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Abstract. We show that the ‘pseudoconcave holes’ of some naturally arising

class of manifolds, called hyperconcave ends, can be filled in, including the case

of complex dimension 2. As a consequence we obtain a stronger version of the

compactification theorem of Siu -Yau and extend Nadel’s theorems to dimension

2.

1. Introduction

Let X be a relatively compact smooth domain in a complex manifold. We assume

that the boundary bX splits in two components Y1 and Y2, such that Y1 is strongly

pseudoconvex and Y2 is strongly pseudoconcave. We say that X can be compactified

if there exists a compact manifold X̂, with boundary, such that X is (biholomorphic

to) an open set in X̂ and bX̂ = Y1.

A suggestive terminology is to say that X has a pseudoconcave hole at Y2 and, if

the compactification is possible, that the hole can be filled.

By a theorem of Rossi [Ros65, Theorem 3, p. 245] and Andreotti-Siu [AS70, Propo-

sition 3.2] any domain X as above can be compactified, provided dimX > 3. This

is no longer true if dimX = 2, as shown in a counterexample of Grauert [Gra94],

Andreotti-Siu [AS70] and Rossi [Ros65].

We consider the following class of manifolds, having a pseudoconcave hole at

infinity.

Definition 1.1. A manifold X of dimension > 2 is called a hyperconcave end if

there exists a proper, smooth function ϕ : X −→ (−∞, a), a ∈ R ∪ {+∞}, which is

strictly plurisubharmonic on a set of the form {ϕ < b}, b 6 a.

The regular part of a variety with isolated singularities is a hyperconcave end.

The same is true for the complement of a compact completely pluripolar set (the

set where a strongly plurisubharmonic function equals −∞) in a complex manifold.
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One can also check that the examples of Grauert, Andreotti-Siu and Rossi are not

hyperconcave ends. Our goal is to compactify hyperconcave ends at {ϕ = −∞}
(i.e., to fill the hole at −∞).

Theorem 1.2. (i) Any hyperconcave end X can be compactified, i.e., there exists

a complex manifold X̂ such that X is (biholomorphic to) an open set in X̂ and for

any d < a (X̂ rX) ∪ {ϕ 6 d} is a compact set.

(ii) More specifically, if ϕ is strictly plurisubharmonic on the whole X, X̂ can be

chosen a normal Stein space with at worst isolated singularities.

Let us remark that the theorem of Rossi-Andreotti-Siu includes the case of hy-

perconcave ends of dimension > 3. Theorem 1.2 gives new information only if

dimX = 2.

Our proof consists in producing holomorphic functions on the hyperconcave end.

For this purpose we solve the L2 ∂̄-Neumann problem for a suitable hermitian metric.

To obtain the L2 estimate, an essential step is to apply a twisting trick of Berndtsson

and Siu.

The motivation for the study of the compactification of hyperconcave ends comes

from the theory of complex-analytic compactification of quotients X = M/Γ of

bounded symmetric domains M by arithmetic groups Γ.

Let M be of rank 1, that is M is the unit ball in Cn. Assume that n > 2 and Γ is

an arithmetic group. Then the Satake-Baily-Borel compactification X̂ of X = M/Γ

is obtained by adding a finite set of points which are isolated singularities (so that

X turns out to be a hyperconcave end).

From a differential-geometric point of view, arithmetic quotients are Kähler-

Einstein manifolds of finite volume and bounded curvature. Siu and Yau [SY82]

generalized the compactification of arithmetic quotients of rank 1 by compactifying

complete Kähler manifolds X of finite volume and sectional curvature pinched be-

tween two negative constants. The first step in their proof is to show that X is a

hyperconcave end, using the Busemann function and the lemmas of Margulis and

Gromov. Then X can be compactified to a projective manifold by the embedding

theorem of Andreotti-Tomassini [AT70]. The second step is to prove that X is a

Zariski-open set. We will give a new analytic proof of this step in §4.

The compactification of complete Kähler-Einstein manifolds of finite volume and

bounded curvature was thoroughly studied by Mok, see [Mok89] and the references

therein.



HYPERCONCAVE ENDS 3

As the preceding discussion indicates, the arithmetic quotients are, with a few

exceptions, pseudoconcave manifolds admitting a positive line bundle. In this re-

spect, Nadel [Nad90] considered the realisation as a quasiprojective manifold of a

class of manifolds X with hyperconcave ends, of dimension > 3. One of our goals is

to extend to dimension 2 Nadel’s theorems, cf. Propositions 5.2-3.

These propositions are consequences of our second main result.

Theorem 1.3. Let X be a hyperconcave end and let X̂ be a smooth compactification

of X. Assume that X can be covered by Zariski-open sets which are uniformized by

Stein manifolds. Then X̂ rX is an analytic set which can be blown down to a finite

set of points.

Let us note that the result is natural, in the light of a recent result of Colţoiu-

Tibăr [CT02], asserting that the universal cover of a small punctured neighbourhood

of an isolated singularity of dimension 2 is Stein, whenever the fundamental group

of the link is infinite.

The method of Nadel, in dimension greater than 3, is to compactify the manifold

by the theorem of Rossi, and then to apply differential geometric methods, like

the existence of Kähler-Einstein metric and the Schwarz-Pick lemma of Yau and

Mok-Yau.

Our approach is different. Let Ω̂ be a Stein neighbourhood of X̂ r X. We can

choose a finite number of Zariski-open sets V1, · · · , Vk of X which are uniformized by

Stein manifolds, such that ∪Vi is a neighbourhood of bΩ̂. Then each Vi satisfies the

Kontinuitätssatz. Using Wermer’s theorem, we show that Ω̂ r Vi is a hypersurface

of Ω̂. The set X̂ rX is included in the compact analytic subset Ω̂ r (∪Vi) of Ω̂, so

it must be finite.

As a consequence we get a stronger form of [SY82, Main Theorem]:

Corollary 1.4. Let X be a complete Kähler manifold of finite volume and bounded

negative sectional curvature. If dimX > 2, X is biholomorphic to a quasiprojective

manifold which can be compactified by adding finitely many points to a Moishezon

space.

Nadel and Tsuji [NT88] generalized the compactification of arithmetic quotients of

any rank, by showing that certain pseudoconcave manifolds are quasi-projective. In

dimension 2 their condition coincides with hyperconcavity. Proposition 5.3 yields, in

dimension 2, a stronger version of their theorem together with a completely complex-

analytic proof of the compactification of arithmetic quotients, cf. Remark 5.5.

The organization of the paper is as follows. In §2 we construct holomorphic

functions on a hyperconcave end and then we prove Theorem 1.2 in §3. The proof of
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Theorem 1.3 occupies §4 and in §5 we extend Nadel’s and Andreotti-Siu theorems

to dimension 2 manifolds and prove Corollary 1.4.

2. Existence of holomorphic functions

Let X be a hyperconcave end. If X can be compactified, {ϕ < b} will be an open

set in a Stein space, which has a lot of holomorphic functions. Conversely, in order to

prove Theorem 1.2 we shall construct holomorphic functions on X. For the purpose

of compactification we can and shall suppose that the function ϕ in Definition 1.1

is strictly plurisubharmonic everywhere on X and a > 0.

Let us first touch briefly the case of dimension > 3 and describe the method

of [AS70] and [Ros65]. If dimX > 3, we can use the Andreotti-Grauert theory

[AG62] to show that the natural restrictions H1(X,
�

) −→ H1({ϕ < c}, �
), c < a,

are isomorphisms for any coherent analytic sheaf
�

(see [AS70, Propositions 1.2-

3]). Therefore, for any coherent ideal sheaf � ⊂ � whose zero set is disjoint from

{ϕ < c}, for some c < a, the natural restriction H0(X, � ) −→ H0(X, � / � ) is

surjective. This leads [AS70, Proposition 1.4] to the existence of many holomorphic

functions that separate points, give local coordinates and have a peak at pseudo-

convex boundary points of X. (The method also works for domains X as in the

beginning of Introduction.)

If dimX = 2, the Andreotti-Grauert theory cannot be applied. However, in the

case of hyperconcave ends, we can introduce a good complete metric, in which the

L2 estimate for (0, 1)- forms holds.

Let X be a hyperconcave end. Let us denote by Ω0 = {ϕ < 0}. Our analysis is

based on the existence of a complete Kähler metric on Ω0, satisfying the condition

of Donnelly-Fefferman [DF83]. Denote

(2.1) χ = − log (−ϕ),

which is a smooth function on Ω0. We set

(2.2) ω =
√
−1∂∂̄χ = −

√
−1∂∂̄ log (−ϕ).

Note that

∂∂̄χ =
∂∂̄ϕ

−ϕ +
∂ϕ ∧ ∂̄ϕ
ϕ2

and

∂ϕ ∧ ∂̄ϕ
ϕ2

= ∂χ ∧ ∂̄χ .
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Since
√
−1∂∂̄ϕ/(−ϕ) represents a metric on Ω0, we get

(2.3) |dχ|ω 6 1.

This is the Donnelly-Fefferman condition, which will be used soon to obtain the

fundamental estimate. Since χ : Ω0 −→ R is proper, (2.3) also ensures that ω

is complete. Indeed, (2.3) entails that χ is Lipschitz with respect to the geodesic

distance induced by ω, so any geodesic ball must be relatively compact.

We may assume in the sequel that −1 is a regular value of ϕ. We define Ω =

{ϕ < −1}. The metric ω is complete at the pseudoconcave end of Ω and extends

smoothly over the boundary bΩ.

Let us denote by � 0,q
c (Ω) the space of smooth (0, q)-forms with compact support

in Ω. We denote ϑ = − ∗ ∂ ∗, the formal adjoint of ∂̄ with respect to the scalar

product (u, v) =
∫
Ω
〈u, v〉 dVω, where 〈u, v〉 = 〈u, v〉ω and dVω = ωn/n! .

The first step of the proof of Theorem 1.2 is to establish the fundamental estimate

near −∞.

Lemma 2.1. For any v ∈ � 0,1
c (Ω) we have

(2.4) ‖v‖2
6 8

(
‖∂̄v‖2

+ ‖ϑv‖2) .

Proof. The proof is based on the Berndtsson-Siu trick [Ber92], [Siu96], used to prove

the vanishing theorem of Donnelly-Fefferman. On the trivial bundle E = Ω × C we

introduce the auxilliary hermitian metric eχ/2. We denote by ϑχ the formal adjoint

of ∂̄ with respect to the scalar product

(u, v)χ =

∫

Ω

〈u, v〉 eχ/2 dVω .

Then ϑχ = e−χ/2 ϑ eχ/2. We apply the Bochner-Kodaira-Nakano formula for u ∈
� 0,1

c (Ω):

(2.5)

∫

Ω

〈
[
√
−1∂∂̄(−χ/2),Λω] u, u

〉
eχ/2 dVω 6

∫

Ω

(
|∂̄u|2 + |ϑχu|2

)
eχ/2 dVω ,

where Λω represents the contraction with ω and [A,B] = AB − (−1)deg A·deg BBA is

the graded commutator of the operators A,B. The idea is to substitute v = u eχ/4.

It is readily seen that

|∂̄u|2 eχ/2 6 2|∂̄v|2 + 1
8
|∂̄χ|2|v|2 ,(2.6)

|ϑχu|2 eχ/2 6 2|ϑv|2 + 1
8
|∂χ|2|v|2 .(2.7)

Moreover
〈
[
√
−1∂∂̄(−χ/2), Λω]u, u

〉
eχ/2 =

〈
[
√
−1∂∂̄(−χ/2), Λω]v, v

〉
.
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In general, for a (p, q)–form α we have the identity 〈[ω,Λω]α, α〉 = (p + q − n)|α|2,
where n = dimX. Taking into account that ω =

√
−1∂∂̄χ and that v is a (0, 1)–

form, we obtain

(2.8)
〈
[
√
−1∂∂̄(−χ/2),Λω]u, u

〉
eχ/2 = n−1

2
|v|2 > 1

2
|v|2 .

Thus, by (2.5), (2.6), (2.7), (2.8) and by Donnelly-Fefferman condition (2.3),

(2.9) 1
2

∫

Ω

|v|2 dVω 6 2

∫

Ω

(
|∂̄v|2 + |ϑv|2

)
dVω + 1

4

∫

Ω

|v|2 dVω .

This immediately implies (2.4) for elements v ∈ � 0,1
c (Ω). �

The next step is to combine the estimate (2.4) with the standard estimate near

the strongly pseudoconvex boundary bΩ = {ϕ = −1}.
Let η : (−∞, 0) −→ R be a smooth function such that η(t) = 0 on (−∞,−2],

η′(t) > 0, η′′(t) > 0 on (−2, 0). Let us introduce the scalar product

(2.10) (u, v)η =

∫

Ω

〈u, v〉 e−η(ϕ) dVω ,

the coresponding norm ‖ · ‖η and L2 space, denoted L0, q
2 (Ω, η(ϕ)). Note that L0, q

2 (Ω, η(ϕ)) =

L0, q
2 (Ω) and that the two norms are equivalent.

Let us denote by � 0, q
c (Ω̄) the space of smooth (0, q)-forms with compact support

in Ω̄. Consider ∂̄ : � 0, q
c (Ω̄) −→ � 0, q+1

c (Ω̄) and its maximal closed extension in

L0, q
2 (Ω, η(ϕ)), whose domain Dom ∂̄ consists of elements u such that ∂̄u, calculated

in the sense of distributions, belong to L0, q+1
2 (Ω, η(ϕ)).

We denote by ϑη the formal adjoint of ∂̄ with respect to the scalar product (2.10).

Then ϑη = ϑ+ i
(
∂η(ϕ)

)
, where i( · ) represents the interior product. Let σ(ϑ, df) =

∗∂f ∧ ∗ be the symbol of ϑ, calculated on the cotangent vector df . It is clear that

σ(ϑη, df) = σ(ϑ, df) does not depent on η. We introduce the spaces

(2.11) B 0, q = {α ∈ � 0, q
c (Ω̄) : σ(ϑ, dϕ)α = 0 on bΩ}.

Integration by parts [FK72, Propositions 1.3.1–2] yields

(2.12) Dom ∂̄∗η ∩ � 0, q
c (Ω̄) = B 0, q, ∂̄∗η = ϑη on B 0, q,

where ∂̄∗η is the Hilbert space adjoint of ∂̄ on L0, q
2 (Ω, η(ϕ)).

Lemma 2.2. The space B 0, q is dense in Dom ∂̄ ∩Dom ∂̄∗η in the graph norm u 7−→(
‖u‖2

η + ‖∂̄u‖2
η + ‖∂̄∗u‖2

η

)1/2
.

Proof. We use first the idea from [AV65, Lemma 4, p. 92–3] in order to reduce the

proof to the case of a compactly supported form u. The completeness of the metric ω

implies the existence of a sequence {aν}ν ⊂ � ∞
c (Ω̄), such that 0 6 aν 6 1, aν+1 = 1



HYPERCONCAVE ENDS 7

on supp aν , |daν| 6 1/ν for every ν > 1 and {supp aν}ν exhaust Ω̄. Indeed, consider

a smooth function ρ : R −→ [0, 1] such that ρ = 0 on a neighbourhood of (−∞,−2],

ρ = 1 on a neighbourhood of [−1,∞) and 0 6 ρ ′ 6 2. Then aν = ρ(χ/2ν+1) satisfies

the conditions above.

Let u ∈ Dom(∂̄) ∩ Dom(∂̄∗). Then aνu ∈ Dom(∂̄) ∩ Dom(∂̄∗) and

‖∂̄(aνu) − aν ∂̄u‖η = O(1/ν)‖u‖η ,

‖∂̄∗(aνu) − aν ∂̄
∗u‖η = O(1/ν)‖u‖η .

Hence {aνu} converges to u in the graph norm. So to prove the assertion we can

start with a form u having compact support in Ω̄. But then the approximation in

the graph norm follows from the Friedrichs theorem on the identity of weak and

strong derivatives (see [Hör65, Proposition 1.2.4]). �

We confine next our attention to the fundamental estimate on Ω.

Lemma 2.3. If η grows sufficiently fast, there exists a constant C > 0 such that

(2.13) ‖u‖2
η 6 C

(
‖∂̄u‖2

η + ‖∂̄∗ηu‖2
η +

∫

K

|u|2 e−η(ϕ) dVω

)
,

u ∈ Dom ∂̄ ∩ Dom ∂̄∗η ⊂ L 0, 1
2 (Ω, η(ϕ)) ,

where K = {−3 6 ϕ 6 −3/2}.

Proof. We give the trivial line bundle E = Ω × C the metric e−η(ϕ). Let u ∈ B 0, 1,

supp u ⊂ {−3 6 ϕ}.
Let us use a form of the Bochner-Kodaira formula introduced by Andreotti-

Vesentini [AV65] and Griffiths [Gri66]. The curvature of the hermitian bundle

(E, e−η(ϕ)) is denoted Θ(E). It is a (1, 1)-form on X, Θ(E) =
∑
θαβ dz

α ∧ dz̄β,

where θαβ = ∂zα∂z̄βη(ϕ). Let θ µ
β be the curvature tensor with the first index

raised. Let u =
∑
uλ dz̄

λ be a (0, 1)–form on Ω. We define the (0, 1)–form

Θ(E)u =
∑
θ µ

λ uµ dz̄
λ. We also introduce the Ricci curvature Ricω = −Θ(KX),

where KX is the canonical bundle of X. For a E–valued (0, 1)-form u, we set

Ricω u = −Θ(KX)u.

For any u ∈ B 0, 1 we have:

(2.14) ‖∂̄u‖2
η + ‖∂̄∗u‖2

η =
∥∥∇u

∥∥2

η
+

(
Θ(E)u, u

)
η
+

(
Ricω u, u

)
η

+

∫

bΩ

L(u, u)e−η(ϕ) dS
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where L is the Levi operator (see [Gri66, p.418]) and ∇ denotes the covariant de-

rivative in the (0, 1)–direction. This formula was given by Griffiths [Gri66, p. 429,

(7.14)].

Since bΩ is pseudoconvex, L(u, u) > 0 for all u ∈ B 0, 1. On {−3 6 ϕ 6 −1},
Ricω is bounded and independent of η, so there exists a constant R > 0 such that

〈Ricω u, u〉 > −R|u|2, pointwise, for any u with supp u ⊂ {−3 6 ϕ}. On the

other hand, we can use the strict plurisubharmonicity of ϕ to choose a sufficiently

increasing η (replace η with τη for τ � 1) such that 〈Θ(E)u, u〉 > (R + 1)|u|2,
pointwise on {(−3/2) 6 ϕ}, for any u. Since 〈Θ(E)u, u〉 > 0 everywhere, we obtain

from (2.14)

(2.15) ‖u‖2
η 6 ‖∂̄u‖2

η + ‖∂̄∗ηu‖2
η + (R + 1)

∫

{−3 � ϕ � (−3/2)}

|u|2 e−η(ϕ) dVω ,

u ∈ B 0, 1 , supp u ⊂ {−3 6 ϕ} .

Let u ∈ B 0, 1. We choose a cut-off function ρ1 ∈ � ∞(Ω) such that supp ρ1 = {−3 6

ϕ}, ρ1 = 1 on {−2 6 ϕ}. Set ρ2 = 1 − ρ1. On supp ρ2, η vanishes, therefore

∂̄∗η(ρ2u) = ϑ(ρ2u). Upon applying (2.4) for ρ2u we get

(2.16) ‖ρ2u‖2
η 6 8

(
‖∂̄(ρ2u)‖2

η + ‖∂̄∗η(ρ2u)‖2
η

)
, u ∈ B 0, 1 .

The estimate (2.15) for ρ1u and (2.16) together with standard inequalities deliver

(2.13) for elements u ∈ B 0, 1. By Lemma 2.2, estimate (2.13) holds for all forms

u ∈ Dom ∂̄ ∩ Dom ∂̄∗η ⊂ L 0, 1
2 (Ω, η(ϕ)). �

From now on, we fix the function η and we write (·, ·) = (·, ·)η and ‖ · ‖ = ‖ · ‖η,

that is, we omit the index η.

Consider the complex of closed, densely defined operators

L 0, 0
2 (Ω, η(ϕ))

T=∂̄−−−→ L 0, 1
2 (Ω, η(ϕ))

S=∂̄−−−→ L 0, 2
2 (Ω, η(ϕ)) ,

and the closed, densely defined operator

Dom∆′′ = {u ∈ DomS ∩ DomT ∗ : Su ∈ DomS∗ , T ∗u ∈ DomT} ,
∆′′u = S∗Su+ T T ∗u for u ∈ Dom∆′′ .

Remark that ∆′′ is an extension of the operator ∂̄ϑη + ϑη ∂̄ defined on � 0,1
c (Ω).

Theorem 2.4. (i) The operators T and ∆′′ have closed range and we have the

strong Hodge decomposition

L 0, 1
2 (Ω, η(ϕ)) = Range(T T ∗) ⊕ Range(S∗S) ⊕ � 0, 1 .
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(ii) There exists a bounded operator N on L 0, 1
2 (Ω, η(ϕ)) such that ∆′′N = N∆′′ =

Id−Ph, PhN = NPh = 0, where Ph is the orthogonal projection on � 0, 1.

(iii) If f ∈ RangeT , the unique solution u ⊥ KerT of the equation Tu = f is

given by u = T ∗Nf .

(iv) The operator N maps L 0, 1
2 (Ω, η(ϕ)) ∩ � 0, 1(Ω) into itself.

Proof. By [Hör65, Theorems 1.1.1–2] we know that a necessary and sufficient condi-

tion for RangeT and RangeS∗ to be closed is that there exists a positive constant

C such that

(2.17) ‖f‖2 6 C(‖Sf‖2 + ‖T ∗f‖2), f ∈ DomS ∩ DomT ∗, f ⊥ KerS ∩ KerT ∗

We denote in the sequel � 0, 1 = KerS ∩ KerT ∗. By [Hör65, Theorem 1.1.3], if

from every sequence {fk} ⊂ DomS ∩ DomT ∗ with {‖fk‖} bounded and ‖T ∗fk‖ +

‖Sfk‖ −→ 0, for k −→ ∞, one can select a strongly convergent subsequence, (2.17)

holds and � 0, 1 is finite dimensional. Take any sequence {fk} as above. By Lemma

2.2 we may assume that {fk} ⊂ B 0, 1. Let ξ be a smooth, compactly supported

function on Ω, such that ξ = 1 on K. Hence

(2.18)
(
(∆′′ + Id)(ξfk), ξfk

)
= ‖ξfk‖2 + ‖S(ξfk)‖2 + ‖T ∗(ξfk)‖2

is also bounded. Set M = supp ξ. Denote by W 1
0 (M) the Sobolev space based on

(0, 1)–forms, and by ‖ · ‖1 the norm on this space.

By G̊arding’s inequality, there exists a constant C > 0 such that

(2.19) ‖v‖2
1 6 C

(
(∆′′v, v) + ‖v‖

)
, v ∈ � 0,1

c (M).

Upon applying (2.19) for v = ξfk we have by (2.18) that {ξfk} is a bounded sequence

in (W 1
0 (M), ‖ · ‖1).

By the Rellich Lemma, the inclusion
(
W 1

0 (M), ‖ · ‖1

)
↪→

(
L 0, 1

2 (Ω, η(ϕ)), ‖ · ‖
)

is

compact. We can select therefore a convergent subsequence L 0, 1
2 (Ω, η(ϕ)) of {ξfk},

denoted also {ξfk}. Since η = 1 on K, it follows that {fk|K} converges in ‖ · ‖. By

estimate (2.13), this entails that {fk} converges on Ω in ‖ · ‖. We have thus proved

(2.17).

Observe that Ker ∆′′ = � 0, 1. From (2.17) we infer that

(2.20) ‖f‖ 6 C‖∆′′f‖ , f ∈ Dom∆′′, f ⊥ Ker ∆′′ .

Therefore ∆′′ has closed range. We know from a theorem of Gaffney [FK72, Propo-

sition 1.3.8], that ∆′′ is self-adjoint. Hence the decomposition

L 0, 1
2 (Ω, η(ϕ)) = Range ∆′′ ⊕ Ker ∆′′ = Range(T T ∗) ⊕ Range(S∗S) ⊕ � 0, 1 .
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By (2.20) there exists a bounded inverse N of ∆′′ on Range∆′′. We extend N to

L 0, 1
2 (Ω, η(ϕ)) by setting N = 0 on � 0, 1. We obtain thus a bounded operator N

on L 0, 1
2 (Ω, η(ϕ)), called the Neumann operator, bounded by the constant C from

(2.20), satisfying KerN = � 0, 1 and RangeN = Range ∆′′. It is now easy to check

that (i), (ii) and (iii) hold true.

Finally, assertion (iv) follows from the interior regularity for the elliptic operator

∂̄ϑη + ϑη ∂̄ (see e.g. [FK72, Theorem 2.2.9]). �

Remark 2.5. By using the estimates in local Sobolev norms near the boundary points,

we can prove as in Folland-Kohn [FK72] that N maps L 0, 1
2 (Ω, η(ϕ)) ∩ � 0, 1(Ω̄) into

itself. We could repeat then the solution of the Levi problem as given in [FK72,

Theorem 4.2.1], in order to find holomorphic peak functions, for each boundary

point. However, we propose in Corollary 2.6, a simpler proof for the existence of

peak functions, which doesn’t involve the regularity up to the boundary of the ∂̄-

Neumann problem.

Corollary 2.6. Let p ∈ bΩ and f be a holomorphic function on a neigbourhood of

p such that {f = 0} ∩ Ω̄ = {p}. Then for every m big enough, there is a function

g ∈ � (Ω) ∩ � ∞(Ω̄ r {p}), a smooth function Φ on a neigbourhood V of p and

constants a1, · · · , am−1 such that

g =
1 + am−1f + · · · + a1f

m−1

fm
+ Φ

on V ∩ Ω. In particular, we have limz→p|g(z)| = ∞.

Proof. We will apply the last theorem for a domain Ωδ = {ϕ < −1 + δ} with

δ > 0 small enough. Let U be a small neighbourhood of p where f is defined. Pick

ψ ∈ � ∞
c (U) such that ψ = 1 on a neighbourhood V of p. Set

hm = ψ/fm on U and 0 on X r U

and

vm = 0 on V and ∂̄hm on X r V.

Observe that vm belongs to � 0,1
c (Ω̄δ) for δ small enough. Moreover, we have ∂̄vm = 0

on Ωδ. Fix a such δ and now apply Theorem 2.4 for Ω′ = Ωδ. By this theorem,

the codimension of RangeT in KerS is finite. For every m big enough, there are

constants a1, · · · , am−1 such that v = vm+am−1vm−1 + · · ·+a1v1 belongs to RangeT .

Then there is Φ′ ∈ � 0,0(Ω′) such that ∂̄Φ′ = −v. Set h = hm+am−1hm−1 + · · ·+a1h1

and g = h + Φ′. We have ∂̄g = 0 on Ω′ r {f = 0}. Then g ∈ � (Ω) ∩ � ∞(Ω̄ r {p}).
The function Φ in the corollary is equal to Φ′ on V . Thus it is smooth on V . The

proof is completed. �
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3. The embedding

In this section we prove Theorem 1.2, using the results from Section 2 and the

method of [AS70].

It is clear that the conclusions of Section 2 hold true for any set of the form

{ϕ < c}, where c 6 b is a regular value of ϕ. To see this, we only have to replace

the function χ from (2.1) with χ = − log(c + ε − ϕ), for appropriate ε > 0. In the

sequel we shall adhere to the following notations: for d < c < a set Xc = {ϕ < c}
and Xc

d = {d < ϕ < c}.

Proposition 3.1. Let c be a regular value of ϕ. Then for δ > 0 small enough we

have:

(a) The holomorphic functions on Xc separate points on Xc
c−δ,

(b) The holomorphic functions on Xc give local coordinates on X c
c−δ, and

(c) for any d ∈ (c − δ, c) there exists d∗ ∈ (d, c), such that the holomorphically

convex hull of Xd, with respect to the algebra of holomorphic functions on

Xc, is contained in Xd∗.

Remark 3.2. If dimX > 3, an analogous statement to Proposition 3.1 was proved

in [AS70, Proposition 1.4], using the Andreotti-Grauert theory, as explained at the

beginning of §2.

Proposition 3.1 will be the consequence of the following two lemmas. We can

assume that bXc−ε is smooth for ε > 0 small enough. Choose a projection π from a

neighbourhood of bXc into bXc. We will denote by (x, ε) the point of bXc−ε whose

projection is x ∈ bXc.

Lemma 3.3. Let x1, x2 be two different points in bXc. Then there are two neigh-

bourhoods V1, V2 of x1, x2 and ν = ν(x1, x2) > 0 such that the holomorphic functions

of Xc separate V1 × (0, ν] and V2 × (0, ν].

Proof. This is a direct corollary from the existence of a function holomorphic in Xc ,

and C∞ in X̄c r {x1} which tends to ∞ at x1. �

Lemma 3.4. Let x be a point of bXc. Then there are a neighbourhood V of x and

τ = τ(x) > 0 such that the holomorphic functions in Xc give local coordinates for

V × (0, τ ].

Proof. Without loss of generality and in order to simplify the notations, we consider

the case n = 2. Choose a local coordinates system such that x = 0 and locally

Xc ⊂ {|z1−1/2|2+|z2|2 < 1/4}. We now apply Corollary 2.6 for functions f1(z) = z1
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and f2(z) = z1(1 − z2). Denote by g1, g2 the holomorphic functions constructed by

this corollary for a number m big enough. We can also construct the analogue

functions if we replace m by m + 1. Denote by g′1 and g′2 these new functions.

Let G : Xc −→ C4 given by G = (g1, g2, g
′
1, g

′
2). We will prove that G gives local

coordinates. Set

I(z) =

(
z1
z3
, 1 − z2z3

z1z4

)
.

Let W be a small neigbourhood of 0. By Corollary 2.6, the map I ◦G is defined on

W ∩Xc and can be extended to a smooth function on W . Moreover, on W we have

I ◦G(z) =
(
z1 +O(z2

1), z2 +O(z1)
)
.

Then I ◦ G gives an immersion of W ∩ Xc in C2, whenever W is small enough. In

consequence, G gives coordinates on W ∩Xc. �

Proof of Proposition 3.1. We cover bXc × bXc by a finite family of open sets of the

form V1 × V2 (from Lemma 3.3) and the form V × V (from Lemma 3.4). We have a

finite family of ν and τ . Then properties (a) and (b) hold for every δ smaller than

these τ and ν. Property (c) is an immediate consequence of Corollary 2.6. �

Proof of Theorem 1.2. First let us remark that the assertion (i) is a consequence

of (ii), so we shall prove only the latter. We assume therefore that the function

ϕ : X −→ (−∞, a) is strictly plurisubharmonic everywhere.

The proof of the compactification statement for dimX > 3 in [AS70, Proposition

3.2] uses only the assertions (a), (b) and (c) of Proposition 3.1, so we just have to

follow it. For the readers’ convenience we give here the details. The main tool is the

Hartogs extension phenomenon.

Let c and δ as in Proposition 3.1 and choose d ∈ (c − δ, c). By Proposition 3.1,

(c), the holomorphically convex hull of {ϕ 6 d}, with respect to � (Xc), is contained

in Xd∗, for some d∗ ∈ (d, c). We can therefore find a finite number of open sets Ui,

and functions fi ∈ � (Xc), 1 6 i 6 k, such that

(3.1) {ϕ = d∗} ⊂ ∪k
i=1Ui , |fi �Ui

| > 1 , |fi �{ϕ � d}| < 1/2 .

By Proposition 3.1, (a) and (b), we can find fk+1, · · · , fl ∈ � (Xc) which separate

points and give local coordinates on {d 6 ϕ 6 d∗}. Whithout lost of generality we

can assume that |fi �{ϕ � d}| < 1/2.

Consider the map α : Xc −→ C
l, α(x) = (f1(x), · · · , fl(x)). We shall use the

notation

Pε =
{
z ∈ C

l : |zi| < ε , 1 6 i 6 l
}
, 0 < ε 6 1 .
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From relation (3.1) we deduce

(3.2) α
(
{ϕ 6 d}

)
⊂ P1/2 , α

(
{ϕ = d∗}

)
∩ P1 = ∅ .

Denote G = P1 rP 1/2 and set H = α−1(G)∩Xd∗

d . It is clear that α(H) is a complex

submanifold of G, for α is a proper injective immersion. Since α(H) has dimension

at least 2, it follows from the Hartogs phenomenon [GR65, Theorem VII,D.6] that

we can find an ε ∈ [1/2, 1], such that α(H)∩(P1rP ε) can be extended to an analytic

subset V of P1.

We can glue the topological spaces Xc rα−1(P ε) and V along Hrα−1(P ε) using

the identification given by the holomorphic map α. Hence, we obtain a complex

space X̃c , such that Xc r α−1(P ε) and V are open subsets of X̃c .

We show next that X̃c is a Stein space. It is enough to construct a strictly

plurisubharmonic exhaustion function. For this purpose, observe first that fi, 1 6

i 6 l, extend naturally to functions f̃i, by setting f̃i = zi on V . Choose 0 < δ1 <

δ2 < δ and a cut-off function % which equals 0 on {ϕ 6 c−δ2} and 1 on {ϕ > c−δ1}.
Consider moreover a smooth increasing convex function λ defined on (−∞, c), such

that limt→c λ(t) = +∞. Then for a sufficiently large constant A > 0, the function

ψ = A

l∑

i=1

|f̃i|2 + %λ(ϕ)

is a strictly plurisubharmonic exhaustion function on X̃c.

We have thus found for every c < a a Stein space X̃c, such that the strip Xa
c is

(biholomorphic to) an open subset of X̃c. By passing to the normalization, we may

assume that X̃c is normal. From [AS70, Corollary 3.2], we deduce that for any c∗ < a

the normal Stein spaces X̃c and X̃c∗ are biholomorphic and the biholomorphism is

the identity on the smaller strip. We can drop the subscript c and denote by X̃

the common Stein completion. By letting c −→ −∞ we obtain that X itself is

biholomorphic to an open set of X̃. The proof is complete. �

Remark 3.5. We can use another argument than Proposition 3.1 to show Theorem

1.2. Firstly, we can find a CR embedding Ψ : bXc −→ CN , using Sarkis [Sar02,

Corollaire 4.13]. The latter result asserts that a compact strictly pseudoconvex

3-dimensional CR manifold is embeddable in the euclidian space provided it is em-

beddable in the projective space and possesses a non-constant CR function. In our

case these conditions are fullfiled. Using the complete metric (2.2) and the positivity

of the trivial line bundle, it is easy to see that the (n, 0)-forms embed bXc in the

projective space. By Corollary 2.6 and Sarkis’ theorem the embedability of bXc in

some CN follows.
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Secondly, we apply the Harvey-Lawson theorem [HL75] to find a Stein space S ⊂
CN which bounds Ψ(bXc), show that Ψ extends to a holomorphic map Ψ̂ : Xc −→ S,

injective near bXc, and finally infer from here that X can be compactified.

The existence of peak holomorphic functions in Corollary 2.6 affords however the

simpler and more elementary proof based on Proposition 3.1.

Remark 3.6 (Generalization of Theorem 1.2). Theorem 1.2 holds also for normal

complex spaces with isolated singularities. These are the only allowed normal sin-

gularities in dimension 2.

Indeed, let X be a hyperconcave end with isolated normal singularities. Note that

Definition 1.1 makes sense also for complex spaces. Let ai denote the singular points

and choose functions ϕi with pairwise disjoint compact supports, such that ϕi is

strictly plurisubharmonic in a neighbourhood of ai and limz→ai
= −∞. Using the

function ϕ̂ = ϕ+
∑
εiϕi, with εi small enough, we see that RegX is a hyperconcave

end. By Theorem 1.2 we get a normal Stein compactification Y of RegX.

Take {Vi} pairwise disjoint Stein neighbourhoods of {ai}. Then Vir{ai} ⊂ RegX

and a normal Stein compactification of Vi r {ai} is Vi. Using the uniqueness of a

normal Stein compactification [AS70, Corollary 3.2] we infer that the Vi are disjointly

embedded in Y . Therefore, Y is also a compactification of X.

In particular, the singular set of a hyperconcave end with only isolated singularities

must be finite.

We want now to compare the compactification result with the examples of Grauert,

Andreotti-Siu and Rossi. We call henceforth a non-ramified covering simply covering.

An immediate consequence of Theorem 1.2 is the following.

Corollary 3.7. Let V be a Stein manifold of dimV > 2. Let K be a compact

completely pluripolar set, K = ϕ−1(−∞) where ϕ is a strictly plurisubharmonic

function defined on a neighbourhood U of K, smooth on U r K. Then any finite

covering of V rK can be compactified to a strongly pseudoconvex space.

Proof. V rK is a hyperconcave end and any finite covering of a hyperconcave end

is also a hyperconcave end. �

Corollary 3.7 is in stark contrast to the examples of non-compactifiable pseudo-

concave ends of Grauert [Gra94], Andreotti-Siu [AS70] and Rossi [Ros65]. They

are obtained as finite coverings of small neighbourhoods of the boundaries of Stein

manifolds of dimension 2. Such coverings have ‘big’ holes which cannot be filled,

whereas ‘small’, i.e. completely pluripolar holes can always be. The basic lemma for

construction of non-fillable holes is [AS70, Proposition 7.1, p. 263].
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Lemma 3.8. Let V be a relatively compact simply connected Stein domain in a

complex manifold of dimension > 2. Let U be a neighbourhood of bV and let p :

W −→ U be a nontrivial finite cover of U . Then W cannot be compactified. If

π1(bV ) has proper subgroups of finite index, such coverings do exist.

Proof. Indeed, assume that Ŵ is a completion of W . Then Ŵ r W has a strongly

pseudoconvex boundary. By the Hartogs’ extension theorem [GR65, Theorem VII,

D 4] we obtain an extension p̂ : Ŵ −→ V . The map p̂ must be ramified, otherwise p̂

would be a nontrivial cover of the simply connected manifold V . The ramification set

R is analytic and contained in V rU , thus a finite set. Since V is simply connected,

non–singular and of dimension > 2, VrR is simply connected. Therefore Ŵrp̂−1(R)

is an irreducible covering of V r R. But this is possible only if p is trivial. This

contradiction shows that Ŵ cannot possibly exist.

Now, if π1(bV ) contains non-trivial subgroups of finite index, this remains true for

π1(U) where U is any small neighbourhood which retracts on bV . This means that

U has non-trivial finite coverings. �

Note that, if n > 3, π1(bV ) = π1(V ) = {0}, by a Morse theoretic argument of

Andreotti-Frankel, so examples when Lemma 3.8 is not empty can occur only for

dimV = 2. Moreover, if dimV = 2 and K b V is completely pluripolar, it follows

from Corollary 3.7 and Lemma 3.8 that π1(V r K) doesn’t have proper subgroups

of finite index.

Example 3.9 (Andreotti-Siu [AS70, p. 267–70]). Let K ⊂ P3 be a Kummer surface

with 16 isolated, non-degenerate, canonical singular points. K is isomorphic to a

quotient T/{id, τ}, where T is an algebraic torus and τ is an involution (τ 2 = id)

with 16 fixed points. Therefore Reg (K) admits as double covering the torus T minus

16 points.

There exists a 1-real-parameter family of algebraic surfaces {Kε} such that for

ε 6= 0, Kε is non–singular and K0 = K. There exists a manifold � ⊂ R × P3 such

that Kε = pr−1� (ε), where pr � is the projection on the first factor.

If G ⊂ P3 is the union of 16 small neighbourhoods of the singular points in P3,

� r pr−1�
3 (G) is differentiably trivial near 0. This implies that Kε r pr−1�

3 (G) is

diffeomorphic to K0 r pr−1�
3 (G) for small ε.

Consider now a singular point p of the Kummer surface K and B be a small ball

around p in P3. Then Vε = Kε ∩ pr−1�
3 (B) are simply connected Stein spaces, which

for ε 6= 0 are non-singular. From the preceding paragraph if follows that, from

small ε 6= 0, ∂Vε is diffeomorphic to ∂V , so that small neighbourhoods Uε of ∂Vε
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have differentiable double cover small concentric shells Wε in the neighbourhood of

a fixed point of the involution τ : T −→ T .

On Wε we take the induced complex structure. By Lemma 3.8 the holes of Wε

cannot be filled. It is obvious that Wε are not hyperconcave ends.

Example 3.10. This example appeared in Rossi [Ros65, p. 252–6] (being attributed

to Andreotti), Andreotti-Siu [AS70, p. 262–70] (where credit is given to Grauert)

and Grauert [Gra94, p. 273]. It is constructed by the same principle as above, but it

is more spectacular. It provides complex structures on a ball minus a point, actually

on P2 r {[1 : 0 : 0]}, which are not fillable.

Let Qε be the family of quadrics in P3 given in the homogeneous coordinates

[w0 : w1 : w2 : w3] by the equation w3(w3 + εw0) = w1 w2. For ε 6= 0 they are

non-singular. There exists an application Φ : P2 r {[1 : 0 : 0]} −→ VrA, see

[AS70, (1), p. 265], where A is a real analytic sphere, such that Φ is a two-sheeted

differentiable ramified covering. We can use Φ to induce a new complex structure

on P2 r {[1 : 0 : 0]}, so that Φ becomes holomorphic. By a variant of Lemma 3.8

for ramified coverings, we see that P2 r {[1 : 0 : 0]} with the new structure cannot

be compactified.

Also, P2 r {[1 : 0 : 0]} with the new complex structure cannot be a hyperconcave

end, for if it were, VrA would be one too (we average the values of a defining

function on the two sheets). So A would be completely pluripolar, which is a plain

contradiction.

Remark 3.11 (Complex cobordism). Another point of view on Theorem 1.2 is to

consider the sets Yc = {ϕ = c}, which, for regular values c of ϕ, are compact strongly

pseudoconvex CR manifolds of dimension 3. Following Epstein and Henkin [EH01],

we call two CR manifolds Y1 and Y2 of dimension 3 strictly complex cobordant, if

there exists a complex manifold X with boundary, such that bX = Y1 ∪ Y2 and

there exists a strictly plurisubharmonic function ρ on X so that Y1 and Y2 are two

non-critical level sets of ρ. They show then [EH01, Theorem 1] that if Y1 bounds a

complex manifold, also the components of Y2 bound complex manifolds.

Theorem 1.2 can be rephrased by saying that, if a compact strongly pseudoconvex

CR manifold Y is strictly complex cobordant to −∞, the manifold Y bounds a

strongly pseudoconvex compact manifold. In particular, Y is embeddable in CN , for

some N .

Note that, by the example of Grauert, Andreotti-Siu and Rossi, there exist com-

pact strongly pseudoconvex CR manifolds of dimension 3 which do not bound a

complex manifold and are not embeddable in CN . This is in contrast to a theorem



HYPERCONCAVE ENDS 17

of Boutet de Monvel [BdM75, p. 5] asserting that all compact strongly pseudoconvex

CR manifolds of dimension > 5 are embeddable.

4. Compactification by adding finitely many points

The present section is devoted to proving sufficient conditions for the set X̂ rX

to be analytic. If this is the case, it can be actually blown down to a finite set, due

to the existence of a strongly pseudoconvex neighbourhood.

In order to prove Theorem 1.3 we consider first the particular case when the

compactification X̂ is a Stein space.

We begin with some preparations. Let V by a complex manifold. We say that V

satisfies the Kontinuitätssatz if for any smooth family of closed holomorphic discs

∆t in V indexed by t ∈ [0, 1) such that ∪b∆t lies on a compact subset of V , then

∪∆t lies on a compact subset of V . It is clear that every Stein manifold satisfies the

Kontinuitätssatz, using the strictly plurisubharmonic exhaustion function and the

maximum principle. Moreover, if the universal cover of V is Stein then V satisfies

Kontinuitätssatz since we can lift the family of discs to the universal cover.

Let F be a closed subset of V . We say that F is pseudoconcave if V \ F satis-

fies the local Kontinuitätssatz in V , i.e. for every x ∈ F there is a neigbourhood

W of x such that W \ F satisfies the Kontinuitätssatz. Observe that the finite

union of pseudoconcave subsets is pseudoconcave and every complex hypersurface is

pseudoconcave.

We have the following proposition which implies the Theorem 1.3.

Proposition 4.1. Let Ω̂ be a Stein space with isolated singularities S and K a

completely pluripolar compact subset of Ω̂ which contains S. Assume that Ω = Ω̂rK

can be covered by Zariski-open sets which satisfy the local Kontinuitätssatz in Ω̂rS.

Then K is a finite set.

Proof. We can suppose that Ω̂ is a subvariety of a complex space CN . Let B be a ball

containing K such that bB ∩ Ω̂ is transversal. By hypothesis, we can choose a finite

family of Zariski-open sets V1, . . ., Vk which are uniformized by Stein manifolds and

∩Fi is empty near bB, where Fi = Ω r Vi . Observe that Fi is an analytic subset of

Ω, F i ⊂ Fi∪K. Since Fi∪(KrS) is pseudoconcave in Ω̂rS, Fi have no component

of codimension > 2. By Hartogs theorem, if n = dimX > 2, there is a complex

subvariety F̂i of Ω̂ which contains Fi. This is also a consequence of Harvey-Lawson

theorem [HL75]. We will prove this property for the case n = 2. Set F = ∪Fi.

Observe that Γ = F ∩ bB is an analytic real curve. The classical Wermer theorem

[Wer58] says that hull(Γ) r Γ is an analytic subset of pure dimension 1 of CN r Γ
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where hull(Γ) is the polynomial hull of Γ. By uniqueness theorem, hull(Γ) ⊂ Ω̂.

Since S is finite, we have hull(Γ ∪ S) = hull(Γ) ∪ S. Set F ′ = (F ∪ K) ∩ B and

F ′′ = hull(Γ) ∪ S.

Lemma 4.2 (In the case n = 2). We have F ′ ⊂ F ′′.

Proof. Assume that F ′ 6⊂ F ′′. Then there are a point p ∈ F ′ and a polynomial h on

U such that supF ′′ |h| < supF ′ |h| = |h(p)|. Set r = h(p). By maximum principle, we

have h−1(r) ∩ F ′ ⊂ K r S. In particular, we have p ∈ K r S. Recall that F ′ r S is

pseudoconcave in Ω̂′ = Ω̂∩BrS. We will construct a smooth family of discs which

does not satisfy the Kontinuitätssatz. This gives a contradiction. The construction

is trivial if p is isolated in F ′. We assume that p is not isolated. By using a small

perturbation of h, we can suppose that h(p) is not isolated in h(F ′).

Set Σ′ = h(F ′) and Σ′′ = h(F ′′). Then Σ′ (resp. Σ′′) is included in the closed disk

(resp. open disk) of center 0 and of radius |r|. The holomorphic curves {h = const}
define a holomorphic foliation, possibly singular, of Ω̂′. The difficulty is that the

fibre {h = r} can be singular at p. Denote by T the set of critical values of h in

h(B). Then T is finite.

Denote also Θ the unbounded component of Cr(Σ′′∪T ). It is clear that Σ′ meets

Θ. This property is stable for every small pertubation of the polynomial h. Since K

is a completely pluripolar, K ∩ h−1(a) is a polar subset of h−1(a) for every a ∈ C.

Choose a point b ∈ Θ such that 0 < dist(b,Σ′) < dist(b,Σ′′ ∪ T ) and a ∈ Σ′ such

that dist(a, b) = dist(b,Σ′). We have a 6∈ Σ′′ ∪ T . Replacing b by a point of the

interval (a, b) we can suppose that dist(a, b) < dist(a′, b) for every a′ ∈ Σ′′ r {a}.
Fix a point q ∈ F ′ such that h(q) = a. Set δ1 = |a− b|. Since a 6∈ T , we can choose

a local coordinates system (z1, z2) of an open neigbourhood W of q in Ω̂′ such that

z1 = h(z) − b, q = (a− b, 0) and {(z1, z2), |z1| < δ1 + δ2, |z2| < 2} ⊂ W with δ2 > 0

small enough. We can choose a W which does not meet F ′′ and is small as we want.

Let L be the complex line {z1 = a − b}. By maximum principle, K ′ = F ′ ∩ L is

equal to K ∩L. Then K ′ is a polar subset of L. This implies that the length of K ′ is

equal to 0. Thus, for almost every s ∈ (0, 2) the circle {|z2| = s} ∩ L does not meet

K ′. Without lost of generality, we can suppose that K ′ does not meet {|z2| = 1}∩L.

Now we define the disk ∆t by

∆t = {z1 = (a− b)t, |z2| ≤ 1}

for t ∈ [0, 1). This smooth familly of discs does not verify the Kontinuitätssatz for

W r F ′. �
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Now, denote by F̂i the smaller hypersuface of Ω̂ which contains Fi. Set F̂ = ∪F̂i.

If n = 2 we have F ∪ K ⊂ F̂ . This is also true for n > 2. It is sufficient to apply

the last lemma for linear slices of Ω̂.

Lemma 4.3. Let L be a pseudoconcave subset of a complex manifold V . If L is

included in a hypersurface L′ of V then L is itself a hypersurface of V .

Proof. Observe that L is not included in a subvariety of codimension ≥ 2 of V .

Assume that L is not a hypersurface of V . Then there is a point p in RegL′ which

belongs to the boundary of L in L′. Choose a local coordinates system (z1, . . . , zn)

of a neigbourhood W of p such that W contains the unit polydisk ∆n, p ∈ ∆n and

L′ ∩W = {z1 = 0} ∩W . We can suppose that 0 6∈ L and we can choose W small as

we want.

Let π : ∆n −→ ∆n−1 be the projection on the last n − 1 coordinates. Let q ∈
L∗ = π(L ∩ ∆n) such that dist(0, L∗) = dist(0, q). Consider the smooth family of

discs given by ∆t = {z = (z1, z
′′) : |z1| < 1/2 , z′′ = tq}. This family does not verify

the Kontinuitätssatz in W r L. �

We can end the proof of Proposition 4.1. We know that (Fi ∪K) r S is pseudo-

concave in Ω̂ r S and Fi ∪K ⊂ F̂ . By Lemma 4.3, (Fi ∪K) r S is a hypersurface

of Ω̂ r S. By Remmert-Stein theorem, any analytic set can be extended through a

point, so Fi∪K is a hypersurface of Ω̂. Then Fi∪K ⊂ F̂i since ∩Fi = ∅. We deduce

that K is included in ∩F̂i which is analytic and bounded subset of CN . Therefore

K must be a finite set. �

Remark 4.4. The Proposition 4.1 holds for K not pluripolar. For this case, the

proof is more complicated. Using another submersion of Ω̂ given by the map z 7−→
(h(z), h(z)+ εz1, · · · , h(z)+ εzN), we can suppose that R = maxK � S|z| > maxF ′′ |z|.
Let q ∈ bBR ∩ (Kr S) where BR is is a ball of center 0 and radius R. Using a small

affine change of coordinates, we can suppose that bBR ∩ Ω̂ is transversal at q. We

then construct easily a family of discs close to Tq(bBR) ∩ Ω̂, which does not satisfy

the Kontinuitätssatz, where Tq(bBR) is the complex tangent space of bBR at q.

Proof of Theorem 1.3. Let X be a hyperconcave end such that the exhaustion func-

tion ϕ is overall plurisubharmonic. Let X̂ be a manifold which compactifies X.

Then X̂ r X has a strictly pseudoconvex neighbourhood V . Based on Remmert’s

reduction theory, Grauert [Gra62, Satz 3, p.338] showed that there exists a maximal

analytic set A of V . Moreover, by [Gra62, Satz 5, p.340] there exists a normal Stein

space V ′ with at worst isolated singularities, a discrete set D ⊂ V ′ and a proper
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holomorphic map π : V −→ V ′, biholomorphic between V rA and with V ′ rD and

π(A) = D. That is, A can be blown down to the finite set D.

The maximum principle for ϕ implies A ⊂ X̂ r X. Let ψ : V ′ −→ [−∞,∞) be

given by ψ = ϕ ◦ π−1 on V ′ r D and ψ = −∞ on π(X̂ r X). Then ψ is a strictly

plurisubharmonic function on V ′ and π(X̂rX) is its pluripolar set. By Proposition

4.1, π(X̂ r X) is a finite set. Therefore X̂ r X consists of A and possibly a finite

set, thus an analytic set. �

Remark 4.5. If in Theorem 1.3 we suppose only that X admits a Zariski-open dense

set which is uniformized by a Stein manifold, we can prove in the same way, that

X̂ rX is included in a hypersurface of X̂, i.e. X contains a Zariski-open dense set

of X̂.

5. Extension of Nadel’s theorems

We are in the position to extend the theorems of Nadel [Nad90] to the case of

dimension 2.

As preparation, it is necessary to introduce some notions. If in Definition 1.1 we

may take a = +∞ and ϕ bounded from above, the manifold X is said to be hyper 1-

concave . In particular, {ϕ > c} is compact for every c ∈ R. This is a particular case

of strongly 1-concave manifolds in the sense of Andreotti-Grauert [AG62]. Hyper

1- concave manifolds are equally called very strongly 1- concave manifolds in the

literature (e.g. [NT88]).

If X is a hyper 1-concave manifold, it follows from [And63] that the meromorphic

function field � (X) has transcendence degree over C less or equal than dimX. If

the transcendence degree equals dimX, that is, if there exist dimX algebraically

independent meromorphic functions over C , we say that X is Moishezon . We have

the following characterization.

Proposition 5.1. A hyper 1-concave manifold X is Moishezon if and only if X is

biholomorphic to an open set of a compact Moishezon space X̂. A sufficient condition

for X to be Moishezon is to admit a semipositive line bundle which is positive at one

point.

Proof. By Theorem 1.2 (i), there exist a compact complex space X̂, such that

X ⊂ X̂. Moreover X̂ r X is a pluripolar set. Let us remark that, due to the

existence of a Stein neighbourhood of the set X̂ rX, all meromorphic functions on

X extend uniquely to X̂. Hence � (X̂) = � (X), which implies the first part of the

proposition. The second part is the content of [TCM01, Corollary 3.2]. �

We extend now Nadel’s main result [Nad90, Theorem 0.1] to dimension 2.
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Proposition 5.2. Let X be a connected manifold of dimension n > 2. Assume that:

(i) X is hyper 1-concave.

(ii) X is Moishezon.

(iii) X can be covered by Zariski-open sets which can be uniformized by Stein

manifolds.

Then X can be compactified by adding finitely many points to a compact Moishezon

space.

Proof. By conditions (i) and (iii) and Theorem 1.3, we can find a compact complex

space X̂, with at worst isolated singularities, such that X is an open set of X̂ and

X̂ rX is finite. Since � (X̂) = � (X), X̂ is itself Moishezon. �

Note that Proposition 5.2 implies that a manifold satisfying (i)-(iii) has finite

topological type.

The next result characterizes, along the lines of Kodaira, those non-compact man-

ifolds of dimension n > 2 that can be compactified by adding finitely many points

and that admit quasiprojective algebraic structure.

It corresponds to [Nad90, Theorem 0.2], where the case n > 3 is considered. We have

formulated condition (ii) below more geometrically. In [Nad90] the corresponding

condition is that the ring ⊕k>0H
0(X,Ek) gives local coordinates and separates points

of X. Note also that the next result answers [Mok89, Problem1] for the case q = 0.

Proposition 5.3. Let X be a connected manifold of dimension n > 2. The following

conditions are necessary and sufficient for X to be a quasiprojective manifold which

can be compactified to a Moishezon space by adding finitely many points.

(i) X is hyper 1-concave.

(ii) X admits a positive line bundle E.

(iii) X can be covered by Zariski-open sets which can be uniformized by Stein

manifolds.

Proof. The necessity of conditions (i) and (ii) is obvious, while the necessity of (iii)

follows from a theorem of Griffiths [Gri71, Theorem I].

For the sufficiency, we need a variant of the embedding theorem of Andreotti-

Tomassini [AT70, Theorem 2, p. 97] (see also [AS70, Theorem 4.1]).

Lemma 5.4. Let X be a hyper 1-concave manifold and E be a positive line bundle

on X. Then X is biholomorphic to an open set of a projective algebraic manifold.

Proof. If ϕ denotes the exhaustion function of X,
√
−1

(
AΘ(E) + ∂∂̄(− log(−ϕ))

)
,

A � 1, is a complete Kähler metric on X. Using the L2 estimates with singular
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weights for positive line bundles (see Demailly [Dem82]), we obtain that the ring

⊕k>0H
0(X,Ek ⊗KX) separates points and gives local coordinates everywhere on X.

Repeating the proof of [NT88, Lemma 2.1] we obtain the conclusion. �

Let X̂ be a projective compactification given by Lemma 5.4. Then Theorem 1.3

implies that X̂ rX is an analytic set. Proposition 5.3 is proved. �

Remark 5.5. We can obtain a stronger version of [NT88, Theorem 0.1] in dimension

2. Nadel and Tsuji use the following terminology. A manifold X of dimension n is

called very strongly (n− 2)-concave if there exists a � 2 function ψ : X −→ R such

that {ψ > c} b X, for all c ∈ R, and outside a compact set ψ is plurisubharmonic

and
√
−1∂∂̄ψ has at least 2 positive eigenvalues. If dimX = 2, this notion coincides

with hyperconcavity. Nadel and Tsuji prove the following theorem: a complete

Kähler manifold (X,ω), dimX = n, satisfying the conditions

(i) Ric(ω) < 0,

(ii) X is very strongly (n− 2)-concave,

(iii) The universal covering of X is Stein,

is biholomorphic to a quasiprojective manifold. By Proposition 5.3 we can, if

dimX = 2, remove the requirement that X is complete Kähler and replace (i)

with the existence of a positive line bundle.

LetX = M/Γ be an irreducible arithmetic quotient of dimension n > 2. The proof

of Borel [Bor70] shows that X is very strongly (n − 2)-concave. Thus, Proposition

5.3 gives, in dimension 2, a generalization of the fact that arithmetic quotients can

be compactified, with a completely complex-analytic proof.

Remark 5.6. A compact Moishezon space X̂ with isolated singularities such that

X̂ rX is finite needs not be either projective or algebraic in the sense of Weil. See

the example of Grauert [Gra62, p. 365–6].

Remark 5.7. We can obtain the following version of Proposition 5.2. Namely, a

manifold X, dimX = 2, satisfying the two conditions,

(i)’ X is hyper 1-concave and

(ii)’ X can be covered by Zariski-open sets which can be uniformized by

bounded domains of holomorphy in Cn,

can be compactified by adding finitely many points to a compact Moishezon space.

Indeed, we show first as in [Nad90, p. 187] that X is Moishezon, using the result of

Mok -Yau on the existence of complete Kähler-Einstein metrics on bounded domains

of holomorphy, as well as the L2-estimates for ∂̄. Then we resort to Proposition 5.2.
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Note that in [Nad90, Theorem 0.3] it is shown that a manifold X as above, with

dimX > 2, has moreover the stucture of an abstract algebraic variety.

We come now to the proof of Corollary 1.4. The statement was also noted by

Nadel [Nad90], in dimension > 3. Our proof is based on Proposition 5.3, so it gives

a complex-analytic proof of the analyticity of the pluripolar set, also for the Siu-Yau

theorem.

Proof of Corollary 1.4. Let X be a complete Kähler manifold of finite volume and

bounded negative sectional curvature and dimX > 2. Upon using the same argu-

ment as in Siu-Yau [SY82] or [NT88, §3] we show, with the help of the Busemann

function, that X is hyper 1-concave. Moreover, X has negative Ricci curvature,

hence KX is a positive line bundle over X. Finally, by Wu’s theorem [Wu67], any

simply connected complete Kähler manifold of nonpositive sectional curvature is

Stein. Hence the universal covering of X is Stein.

We proved that X fulfils the conditions of Proposition 5.3. Therefore, by the

conclusion of this Proposition, the proof of Corollary 1.4 is complete. �

We close the section with one more result about embedding of hyper 1-concave

manifolds. Generalizing the Andreotti-Tomassini theorem, Andreotti-Siu [AS70,

Theorem 7.1] show that a strongly 1- concave manifold X of dimX > 3 can be em-

bedded in the projective space, if it admits a line bundle E such that ⊕k>0H
0(X,Ek)

gives local coordinates on a sufficiently large compact of X. The proof is based on

techniques of extending analytic sheaves. Moreover, the result breaks down in di-

mension 2 as the following example shows.

Example 5.8. We use Example 3.9 and its notations. The strongly 1- concave man-

ifold Yε = Kε r pr−1�
3 (G) has as differential double covering the torus minus 16

small balls around the fixed points of the involution. Denote Xε this new man-

ifold. With the induced complex structure from Yε, Xε is a strongly 1-concave,

non-compactifiable manifold. If on Xε we consider the pull-back Eε of the hyper-

plane line bundle on Yε, ⊕k>0H
0(Xε, E

k
ε ) gives local coordinates everywhere. But

Xε is not embeddable in the projective space, for if it were, we could compactify it

by [And63].

We show in the next proposition that, if we impose the condition of hypercon-

cavity, such phenomenon cannot occur. Here ϕ and b have the same meaning as in

Definition 1.1.

Proposition 5.9. Let X be a hyper 1-concave manifold of dimension n > 2. Let

c be a real number such that c < b. Assume there is a line bundle E over X ′ =
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{ϕ > c} such that the ring ⊕k>0H
0(X ′, Ek) gives local coordinates on X ′. Then X

is biholomorphic to an open subset of a projective manifold.

Proof. By Theorem 1.2, X is an open subset of a variety X̂ with isolated singularities.

Moreover X̂ rX ′ is a Stein space.

Replacing c by a c′ such that c < c′ < b we can suppose that there are holomorphic

sections s0, . . ., sm of H0(X ′, Ek) which give local coordinates of X ′ where k is big

enough. We can define a holomorphic map π : X ′ −→ Pm by

π(z) = [s0(z) : · · · : sm(z)].

Then π gives a local immersion of X ′ in Pm. Since X̂ r X ′ is embeddable in an

euclidian space, a theorem of Dolbeault-Henkin-Sarkis [DH97], [Sar99] implies that

π can be extended to a meromorphic map from X̂ into P
m.

Denote by Z the set consisting of the singular points of X̂, the points of inde-

terminacy of π and the critical points of π. Then Z is a compact analytic subset

of X̂ r X ′. Since X̂ r X ′ is Stein space, Z is a finite set. The map π gives local

immersion of X̂ r Z in Pm.

Let H be the canonical line bundle of Pm and set L = π∗(H). Then L is a positive

line bundle of X̂ r Z. In particular L is positive on X r Z and by a theorem

of Shiffman [Shi71] extends to a positive line bundle on X. By Lemma 5.4, X is

biholomorphic to an open subset of a projective manifold. �
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