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1. Intr oduction

A well-knavn theorenof Grauerf11] (his solutionof theLevi problem)assertshata
stronglypseudocovex domainis holomorphicallycorvex. In particularthedimension
of thevectorspaceof holomorphicfunctionshasinfinite dimension Onecanalsoask
aboutthe existenceof L2 holomorphicfunctions(with respectto a hermitianmetric
in the neighbourhooaf the closureof the domain).Gromov, HenkinandShubin[13]
computeactuallythe von Neumanndimensionof the spaceof L2 holomorphicfunc-
tions on coveringsof stronglypseudocovex domains.The von Neumanndimension
turnsoutto beinfinite. Thistype of existenceresultswereintroducedby Atiyah [1].

Our goalis to extendthis resultto situationswherewealer pseudocovexity con-
ditions arerequired.We considertwo classef (weak) pseudocovex manifolds.A
smoothdomainM in a complex manifold X is called pseudocovex if the Levi form
of the definingfunctionis positve semi—definitewhenrestrictedto the holomorphic
tangentbundle of the boundary (The domainis called strongly pseudocovex if we
replace'semi—definite’by ‘definite’.) As shavn by Grauert[12], thereexists pseudo-
cornvex domainswhich possesenly constanholomorphicfunctions,but aredomains
of meromorphyThus,it is naturalto studythe existenceof sectionsn holomorphic
line bundlesover pseudocovex domains.

Let E beasemipositie line bundledefinedin a neighbourhoodf M andwhichis
positive nearthe boundaryWe notethatthe examplesconstructedy Grauertpossess
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suchline bundles.Thenwe shav thatthe dimensionof the spaceof holomorphicL?

sectionswith valuesin thek-th tensompowersEK, for largek, grows fasterthana poly-

nomialin k" with leadingcoeficient the integral over M of the cunature (5-c(E))",

wheren = dimM. If E is positve everywherethis is the volume of the domainin

the metric given by the cunatureof the bundle. Moreover, the sameestimateholds
if we replacethe domainwith one of its Galois coveringsand the usualdimension
with the von Neumanndimension.This yields the generalizatiorof the theoremof

Gromov—Henkin—Shubiralludedto before.

Theabove mentionedesultsareconsequencesf Theorem3.8. We alsofind there
anupperboundfor thevon Neumanrdimensiorof theL? reduceccohomologygroups
of type (0,q), q > 1, with valuesin EX, with k very large.

We consideffurtherthefollowing classof manifolds.A manifoldX is calledweakly
1-completdf admitsa smoothpshexhaustionfunction¢ (se€[20]). Thesublerel sets
Xe = {¢ < c} for regularvaluesc of ¢ arepseudocovex domainsFor suchdomains
let us considera semipositie line bundle which is positive nearthe boundary Then
the dimensionof the spaceof holomorphicL? sectionswith valuesin the high tensor
powers EX grows fasterthanany polynomialin k”, n = dimM. The existenceof an
exhaustionfunction permitsus to endav the manifold a completemetric of infinite
volumeandapplythe previousestimateor sublerel setdargerthanM.. Moreover, the
estimateholdsalsofor the von Neumanrdimensionof the spaceof L? sectionsover a
normalcovering.

Let usnotethatthe estimategor the dimensionof the L2 holomorphicsectionsfor
pseudocaovex coveringsarenew, evenin thecaseof relatively compactpseudocovex
domains.Dueto the weakpositvity conditions(weakpseudocovexity andsemipos-
itivity), we cannotsolwe directly the 0—equationin orderto getholomorphicsections.
We argueindirectly, by usingtheasymptotidMorseinequalitiesntroducedby Siu[22]
andDemailly[7] for compacimanifolds(seealsoBerndtssor3]; for thenon—compact
caseNadel-Tsuiji[18], Bouche[4], and[17]).

In [26] we gave ageneralizatiorof theasymptotidviorseinequalitiesfor coverings
of completehermitianmanifolds.Herewe work with incompletemetrics(andthere-
fore with thelaplacianwith 0—Neumanrboundaryconditions) sincewe cannotapply
[26] to obtainthe mainresultof thepresenpapern(seetheremarksattheendof Section
3). However, oneof the principalingredientsof the proofis takenfrom [26]. It is the
generalizatiorto the covering caseof Demailly’s Wey! type formulafor the counting
functionof the Dirichlet laplacianAy actingon high tensorpowersEgk.

The plan of the paperis asfollows. In Section2 we remindthe necessarypack-
groundandresultsfrom [26]. In Section3 we usethe Bochne+Kodairaformulain
theform givenby Andreotti-\ésentini[2] andGriffiths [10] to reducethe studyof the
laplacianwith 0—Neumanrboundaryconditionson dM to the study of the Dirichlet
laplacianon a smallerandinvariantdomain.In Section4 we apply our main result
(Theoren.8)to thecaseof weakly 1-completenanifoldsandstronglypseudocovex
domains.
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2. Estimatesof the spectrumdistrib ution function

Oneof themainingredientan Demailly’s proof of the asymptoticMorseinequalities
is a Weyl typeformulafor the countingfunctionof thelaplacianA actingon EK. On
the otherhand,Shubingave in [23] a proof of the L2 Morseinequalitiesfor covering
manifoldsin the spirit of Witten's paper{27]. Our proof usesthe techniqueof [23] to
generalizédemailly’s formulafor the Dirichlet laplacianon a covering manifold.

Let M beacomple analyticmanifold of complex dimensiomn onwhichadiscrete
groupl actsfreely andproperlydiscontinuouslyLet M = M/l andlett: M — M
bethe canonicaprojection.We assumeM is paracompacsothatl” will becountable.
Supposave aregivenaholomorphicvectorbundleG on M andtake its pull-backG =
*G, which is a N'-invariantbundleon M. We alsofix '—invarianthermitianmetrics
onM andonF.

We considera relatively compactopensetQ € M with smoothboundaryandits
preimageQ = m1lQ; I actsonQ andQ/I = Q.In generalwe will decoratey tildes
theobjectdiving onthequotient.LetU beafundamentalomainof theactionof I' on
Q. This meansghat(seee.qg.[1]): a) Q is coveredby thetranslationsf U, b) different
translationsof U have emptyintersectiorandc) U \ U haszeromeasurgsincedQ is
smooth).Sinceﬁ is relatively compaclJ hasthe sameproperty

Let us definethe spaceof squareintegrable sectionsL?(Q,G) with respectto a
I—invariantmetricon M (andits volumeform) anda I'-invariantmetricon G. Then
L?(U, G) is constructedvith respecto thesamemetrics.Thereis a unitaryactionof I
onlL%(Q,G). In factit is easyto seethatL2(Q,G) = L2 @ LA(U,G) = LT 9 L4(Q,G).
We have a unitary actionof I on L2I" by left translationsy — |, wherel, f(x) =
f(y"1x) for x € I, f € L?T. It inducesan actionon L2(Q,G) by y+— L, = |y ®
Id. Finally we denoteby C(-,-) the variousspacef smoothcompactlysupported
sections.

Let us considera formally self-adjoint,strongly elliptic, positve differential op-
eratorP on M actingon sectionsof G. Denoteby P the M—invariantdifferential op-
eratorwhichis its pull-backto M. From P we constructthe following operatorsthe
Friedrichsextensionin L?(Q, G) of Plc.(a,6) andthe Friedrichsextensionin L%(U,G)
of Plc,u,c)- Fromnow on we denotetheseextensionsby P andP,. They areclosed
self-adjointpositive operatorsandcoincidewith the Dirichlet laplacianson Q andU.

It is known thatP is alsol—invarianti.e. it commuteswith all L. This amountsto
sayingthatE, (P) commuteswith Ly, y € I', where(E, (P)), is the spectraffamily of
P. Ontheotherhandthe Rellich lemmatells that Py hascompactresohentandhence
discretespectrum.

Definition 2.1. For ary Hilbert space’/ we call the Hilbert spacel.’l’ @ # a free
Hilbert T—module I'-invariantclosedspace®f free Hilbert T—modulesarecalledl"—
modules.

SinceE, is N-invariantits image RanE, is a '-moduleof the free Hilbert '—
moduleL?l ® L2(U,G) = L%(Q, G). Theactionof I' is definedasabove by y— L, =
ly®Id.

For '-modulesone canassociate positive, possiblyinfinite real number called
von Neumanror I'-dimensiondenoteddim;. For notionsinvolving the F'—dimension
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andlinearalgebrafor '-moduleswe referthereaderto [1], [23] and[16, pp. 75-80]
(in thelatterproofsfrom scratcharegiven).

Let us denoteby 4. the von Neumannalgebrawhich consistsof boundedinear
operatorsn L?I" ® A which commuteto theactionof I'. To described. let usconsider
thevon Neumann®; algebraof boundedperatoron L2I" which commutewith all Ly.
It is generatedby right translationslf we considerthe orthonormabasis(dy)y in L2r
whered, is the Dirac deltafunctionaty, thenthematrix of ary operatoiA € &; hasthe
propertythatall its diagonalelementsareequal. Thereforewe definea naturaltraceon
R asthediagonalelementthatis, trr A= (Ade, 8e) Whereeis theidentity element.4-
is thetensomproductof & andthealgebraB(H) of all boundedperatoron A If Tr
is theusualtraceon B(#) thenwe have atraceon 4, by Tr, =tr- @ Tr.

Definition 2.2. For ary '-module,the projectionP. € 4 andwe definedim:L =
TrP..

We alsointroducethe notion of FT—morphismslif L, L, aretwo N'-modulesthen
a boundedinear operatorT : L; — Ly is calleda F'—morphismif it commuteswith
theactionof I'. As for the usualdimensionthefollowing statementaretrue (seg[16,
pp. 75-80]).If T isinjective,dim;L; < dim-L,, andif T hasdenseamage,dim-L; >
dim; L. We denoteby rank T = dim-[Ran(T)] where[V] standsfor the closureof a
vectorspace/.

We denotein thesequeN; (A, P) = dim- RanE, (P). Similary we consideithespec-
tral distribution (counting)function N(A, Py) = dimRanE, (Py) whereE,(P) is the
spectrafamily of Py; it equalsthe numberof eigevalues< A.

To compareN: (A, P) andN(A, Py) we useessentiallythe analysisof Shubin[23].
However thereexist a differencein our method.Namely we take from the beginning
themodeloperator?, to betheoperatorP itself with Dirichlet boundaryconditionson
U, whereasshubinconsidersdirectsumof tangenioperatorgo P. Sowe do nothave
to truncatefrom the outsetthe eigenfunction®f the modelPy. (Seealso[23, Remark
1.3].) Thenext result[23, Lemma2.4] is fundamental.

Proposition 2.3 (Variational principle). LetP bea I'-invariant self-adjointpositive
opeiator ona freelr—modulel’l’ ® # whee # is Hilbert space Then

N-(A,P) = sup{ dim-L |Lc Dom(Q), Q(f, ) <A||f|2, Vf e L}. 2.1)

whee L ¢ Dom(Q) runsover '—-modulesand Q is the quadsatic form of P.

With the requisitemaximum—minimunresultin placewe now begin to examinethe
relationbetweerthetwo distribution functionsN- (A, P) andN(A, Py).

Proposition 2.4 (Estimate from below). Thecountingfunctionsof P and P, satisfy
theinequality

NI’()\’P) 2 N()\aPO)a AeR (22)

Proof. See[26, Propositionl.1]. O

In orderto get an estimatefrom abose we have to enlage a little bit the funda-
mentaldomainU andcomparethe countingfunction of P to the countingfunction of
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L?~holomorphicsectionsover pseudocovex coverings 5

the Friedrichsextensionof P restrictedto compactlysupportedormsin the enlaged
domain.For h > 0, theenlageddomainis Up = {x € Q | d(x,U) < h} whered is the
distanceon M associatedo the Riemannmetricon M. We considerthe operatorP

with domainC.(Up, G) andtake its Friedrichsextension,denotedDéh).

Proposition 2.5 (Estimate from above). Theris a constantC > 0 sud that
N:(A,P) < N(A+%,Péh)) AR, h>0 (2.3)
Proof. See[26, Propositionl.4]. O

Theestimatedrom belov andabovefor N (A, P) enableusto studyasaby—product
the behaiour for A\ — o to obtainthe Weyl asymptoticdor periodicoperatorgdue
to M. Shubin,see[21] andthereferencesherein).

Corollary 2.6. If Pis aperiodic,positive secondrder elliptic operator asabovethen

lim A="2N-(A,P) = lim A""2N(A, Po)

A—y00 A—y00

= @™ [ [ N(,00(P)(x8)dEax.

oo(P)(x,§) € Herm(F,F) is the principal symbolof P and N(1,0o(P)(x,§)) is the
countingfunctionfor the eigenvaluesof this hermitianmatrix.

Proof Firstlet usremarkthatthe last equalityis the classicalWeyl type formula
as establishecby Carleman,Gardingand others,see[21, p. 72]. It is obvious that
limA="/2N(\, Py) < limA~"V2N-(\, P) by the estimatefrom below. On the otherhand
the estimatefrom above givesfor A — oo

mA~"2N-(\,P) <Tim (1455)"? (A + &) 2N (7\+ %,pgh))

<IN R = @~ [ N(L,00(P)(x.8)dE ix
UnJTgM
for afixedsmallh. We make h — 0 andobtainthe desiredformula. O

Wearegoingto applytheabove resultsto thesemi-classicahsymptoticask — o
of the spectraldistribution function of the Iaplacian%A’k’ on M. Let G beahermitian

holomorphicbundle on M and G = p*G its pull-back. We defineCéo’q)(-,-) to be
the spaceof smoothcompactlysupported0,q) forms. We denoteby L%%(M, G) the
spaceof (0,g)—formswhich are L2 on M with respecto smoothl—invariantmetrics
on X andG. Let d: C2%M,G) — C2%*(M,G) be the Cauchy—Riemanoperator
and9 : c24(M,G) — C29(M, G) theformal adjoint of @ with respecto the given
hermitianmetricson M andG. ThenA” = 939 + 94 is aformally self-adjoint,strongly
elliptic, positve andl'—invariantdifferentialoperator

We take E andF two N—invariantholomorphicbundles.Let usform the Laplace—
Beltramioperatory, on (0, q) formswith valuesin EK®F. Thuswe will considerthe
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M—invarianthermitianbundle G = AC9T*M ® EX® F andapplythe previous results
for P = %A’k’ [o Wherethe index Q emphasiseshat the Friedrichsextensiongives
the operatorof the Dirichlet problemon Q. Now we have to make a good choice
of the parameteh. We take h = k-%/4. By (2.2) and(2.3), we obtainthe following
semi—classicatstimatefor laplacian.

Proposition2.7. Ther existsa constanC > 0 sudh thatfor A € R andk > 0 wehave
N (A R0 T0) SNe (A T0) SN (A G BTy, 1) - (24)

Demailly has determinedthe distribution of spectrumfor the Dirichlet problem
for %A’k’ in [7, Theorem3.14]. For this purposehe introduceg[7, (1.5)]) the function
Ve : M x R — R dependingon the cunatureof E andthenconsiderghe function
VE(X,A) = limg gVE(X,A + €). The function ve(x,A) is right continuousin A and
boundedabore on compactsof M. Denoteby ai(X),...,0n(X) the eigevaluesof of
the curvatureform ic(E)(x) with respectto the metric on M. We also denotefor a
multiindex J C {1,...,n}, a3 = ¥ je;0j andC(J) = {1,...,n} \J. ForV € M we
introduce

|q(V, W = z /V\TE(ZH—F Oc) — ay)do.
NI=q

Proposition 2.8 (Demailly). AssumehatdV hasmeasue zeo andthatthelaplacian
actson (0,q) forms.Then

Tm KN, 287 Iv) < 19V,A).

k— 00

Moreover there exists an at mostcountableset® ¢ R sud thatfor A € R\ D the
limit of the left—handsideexpressionexistsand we haveequality

We returnnow to the caseof a coveringmanifold andapply Demailly’s formulain
(2.4). Let usfix € > 0. For sufficiently large k we have U, 1/« C U sothefactthatthe
countingfunctionis increasingandthe variationalprinciple (2.1) yield

N (A + %( ’%A” ru1(1/4) <N (A & %A” ru1(1/4) <N ()\ +&, %A” rUs) :
Henceby (2.4) andProposition2.8 (0U is negligible for smallg),
lim supk™"Nr (A, 4% Tq) < 19(Ug, A +¢).
k
The use of dominatedcornvergenceto make € — 0 in the last integral yield the
following asymptotidormulafor the laplacianon a coveringmanifold.

Theorem 2.9. Thespectal distribution functionof $A} [ on L%4(Q,EX® F) with
Dirichletboundaryconditionssatisfies

Jm KN (A, R4 Ta) <T9(U). (2.5)

Moreover, there existsan at mostcountablesetD C R sud thatfor A € R~ D the
limit existsandwe haveequalityin (2.11).
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We needto know thebahaiour of 19U, A) for A — 0 whichis givenin [7]. Firstit is
clearthatlimy__,ol1%U,A) =19U,0) = 5 [, Ve(ac() — 0y)do. By definition([7,
Nl=q

(1.5))),

— S—2N—N > n-s
VE((XC(J) — GJ) = r2( T |al aS' Z { Z 2p] +1 |GJ|}
peENS =1

wherethe eigevaluessatisfy|as| > |ag|... > 0| > 0=|ass1| = ... = |ap| with the
notationAY? (A]2 = 0 for A < 0, [A]2 = 1 for A > 0). It is clearthatfor p € NS, the
correspondingsummandn the abore expressionvanishesunlesss=n, p; = -+ =
Pn=0,a; < 0for j € Jandaj > O0for j € C(J). In particular if ve (o, — ) 7é 0,
Ic(E) is non—dgenerateandhasexactly g negative eigevalues.

LetU (q) bethesetof pointsx of U suchthatic(E)(x) is non—dgenerateandhas
exactly q negative eigevalues.For x € U (q) and|J| = q it follows \7E(0(C( 3 —0ay) =
(2 "oy an| = (—1)%(2m)~"(1c(E))" for I = I(x) whereJ(x) = {j : aj(x) < 0}
andve (agg) — ay) = 0for J # J(x). Therefore

lim 19(U,A) = /U(q)(—l)q(ﬁc(E))n. 2.6)

A—0

For the formulationof themainresultwe setU (< 1) :=U(0) UU(1).

3. Pseudocomnex manifolds

Let X beacomplex manifoldacteduponfreely by a discretegroupof automorphisms
I andG — X be a '-invariantholomorphicvectorbundle. We fix on X andG I'—
invarianthermitianmetrics.

LetM C X beasmoothopensetsuchthat:

— M is pseudocovex,
— Mis—invariant,
— M/r is compact.

ThusM/T is apseudocovex relatively compactdomainin the manifold X /. We in-
troducethefunctionalspace€®9(M, G) of smooth(0, g)—formsonM andcg’q(m, G)
the subspacef forms smoothup to the boundaryand with compactsupportin M.
We remindthat L%9(M, G) is the L? spaceof (0,q)—forms, with respecto the fixed
—invariantmetricson M andG. _

The objectof our studyis the reduced_? cohomologyfor 9. To defineit, we con-
siderthe weakmaximalextensiond : L%9(M,G) — L%9*1(M, G), whichis aclosed
denselydefinedoperatomwith domainDom(0d) (consistingof elementau suchthatou
calculatedn distributional sensés in L?). Thereduced.? Dolbeaultcohomologyis
definedto be

HO(M,G) = Kerdn Lo’q(M,G)/ [RanINLO9(M,G)] ,
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where[V] denoteshe closureof the spaceV. We needto take the closurein orderto

make surethatH(Oz’)q(M ,G) is aHilbert spaceTheoperatom is obviously I'—invariant

sothatH(Oz’)q(M, G) isal—module.

Welink theL? cohomologyto thetheoryof elliptic operatorsia the Hodgedecom-
positionfor acertainLaplace—BeltramoperatorLet 0* betheHilbert spaceadjointof
0. Weintroducethe operatorA” definedby

Dom(A") = {ue Dom(d) N Dom(d*) : du € Dom(d*), d*u € Dom(g)} ,
A'u = 00*u+d*ou forue Dom(A").

By generalagumentsof functional analysiswe know thatA” is selfadjoint ([9,

Proposition1.3.8]). Theadwantageof usingA” is thatit leadsto the Hodgedecompo-

sition, sinceKerA” = Kerd NKerd*. It is clearthatd* andA” arel—invariantandwe
have thefollowing lemma(for a proof seee.g.[13, Propositionl.4]).

Lemma 3.1. Thefollowing weakHodge decompositiomolds:
L% (M,G) = KerA" @ [Rand] @ [Rand*]
Kerd = KerA"® [Rand] .
In particular we haveanisomorphisnof '—modules:

HE3 (M, G) 2 Kera” NL®9(M, G). (3.1)

We will work with the quadraticform canonicallyassociatedo A”, ratherthan
directly with A”. Let us recall that the closedquadraticform q = g(A) associated
to a positve selfadjoint operatorA is definedby Dom(q) = Dom(AY/?), q(u,v) =
(AY/2u, AY/?y) for u,v € Dom(Al/?).

Lemma 3.2. Thequadiatic form associatedo A" is theform Q givenby Dom(Q) :=
Dom(d) " Dom(d*) and

Q(u,v) = (du,0v) + (5*u,5*v), u,v € Dom(Q)

Proof. FirstremarkthatQ is aclosedform. It is well-knovn (seee.q.[6, pp.81-83])
thatary closed positive formis associatetb a uniqueselfadjoint, positive operator-.
Thedomainof F consistof elementss € Dom(Q) suchthatthereexistsw with

Q(u,v) = (w,v) forary ue Dom(Q). (3.2)

Moreover, for suchu, Fu = w. For u € Dom(A") it is clearthatu € Dom(Q) andu
satisfieg3.2)with w=A"u. ThereforeA” C F and,sincebothoperatorareselfadjoint,
F=24" O

We describenext a coreform for Q, i.e. a densesubspac®f Dom(Q) in thenorm

lullo = (|lull®+ Q(u, u))l/z. LetM = {x € X : r(x) < 0} wherer is asmoothfunction
on X which hasnon—anishinggradienton dM. We denote

B%I(M,G) = {ue C29M,G) : ar Axu=00ndM}.
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L?~holomorphicsectionsover pseudocovex coverings 9
Integrationby parts([9, Propositionsl.3.1-2])shavs that
B%9(M,G) = CO9(M,G)NnDom(d*), 9" =9 onB%I(M,G). (3.3)

Notethat, by (3.3), the operatod9 + 99 on {u € B%9(M,G) : du € B®41(M,G)} is
positive andA" is oneof its selfadjointextensions.

Lemma 3.3 (Approximation). B%9(M,G) is a core formfor Q.

Proof. In the casethe elementfrom Dom(Q) = Dom(d) N Dom(0*) to be approx-
imatedin || - ||o hascompactsupportthe lemmais well known, see[15, Proposition
1.2.4].Thustheonly thing to dois to approximateslementsrom Dom(d) N Dom(d*)
with elementswith compactsupport.We cando this thanksto the M-action,which
guaranteeshat the N—invariant metric on M is in somesense‘complete’. For the
details,see[13, Lemmal.1]. O

Next let us usea form of the BochnerKodairaformulaintroducedby Andreotti—
Vesentini[2] andGriffiths [10]. Let usassumehatthereexistsall—invarianthermitian
metric on X, Kahler neardM, written in local coordinates” as a smoothpositive
definitematrix (gqp). We alsofix al—invarianthermitianmetricon G, written locally
in aholomorphicframe f of G, asa smoothpositive functionh.

Thereexists a canonicalconnectionon G, compatiblewith the complex structure
andthemetric. The cunatureof this connectioris denotedc(G). It isa (1, 1)-form on
X, ¢(G) = ¥ BqpdZ* AdZP, whereByg = —0.05log h. Let GE bethe cunaturetensor
with thefirstindex raised Let

u= & ZU)\l...)\quM/\---/\dZAQ® f
bea G—valued(0, g)—form on X. We definethe (0,q)—form
C(G)U = q—l' Zeiup)\zlu)\q dZM A - /\dZAq® f.

WealsointroducetheRicci curvatureRic = —c(Kx ), whereKy is thecanonicabundle
of X. For a G-valued(0,q)—formu, we setRicu = —c(Kx)u.

We definenext the Levi operator(see[10, p.418]).First let usremarkthatwe can
choosea I'-invariantdefiningfunctionr for M suchthat|dr| = 1 in a neighbourhood
of M, with respecto thehermitianmetricon X. Let uspick, nearaboundarypoint of
M, anorthonormaframecw?, . .., " for the bundleof (1,0)—forms,suchthatw” = or.
We have

00r = -0 = ¥ log @* AGP, (1< a,B<N).

Definition 3.4. The Levi form of dM is the restriction of ddr to the holomorphic
tangentbundle of OM; it is given in the dual frame of w*,...,w"! by the matrix
(lap)1<a,p<n—1- M is pseudocovex if the Levi form is everywherepositve semi—
definite.

For a (0, q)—form written locally

u:$2uqlmgq€)°‘1/\---/\a)o“1®f
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wheref is anorthonormalframein G, we set
L(u,u) = (q_—lly > lapUap,...pe 1 Uppr..pq s (1< A,B<N).

Theformu e B%9(M, G) if andonly if Ua;...aq = 0forne {ay,...,aq}. Thereforefor
u € B%9(M,G) thesummatiorrestrictsover1 < o, < n— 1 and

L(u,u) = ﬁ > lagUap, ..pq1 Uppy .. g1 = O- (3.4)

Finally, let O denotethe covariantderivative in the (0, 1)—direction.

Lemma 3.5. Assumethat the N'—invariant metric on X is K&hler in a M —invariant
neighbourhood) of dM. Thenfor anyu € B%9(M, G) with supportin U we have

Q(u,u) = HEUHZJr (c(G)u,u) + (Ricu,u) +/ L(u,u)dS (3.5)
oM
Proof. Thisformulawasgivenby Griffiths [10, p. 429,(7.14)]. O

Next we specializeto the caseG = EX for al—invarianthermitianholomorphidine
bundleE. Let A} thelaplacianactingon formswith valuesin EX. We shallnormalize
the quadraticform of thelaplacian:

Q(u,u) = £ (flou])?+ [10*ull?) ,

for u € Dom(Qy) := Dom(d) N Dom(d*) NLPY(M, EX). ThebundleE is endavedwith
al—invarianthermitianmetricwhosecurvatureis positve neardM. Fromnow onwe
fix al—invarianthermitianmetricon X which coincideswith c(E) neardM. Sinceary
two M—invariantmetricon M areequivalentthe L? spacesver M do notchange.

Lemma 3.6. LetE beal—invariantholomorphidine bundleon X endoweadvitha '
invariant hermitianmetric which is positivein a neighbourhoodJ of 0M. LetV C U
be anotherl—invariant neighbourhoofdM and0 < p < 1 bea smooth —invariant
functionwhich equalsl onV andvanishesutsideU . Thenfor suficientlylargek, any
u € Dom(Qx) NL%9(M,EX), q > 1, satisfiegheapriori estimate:

2 < 12Qu(u.)+4 | |(L-p)uf?, 36)
whee Q:=M~\V.

Proof. Letu € B%9(M,EX), g > 1, with supportn U. By (3.5)and(3.4)andc(EX) =
ke(E),
Q«(u,u) > (c(E)u,u) + £ (Ricu,u).
Sincethe metric coincideswith c(E) neardM we have c(E)u = u. Thereforethere

exists a constantCy (dependingonly of the Ricci curvatureof the invariantmetricon
M) suchthat

Qu(u,u) > 3|[ul®, k>Co. (3.7)
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L2—holomorphicsectionsover pseudocovex coverings 11
We usenow the elementaryestimate:
Qu(pu;pu) < 3Qu(u,u) + ¢ supldp ? flul|?. (3.8)
ObviouslyC; = 6sup|dp|? < . If Q = M.V estimate€3.7) and(3.8) yield

Il < 12Qk(u,u)+4/Q|(1—p)u|2, k> max{Co,8C1},

for ary u € B%9(M, E¥). By the ApproximationLemma3.3 theestimateholdsalsofor
u € DomQy. This provesour contention. O

Fromrelation(3.6) weinfer next thatthespectraspacegorrespondingo thelower

part of the spectrumof %A’k’ on (0,q)—forms,q > 1, canbe injectedinto the spectral
space®f the F—invariantoperator%Af(’ [, which correspondo the Dirichlet problem
on Q for %A’k’. We may apply thus the resultsfrom section2. This ideaappearsn

Witten’s proof of the Morseinequalities(see[27] [14]) andin [4] in the contet of

g—corvex manifoldsin the senseof Andreotti—-Grauert.

Let usintroducethe following spectralspacesZg(A) = RarE, (£AY) is the spec-
tral spaceof $Ay on L%9(M,EX), £, (1) = RarE, (A} o), the spectralspacesof
Y 1. As beforeE, standsfor the spectralprojection.We denoteN? (A, $4y) =
dim- £J(\) thevon Neumanrdimensionof the spectraspaceof %A’k’.

Lemma 3.7. Assumewe are in the hypothese®f Lemma3.6. Thenfor suficiently
large k, for g > 1 andanyA < 1/24thefollowing mapis aninjective—morphisnt

EIN) — Bl (1204 82) U—E , 5o (Ao 10) (L—p)u.  (3.9)
In particular,
NT(A, £0%) < NF(A2A + 82 i 1), a>1, A< 1/24, (3.10)

The meaningof the map(3.9) is thatwe cut—of the form u andthenwe projectit on
thespectrakpaceof the Dirichlet laplacian We notethat(3.10)shavs thatthespectral
spacesEE()\), for q > 1, A < 1/24, areof finite '—dimension.

Proof. To prove the claim let us remarkthatthe map(3.9) is the restrictionof an
operatoron L%9(M, EK) of the sameform; this is continuousand M —invariantbeinga
compositionof amultiplicationwith abounded —invariantfunctionandal —invariant
projection.To prove the injectivity we chooseu € EJ(A), A < 1/24 to the effect that
Qi(u,u) < Af|ull? < Z||ul|?. Pluggingthis relationin (3.6) we get

||u||2<8/9\(1—p)u|2, ue £90\), A<1/24, (3.11)
Let usdenoteby Qy o the quadraticform of %A'k' la. Thenby (3.8)and(3.11)

Qo ((1—-p)u, (1 - p)u) < 2 Qu(u,u) + Zjull? < (12)\+8—El)/Q |(1—p)u\2
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12 Marinescu,Todor, Chiose

which shcwsthatEle% (0 1o) (1—p)u=0imply (1—p)u= Osothatu=0by
(3.11) Thisachieresthe proof. O

We now stateour main result.We find a lower boundfor the F'—dimensionof the
group H(Oz)(M, EX) of L? holomorphicsectionsin EX andgive anupperboundfor the
growth of the F'—dimensiorof the higherL? cohomologygroups.The L2 conditionis
understoodvith respecto I—invariantmetricson the baseX andalongthe fibersof
thebundle.

Theorem 3.8. LetM bea smoothpseudocovex domainwhich admitsa freeholomor
phicactionof a discretegroupl” sud thattheactionextendsn a comple neighbour
hoodX of M. Assumehat M/I" is compactandthere existsa hermitianholomorphic
I—invariantline bundleE on X which is positiveneardM. Thenfor k — oo,

n

: 0 k > _/ e n n .
dime Hey (M.E9 > 1 [ (#c(E)) +o(k), (3.12)
wheen=dimM.

The higher L? reducedcohomolgy groups(q > 1) havefinite T—dimensiorand
satisfytheinequalitiesfor k — oo:

n

dim, HO9(M, E¥) < _/ (~1)%( %))+ (k) (3.13)
N e C) an ’

Proof. SinceDomQx o canbe embeddedn DomQy, an easyconsequencef the
variationalprinciple (2.1) is that N°(A, £A%) > N°(A, 2A{ o). By Theorem2.9 for
q=0

lim K™"NO (A, £4%) = 1°(U,A), A<1/24, AER\D (3.14)
k

(NotethatQ canbechosersmooth.)
Wefind now anupperboundfor N* (A, £AY). Fix anarbitraryd > 0. Fork > 8Cy /3
we have

NTN, R <NF(12A+ 52, 205 To) <NF(12A+ 8, 68 Ta),
henceby (2.5), limk "N, £A)) < 11(U, 12\ + 8). We canlet 8 —» 0 sothat
1
k
We considemext 0: LOO(M, E¥) — L%Y(M, EX). SinceA! commuteswith 4 it fol-
lows thatthe spectralprojectionsof 4}, commutewith 0 too, shaving thusdE(A) C
EL(N). Thereforewe have the T-morphismd: £2(\) — EL(A), whered, denotes
the restrictionof d (by the definition of fl?()\), 0y is boundedoby kA). Sincefor ary
F—morphismA we have dim: [Ran(A)] = dim. Ker(A)*, we seethat dim; Kerd, +

dim: [Ran(d,)] = dim- Z2(\). Moreover dim: [Ran(9,)] < dim- £L(A) andthey are
finite. Thereforeby (3.14)and(3.15)

@k—”mﬁ(A, A’k’) <I1YU,12\), A<1/24, AeR~D. (3.15)

dime HY) (M, EY) > dim. Kerdy, > K" [|°(u,7\) - |1(u,12)\)] +o(k),
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L?~holomorphicsectionsover pseudocovex coverings 13

for A < 1/24 and A € R~ D. We cannow let A go to zero throughthesevalues.
Thelimits 1°(U,0) andl*(U,0) arecalculatedn [7] (see(2.6)) andif we identify the
fundamentatiomainU with Q/I" we get

; 0 k " I n n
dim HY, (M, E¥) > E/m/r)(g) (%) +o(k").

Now we canlet Q exhaustM andthedesiredformula(3.12)follows.
To prove (3.13)we remarkthatfor A > 0,

dim-Ker(tay) NL%9(M,EX) <N (A, 14Y)
andasin formula(3.15)

@k—”dimr Ker(toy) NLO9(M,EX) <19(U,120), A< 1/24, AERND.
We invoke now the Hodgeisomorphism(3.1)

Ker (#a) NL%9(M,EX) = H (M, EY),

andlet A — OthroughvaluesA € R\ D. By (2.6)we gettheinequality(3.13)for the
domainof integrationQ/I" sowe canlet Q — M. Theproofis thuscomplete. [

Corollary 3.9. In theconditionsof Theoem3.8 assumehat

/(M/r><<1> (%TC(E))” >0 (3.16)

Thenfor large k thespaceH(Oz)(M, EX) is non—trivial. More precisely
dim- HY, (M,E*) 2 k"

Remarks.

(i) Condition (3.16) may be seenas a very weak positvity condition. It means
thatthe integral of the curvatureover its positivity pointsexceedsthe integral of the
curvatureover the pointswherethe curvatureis non—dgenerateand hasexactly one
negative eigevalue. So the cunaturemay have negative eigervalues.The inequality
(3.16) s certainly satisfiedif the cunatureis everywheresemipositre, to the effect
that (M/I")(1) = @. Thereforethe integral in (3.12) extendsover all M/T. If E is
everywherepositie this integal expresseshe volumeof M/l in the metric given by
c(E).

(il) AssumethatE is positive everywhereon M. Then(3.6) becomes

lul® < 12Q(u,u), k>1, g>1. (3.17)
ThusKerA! = 0 andby Hodgeisomorphismwve obtainthe asymptotiozanishingresult

H(Oz’?(M,E") =0, k>1, q>1.

For " = {Id}, thisis implicit in Takegoshi[25]. Moreover, (3.17)shavs thatRand) N
L%9(M, E¥) is closedfor very large k andq > 1. Thereforefor ary f € L%9(M,EX),
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14 Marinescu Todor, Chiose

a>1,k> 1,with af = 0, thereexistsu € L%9-1(M, EX) with du = f. By solvingthe
d—equationwith singularlogarithmicweightswe canshawv that the L? holomorphic
sectionsof EK, k> 1, separateointsof M andgive local coordinateson M (see[13,
Theorem0.7] for thecasewhenM/T is Stein).

(iii) Theinequalities(3.12) (3.13)remaintrueif oM = @. ThisimpliesthatM/I"
is a compactmanifold and we have obtainedestimatesfor the growth of the von
Neumanndimensionof the L2 cohomologyanalogougo the Morse inequalitiesof
Demailly [7]. NotethatsincedM = @ we needno positvity conditionfor E nearthe
boundary Corollary 3.9 holdstrue in this situationtoo. It canbe seenasa general-
ization of a theoremof Napier[19] which shavs thatif E is positve thenthereare
sufficiently mary sectionsn EX (morepreciselyM is EX—corvex).

(iv) Let us explain briefly why it is necessaryo work directly with incomplete
metrics.Let M bearelatively compactpseudocovex domain.If thereexistsa Kahler
metricnearoM, thereexistsa completemetricon M whichis KéhlernearoM. Indeed,
if we denotewith d afunctionwhich, neardM, equalsthedistanceo oM, it is known
[8, Principal Lemma], that the complex hessianddy of x = —log(d) is uniformly
boundedrom belov nearoM. By addingeddy , (€ < 1), to aKéhlermetricwe obtain
thedesiredcompletemetric.

In orderto apply the methodfrom [26] we needto have an analogueof estimate
(3.6). But, on onehand,the boundednestom belav of the eigevaluesof ¢(E) with
respecto the completemetricjustintroducedcannot be verified. On the otherhand,
if we wantto getaroundthis difficulty by introducingthe weightexp(—x) = d along
the fibersof E, we obtain,in degree0, an L? cohomologystrictly larger asthe one
consideredn this paper Thereforetheresultsin [26] do notimply Theorem3.8.

4. Weakly 1-completemanifolds

In this sectionwe applythe main Theoren3.8to the caseof weakly 1-completeman-
ifolds and strongly pseudocovex domains.\We considercoveringsof pseudocovex

domainswhich appeamassublevel setsof aweakly 1-completemanifold X. We denote
by ¢ : X — R the smoothpshexhaustionfunctionandX; = {¢ < c} for ce R. Let

n=dimX.

Theorem 4.1. Let X be a complex manifoldwhich admitsa free holomorphicaction
of a discretegroup I such that X /I = X is a weakly1l-completenon—compactnan-
ifold. Let X. = 11 1(X;) whee Ttis the covering map.Assumehat E is a T—invariant
hermitianholomorphidine bundlein a neighbourhooaf X andis positiveneardX.
Then,

lim k~"dim- HE) (X, E) = o0

whee the L? conditionis consided with respecto any I -invariant metricson X and
E Ix.-

A similar resultfor thetrivial coveringandE an everywherepositve line bundle
hasbeenobtainedby S. Takayamd24].
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Proof. Consided > ¢ suchthatE is definedonXy =1 1(X4). We construcmetric
of infinite vqumeonXd in thefollowmg way. Let hbeametriconE = E/I whichhas
positive curvatureon Xy ~ X._s wheree >Qis smallenougr(h is thepushdown of the
givenmetriconE). Let® beametricon Xg which coincideswith Ic(E ) on Xy~ Xe_e -
Let) : (—,d) — R beaconvex increasingunctionsuchthatlim;_,cx(t) = « (e.g.
X(t) = (c—1)72). Thenty = @+ 100X (¢) is ametricof infinite volumeif  increases
very fast. We considerthe nev metric ho = hexp(—x()) with cunatureic(E, hy) =

Ic(E )+ |66x(¢) ox. We take the pull-backsof the metrics andﬁo on Xy and
denotethem with wy and hy. We considera pseudocovex domainXe = 11X, (e
regular value of ¢, ¢ < e < d) andapply Theorem3.8 for X andthe metric hg. In
particular(3.12)becomes

lim k=" dim; H2 ,Ek>i/ LB o))
lm k-rdim 4, 0669 > 5 [ (Fe(E o)

k
Therestrictionmorphism

H{) (Xe, EX) — H, (X, EY)

is clearlyaninjective T—morphismMoreover the L conditionin the latter spacemay
betakenwith respecto ary —invariantmetricsin the neighbourhooaf X.. Hence

lim k="di 0 k 1 I Nﬁ n
i k" dime H (%, E4) > 3 /@(@ (30(E.Fo)) (4.1)

We splittheintegralin (4.1)in two parts:

~ ~ \ N ~ o~ ~ n
+C(E,h :/ +C(E,hg) ) + %) .
/o@)(<1> (4l Fo) (<) (FeE )’ TR (%)
Thefirst integral is finite andmay be negative. The secondrepresentshe volume of
Xe . Xc in the metric Gy. Sincedy, hasinfinite volumeon Xy the secondterm goesto

infinity ase — d. Thereforeby lettinge — d in (4.1) we obtainthe desiredresult.
O

Remarks.
(i) We canactually prove more.Namely for eachk thereexists a sequencef -
invariantspacedx C H, (X, EX) NC*°(X, EX) suchthat

k=" dimy [Li] — 0.

Thisfollows from avariantof themainTheoren3.8for completehermitianmanifolds
proved in [26]. Indeed,the metric wy is completeon Xy and ¢(E, hg) = wy at least
outsideX.. Then,by [26], for the L? cohomologywith respecto wp andhg we have
limy k= ndlmrHO (Xd Ek) = o sincethe volumeof Xy is infinite. The rangely of the
injective - morphlsmH0 (Xg,E¥) — H0 (XC,E") is containedn C%°(X., EX) and

[Lx] hasthe samevon NeumanrdimensionasH(Oz)(Xd, EX).
(ii) Using(3.13)weobtainfor g > 1 andk > 1:

dim-H Oq(XC E ) K" /(xc/r)( )(_1)q(ﬁc(E))n+o(k”). (4.2)
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16 Marinescu,Todor, Chiose

Let us examine (4.2) for the casel" = {Id}. Thenby the representatiotheoremof

Takegoshi ([25], Theorems6.2) H(Oz’?(XC,Ek) =~ HI(X., O(EX)) for g > 1 andk > 1.

We obtainthus that the growth of the dimensionof the analytic sheafcohomology
dimH9(X;, O(EX)) is at mostpolynomialin k". This was proved in [17] usingthe d

operatortheory without boundaryconditionsas an answerto a questionof Ohsava

[20].

We shav next how we canrecover someresultsfrom Gromo/—Henkin—Shubin
[13]. As beforewe considera complex manifold X with a free action of a discrete
groupl” andal—invariantdomainM.

Proposition 4.2 ([13]). Assumethat M is a strongly pseudocovex domainsud that
M/T" is compact.Thendimy [H(, (M) NC%O(M)] = o. MorewerdimrH(Oz’?(M) < o
forg> 1

Proof SinceM = M/T isacompacstronglypseudocovex domainin X/ we may
take a definingfunctiond for M suchthatM = {$ < 0} andad§ is positive definite
neardM. This follows immediatelyfrom the definition by compositionof a defining
function asin definition with an increasingcorvex function (e.g.t — exp(At) — 1
for large A > 0). Considere > 0 sufiiciently small suchthat M, = {§ < €} is also
strongly pseudocovex. Let x : R — R be a function suchthat x(t) =0 fort <0
andy/(t) > 0, x"(t) > Ofor t > 0. Thenby replacingd with x(¢) we canassumehat
30 > 0 everywhereandddd > 0 neardM. Let ¢ be the pull-backof § to X and
let M, the pre—imageof M. by the covering map.M; is a pseudocovex domainand
the trivial bundleE = X x C endaved with the metric exp(—¢) is semipositie and
positve nearoM,. By Theorenm3.8,

d — AN
dim- HY) (Mg, EX) > %/ﬂ (ﬁaa&) +o(k"), (4.3)

for Kk — . Since
H) (Me,EX) = {f ‘Mg — C : /M |f|2exp(—kd) < 00}

and¢ < € onM; we seethatH(Oz)(Ms, EX) H(Oz)(Ms) for ary k. By (4.3),

dime H (Me) > Ck"+o(k")

for someC > 0. By letting k — « we obtaindim; H(Oz)(Mg) = . We take L to be

therangeof theinjective M'—-morphismof restrictionH(oz)(Ms) — H(OZ)(M). ThenL C

C%0(M) anddim; [L] = o asclaimed.
To provethefinitenessof thel'—dimensiorfor g > 1 we usethefinitenessstatement

in Theorem3.8. By this resultwe know that dim; H(oz’?(M,Ek) < oo for suficiently

large k. We fix sucha k. The sectionswith L%*(M,EX) are forms with coeficients
in the weightedL? spacel.?(M, exp(—k¢)). Since|¢| is boundedon M we seethat
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L%+ (M,EX) = L%4(M) assetsandthetwo normsareequi/alent.HenceH(Oz’;‘(M, EX) =

Ha (M),

O

Proposition4.2 recovers a part of [13, Theorems0.1-2], whereit is morewer
proved that ary point of OM is a peak point for H(Oz)(M) NC%O(M). In [13, Theo-
rem 0.3], it is proved thatfor ary integer N > O thereexists a —invariant subspace

Lc H(Oz)(M) NC%(M) suchthatdim;[L] = N. SeealsoRemark(i) above.

Proposition 4.3 ([13]). LetM bea pseudocovex domainwith holomorphicaction of
a discretegroup” on a comple neighbourhooX of M sud that M is invariantand
M /I is compactSuppos¢hatin a—invariantneighbourhooafdM there existsal'—
invariant smoothstrictly pshfunction¢. Thendim, H(Oz)(M) = o0 anddim, H(Oz’?(M) <
o forq> 1.

Proof SupposehatM = {p < 0}, for asmoothinvariantfunctionp. Choosee > 0
suchthat¢ is strictly pshon {—¢ < ¢ < €}. Let X : R — R be a function suchthat
X(t) =0fort < —eandx/(t) > 0,x"(t) > Ofort > —e. Thenx(¢) isal—invariantpsh
functionwhichis strictly pshneardM. Thereforethetrivial bundleE = X x C endaved
with the metricexp(—x(¢)) is semipositre andpositive neardM. The conclusionof
the Propositiorfollow now from Theorem3.8 asin the precedingoroof. O

Propositiord.3recorersa partof [13, Theoremd.5—-6],where¢ is allowedto be
non-smootlandit is morewer provedthatary pointof strongpseudocovexity in oM
is a peakpoint for H(Oz) (M) NCOO(M).

RemarkTheresultsin Sections3 and4 arestill valid if we replaceEX with EX® F
whereF is a '—invarianthermitianholomorphicvectorbundle definedon the neigh-
bourhoodof M. Thereforewe canreplacein thesesectionsthe L>~cohomologyfor
(0, g)—formswith theL?> cohomologyfor (p,q)—forms.
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