ–morphismof restrictionH0� 2! � Mε �g�%� H0� 2! � M � . ThenL 4
C0  0 � M � anddimΓ . L /x� ∞ asclaimed.

To provethefinitenessof theΓ–dimensionfor q � 1 weusethefinitenessstatement
in Theorem3.8. By this result we know that dimΓ H0  q� 2! � M � Ek ��
 ∞ for sufficiently

large k. We fix sucha k. The sectionswith L0 �� � M � Ek � are forms with coefficients
in the weightedL2 spaceL2 � M � exp

� � kϕ ��� . Since �ϕ � is boundedon M we seethat
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L0  �� � M � Ek �$� L0  q � M � assetsandthetwo normsareequivalent.HenceH0  q� 2! � M � Ek �$��
H0  q� 2! � M � .

Proposition4.2 recovers a part of [13, Theorems0.1–2], where it is moreover
proved that any point of ∂M is a peakpoint for H0� 2! � M �%y C0  0 � M � . In [13, Theo-
rem 0.3], it is proved that for any integer N B 0 thereexists a Γ–invariantsubspace
L 4 H0� 2! � M �?y C0 0 � M � suchthatdimΓ . L /x� N. SeealsoRemark(i) above.

Proposition 4.3([13]). LetM bea pseudoconvex domainwith holomorphicactionof
a discretegroupΓ on a complex neighbourhoodX of M such that M is invariant and
M � Γ is compact.Supposethat in a Γ–invariantneighbourhoodof ∂M thereexistsa Γ–
invariant smoothstrictly pshfunctionϕ. ThendimΓ H0� 2! � M �2� ∞ anddimΓ H0  q� 2! � M �g

∞ for q � 1.

Proof. SupposethatM ��� ρ 
 0 � , for asmoothinvariantfunctionρ. Chooseε B 0
suchthat ϕ is strictly pshon �ª� ε 
 ϕ 
 ε � . Let χ : @	�%�¸@ bea functionsuchthat
χ
�
t �$� 0 for t - � ε andχ � � t �]B 0, χ � � � t �]B 0 for t Be� ε. Thenχ

�
ϕ � is aΓ–invariantpsh

functionwhichis strictlypshnear∂M. Thereforethetrivial bundleE � X W¹µ endowed
with themetricexp

� � χ
�
ϕ ��� is semipositive andpositive near∂M. Theconclusionof

thePropositionfollow now from Theorem3.8asin theprecedingproof.

Proposition4.3 recoversa partof [13, Theorems0.5–6],whereϕ is allowed to be
non–smoothandit is moreoverprovedthatany pointof strongpseudoconvexity in ∂M
is apeakpoint for H0� 2! � M �xy C0  0 � M � .

Remark.Theresultsin Sections3 and4 arestill valid if wereplaceEk with Ek � F
whereF is a Γ–invarianthermitianholomorphicvectorbundledefinedon theneigh-
bourhoodof M. Thereforewe can replacein thesesectionsthe L2–cohomologyfor�
0 � q� –formswith theL2 cohomologyfor

�
p � q� –forms.
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