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ABSTRACT
We study the asymptotic behavior of the generalized Bergman ker-
nel of the renormalized Bochner-Laplacian on high tensor powers of
a positive line bundle on a symplectic manifold of bounded geom-
etry. First, we establish the off-diagonal exponential estimate for the
generalized Bergman kernel. As an application, we obtain the rela-
tion between the generalized Bergman kernel on a Galois covering
of a compact symplectic manifold and the generalized Bergman ker-
nel on the base. Then we state the full off-diagonal asymptotic
expansion of the generalized Bergman kernel, improving the remainder
estimate known in the compact case to an exponential decay. Finally,
we establish the theory of Berezin-Toeplitz quantization on symplectic
orbifolds associated with the renormalized Bochner-Laplacian.
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1. Introduction

In this article, we consider a smooth symplectic manifold ðX;xÞ of dimension 2n. Let
ðL; hLÞ be a Hermitian line bundle on X with a Hermitian connection rL : C1ðX; LÞ !
C1ðX;T�X � LÞ: We assume that L satisfies the prequantization condition:

i
2p

RL ¼ x; (1.1)

where RL ¼ ðrLÞ2 is the curvature of the connection rL: Let ðE; hEÞ be a Hermitian
vector bundle on X with Hermitian connection rE and its curvature RE.
Let gTX be a Riemannian metric on X and rTX be the Levi-Civita connection of

ðX; gTXÞ: Let J0 : TX ! TX be a skew-adjoint operator such that

x u; vð Þ ¼ gTX J0u; vð Þ; u; v 2 TX: (1.2)

Consider the operator J : TX ! TX given by

J ¼ J0 �J20
� ��1=2

: (1.3)
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Then J is an almost complex structure compatible with x and gTX, that is,
gTXðJu; JvÞ ¼ gTXðu; vÞ; xðJu; JvÞ ¼ xðu; vÞ for any u; v 2 TX and xðu; JuÞ> 0 for
any u 2 TX; u 6¼ 0:
Let rLp�E : C1ðX; Lp � EÞ ! C1ðX;T�X � Lp � EÞ be the connection on Lp � E

induced by rL and rE: Denote by DLp�E the induced Bochner-Laplacian acting on
C1ðX; Lp � EÞ by

DLp�E ¼ rLp�Eð Þ� rLp�E; (1.4)

where ðrLp�EÞ� : C1ðX;T�X � Lp � EÞ ! C1ðX; Lp � EÞ denotes the formal adjoint of
the operator rLp�E: The renormalized Bochner-Laplacian is a differential operator Dp

acting on C1ðX; Lp � EÞ by
Dp ¼ DLp�E�ps; (1.5)

where s 2 C1ðXÞ is given by

s xð Þ ¼ �pTr J0 xð ÞJ xð Þ½ �; x 2 X: (1.6)

The renormalized Bochner-Laplacian was introduced by Guillemin and Uribe in [1].
When ðX;xÞ is a K€ahler manifold, it is twice the corresponding Kodaira-Laplacian on
functions w

Lp ¼ �@
Lp��@Lp

: The asymptotic of the spectrum of the operator Dp as p ! 1
was studied in [1–5].
In this article, we will suppose that ðX; gTXÞ is complete and RL, RE, J, gTX have

bounded geometry (i.e., they and their derivatives of any order are uniformly bounded
on X in the norm induced by gTX, hL, and hE, and the injectivity radius of ðX; gTXÞ is
positive). We will also assume that

l0 ¼ inf
x 2 X

u 2 TxX n 0f g

iRL
x u; J xð Þuð Þ
juj2gTX

> 0: (1.7)

Note that kðxÞ ¼ infu2TxXnf0g iR
L
xðu; JðxÞuÞ=juj2gTX is the smallest eigenvalue of

iRL
xð�; JðxÞ �Þ with respect to gTXx ; for x 2 X: Thus (1.7) is a condition of uniform posi-

tivity of RL with respect to gTX.
Since ðX; gTXÞ is complete, the Bochner-Laplacian and the renormalized Bochner-

Laplacian Dp are essentially self-adjoint, see Theorem 2.4. We still denote by Dp the
unique self-adjoint extension of Dp : C

1
c ðX; Lp � EÞ ! C1

c ðX; Lp � EÞ acting on com-
pactly supported smooth sections, and by rðDpÞ its spectrum in L2ðX; Lp � EÞ: First, we
state the following spectral gap property for the operator Dp which is a direct conse-
quence of [6, Lemma 1].

Theorem 1.1. Let ðX;xÞ be a symplectic manifold with a prequantum line bundle
ðL;rL; hLÞ. Let gTX be a complete Riemannian metric on X and let J be the almost com-
plex structure defined by (1.3). Let ðE;rE; hEÞ be an auxiliary vector bundle on X. We
assume that RL, RE, J, gTX have bounded geometry and (1.7) holds. Then there exists
CL > 0 such that for any p 2 N the spectrum of the renormalized Bochner-Laplacian (1.5)
satisfies

r Dp
� � � �CL;CL½ � [ 2pl0�CL;þ1½ Þ: (1.8)
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When X is compact and E is the trivial line bundle, this theorem (with a not precised
constant l0) is the main result of Guillemin and Uribe [1]. For a general vector bundle
E, it was proved by Ma and Marinescu [4, Corollary 1.2], cf. also [5, Theorem 8.3.1],
with the geometric constant l0 given by (1.7). The analogous theorem for the spinc

Dirac operator on a manifold of bounded geometry is stated in [6, Lemma 1]. Theorem
1.1 can be directly derived from this result, following the proof of [4, Corollary 1.2] (see
also [4, Corollary 4.7] for the case of a covering of a compact manifold), thus we will
not repeat this proof here. Note that there are cases when the renormalized Bochner-
Laplacian has a spectral gap even if the curvature RL degenerates at finite order [7,
Remark 22].
For a Borel set B � R; we denote by EðB;DpÞ the spectral projection corresponding

to the subset B. Consider the spectral space Hp � L2ðX; Lp � EÞ of Dp corresponding to
½�CL;CL�;

Hp :¼ Range E �CL;CL½ �;Dp
� �

: (1.9)

If X is compact, the spectrum of Dp is discrete and Hp is the subspace spanned by
the eigensections of Dp corresponding to eigenvalues in ½�CL;CL�: Let

PHp :¼ E �CL;CL½ �;Dp
� �

: L2 X; Lp � Eð Þ ! Hp; (1.10)

be the orthogonal projection. Let p1 and p2 be the projections of X�X on the first and
second factor. The Schwartz kernel of the operator PHp with respect to the Riemannian
volume form dvX is a smooth section Ppð�; �Þ 2 C1ðX � X; p�1ðLp � EÞ � p�2ðLp � EÞ�Þ;
see [5, Remark 1.4.3]. It is called the generalized Bergman kernel of Dp in [8], since it
generalizes the Bergman kernel on complex manifolds.

Theorem 1.2. Under the assumptions of Theorem 1.1, there exists c> 0 such that for any
k 2 N, there exists Ck > 0 such that for any p 2 N; x; x0 2 X, we have

jPp x; x0ð ÞjCk 	 Ckp
nþk

2e�c
ffiffi
p

p
d x;x0ð Þ: (1.11)

Here dðx; x0Þ is the geodesic distance and jPpðx; x0ÞjCk denotes the pointwise Ck-semi-
norm of the section Pp at a point ðx; x0Þ 2 X � X; which is the sum of the norms
induced by hL, hE and gTX of the derivatives up to order k of Pp with respect to the con-
nection rLp�E and the Levi-Civita connection rTX evaluated at ðx; x0Þ:
For the Bergman kernel of the spinc Dirac operator associated to a positive line bun-

dle on a symplectic manifold of bounded geometry, the same type of exponential esti-
mate is proved in [6, Theorem 1] (see also the references therein for the previous
results). In [6], the authors use the methods of [5, 8, 9] based on the spectral gap prop-
erty of the spinc Dirac operator, finite propagation speed arguments for the wave equa-
tion, the heat semigroup and rescaling of the spinc Dirac operator near the diagonal,
which is inspired by the analytic localization technique of Bismut-Lebeau [10]. It is
important in [6] that the eigenvalues of the associated Laplacian are either 0 or tend to
þ1: In the current situation, the renormalized Bochner-Laplacian has possibly different
bounded eigenvalues, which makes difficult to use the heat semigroup technique. So we
replace the heat semigroup technique by a different approach, which was developed by
the first author in [11]: We follow essentially the general strategy of [5, 8, 9] but use
weighted estimates with appropriate exponential weights as in [12] instead of the use of
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the heat semigroup and finite propagation speed arguments. In [13], this approach is
used to prove asymptotic decay of order Oðe�c

ffiffi
p

p Þ for eigenfunctions of a self-adjoint
Toeplitz operator with discrete wells associated with the renormalized Bochner-
Laplacian in the classically forbidden region.
As an application of our proof of Theorem 1.2, we obtain the relation between the

generalized Bergman kernel on a Galois covering of a compact symplectic manifold and
the generalized Bergman kernel on the base as an analog of [6, Theorem 2] for the
Bergman kernel of the spinc Dirac operator.

Theorem 1.3. Let ðX;xÞ be a compact symplectic manifold. Let ðL;rL; hLÞ; ðE;rE; hEÞ,
gTX be given as above. Consider a Galois covering p : ~X ! X and let C be the group of
deck transformations. Denote by ~x; ð~L;r~L ; h~LÞ; ð~E;r~E ; h~EÞ; gT~X be the lifts of the above
data to ~X. Let ~Dp be the renormalized Bochner-Laplacian acting on C1ð~X ; ~Lp � ~EÞ and
~Ppð�; �Þ be the generalized Bergman kernel of ~Dp. There exists p1 2 N such that for any
p> p1 we have for any x; x0 2 ~X ;X

c2C
~Pp cx; x0ð Þ ¼ Pp p xð Þ; p x0ð Þ� �

: (1.12)

This type of results has a long history. In the category of complex manifolds it
appeared in connection with the theory of automorphic forms and Poincar�e series in
the works of Selberg and Godement. Earle [14] gave a proof when ~X is a bounded sym-
metric domain (under some hypothesis on the variation of Bergman kernels). The
second and third authors proved (1.12) for the Bergman kernels associated to the spinc

Dirac operator on a symplectic manifold, in particular, in the K€ahler case [6, Theorem
2]. Lu and Zelditch [15] independently proved (1.12) for the Bergman kernels on
K€ahler manifolds when E ¼ C:

As another application of the technique developed in this article, we extend the
results on the full off-diagonal asymptotic expansion of the generalized Bergman kernels
of the renormalized Bochner-Laplacians associated to high tensor powers of a positive
line bundle over a compact symplectic manifold, obtained in [11, 16], to the case of
manifolds of bounded geometry and slightly improve the remainder estimate in the
asymptotic expansions, proving an exponential estimate Oðe�c0

ffiffi
p

p Þ instead of Oðp�1Þ
(see Theorem 4.3 below).
Finally, we study the theory of Berezin-Toeplitz quantization on symplectic orbifolds

by using as quantum spaces the spectral spaces Hp; especially we show that the set of
Toeplitz operators forms an algebra. Ma and Marinescu obtained first Berezin-Toeplitz
quantization on symplectic orbifolds by using as quantum spaces the kernel of the spinc

Dirac operator, in particular, on compact complex orbifolds [17, Theorems 6.13, 6.16].
Let us note also that Hsiao and Marinescu [18] constructed a Berezin-Toeplitz quantiza-
tion for eigenstates of small eigenvalues in the case of complex manifolds. For a com-
prehensive introduction to this subject see [5, 19, 20].
The article is organized as follows. In Section 2, we collect some necessary back-

ground information on differential operators and Sobolev spaces on manifolds of
bounded geometry. In Section 3, we remind some results on weighted estimates on
manifolds of bounded geometry and prove Theorems 1.2 and 1.3. Section 4 is devoted
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to the full off-diagonal asymptotic expansions. In Section 5 we study Berezin-Toeplitz
quantization on symplectic orbifolds.

2. Preliminaries on differential operators and Sobolev spaces

In this section, we collect some necessary background information on differential opera-
tors and Sobolev spaces on manifolds of bounded geometry. We refer the reader to [6,
12] for more information. The novel point is that our constructions are adapted to a
particular sequence of vector bundles Lp � E; p 2 N: This concerns with a specific
choice of the Sobolev norm as well as with a slightly refined form of the Sobolev
embedding theorem. We will keep the setting described in Introduction.

2.1 Differential operators

Let F be a vector bundle over X. Suppose that F is Euclidean or Hermitian depending
on whether it is real or complex and equipped with a metric connection rF : The Levi-
Civita connection rTX on ðX; gTXÞ and the connection rF define a metric connection
rF : C1ðX; ðT�XÞ�j � FÞ ! C1ðX; ðT�XÞ�ðjþ1Þ � FÞ on each vector bundle
ðT�XÞ�j � F for j 2 N; that allows us to introduce the operator

rFð Þ‘ : C1 X;Fð Þ ! C1 X; T�Xð Þ�‘ � F
� �

for every ‘ 2 N: Any differential operator A of order q acting in C1ðX;FÞ can be written as

A ¼
Xq
‘¼0

a‘ � rFð Þ‘; (2.1)

where a‘ 2 C1ðX; ðTXÞ�‘Þ and the endomorphism � : ðTXÞ�‘ � ððT�XÞ�‘ � FÞ ! F is
given by the contraction.
If F has bounded geometry, we denote by Ck

bðX;FÞ the space of sections u 2
CkðX;FÞ such that

jjujjCk
b
¼ sup

x2X;‘	k
j rFð Þ‘u xð Þj<1; (2.2)

where j � jx is the norm in ðT�
xXÞ�‘ � F x defined by gTX and hF : We also denote by

BDqðX;FÞ the space of differential operators A of order q in C1
c ðX;FÞ with coeffi-

cients a‘ in C1
b ðX; ðTXÞ�‘Þ:

Usually, we will deal with families of differential operators of the form

Ap 2 BDq X; Lp � Eð Þ; p 2 N
�� �
:

We will say that such a family fAp 2 BDqðX; Lp � EÞ; p 2 N
�g is bounded in p, if

Ap ¼
Xq
‘¼0

ap;‘ � 1ffiffiffi
p

p rLp�E
	 
‘

; ap;‘ 2 C1
b X; TXð Þ�‘
� �

; (2.3)

and, for any ‘ ¼ 0; 1; :::; q; the family fap;‘; p 2 N
�g is bounded in the Frechet space

C1
b ðX; ðTXÞ�‘Þ: An example of a bounded in p family of differential operators is given

by f1pDp : p 2 N
�g:
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2.2 Sobolev spaces

Denote by dvX the Riemannian volume form of ðX; gTXÞ: The L2-norm on L2ðX; Lp � EÞ
is given by

jjujj2p;0 ¼
ð
X
ju xð Þj2dvX xð Þ; u 2 L2 X; Lp � Eð Þ: (2.4)

For any integer m> 0, we introduce the norm jj � jjp;m on C1
c ðX; Lp � EÞ by the for-

mula

jjujj2p;m ¼
Xm
‘¼0

ð
X

���� 1ffiffiffi
p

p rLp�E
	 
‘

u xð Þ
����
2

dvX xð Þ; u 2 Hm X; Lp � Eð Þ: (2.5)

The completion of C1
c ðX; Lp � EÞ with respect to jj � jjp;m is the Sobolev space

HmðX; Lp � EÞ of order m. Denote by h�; �ip;m the corresponding inner product on
HmðX; Lp � EÞ: For any integer m< 0, we define the norm in the Sobolev space
HmðX; Lp � EÞ by duality. For any bounded linear operator A : HmðX; Lp � EÞ !
Hm0ðX; Lp � EÞ; m;m0 2 Z; we will denote its operator norm by jjAjjm;m0

p :

One can easily derive the following mapping properties of differential operators in
Sobolev spaces.

Proposition 2.1. Any operator A 2 BDqðX; Lp � EÞ defines a bounded operator

A : Hmþq X; Lp � Eð Þ ! Hm X; Lp � Eð Þ
for any m 2 N. Moreover, if a family fAp 2 BDqðX; Lp � EÞ; p 2 Ng is bounded in p,
then for any m 2 N, there exists Cm > 0 such that, for all p 2 N;

jjApujjp;m 	 Cmjjujjp;mþq; u 2 Hmþq X; Lp � Eð Þ: (2.6)

2.3 Sobolev embedding theorem

We will need a refined form of the Sobolev embedding theorem adapted to the
sequence Lp � E; p 2 N:

Proposition 2.2 ([6], Lemma 2). For any k;m 2 N with m> kþ n, we have an embed-
ding

Hm X; Lp � Eð Þ � Ck
b X; Lp � Eð Þ: (2.7)

Moreover, there exists Cm;k > 0 such that, for any p 2 N
� and u 2 HmðX; Lp � EÞ;

jjujjCk
b
	 Cm;kp

nþkð Þ=2jjujjp;m: (2.8)

For any x 2 X and v 2 ðLp � EÞx; we define the delta-section dv 2 C�1ðX; Lp � EÞ as
a linear functional on C1

c ðX; Lp � EÞ given by

hdv;ui ¼ hv;u xð ÞihLp�E ; u 2 C1
c X; Lp � Eð Þ: (2.9)

Proposition 2.3. For any m> n and v 2 Lp � E; dv 2 H�mðX; Lp � EÞ with the following
norm estimate
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sup
jvj¼1

p�n=2jjdvjjp;�m <1: (2.10)

Proof. By Proposition 2.2 and the definition of the Sobolev norm, we have

jjdvjjp;�m 	 C sup
/2Hm X;Lp�Eð Þ

hdv;/i
jj/jjp;m

	 Cpn=2jvj: (2.11)

w

2.4 The renormalized Bochner-Laplacian

Let us first note the following basic result.

Theorem 2.4. Let ðX;xÞ be a symplectic manifold with a prequantum line bundle
ðL;rL; hLÞ. Let gTX be a complete Riemannian metric on X and let ðE;rE; hEÞ be an
auxiliary vector bundle.

(i) The space C1
c ðX; Lp � EÞ is dense in the graph norm of the maximal extension

of rLp�E and C1
c ðX;T�X � Lp � EÞ is dense in the graph norm of the maximal

extension of ðrLp�EÞ�:
(ii) The Hilbert space adjoint of the maximal extension of rLp�E coincides with the

maximal extension of ðrLp�EÞ�:
(iii) The Bochner-Laplacian DLp�E ¼ ðrLp�EÞ� rLp�E acting on C1

c ðX; Lp � EÞ is
essentially selfadjoint. In particular, the renormalized Bochner-Laplacian Dp act-
ing on C1

c ðX; Lp � EÞ is essentially selfadjoint.

Proof. Assertion (i) is a form of the Andreotti-Vesentini Lemma [5, Lemma 3.3.1]. The
proof is obtained by replacing �@

E
in [5, Lemma 3.3.1] with rLp�E: Assertions (ii) and

(iii) are obtained by adapting in the same way the proofs of [5, Corollary 3.3.3] and [5,
Corollary 3.3.4], respectively (valid for ð�@EÞ� and the Kodaira-Laplacian w

E). w

Now we establish some additional properties of the family f1pDp; p 2 Ng of differen-
tial operators, which is bounded in p.

Theorem 2.5. There exist C2;C3 > 0 such that for any p 2 N
�; u; u0 2 C1

c ðX; Lp � EÞ;�
1
p
Dpu; u



p;0


 jjujj2p;1�C2jjujj2p;0 ; (2.12)

����
�
1
p
Dpu; u

0



p;0

���� 	 C3jjujjp;1jju0jjp;1 : (2.13)

Proof. These estimates follow immediately from the identity�
1
p
Dpu; u



p;0

¼
���� 1ffiffiffi

p
p rLp�Eu

����
2

p;0

�hsu; uip;0: (2.14)
w

Let d be the counterclockwise oriented circle in C centered at 0 of radius l0.
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Theorem 2.6. There exists p0 2 N such that for any k 2 d and p 
 p0 the operator
k� 1

pDp is invertible in L2ðX; Lp � EÞ, and there exists C> 0 such that for all k 2 d and
p 
 p0 we have ���� k� 1

p
Dp

	 
�1����
0;0

p

	 C;

���� k� 1
p
Dp

	 
�1����
�1;1

p

	 C: (2.15)

Proof. We will closely follow the proof of [9, Theorem 4.8] or [8, Theorem 1.7] (cf. also
the proof of [10, Theorem 11.27]). The first estimate follows from Theorem 1.1 and the
spectral theorem. By (2.12), we have, for k0 	 �C2;�

1
p
Dp�k0

	 

u; u



p;0


 jjujj2p;1; (2.16)

therefore, the resolvent ðk0� 1
pDpÞ�1 exists and���� k0� 1

p
Dp

	 
�1����
�1;1

p

	 1: (2.17)

Now we can write, for k 2 d and k0 	 �C2;

k� 1
p
Dp

	 
�1

¼ k0� 1
p
Dp

	 
�1

� k�k0ð Þ k� 1
p
Dp

	 
�1

k0� 1
p
Dp

	 
�1

: (2.18)

Thus for k 2 d; we get from the first estimate of (2.17), and (2.18),���� k� 1
p
Dp

	 
�1����
�1;0

p

	 1þ Cjk�k0j: (2.19)

Changing the last two factors in (2.18) and applying (2.19), we get���� k� 1
p
Dp

	 
�1����
�1;1

p

	 1þ jk�k0j 1þ Cjk�k0jð Þ: (2.20)

The proof of Theorem 2.6 is completed. w

3. Proof of main results

This section is devoted to the proofs of Theorems 1.2 and 1.3. First, we describe a class of
exponential weight functions as in [12]. Then we prove norm estimates in weighted
Sobolev spaces for the resolvent ðk� 1

pDpÞ�m: Here we follow general constructions of [5,
8, 9], which are inspired by the analytic localization technique of Bismut-Lebeau [10, §11].
Next, we derive pointwise exponential estimates for the Schwartz kernel of the operator
ðk� 1

pDpÞ�m and its derivatives of an arbitrary order, using a refined form of the Sobolev
embedding theorem stated in Proposition 2.2. Finally, we use the formula as in [8, (1.55)]

PHp ¼
1
2pi

ð
d
km�1 k� 1

p
Dp

	 
�m

dk; m 
 1; (3.1)

that allows us to complete the proofs of Theorems 1.2 and 1.3.
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3.1 Weight functions

Recall that d denotes the distance function on X. By [12, Proposition 4.1], there exists a
“smoothed distance” function ~d 2 C1ðX � XÞ; satisfying the following conditions:

1. there is r> 0 such that

j~d x; yð Þ�d x; yð Þj< r; x; y 2 X; (3.2)

2. for any k> 0, there exists Ck > 0 such that, for any multi-index b with jbj ¼ k;

j@b
x
~d x; yð Þj<Ck; x; y 2 X; (3.3)

where the derivatives are taken with respect to normal coordinates defined by the expo-
nential map at x.
Actually, we will work with a sequence of smoothed distance functions ~dp; p 2 N; to

remove small distances effects of smoothing. As one can easily see from the proof of
[12, Proposition 4.1], for any c 2 ð0; 1�; there exists a function ~d 2 C1ðX � XÞ; satisfy-
ing (3.2) with r ¼ c and (3.3) with Ck ¼ ckc1�k; ck > 0 is independent of c. Let us briefly
describe its construction.
Let aX be the injectivity radius of ðX; gTXÞ: We denote by BXðx; rÞ and BTxXð0; rÞ the

open balls in X and TxX with center x and radius r, respectively. For any x0 2 X; we
identify BTx0Xð0; aXÞ with BXðx0; aXÞ via the exponential map exp X

x0 : Tx0X ! X: One
can show that, for e 2 ð0; aXÞ; the geodesic distance on BXðx0; eÞ is equivalent to the
Euclidean distance on BTx0Xð0; eÞ uniformly on x0 2 X : there exists C> 0 such that for
any x0 2 X and Z;W 2 BTx0Xð0; eÞ;

C�1dTx0X Z;Wð Þ 	 d exp X
x0 Zð Þ; exp X

x0 Wð Þ
� �

	 CdTx0X Z;Wð Þ: (3.4)

By [12, Lemma 2.3], for e< aX=2; there exists a covering fBXðxj; eÞgj2N of X and N 2
N such that every intersection of Nþ 1 balls BXðxj; 2eÞ is empty. Furthermore, by [12,
Lemma 2.4], there exists a partition of unity

P1
j¼1 /j ¼ 1 subordinated to this covering

such that supp/j � BXðxj; eÞ for any j and, for any k 2 N; there exists Ck such that
j@a/jðxÞj<Ck for any j, x 2 BXðxj; eÞ and jaj< k; where the derivatives are computed
with respect to the normal coordinates on BXðxj; eÞ: Choose a function h 2 C1

c ðR2nÞ
such that hðxÞ ¼ 0 if jxj> 1; hðxÞ 
 0 for any x 2 R

2n and
Ð
R

2nhðxÞ dx ¼ 1: For any
d> 0; put

hd xð Þ ¼ d�2nh d�1xð Þ; x 2 R
2n: (3.5)

The function ~d is defined by

~d x; yð Þ ¼
X1
j¼1

/j xð Þ
ð
R

2n
hd exp X

xj

� ��1
xð Þ�z

	 

d exp X

xj zð Þ; y
� �

dz: (3.6)

Using the formula

d x; yð Þ ¼
X1
j¼1

/j xð Þ
ð
R

2n
hd exp X

xj

� ��1
xð Þ�z

	 

d x; yð Þ dz; (3.7)

the triangle inequality, the fact that supp hd � Bð0; dÞ and (3.4), we get
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j~d x; yð Þ�d x; yð Þj 	
X1
j¼1

/j xð Þ
ð
R

2n
hd exp X

xj

� ��1
xð Þ�z

	 

d x; exp X

xj zð Þ
� �

dz 	 Cd: (3.8)

Choosing d<C�1c; we obtain (3.2) with r ¼ c:
Differentiating (3.6) with respect to x, for any multi-index b with jbj ¼ k, we get

@b
x
~dðx; yÞ ¼

X
s	b

Cbs

X1
j¼1

@s
x/jðxÞ

ð
R

2n
@b�s
x

h
hdððexpXxjÞ�1ðxÞ�zÞ

i
dðexpXxjðzÞ; yÞdz

with some constants Cbs> 0. Taking into account that
X1

j¼1
/j ¼ 1 andÐ

R
2nhdðxÞdx ¼ 1, it is easy to see that, for k> 0,

X
s	b

Cbs

X1
j¼1

@s
x/jðxÞ

ð
R

2n
@b�s
x ½hdððexpXxjÞ�1ðxÞ�zÞ�dz ¼ 0:

As above, using these formulas, the triangle inequality, the fact that supp hd � Bð0; dÞ
and (3.4), for any multi-index b with jbj ¼ k> 0, we infer

j@b
x
~dðx; yÞj<

X
s	b

Cbs

X1
j¼1

���@s
x/jðxÞ

���ð
R

2n

���@b�s
x

h
hdððexpXxjÞ�1ðxÞ � zÞ

i���dðx; expXxjðzÞÞdz 	 Cbd
1�k:

For d chosen as above, this gives (3.12) with Ck ¼ ckc1�k; ck > 0 is independent of c.
We will use such a function ~d for c ¼ 1ffiffi

p
p ; p 2 N

�; denoting it by ~dp: So it satisfies
the conditions:

1. we have

j~dp x; yð Þ�d x; yð Þj< 1ffiffiffi
p

p ; for any x; y 2 X; (3.9)

2. for any k> 0, there exists ck > 0 such that, for any multi-index b with jbj ¼ k;

j 1ffiffiffi
p

p
	 
k

@b
x
~dp x; yð Þj< ckffiffiffi

p
p ; for any x; y 2 X: (3.10)

For any a 2 R; p 2 N
� and y 2 X; we introduce a weight function fa;p;y 2 C1ðXÞ by

fa;p;y xð Þ ¼ ea
~dp;y xð Þ; for x 2 X; (3.11)

where ~dp;y is a smooth function on X given by

~dp;y xð Þ ¼ ~dp x; yð Þ; for x 2 X: (3.12)

We don’t introduce explicitly the weighted Sobolev spaces associated with fa;p;y:
Instead, we will work with the operator families for p 2 N

�; a 2 R; y 2 X;

Ap;a;y ¼ fa;p;yApf
�1
a;p;y : C

1
c X; Lp � Eð Þ ! C�1 X; Lp � Eð Þ (3.13)

defined by an operator family fAp : C
1
c ðX; Lp � EÞ ! C�1ðX; Lp � EÞ; p 2 N

�g: In par-
ticular, the desired exponential estimate of the Bergman kernel will be derived from the
fact that the operator fa;p;yPHp f

�1
a;p;y is a smoothing operator in the scale of Sobolev spaces.
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3.2 Weighted estimates for the renormalized Bochner-Laplacian

Observe that, for v 2 C1ðX;TXÞ;
rLp�E

a;y;v :¼ fa;p;yrLp�E
v f�1

a;p;y ¼ rLp�E
v �av ~dp;y

� �
: (3.14)

Therefore, rLp�E
a;y;v 2 BD1ðX; Lp � EÞ: Moreover, for any a> 0 and v 2 C1

b ðX;TXÞ; the
family

1ffiffiffi
p

p rLp�E
a;y;v : y 2 X; jaj < a

ffiffiffi
p

p� �

is a family of operators from BD1ðX; Lp � EÞ; uniformly bounded in p.
This immediately implies that, if Q 2 BDqðX; Lp � EÞ; then, for any a 2 R and y 2 X;

the operator fa;p;yQf�1
a;p;y is in BDqðX; Lp � EÞ: Moreover, for any a> 0, the family

ffa;p;yQf�1
a;p;y : y 2 X; jaj< a

ffiffiffi
p

p g is a family of operators from BDqðX; Lp � EÞ; uniformly
bounded in p.
Now the operator Dp;a;y :¼ fa;p;yDpf�1

a;p;y has the form

Dp;a;y ¼ Dp þ aAp;y þ a2Bp;y; (3.15)

where Ap;y 2 BD1ðX; Lp � EÞ and Bp;y 2 BD0ðX; Lp � EÞ: Moreover, for any a> 0, the
families f 1ffiffi

p
p Ap;y : p 2 N

�; y 2 Xg and fBp;y : p 2 N
�; y 2 Xg are uniformly bounded in p.

If fej; j ¼ 1; :::; 2ng is a local frame in TX on a domain U � X; and functions Ci
jk 2

C1ðUÞ; i; j; k ¼ 1; :::; 2n; are defined by rTX
ej ek ¼

P
i C

i
jkei; then we have

Dp ¼ �gjk Zð Þ rLp�E
ej rLp�E

ek � C‘
jk Zð ÞrLp�E

e‘

h i
�ps Zð Þ; (3.16)

where ðgjkðZÞÞj;k is the inverse of the matrix ðhei; ejiðZÞÞi;j and
Dp;a;y ¼ �gjk Zð Þ rLp�E

a;y;ejrLp�E
a;y;ek

� C‘
jk Zð ÞrLp�E

a;y;e‘

h i
�ps Zð Þ: (3.17)

In particular,

Re Dp;a;y ¼ Dp�a2
X2n
j;k¼1

gjk Zð Þej ~dp;y

� �
ek ~dp;y

� �
¼ Dp�a2jr~dp;yj2g Zð Þ: (3.18)

From (3.17), we easily get

Ap;y ¼ �
X2n
j;k¼1

gjk Zð Þ 2ej ~dp;y

� �
rLp�E

ek þ ej ek ~dp;y

� �� �
�C‘

jk Zð Þe‘ ~dp;y

� �� �
;

Bp;y ¼ �
X2n
j;k¼1

gjk Zð Þej ~dp;y

� �
ek ~dp;y

� �
:

(3.19)

By Proposition 2.1, for any m 2 N; there exists Cm> 0 such that, for any p 2 N
�; y 2

X and u 2 HmðX; Lp � EÞ;
jjAp;yujjp;m�1 	 Cmp

1=2jjujjp;m; jjBp;yujjp;m 	 Cmjjujjp;m: (3.20)

We have the following extension of Theorem 2.5.

COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS 1047



Theorem 3.1. There exist C0;C2;C3 > 0 such that for any p 2 N
�; a 2 R; y 2 X and

u; u0 2 C1
c ðX; Lp � EÞ;

Re

�
1
p
Dp;a;yu; u



p;0


 jjujj2p;1� C2 þ C0
a2

p

 !
jjujj2p;0;����

�
1
p
Dp;a;yu; u

0



p;0

���� 	 C3 jjujjp;1jju0jjp;1 þ
jajffiffiffi
p

p jjujjp;1 þ
a2

p
jjujjp;0

 !
jju0jjp;0

 !
:

(3.21)

Proof. Using Theorem 2.5, (3.15), (3.18), and (3.20), we get

Re

�
1
p
Dp;a;yu; u



p;0



�
1
p
Dpu; u



p;0
�C0

a2

p
jjujj2p;0


 jjujj2p;1� C2 þ C0
a2

p

 !
jjujj2p;0 ;

(3.22)

and ����
�
1
p
Dp;a;yu; u

0



p;0

����
	
����
�
1
p
Dpu; u

0



p;0

����þ jaj
����
�
1
p
Ap;yu; u

0



p;0

����þ a2
����
�
1
p
Bp;yu; u

0



p;0

����
	 C3 jjujjp;1jju0jjp;1 þ

jajffiffiffi
p

p jjujjp;1jju0jjp;0 þ
a2

p
jjujjp;0jju0jjp;0

 !
:

(3.23)

w

3.3 Weighted estimates for the resolvent

Theorems 3.2–3.4 are the weighted analogs of [9, Theorems 4.8–4.10], [8, Theorems
1.7–1.9] which are inspired by [10, §11]. Now we extend Theorem 2.6 to the setting of
weighted spaces.

Theorem 3.2. There exist c> 0, C> 0 and p0 2 N such that, for all
k 2 d; p 
 p0; jaj< c

ffiffiffi
p

p
; y 2 X, the operator k� 1

pDp;a;y is invertible in L2ðX; Lp � EÞ, and
we have ���� k� 1

p
Dp;a;y

	 
�1����
0;0

p

	 C;

���� k� 1
p
Dp;a;y

	 
�1����
�1;1

p

	 C: (3.24)

Proof. Let us denote in this proof

R k;
1
p
Dp

	 

:¼ k� 1

p
Dp

	 
�1

; R k;
1
p
Dp;a;y

	 

:¼ k� 1

p
Dp;a;y

	 
�1

:

By Theorem 2.6, (3.15) and (3.20), it follows that, for all k 2 d; p 2 N
�; a 2 R and

y 2 X; we have
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��� Dp;a;y � Dp
� �

R k; 1pDp

� �����1;0

p
¼
��� aAp;y þ a2Bp;y
� �

R k; 1pDp

� �����1;0

p

	 C jaj ffiffiffipp ���R k; 1pDp

� �����1;1

p
þ a2

���R k; 1pDp

� �����1;0

p

	 

	 C jaj ffiffiffipp þ a2

� �
:

(3.25)

Choose c> 0 such that Cðcþ c2Þ< 1
2 : Then, if jaj< c

ffiffiffi
p

p
; we have���� 1

p
Dp;a;y � 1

p
Dp

	 

R k;

1
p
Dp

	 
����
0;0

p

	
���� 1

p
Dp;a;y � 1

p
Dp

	 

R k;

1
p
Dp

	 
����
�1;0

p

<
1
2

� (3.26)

Therefore, for all k 2 d; p 2 N
�; a 2 R; jaj< c

ffiffiffi
p

p
; and y 2 X; the operator k� 1

pDp;a;y

is invertible in L2, and we have

R k;
1
p
Dp;a;y

	 

¼ R k;

1
p
Dp

	 

þ R k;

1
p
Dp

	 
X1
j¼1

	
1
p
Dp;a;y� 1

p
Dp

	 

R k;

1
p
Dp;a;y

	 

j

:

(3.27)

Therefore, by (2.15), (3.26) and (3.27), we get���R k;
1
p
Dp;a;y

	 
����1;1

p
	
���R k;

1
p
Dp

	 
����1;1

p

þ
����R k;

1
p
Dp

	 
����
0;1

p

X1
j¼1

���� 1
p
Dp;a;y� 1

p
Dp

	 

R k;

1
p
Dp;a;y

	 
	 
j�1����
0;0

p

�
���� 1

p
Dp;a;y � 1

p
Dp

	 

R k;

1
p
Dp;a;y

	 
����
�1;0

p

	 C þ C
X1
j¼1

2�j ¼ 2C:

(3.28)

Since jj � jj0;0p 	 jj � jj�1;1
p ; (3.28) entails (3.24). w

In the sequel, we will keep notation c for the constant given by Theorem 3.2, which will
be usually related with the interval ð�c

ffiffiffi
p

p
; c

ffiffiffi
p

p Þ of admissible values of the parameter a.

Remark 3.3. Observe that, for any k 2 d; p 
 p0; a 2 R and y 2 X; the operators
ðk� 1

pDp;a;yÞ�1 and ðk� 1
pDpÞ�1 are related by the identity

k� 1
p
Dp;a;y

	 
�1

¼ fa;p;y k� 1
p
Dp

	 
�1

f�1
a;p;y; (3.29)

which should be understood in the following way. If a< 0; then, for any s 2
C1

c ðX; Lp � EÞ; the expression fa;p;yðk� 1
pDpÞ�1f�1

a;p;ys makes sense and defines a function
in L2ðX; Lp � EÞ: Thus, we get a well-defined operator

fa;p;y k� 1
p
Dp

	 
�1

f�1
a;p;y : C

1
c X; Lp � Eð Þ ! L2 X; Lp � Eð Þ; (3.30)

and one can check that fa;p;yðk� 1
pDpÞ�1f�1

a;p;yu ¼ ðk� 1
pDp;a;yÞ�1u for any u 2 C1

c ðX; Lp �
EÞ: So (3.29) means that the operator fa;p;yðk� 1

pDpÞ�1f�1
a;p;y extends to a bounded oper-

ator in L2ðX; Lp � EÞ; which coincides with ðk� 1
pDp;a;yÞ�1: If a> 0; then, for any u 2
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L2ðX; Lp � EÞ; the expression fa;p;yðk� 1
pDpÞ�1f�1

a;p;yu makes sense as a distribution on X.

Thus, we get a well-defined operator

fa;p;y k� 1
p
Dp

	 
�1

f�1
a;p;y : L

2 X; Lp � Eð Þ ! C�1 X; Lp � Eð Þ: (3.31)

So (3.29) means that this operator is indeed a bounded operator in L2ðX; Lp � EÞ;
which coincides with ðk� 1

pDp;a;yÞ�1:

Theorem 3.4. For any p 2 N
�; p 
 p0; k 2 d; m 2 N; y 2 X and jaj< c

ffiffiffi
p

p
with the con-

stant c as in Theorem 3.2, the resolvent ðk� 1
pDp;a;yÞ�1 maps HmðX; Lp � EÞ to

Hmþ1ðX; Lp � EÞ. Moreover, for any m 2 N, there exists Cm > 0 such that for any p 

p0; k 2 d; y 2 X and jaj< c

ffiffiffi
p

p
;���� k� 1

p
Dp;a;y

	 
�1����
m;mþ1

p

	 Cm: (3.32)

Proof. The first statement of the theorem is a consequence of a general fact about oper-
ators on manifolds of bounded geometry. The operator ðk� 1

pDp;a;yÞ�1 is a pseudodiffer-
ential operator of order –2, so it maps HmðX; Lp � EÞ to Hmþ2ðX; Lp � EÞ: It remains to
prove the norm estimate (3.32).
To prove (3.32), first, we introduce normal coordinates near an arbitrary point x0 2

X: As above, we will identify the balls BTx0Xð0; aXÞ and BXðx0; aXÞ via the exponential
map exp X

x0 : Tx0X ! X: Furthermore, we choose a trivialization of the bundle L and E
over BXðx0; aXÞ; identifying the fibers LZ and EZ of L and E at Z 2 BTx0Xð0; aXÞ ffi
BXðx0; aXÞ with Lx0 and Ex0 by parallel transport with respect to the connection rL and
rE along the curve cZ : ½0; 1��u ! exp X

x0ðuZÞ: Denote by rLp�E and hL
p�E the connec-

tion and the Hermitian metric on the trivial line bundle with fiber ðLp � EÞx0 induced
by this trivialization. Let CL;CE be the connection forms of rL and rE with respect to
some fixed frames for L, E which is parallel along the curve cZ : ½0; 1��u ! exp X

x0ðuZÞ
under our trivialization of BTx0Xð0; eÞ: Then we have

rLp
U ¼ rU þ pCL Uð Þ þ CE Uð Þ: (3.33)

For any x0 2 X; fix an orthonormal basis e1; :::; e2n in Tx0X: We still denote by
fejg2nj¼1 the constant vector fields ejðZÞ ¼ ej on BTx0Xð0; eÞ: One can show that the
restriction of the norm jj � jjp;m to C1

c ðBTx0Xð0; eÞ; Lp � EÞ ffi C1
c ðBXðx0; eÞ; Lp � EÞ is

equivalent uniformly on x0 2 X and p 2 N
� to the norm jj � jj0p;m given for u 2

C1
c ðBTx0Xð0; eÞ; Lp � EÞ by

jjujj0p;m ¼
Xm
‘¼0

X2n
j1;:::;j‘¼1

ð
Tx0X

1ffiffiffi
p

p
	 
‘

jrLp�E
ej1

� � � rLp�E
ej‘

uj2dZ
0
@

1
A

1=2

: (3.34)

That is, there exists Cm> 0 such that, for any x0 2 X; p 2 N
� we have

C�1
m jjujj0p;m 	 jjujjp;m 	 Cmjjujj0p;m ; (3.35)

for any u 2 C1
c ðBTx0Xð0; eÞ; Lp � EÞ ffi C1

c ðBXðx0; eÞ; Lp � EÞ: By choosing an appropri-
ate covering of X by normal coordinate charts, we can reduce our considerations to the
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local setting. Without loss of generality, we can assume that u 2 C1
c ðBTx0Xð0; eÞ; Lp � EÞ

for some x0 2 X and the Sobolev norm of u is given by the norm jjujj0p;m given by
(3.34). (Later on, we omit “prime” for simplicity.) We have to show the estimate (3.32),
uniform on x0. That is, we claim that, for any m 2 N; there exists Cm > 0 such that for
any p 2 N

�; p 
 p0; k 2 d; y 2 X; jaj< c
ffiffiffi
p

p
and x0 2 X;

k k� 1
p
Dp;a;y

	 
�1

ukp;mþ1 	 Cmkukp;m; u 2 C1
c BTx0X 0; eð Þ; Lp � E
� �

: (3.36)

Proposition 3.5. For any 1 	 j1 	 ::: 	 jk 	 2n, the iterated commutator

1ffiffiffi
p

p rLp�E
ej1

;
1ffiffiffi
p

p rLp�E
ej2

; :::;
1ffiffiffi
p

p rLp�E
ejk

;
1
p
Dp;a;y

� �
:::

� �� �
(3.37)

defines a family of second order differential operators, bounded uniformly on p 2 N
�; y 2

X; jaj< c
ffiffiffi
p

p
; and x0 2 X. In particular, there exists C> 0 such that for p 2 N

�;
jaj< c

ffiffiffi
p

p
; y 2 X and u; u0 2 C1

c ðBTx0Xð0; eÞ; Lp � EÞ����
�

1ffiffiffi
p

p rLp�E
ej1

;
1ffiffiffi
p

p rLp�E
ej2

; :::;
1ffiffiffi
p

p rLp�E
ejk

;
1
p
Dp;a;y

� �
:::

� �� �
u; u0



p;0

����
	 Cjjujjp;1jju0jjp;1:

(3.38)

Proof. By (3.15), (3.17), and (3.19), the operator 1
pDp;a;y has the form

1
p
Dp;a;y ¼

X
i;j

aijp;a;y Zð Þ 1ffiffiffi
p

p rLp�E
ei

	 

1ffiffiffi
p

p rLp�E
ej

	 


þ
X
‘

b‘p;a;y Zð Þ 1ffiffiffi
p

p rLp�E
e‘ þ cp;a;y Zð Þ;

(3.39)

where

aijp;a;y Zð Þ ¼ �gij Zð Þ;

b‘p;a;y Zð Þ ¼ 1ffiffiffi
p

p
X2n
j;k¼1

gjk Zð ÞC‘
jk Zð Þ� 2affiffiffi

p
p
X2n
j¼1

gj‘ Zð Þej ~dp;y

� �
;

cp;a;y Zð Þ ¼ �s Zð Þ� a
p

X2n
j;k¼1

gjk Zð Þ ej ek ~dp;y

� �� �
�C‘

jk Zð Þe‘ ~dp;y

� �� �

� a2

p

X2n
j;k¼1

gjk Zð Þej ~dp;y

� �
ek ~dp;y

� �
:

It is easy to see that if fp;a;y is a
ij
p;a;y; b‘p;a;y or cp;a;y; the iterated commutator

1ffiffiffi
p

p rLp�E
ej1

;
1ffiffiffi
p

p rLp�E
ej2

; :::;
1ffiffiffi
p

p rLp�E
ejk

; fp;a;y

� �
:::

� �� �

is a smooth function on BTx0Xð0; eÞ with sup-norm, uniformly bounded on p 2 N
�; y 2

X; jaj< c
ffiffiffi
p

p
and x0 2 X:
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Recall the commutator relations

1ffiffiffi
p

p rLp�E
ei ;

1ffiffiffi
p

p rLp�E
ej

� �
¼ 1

p
RLp�E ei; ejð Þ ¼ RL ei; ejð Þ þ

1
p
RE ei; ejð Þ: (3.40)

Using these facts, one can see that the iterated commutator (3.37) has the same struc-
ture as 1

pDp;a;y: This easily completes the proof. w

Now the proof of (3.36) is completed as in [9, Theorem 4.10] or [8, Theorem 1.9].
For any 1 	 j1 	 ::: 	 j‘ 	 2n with ‘ ¼ 1; :::;m; we can write the operator

1ffiffiffi
p

p rLp�E
ej1

	 

1ffiffiffi
p

p rLp�E
ej2

	 

:::

1ffiffiffi
p

p rLp�E
ej‘

	 

k� 1

p
Dp;a;y

	 
�1

(3.41)

as a linear combination of operators of the type

1ffiffiffi
p

p rLp�E
ej1

;
1ffiffiffi
p

p rLp�E
ej2

; :::;
1ffiffiffi
p

p rLp�E
ejk

; k� 1
p
Dp;a;y

	 
�1
" #

:::

" #" #

� 1ffiffiffi
p

p rLp�E
ejkþ1

	 

:::

1ffiffiffi
p

p rLp�E
ej‘

	 
 (3.42)

and of the operator

k� 1
p
Dp;a;y

	 
�1 1ffiffiffi
p

p rLp�E
ej1

	 

1ffiffiffi
p

p rLp�E
ej2

	 

:::

1ffiffiffi
p

p rLp�E
ej‘

	 

: (3.43)

Each commutator

1ffiffiffi
p

p rLp�E
ej1

;
1ffiffiffi
p

p rLp�E
ej2

; :::;
1ffiffiffi
p

p rLp�E
ejk

; k� 1
p
Dp;a;y

	 
�1
" #

:::

" #" #

is a linear combination of operators of the form

k� 1
p
Dp;a;y

	 
�1

R1 k� 1
p
Dp;a;y

	 
�1

R2:::Rk k� 1
p
Dp;a;y

	 
�1

; (3.44)

where the operators R1; :::;Rk are of the form

1ffiffiffi
p

p rLp�E
ei1

;
1ffiffiffi
p

p rLp�E
ei2

; :::;
1ffiffiffi
p

p rLp�E
eil

;
1
p
Dp;a;y

� �
:::

� �� �
: (3.45)

By Proposition 3.5, each operator Rj defines a bounded operator from H1 to H�1

with the norm, uniformly bounded on p 2 N
�; jaj< c

ffiffiffi
p

p
; y 2 X: Therefore, by Theorem

3.2, each operator (3.44) defines a bounded operator from L2 to H1 with the norm, uni-
formly bounded on p 2 N

�; p 
 p0; jaj< c
ffiffiffi
p

p
; y 2 X: This immediately completes the

proof. w

3.4 Pointwise exponential estimates for the resolvents

In this section, we derive the pointwise estimates for the Schwartz kernel RðmÞ
k;p ð�; �Þ 2

C�1ðX � X; p�1ðLp � EÞ � p�2ðLp � EÞ�Þ of the operator ðk� 1
pDpÞ�m: Recall that p0 2

N
�; c> 0 are given in Theorems 2.6, 3.2.
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Theorem 3.6. For any m; k 2 N with m> 2nþ kþ 1, for any p 2 N
�; p 
 p0, and k 2 d,

we have RðmÞ
k;p ð�; �Þ 2 CkðX � X; p�1ðLp � EÞ � p�2ðLp � EÞ�Þ and, for any c1 2 ð0; cÞ, there

exists Cm;k> 0 such that for any p 2 N
�; p 
 p0; k 2 d; x; x0 2 X, we have

jR mð Þ
k;p x; x0ð ÞjCk 	 Cm;kp

nþk
2e�c1

ffiffi
p

p
d x;x0ð Þ: (3.46)

Proof. By (3.29), for any m 2 N; p 2 N
�; p 
 p0; k 2 d; y 2 X and jaj< c

ffiffiffi
p

p
; we have

fa;p;y k� 1
p
Dp

	 
�m

f�1
a;p;y ¼ k� 1

p
Dp;a;y

	 
�m

: (3.47)

As in Remark 3.3, one can show that this formula gives a well-defined operator from
C1

c ðX; Lp � EÞ to C�1ðX; Lp � EÞ:
Since Dp is formally self-adjoint with respect to jj � jjp;0; we have D�

p;a;y ¼ Dp;�a;y:

Using this fact and Theorem 3.4, we easily get that, for any m1 2 Z; there exists
Cm;m1 > 0 such that, for all p 2 N

�; p 
 p0; k 2 d; y 2 X; and jaj< c
ffiffiffi
p

p
; we have���� k� 1

p
Dp;a;y

	 
�m����
m1;m1þm

p

	 Cm;m1 : (3.48)

The Schwartz kernel RðmÞ
k;p;a;yð�; �Þ 2 CkðX � X; p�1ðLp � EÞ � p�2ðLp � EÞ�Þ of the oper-

ator ðk� 1
pDp;a;yÞ�m is related to the Schwartz kernel RðmÞ

k;p ð�; �Þ of the operator

ðk� 1
pDpÞ�m by the formula

R mð Þ
k;p;a;y x; x0ð Þ ¼ ea

~dp;y xð ÞR mð Þ
k;p x; x0ð Þe�a~dp;y x0ð Þ; x; x0 2 X: (3.49)

For x; x0; y 2 X and v 2 ðLp � EÞx0 ; we can write

ea
~dp;y xð ÞR mð Þ

k;p x; x0ð Þe�a~dp;y x0ð Þv ¼ k� 1
p
Dp;a;y

	 
�m

dv

 !
xð Þ 2 Lp � Eð Þx: (3.50)

In particular, putting y ¼ x0; we get for x; x0 2 X and v 2 ðLp � EÞx0 ;

ea
~dp;x0 xð ÞR mð Þ

k;p x; x0ð Þe�a~dp;x0 x0ð Þv ¼ k� 1
p
Dp;a;x0

	 
�m

dv

 !
xð Þ 2 Lp � Eð Þx: (3.51)

By (3.9), it follows that, for 0< a< c
ffiffiffi
p

p
and x0 2 X; we have an estimate ea~dp;x0ðx0Þ 	

ec: It is in this place that we need to use the smoothed distance function ~d; depending
on p. Assuming 0< a< c

ffiffiffi
p

p
; by Propositions 2.2, 2.3, and (3.51), we get, for m> 2nþ

1; that RðmÞ
k;p ðx; x0Þ is continuous and

sup
x;x02X

ea
~dp;x0 xð Þ

���R mð Þ
k;p x; x0ð Þ

��� 	 ec sup
v2 Lp�Eð Þx0 ;jvj¼1

���� k� 1
p
Dp;a;x0

	 
�m

dv

����
C0

b

	 C1p
n=2 sup

v2 Lp�Eð Þx0 ;jvj¼1

���� k� 1
p
Dp;a;x0

	 
�m

dv

����
p;nþ1

	 C2p
n=2 sup

v2 Lp�Eð Þx0 ;jvj¼1
kdvkp;nþ1�m 	 C3p

n:

(3.52)
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Similarly, for any Q1 2 BDk1ðX; Lp � EÞ and Q2 2 BDk2ðX; Lp � EÞ; k1 þ k2 ¼ k; by
the argument after (3.14), we get with m> 2nþ kþ 1;

sup
x;x02X

ea
~dp;x0 xð Þj Q1 � Q2ð ÞR mð Þ

k;p x; x0ð Þj

	 ec sup
v2 Lp�Eð Þx0 ;jvj¼1

����Fa;p;x0Q1 k� 1
p
Dp

	 
�m

Q�
2F

�1
a;p;x0dv

����
C0

b

¼ ec sup
v2 Lp�Eð Þx0 ;jvj¼1

����Q1;a;p;x0 k� 1
p
Dp;a;x0

	 
�m

Q�
2;a;p;x0dv

����
C0

b

	 C1p
n=2 sup

v2 Lp�Eð Þx0 ;jvj¼1

����Q1;a;p;x0 k� 1
p
Dp;a;x0

	 
�m

Q�
2;a;p;x0dv

����
p;nþ1

	 C2p nþk1ð Þ=2 supv2 Lp�Eð Þx0 ;jvj¼1

���� k� 1
pDp;a;x0

� ��m
Q�

2;a;p;x0dv

����
p;nþk1þ1

	 C3p nþk1ð Þ=2 supv2 Lp�Eð Þx0 ;jvj¼1 kQ�
2;a;p;x0dvkp;n�mþk1þ1

	 C4p nþkð Þ=2 supv2 Lp�Eð Þx0 ;jvj¼1 kdvkp;n�mþkþ1 	 C5pnþk=2:

(3.53)

For any x0 2 X; fix an orthonormal basis e1; :::; e2n in Tx0X: As above, we extend it to
a frame e1; :::; e2n on BXð0; eÞ as constant vector fields on Tx0X: One can show (see, for
instance, [12, Proposition 1.5]) that the norm jj � jjCk

b
on Ck

bðX; Lp � EÞ is equivalent uni-
formly on p 2 N

� to the norm jj � jj0Ck
b
given for u 2 Ck

bðX; Lp � EÞ by
jjujj0Ck

b
¼ sup

x02X
sup
0	‘	k

krLp�E
ej1

� � � rLp�E
ej‘

u x0ð Þk: (3.54)

That is, there exists Ck> 0 such that, for any p 2 N
� and u 2 Ck

bðX; Lp � EÞ; we have

C�1
k jjujjCk

b
	 jjujj0Ck

b
	 CkjjujjCk

b
: (3.55)

Let / 2 C1
c ðR2nÞ be any function supported in the ball Bð0; eÞ such that / � 1 on

Bð0; e=2Þ: Consider the function /x0 2 C1
c ðBXðx0; eÞÞ; corresponding to / under the

isomorphisms C1
c ðBð0; eÞÞ ffi C1

c ðBTx0Xð0; eÞÞ ffi C1
c ðBXðx0; eÞÞ induced by the basis

e1; :::; e2n and the exponential map exp X
x0 : The family f/x0 ; x0 2 Xg is bounded

in C1
b ðXÞ:

By (3.55), it follows that there exists Ck > 0 such that, for any x; x0 2 X; we have

jR mð Þ
k;p x; x0ð ÞjCk 	 Ck sup

Q1;Q2

j Q1 � Q2ð ÞR mð Þ
k;p x; x0ð Þj; (3.56)

with the supremum taken over all pairs (Q1, Q2), where Q1 2 BDk1ðX; Lp � EÞ and Q2 2
BDk2ðX; Lp � EÞ; k1 þ k2 	 k; have the form

Q1 ¼ rLp�E
ei1

� � � rLp�E
eik1

/x; Q2 ¼ rLp�E
ej1

� � � rLp�E
ejk2

/x0 ; (3.57)

and i1; :::; ik1 ; j1; :::; jk2 2 f1; :::; 2ng; that immediately completes the proof of (3.46). w
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3.5 Proof of theorems 1.2 and 1.3

In this section, we complete the proofs of Theorems 1.2 and 1.3.

Proof of Theorem 1.2. Let k 2 N: Take an arbitrary m> 2nþ kþ 1: By (3.1), we have

Pp x; x0ð Þ ¼ 1
2pi

ð
d
km�1R mð Þ

k;p x; x0ð Þ dk: (3.58)

By Theorem 3.6, it implies immediately the Ck-estimate in Theorem 1.2 with c> 0
given by that theorem. w

Proof of Theorem 1.3. First, we observe that, for ~s 2 C1ð~XÞ and s 2 C1ðXÞ given by
(1.6), we have ~s ¼ p�s: Next, the quantities ~l0 and l0 defined by (1.7) are equal. In
particular, ~l0> 0: By Theorem 1.1, there exists constant CL > 0 such that for any
p 2 N

�

r Dp
� � [ r ~Dp

� �
� �CL;CL½ � [ 2pl0�CL;þ1½ Þ: (3.59)

Recall that d denotes the counterclockwise oriented circle in C centered at 0 of
radius l0.
For any p;m 2 N; p 
 p0; and k 2 d; denote by ~R

ðmÞ
k;p 2 C�1ð~X � ~X ; p�1ð~L

p � ~EÞ �
p�2ð~L

p � ~EÞ�Þ and RðmÞ
k;p 2 C�1ðX � X; p�1ðLp � EÞ � p�2ðLp � EÞ�Þ the Schwartz kernels

of the operators ðk� 1
p
~DpÞ�m and ðk� 1

pDpÞ�m; respectively. Recall that, for any x0; they
satisfy the identities

k� 1
p
~Dp

	 
m
~R

mð Þ
k;p �; x0ð Þ ¼ dx0 ; k� 1

p
Dp

	 
m

R mð Þ
k;p �; x0ð Þ ¼ dx0 : (3.60)

Moreover, u ¼ RðmÞ
k;p ð�; x0Þ is the unique distributional solution of the equation

k� 1
p
Dp

	 
m

u ¼ dx0 : (3.61)

Let m> 2nþ 1: Then, by elliptic regularity and Sobolev embedding theorem, ~R
ðmÞ
k;p

and RðmÞ
k;p are continuous. We claim that there exists p1 2 N such that for any p> p1

and x; x0 2 ~X ; X
c2C

~R
mð Þ
k;p cx; x0ð Þ ¼ R mð Þ

k;p p xð Þ; p x0ð Þ� �
: (3.62)

By [21], there exists K> 0 such that
P

c2C e
�adðcx;x0Þ < þ1 for any a>K and x; x0 2

~X : Put p1 
 K2=c2 þ p0: Then, by Theorem 3.6, for any p> p1 and x; x0 2 ~X ; the series
in the left-hand side of (3.62) is absolutely convergent with respect to C0-norm and its
sum

~S
mð Þ
k;p x; x0ð Þ ¼

X
c2C

~R
mð Þ
k;p cx; x0ð Þ (3.63)

is a C-invariant continuous section on ~X � ~X : So we can write
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~S
mð Þ
k;p x; x0ð Þ ¼ S mð Þ

k;p p xð Þ;p x0ð Þ� �
with S mð Þ

k;p 2 C0 X � X; p�1 Lp � Eð Þ � p�2 Lp � Eð Þ�� �
:

(3.64)

Moreover, by (3.60), for any x0 2 ~X ; ~S
ðmÞ
k;p ð�; x0Þ satisfies the identity

k� 1
p
~Dp

	 
m
~S

mð Þ
k;p �; x0ð Þ ¼ dx0 : (3.65)

Therefore, for any x0 2 X; SðmÞ
k;p ð�; x0Þ satisfies the identity

k� 1
p
Dp

	 
m

S mð Þ
k;p �; x0ð Þ ¼ dx0 : (3.66)

By the uniqueness of the solution of (3.61), it follows that SðmÞ
k;p ¼ RðmÞ

k;p : This com-
pletes the proof of (3.62).
Since, by Theorem 3.6, the series in the left-hand side of (3.62) is absolutely conver-

gent with respect to the C0-norm uniformly in k 2 d; we can integrate it term by term
over d. Using (3.58) and (3.62), for any p> p1 and x; x0 2 ~X ; we get

P
c2C ~Pp cx; x0ð Þ ¼ 1

2pi

X
c2C

ð
d
km�1~R

mð Þ
k;p cx; x0ð Þ dk

¼ 1
2pi

ð
d
km�1R mð Þ

k;p p xð Þ; p x0ð Þ� �
dk ¼ Pp p xð Þ; p x0ð Þ� �

:

(3.67)

The proof of Theorem 1.3 is completed. w

4. Full off-diagonal asymptotic expansion

In this section, we study the full off-diagonal asymptotic expansion in the geometric
situation of our article described in the Introduction.
In the case of a compact K€ahler manifold the asymptotic expansion of the Bergman ker-

nel Ppðx; xÞ restricted to the diagonal was initiated by Tian [22], who proved the expansion
up to first order. Catlin [23] and Zelditch [24] proved the asymptotic expansion of Ppðx; xÞ
up to arbitrary order, see [5] for the numerous applications of these results.
On the other hand, the off-diagonal expansion of the Bergman kernel has many

applications. In the case of complex manifolds the expansion of Ppðx; x0Þ holds in a
fixed neighborhood of the diagonal (independent of p), see [9], [5, Theorem 4.2.1].
Such kind of expansion is called full off-diagonal expansion. As already noted in [5,
Problem 6.1, p. 292] the proof of the full off-diagonal expansion holds also for complex
manifolds with bounded geometry.
In the case of the Bergman kernel associated to the renormalized Bochner-Laplacian

considered in the present article, it was shown in [8, Theorem 1.19] that the off-diag-
onal expansion holds in a neighborhood of size 1=

ffiffiffi
p

p
of the diagonal. This is called

near off-diagonal expansion. Moreover, it was shown in [5, p. 329] that the Bergman
kernel is Oðp�1Þ outside a neighborhood of size p�h; for any h 2 ð0; 1=2Þ: These esti-
mates are used in the proof of the Kodaira embedding theorem for symplectic
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manifolds [8, Theorem 3.6]. In [16] a less precise estimate than [8, Theorem 1.19] was
obtained in a neighborhood of size p�h; h 2 ð0; 1=2Þ; which is however enough to derive
the Berezin-Toeplitz quantization for the quantum spaced Hp in [25]. Finally, in [11]
the full off-diagonal expansion for the Bergman kernel associated to the renormalized
Bochner-Laplacian was proved by combining [8, §1] and weight function trick in [12].
In this section, we extend the results on the full off-diagonal asymptotic expansion to

the case of manifolds of bounded geometry. Moreover, using the technique of weighted
estimates of the previous sections, we slightly improve the remainder in the asymptotic
expansions. We will keep the setting described in Introduction.
Consider the fiberwise product TX�XTX ¼ fðZ;Z0Þ 2 Tx0X � Tx0X : x0 2 Xg: Let p :

TX�XTX ! X be the natural projection given by pðZ;Z0Þ ¼ x0: The kernel Pq;pðx; x0Þ
(of the operator ðDpÞqPHp) induces a smooth section Pq;p;x0ðZ;Z0Þ of the vector bundle
p�ðEndðEÞÞ on TX�XTX defined for all x0 2 X and Z;Z0 2 Tx0X with jZj; jZ0j< aX:
We will follow the arguments of [8, 11]. We will use the normal coordinates near an

arbitrary point x0 2 X introduced in the proof of Theorem 3.4. Let fejg be an oriented
orthonormal basis of Tx0X: It gives rise to an isomorphism X0 :¼ R

2n ffi Tx0X:
Consider the trivial bundles L0 and E0 with fibers Lx0 and Ex0 on X0. Recall that we

have the Riemannian metric gTX on BTx0Xð0; aXÞ as well as the connections rL;rE and
the Hermitian metrics hL, hE on the restrictions of L0, E0 to BTx0Xð0; aXÞ induced by the
identification BTx0Xð0; aXÞ ffi BXðx0; aXÞ: In particular, hL, hE are the constant metrics
hL0 ¼ hLx0 ; hE0 ¼ hEx0 : For e 2 ð0; aX=4Þ; one can extend these geometric objects from
BTx0Xð0; eÞ to X0 ffi Tx0X in the following way.
Let q : R ! ½0; 1� be a smooth even function such that qðvÞ ¼ 1 if jvj< 2 and qðvÞ ¼

0 if jvj> 4: Let ue : R
2n ! R

2n be the map defined by ueðZÞ ¼ qðjZj=eÞZ: We equip X0

with the metric gTX0ðZÞ ¼ gðueðZÞÞ: Set rE0 ¼ u�
erE: Define the Hermitian connection

rL0 on ðL0; hL0Þ by (cf. [9, (4.23)], [8, (1.21)])

rL0 jZ ¼ u�
erL þ 1

2
1�q2 jZj=eð Þ� �

RL
x0 R; �ð Þ; (4.1)

where RðZÞ ¼Pj Zjej 2 R
2n ffi TZX0:

By [9, (4.24)], [8, (1.22)], if e is small enough, then the curvature RL0 is positive and
satisfies the following estimate for any x0 2 X;

inf
u2Tx0Xn 0f g

iRL0 u; JL0u
� �
juj2gTX


 4
5
l0: (4.2)

Here JL0 is the almost complex structure on X0 defined by gTX0 and iRL0 : From now
on, we fix such an e> 0:
Let dvTX be the Riemannian volume form of ðTx0X; g

Tx0XÞ: Let j be the smooth posi-
tive function on X0 defined by the equation

dvX0 Zð Þ ¼ j Zð ÞdvTX Zð Þ; Z 2 X0: (4.3)

Let DX0
p ¼ DLp0�E0�ps0 be the associated renormalized Bochner-Laplacian acting on

C1ðX0; L
p
0 � E0Þ: Then (cf. [8, (1.23)] there exists CL0 > 0 such that for any p
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r DX0
p

� �
� �CL0 ;CL0½ � [ 8

5
pl0 � CL0 ;þ1

� 

: (4.4)

Consider the subspace H0
p in C1ðX0; L

p
0 � E0Þ ffi C1ðR2n;Ex0Þ spanned by the eigen-

sections of DX0
p corresponding to eigenvalues in ½�CL0 ;CL0 �: Let PH0

p
be the orthogonal

projection onto H0
p: The smooth kernel of ðDX0

p ÞqPH0
p
with respect to the Riemannian

volume form dvX0 is denoted by P0
q;pðZ;Z0Þ: As proved in [8, Proposition 1.3], the ker-

nels Pq;p;x0ðZ;Z0Þ and P0
q;pðZ;Z0Þ are asymptotically close on BTx0Xð0; eÞ in the C1-top-

ology, as p ! 1:

In the next theorem, we improve the Oðp�1Þ-estimate for the norms of the differ-
ence between Pq;p;x0ðZ;Z0Þ and P0

q;pðZ;Z0Þ of [8, Proposition 1.3], proving an exponential
decay estimate. This is essentially the main new result of this section.

Theorem 4.1. There exists c0 > 0 such that, for any k 2 N, there exists Ck > 0 such that
for p 2 N

�; x0 2 X and Z;Z0 2 BX0ð0; eÞ;
jPq;p;x0 Z;Z0ð Þ�P0

q;p Z;Z0ð ÞjCk 	 Cke
�c0

ffiffi
p

p
: (4.5)

Proof. As in Section 3.4, RðmÞ
k;p 2 C�1ðX � X; p�1ðLp � EÞ � p�2ðLp � EÞ�Þ denotes the

Schwartz kernel of the operator ðk� 1
pDpÞ�m: We also denote by

RX0; mð Þ
k;p 2 C�1 X0 � X0; p

�
1 Lp0 � E0
� �

� p�2 Lp0 � E0
� ��� �

(4.6)

the Schwartz kernel of the operator ðk� 1
pD

X0
p Þ�m: For m> 2nþ 1; the distributional

sections RðmÞ
k;p ðx; x0Þ and RX0;ðmÞ

k;p ðZ;Z0Þ are continuous sections.
Recall that d denotes the geodesic distance on X and dX0 the geodesic distance on X0.

By construction, d coincides with dX0 on BXðx0; 2eÞ � BXðx0; 2eÞ ffi BX0ð0; 2eÞ �
BX0ð0; 2eÞ: Let w 2 C1

c ðBX0ð0; 4eÞÞ; w � 1 on BX0ð0; 3eÞ:
Consider a function v 2 C1ðRÞ such that vðrÞ ¼ 1 for jrj 	 e and vðrÞ ¼ 0 for jrj 


2e: For any a 2 R and W 2 X0; we introduce a weight function /X0
a;W 2 C1ðX0Þ by

/X0
a;W Zð Þ ¼ exp av dX0 Z;Wð Þ

� �� �
; Z 2 X0: (4.7)

Consider the operators

DX0
p;a;W :¼ /X0

a;WDX0
p /X0

a;W

� ��1
: (4.8)

With the same arguments as in Theorem 3.4, one can show that
Theorem 4.2. There exist c0> 0 and p0 2 N

� such that, for any p 2 N
�; p 
 p0; k 2

d;W 2 X0 and jaj< c0
ffiffiffi
p

p
, the operator k� 1

pD
X0
p;a;W is invertible in L2. Moreover, for any

m 2 N, the resolvent ðk� 1
pD

X0
p;a;WÞ�1 maps Hm to Hmþ1 with the following norm estimates:����� k� 1

p
DX0
p;a;W

	 
�1
�����
m;mþ1

p

	 C; (4.9)

where C> 0 is independent of p 2 N
�; p 
 p0; k 2 d;W 2 X0 and x0 2 X:

For any Z;W 2 BX0ð0; e=2Þ; we have dX0ðZ;WÞ< e and, therefore, /X0
a;WðZÞ ¼ ea: For

m> 2nþ 1; we have

1058 Y. A. KORDYUKOV ET AL.



sup
Z;W2BX0 0;e=2ð Þ

jR mð Þ
k;p Z;Wð Þ�RX0; mð Þ

k;p Z;Wð Þj

	 e�
1
2c0
ffiffi
p

p
sup

Z;W2BX0 0;e=2ð Þ

���/X0
1
2c0
ffiffi
p

p
;W Zð Þ w Zð ÞR mð Þ

k;p Z;Wð Þ � RX0; mð Þ
k;p Z;Wð Þw Wð Þ

� ����
	 e�

1
2c0
ffiffi
p

p
sup

W 2 BX0 0; e=2ð Þ;
v 2 Lp0 � E0

� �
W ; jvj ¼ 1

�����/X0
1
2c0
ffiffi
p

p
;W w k� 1

p
Dp

	 
�m

� k� 1
p
DX0
p

	 
�m

w

 !
dv

�����
C0

b

	 Cpn=2e�
1
2c0
ffiffi
p

p
sup

W 2 BX0 0; e=2ð Þ;
v 2 Lp0 � E0

� �
W ; jvj ¼ 1

�����/X0
1
2c0
ffiffi
p

p
;W

w k� 1
p
Dp

	 
�m

� k� 1
p
DX0
p

	 
�m

w

 !
dv

�����
p;nþ1

:

(4.10)

By construction, we have for any u 2 C1
c ðBX0ð0; 2eÞ;Ex0Þ

Dpu Zð Þ ¼ DX0
p u Zð Þ (4.11)

Then, for any u, we have

k� 1
p
DX0
p

	 
m

w k� 1
p
Dp

	 
�m

u ¼ k� 1
p
DX0
p

	 
m

;w

" #
k� 1

p
Dp

	 
�m

uþ wu (4.12)

and

w k� 1
p
Dp

	 
�m

u� k� 1
p
DX0
p

	 
�m

wu

¼ k� 1
p
DX0
p

	 
�m

k� 1
p
DX0
p

	 
m

;w

" #
k� 1

p
Dp

	 
�m

u:
(4.13)

Now, for any p 2 N
�; k 2 d and W 2 X0; by Theorem 4.2 and (4.13), we have for

m> 2nþ 1; v 2 ðLp0 � E0ÞW ; jvj ¼ 1;

�����/X0
1
2c0
ffiffi
p

p
;W w k� 1

pDp

� ��m � k� 1
pD

X0
p

� ��m
w

	 

dv

�����
p;nþ1

	 C

�����/X0
1
2c0
ffiffi
p

p
;W k� 1

pD
X0
p

� �m
;w

� �
k� 1

pDp

� ��m
dv

�����
p;nþ1�m

:

(4.14)

Since the operator ðk� 1
pD

X0
p Þm;w

h i
vanishes on BX0ð0; 3eÞ; for any W 2 BX0ð0; eÞ we

have dX0ðW;ZÞ> 2e and, therefore, /X0
1
2c0
ffiffi
p

p
;WðZÞ ¼ 1 on the support of ðk� 1

pD
X0
p Þm;w

h i
:

Hence, for W 2 BX0ð0; eÞ; by (4.14), we get
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�����/X0
1
2c0
ffiffi
p

p
;W w k� 1

pDp

� ��m � k� 1
pD

X0
p

� ��m
w

	 

dv

�����
p;nþ1

	 C

����� k� 1
pD

X0
p

� �m
;w

� �
k� 1

pDp

� ��m
dv

�����
p;nþ1�m

	 C

���� k� 1
pDp

� ��m
dv

����
p;nþ1

	 Ckdvkp;nþ1�m 	 Cpn=2:

(4.15)

and, finally, by (4.10) and (4.15), we get

sup
Z;W2BX0 0;e=2ð Þ

jR mð Þ
k;p Z;Wð Þ�RX0; mð Þ

k;p Z;Wð Þj 	 C1p
ne�

1
2c0
ffiffi
p

p 	 C2e
�1

4c0
ffiffi
p

p
: (4.16)

Using (3.58), we complete the proof for k¼ 0. The proof of the case of arbitrary k
can be given similarly to the proof of Theorem 3.6. w

Now we can proceed as in [8, 11]. We only observe that all the constants in the esti-
mates in [8, 11] depend on finitely many derivatives of gTX, hL, rL; hE, rE; J and the
lower bound of gTX. Therefore, by the bounded geometry assumptions, all the estimates
are uniform on the parameter x0 2 X: We will omit the details and give only the final
result, stating the full off-diagonal asymptotic expansion of the generalized Bergman
kernel Pq;p as p ! 1 (see Theorem 4.3 below).
The almost complex structure Jx0 induces a decomposition Tx0X�RC ¼

Tð1;0Þ
x0 X�Tð0;1Þ

x0 X; where Tð1;0Þ
x0 X and Tð0;1Þ

x0 X are the eigenspaces of Jx0 corresponding to
eigenvalues i and – i, respectively. Denote by detC the determinant function of the com-
plex space Tð1;0Þ

x0 X: Put

J x0 ¼ �2piJ0: (4.17)

Then J x0 : T
ð1;0Þ
x0 X ! Tð1;0Þ

x0 X is positive, and J x0 : Tx0X ! Tx0X is skew-adjoint [8,
(1.81)] (cf. [10, (4.114)]). We define a function P ¼ Px0 2 C1ðTx0X � Tx0XÞ by

P Z;Z0ð Þ ¼ detCJ x0

2pð Þn exp � 1
4
h J 2

x0

� �1=2
Z�Z0ð Þ; Z�Z0ð Þi þ 1

2
hJ x0Z;Z

0i
	 


: (4.18)

It is the Bergman kernel of the second order differential operator L0 on C1ðTx0X;CÞ
given by

L0 ¼ �
X2n
j¼1

	
rej þ

1
2
RL
x0 Z; ej
� �
2

�s x0ð Þ; (4.19)

where fejgj¼1;:::;2n is an orthonormal base in Tx0X: Here, for U 2 Tx0X; we denote by
rU the ordinary operator of differentiation in the direction U on the space
C1ðTx0X;CÞ: Thus, P is the smooth kernel (with respect to dvTX) of the orthogonal
projection in L2ðTx0X;CÞ to the kernel of L0:

Let j be the function defined in (4.3).

Theorem 4.3. There exists e 2 ð0; aXÞ such that, for any j;m;m0 2 N; j 
 2q, there exist
positive constants C, c and M such that for any p 
 1; x0 2 X and
Z;Z0 2 Tx0X; jZj; jZ0j< e, we have
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sup
jajþja0j	m

����� @jajþja0j

@Za@Z0a0
1
pn

Pq;p;x0 Z;Z0ð Þ�
Xj
r¼2q

Fq;r;x0
ffiffiffi
p

p
Z;

ffiffiffi
p

p
Z0� �

j�
1
2 Zð Þj�1

2 Z0ð Þp�r
2þq

0
@

1
A
�����
Cm0 Xð Þ

	 Cp�
j�mþ1

2 þq 1þ ffiffiffi
p

p jZj þ ffiffiffi
p

p jZ0j� �M exp �c
ffiffiffiffiffiffiffi
l0p

p jZ�Z0j� �þO e�c0
ffiffi
p

pð Þ;
(4.20)

where

Fq;r;x0 Z;Z0ð Þ ¼ Jq;r;x0 Z;Z0ð ÞPx0 Z;Z0ð Þ; (4.21)

Jq;r;x0ðZ;Z0Þ are polynomials in Z;Z0, depending smoothly on x0, with the same parity as r
and deg Jq;r;x0 	 3r:
Here Cm0ðXÞ is the Cm0-norm for the parameter x0 2 X: Note that the summation in

(4.20) starts from r ¼ 2q and (4.21) due to [8, Th 1.18].

5. Berezin-Toeplitz quantization on orbifolds

After the pioneering work of Berezin, the Berezin-Toeplitz quantization achieved gener-
ality for compact K€ahler manifolds and trivial bundle E through the works [26–28]. We
refer to [5, 8, 19, 20] for more references and background. The theory of Berezin-
Toeplitz quantization on K€ahler and symplectic orbifolds was first established by Ma
and Marinescu [17, Theorems 6.14, 6.16] by using as quantum spaces the kernel of the
spinc Dirac operator. Especially, they showed that the set of Toeplitz operators forms an
algebra. The main tool was the asymptotic expansion of the Bergman kernel associated
with the spinc Dirac operator of Dai-Liu-Ma [9].
In this Section, we establish the corresponding theory for the renormalized Bochner-

Laplacian on symplectic orbifolds. In [5, §5.4] one can find more explanations and
references for Sections 5.1 and 5.2. For related topics about orbifolds we refer to [29].
This Section is organized as follows. In Section 5.1 we recall the basic definitions

about orbifolds. In Section 5.2 we explain the asymptotic expansion of Bergman kernel
on symplectic orbifolds, which we apply in Section 5.3 to derive the Berezin-Toeplitz
quantization on symplectic orbifolds.

5.1 Basic definitions on orbifolds

We define at first a category Ms as follows: The objects of Ms are the class of pairs (G,
M) where M is a connected smooth manifold and G is a finite group acting effectively
on M (i.e., if g 2 G such that gx ¼ x for any x 2 M; then g is the unit element of G). If
(G, M) and ðG0;M0Þ are two objects, then a morphism U : ðG;MÞ ! ðG0;M0Þ is a family
of open embeddings u : M ! M0 satisfying:

(i) For each u 2 U; there is an injective group homomorphism ku : G ! G0 that
makes u be ku-equivariant.

(ii) For g 2 G0;u 2 U; we define gu : M ! M0 by ðguÞðxÞ ¼ guðxÞ for x 2 M: If
ðguÞðMÞ \ uðMÞ 6¼ ;; then g 2 kuðGÞ:

(iii) For u 2 U; we have U ¼ fgu : g 2 G0g:
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Definition 5.1. Let X be a paracompact Hausdorff space. A m-dimensional orbifold
chart on X consists of a connected open set U of X, an object ðGU ; ~UÞ of Ms with
dim~U ¼ m; and a ramified covering sU : ~U ! U which is GU-invariant and induces a
homeomorphism U ’ ~U=GU : We denote the chart by ðGU ; ~UÞ!sU U:

A m-dimensional orbifold atlas V on X consists of a family of m-dimensional orbifold
charts VðUÞ ¼ ððGU ; ~UÞ!sU UÞ satisfying the following conditions:

(i) The open sets U � X form a covering U with the property:

For any U;U 0 2 U and x 2 U \ U 0; there is U 00 2 U such that x 2 U 00 � U \ U 0:
(5.1)

(ii) for any U;V 2 U;U � V there exists a morphism uVU : ðGU ; ~UÞ ! ðGV ; ~V Þ;
which covers the inclusion U � V and satisfies uWU ¼ uWV 
 uVU for any
U;V;W 2 U; with U � V � W:

It is easy to see that there exists a unique maximal orbifold atlas Vmax containing V;
Vmax consists of all orbifold charts ðGU ; ~UÞ!sU U; which are locally isomorphic to charts
from V in the neighborhood of each point of U. A maximal orbifold atlas Vmax is called
an orbifold structure and the pair ðX;VmaxÞ is called an orbifold. As usual, once we have
an orbifold atlas V on X we denote the orbifold by ðX;VÞ; since V determines
uniquely Vmax:

Note that if U0 is a refinement of U satisfying (5.1), then there is an orbifold atlas V0

such that V [ V0 is an orbifold atlas, hence V [ V0 � Vmax: This shows that we may
choose U arbitrarily fine.
Let ðX;VÞ be an orbifold. For each x 2 X; we can choose a small neighborhood

ðGx; ~UxÞ ! Ux such that x 2 ~Ux is a fixed point of Gx (it follows from the definition that
such a Gx is unique up to isomorphisms for each x 2 X). We denote by jGxj the cardinal
of Gx. If jGxj ¼ 1; then X has a smooth manifold structure in the neighborhood of x,
which is called a smooth point of X. If jGxj> 1; then X is not a smooth manifold in the
neighborhood of x, which is called a singular point of X. We denote by Xsing ¼ fx 2
X; jGxj> 1g the singular set of X, and Xreg ¼ fx 2 X; jGxj ¼ 1g the regular set of X.
It is useful to note that on an orbifold ðX;VÞ we can construct partitions of unity. First,

let us call a function on X smooth, if its lift to any chart of the orbifold atlas V is smooth
in the usual sense. Then the definition and construction of a smooth partition of unity
associated to a locally finite covering carries over easily from the manifold case. The point
is to construct smooth GU-invariant functions with compact support on ðGU ; ~UÞ:
In Definition 5.1 we can replace Ms by a category of manifolds with an additional

structure such as orientation, Riemannian metric, almost-complex structure or complex
structure. We impose that the morphisms (and the groups) preserve the specified struc-
ture. So we can define oriented, Riemannian, almost-complex or complex orbifolds.
Let ðX;VÞ be an arbitrary orbifold. By the above definition, a Riemannian metric on X is

a Riemannian metric gTX on Xreg such that the lift of gTX to any chart of the orbifold atlas
V can be extended to a smooth Riemannian metric. Certainly, for any ðGU ; ~UÞ 2 V; we
can always construct a GU-invariant Riemannian metric on ~U : By a partition of unity argu-
ment, we see that there exist Riemannian metrics on the orbifold ðX;VÞ:
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Definition 5.2. An orbifold vector bundle E over an orbifold ðX;VÞ is defined as fol-
lows: E is an orbifold and for U 2 U; ðGE

U ; ~pU : ~EU ! ~UÞ is a GE
U-equivariant vector

bundle, ðGE
U ;

~EUÞ (resp. ðGU ¼ GE
U=K

E
U ;

~UÞ; KE
U ¼ KerðGE

U ! Diffeoð~UÞÞÞ is the orbifold
structure of E (resp. X) and morphisms for ðGE

U ;
~EUÞ are morphisms of equivariant vec-

tor bundles. If GE
U acts effectively on ~U for U 2 U; that is, KE

U ¼ f1g; we call E a proper
orbifold vector bundle.
Note that any structure on X or E is locally Gx or GE

Ux
-equivariant.

Remark 5.3. Let E be an orbifold vector bundle on ðX;VÞ: For U 2 U; let ~Epr
U be the

maximal KE
U-invariant sub-bundle of ~EU on ~U : Then ðGU ;

~Epr
U Þ defines a proper orbifold

vector bundle on ðX;VÞ; denoted by Epr:

The (proper) orbifold tangent bundle TX on an orbifold X is defined by ðGU ;T ~U !
~UÞ; for U 2 U: In the same vein we introduce the cotangent bundle T�X: We can form
tensor products of bundles by taking the tensor products of their local expressions in the
charts of an orbifold atlas. Note that a Riemannian metric on X induces a section of
T�X � T�X over X which is a positive definite bilinear form on TxX at each point x 2 X:

Let E ! X be an orbifold vector bundle and k 2 N [ f1g: A section s : X ! E is
called Ck if for each U 2 U; sjU is covered by a GE

U-invariant C
k section ~sU : ~U ! ~EU :

We denote by CkðX;EÞ the space of Ck sections of E on X.
If X is oriented, we define the integral

Ð
Xa for a form a over X (i.e., a section of

KðT�XÞ over X) as follows. If suppðaÞ � U 2 U; setð
X
a :¼ 1

jGU j
ð
~U
~aU : (5.2)

It is easy to see that the definition is independent of the chart. For general a we
extend the definition by using a partition of unity.
If X is an oriented Riemannian orbifold, there exists a canonical volume element dvX on

X, which is a section of KmðT�XÞ;m ¼ dimX: Hence, we can also integrate functions on X.
Assume now that the Riemannian orbifold ðX;VÞ is compact. For x; y 2 X; put

d x; yð Þ ¼ Inf c
nX

i

ðti
ti�1

���� @@t ~ci tð Þ
����dtjc : 0; 1½ � ! X; c 0ð Þ ¼ x; c 1ð Þ ¼ y;

such that there exist t0 ¼ 0< t1 < � � � < tk ¼ 1; c ti�1; ti½ �ð Þ � Ui;

Ui 2 U; and a C1 map ~ci : ti�1; ti½ � ! ~Ui that covers cj ti�1;ti½ �
o
:

Then (X, d) is a metric space.
Let us discuss briefly kernels and operators on orbifolds. For any open set U � X

and orbifold chart ðGU ; ~UÞ!sU U; we will add a superscript ~ to indicate the correspond-
ing objects on ~U : Assume that ~Kð~x; ~x0Þ 2 C1ð~U � ~U ;p�1~E � p�2~E

�Þ verifies

g; 1ð Þ ~K g�1~x; ~x 0
� � ¼ 1; g�1

� �
~K ~x; g~x0
� �

for any g 2 GU ; (5.3)

where (g1, g2) acts on ~E~x � ~E
�
~x 0 by ðg1; g2Þðn1; n2Þ ¼ ðg1n1; g2n2Þ:
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We define the operator ~K : C1
0 ð~U ; ~EÞ ! C1ð~U ; ~EÞ by

~K ~sð Þ ~xð Þ ¼
ð
~U

~K ~x; ~x0ð Þ~s ~x0ð Þdv~U ~x0ð Þ for ~s 2 C1
0

~U ; ~E
� �

: (5.4)

Any element g 2 GU acts on C1ð~U ; ~EÞ by: ðg �~sÞð~xÞ :¼ g �~sðg�1~xÞ; where ~s 2
C1ð~U ; ~EÞ: We can then identify an element s 2 C1ðU;EÞ with an element ~s 2
C1ð~U ; ~EÞ verifying g �~s ¼ ~s for any g 2 GU :

With this identification, we define the operator K : C1
0 ðU;EÞ ! C1ðU;EÞ by

Ksð Þ xð Þ ¼ 1
jGU j

ð
~U

~K ~x; ~x0ð Þ~s ~x 0ð Þdv~U ~x0ð Þ for s 2 C1
0 U;Eð Þ ; (5.5)

where ~x 2 s�1
U ðxÞ: Then the smooth kernel Kðx; x0Þ of the operator K with respect to

dvX is (cf. [9, (5.18)])

K x; x0ð Þ ¼
X
g2GU

g; 1ð Þ~K g�1~x; ~x0
� �

: (5.6)

Let K1;K2 be two operators as above and assume that the kernel of one of ~K1; ~K2

has compact support. By (5.2), (5.3), and (5.5), the kernel of K1 
 K2 is given by

K1 
 K2ð Þ x; x0ð Þ ¼
X
g2GU

g; 1ð Þ ~K1 
 ~K2

� �
g�1~x; ~x0
� �

: (5.7)

5.2 Bergman kernel on symplectic orbifolds

Let ðX;xÞ be a compact symplectic orbifold of dimension 2n. Assume that there exists
a proper orbifold Hermitian line bundle ðL; hLÞ on X with a Hermitian connection rL :
C1ðX; LÞ ! C1ðX;T�X � LÞ satisfying the prequantization condition:

i
2p

RL ¼ x: (5.8)

where RL ¼ ðrLÞ2 is the curvature of rL: Let ðE; hEÞ be a proper orbifold Hermitian
vector bundle on X equipped with a Hermitian connection rE and RE be the curvature
of rE:

Let gTX be a Riemannian metric on X. Let Dp be the renormalized Bochner-Laplacian
acting on C1ðX; Lp � EÞ by (1.5). With the same proof as in [4, Corollary 1.2], we can
establish the spectral gap property.

Theorem 5.4. Let ðX;xÞ be a compact symplectic orbifold, ðL;rL; hLÞ be a prequantum
Hermitian proper orbifold line bundle on ðX;xÞ and ðE;rE; hEÞ be an arbitrary
Hermitian proper orbifold vector bundle on X. There exists CL> 0 such that for any p

r Dp
� � � �CL;CL½ � [ 2pl0�CL;þ1½ Þ; (5.9)

where l0 > 0 is given by (1.7).
From now on, we assume p>CLð2l0Þ�1: We consider the subspace Hp � L2ðX; Lp �

EÞ spanned by the eigensections of Dp corresponding to eigenvalues in ½�CL;CL�: We
define the generalized Bergman kernel
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Pp �; �ð Þ 2 C1 X � X; p�1 Lp � Eð Þ � p�2 Lp � Eð Þ�� �� �
(5.10)

as the smooth kernel with respect to the Riemannian volume form dvXðx0Þ of the
orthogonal projection (Bergman projection) PHp from L2ðX; Lp � EÞ onto Hp:

Consider an open set U � X and orbifold chart ðGU ; ~UÞ!sU U: Recall that we add a
superscript ~ to indicate the corresponding objects on ~U : The Riemannian metric gTX

can be lifted to a GU-invariant Riemannian metric g ~U on ~U : We denote by B~U ð~x; eÞ
and BT~x ~U ð0; eÞ the open balls in ~U and T~x ~U with center ~x and 0 and radius e, respect-
ively. We will always assume that sU extends to ðGU ; ~V Þ!sV V with U �� V and ~U ��
~V : Let @U ¼ �U n U and @ ~U ¼ ~U n ~U : Fix aX > 0 such that for every open set U � X
and orbifold chart ðGU ; ~UÞ!sU U; for every e 	 aX and for every ~x 2 ~U such that
dð~x; @ ~UÞ 	 e; the exponential map T~x ~U�Z 7! expX~x ðZÞ 2 ~U is a diffeomorphism from
BT~x ~U ð0; eÞ onto B~U ð~x; eÞ: Throughout in what follows, e runs in the fixed inter-
val ð0; aX=4Þ:
Let f : R ! ½0; 1� be a smooth even function such that f(v) ¼ 1 for jvj6e=2; and f(v)

¼ 0 for jvjPe: Set

F að Þ ¼
ðþ1

�1
f vð Þdv

 !�1 ðþ1

�1
eiva f vð Þdv: (5.11)

Then F(a) is an even function and lies in the Schwartz space SðRÞ and Fð0Þ ¼ 1: Let
~F be the holomorphic function on C such that ~Fða2Þ ¼ FðaÞ: The restriction of ~F to R

lies in the Schwartz space SðRÞ: Then there exists fcjg1j¼1 such that for any k 2 N; the
function

~Fk að Þ ¼ ~F að Þ�
Xk
j¼1

cja
j~F að Þ; ckþ1 ¼ 1

kþ 1ð Þ!
~F

kþ1ð Þ
k 0ð Þ; (5.12)

verifies

~F
ið Þ
k 0ð Þ ¼ 0 for any 0< i6k:

Using the same arguments as in [8], one can show the analog of [8, Proposition 1.2]:

Proposition 5.5. For any k;m 2 N, there exists Ck;m> 0 such that for pP1

j~Fk
1ffiffiffi
p

p Dp

	 

x; x0ð Þ � Pp x; x0ð ÞjCm X�Xð Þ6Ck;mp

�k
2þ2 2mþ2nþ1ð Þ: (5.13)

Here the Cm norm is induced by rL;rE and hL; hE; gTX:
Using (5.11), (5.12), and the property of the finite propagation speed of solutions of

hyperbolic equations [5, Appendix D.2] (which still holds on orbifolds as pointed out in
[30]) it is clear that for x; x0 2 X; ~Fkð 1ffiffi

p
p DpÞðx; �Þ only depends on the restriction of Dp

to BXðx; ep�1
4Þ; and ~Fkð 1ffiffi

p
p DpÞðx; x0Þ ¼ 0; if dðx; x0ÞPep�

1
4:

Consider an open set U � X with an orbifold chart ðGU ; ~UÞ!sU U: Let

U1 ¼ x 2 U; d x; @Uð Þ< 2e
� �

:

For any x0 2 U1; the exponential map exp ~x0 is a diffeomorphism from BT~x0
~U1 ð0; 2eÞ

onto B ~U1 ð~x0; 2eÞ which is Gx0 -equivariant. Thus we can extend everything from
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BT~x0
~U1 ð0; 2eÞ to ~X0 :¼ T~x0

~U1 as in Section 4 (cf. [8, §1.2]) which is automatically
Gx0 -equivariant. Let P ~X0 ;p be the spectral projection of the renormalized Bochner-
Laplacian D

~X0
p on C1ð ~X0 ; L

p
0 � E0Þ; corresponding to the interval ½�CL0 ;CL0 �; and

P ~X0 ;pð~x;~yÞ be the Schwartz kernel of P ~X0 ;p with respect to the volume form dv ~X0
: Let

PX0;pðx; yÞ be the corresponding object on Gx0 n T~x0
~U1 ; then, by (5.6), we have

PX0;p x; yð Þ ¼
X
g2Gx0

g; 1ð ÞP ~X0 ;p g�1~x;~y0
� �

: (5.14)

By Proposition 5.5, we get the analog of [8, Proposition 1.3]: for any ‘;m 2 N; there
exists C‘;m> 0 such that, for any x; y 2 Bðx0; eÞ and p 2 N

�

jPp x; yð Þ�PX0;p x; yð Þj 	 C‘;mp
�‘: (5.15)

5.3 Berezin-Toeplitz quantization on symplectic orbifolds

We apply now the results of Section 5.2 to establish the Berezin-Toeplitz quantization
on symplectic orbifolds by using as quantum spaces the spaces Hp: We use the nota-
tions and assumptions of that Section. We will closely follow and slightly modify the
arguments of [17, §6.3, 6.4].
Thus we have the following definition.

Definition 5.6. A Toeplitz operator is a sequence fTpgp2N of bounded linear operators

Tp : L
2 X; Lp � Eð Þ ! L2 X; Lp � Eð Þ ; (5.16)

satisfying the following conditions:

i. For any p 2 N; we have

Tp ¼ PHpTpPHp : (5.17)

ii. There exists a sequence gl 2 C1ðX;EndðEÞÞ such that

Tp ¼ PHpð
X1
l¼0

p�1glÞPHp þOðp�1Þ; (5.18)

that is, for any k 
 0 there exists Ck> 0 such that����Tp�PHp

Xk
l¼0

p�lgl

 !
PHp

���� 	 Ckp
�k�1: (5.19)

For any section f 2 C1ðX;EndðEÞÞ; the Berezin-Toeplitz quantization of f is
defined by

Tf ;p : L
2 X; Lp � Eð Þ ! L2 X; Lp � Eð Þ ; Tf ;p ¼ Pp f Pp : (5.20)

The Schwartz kernel of Tf ;p is given by

Tf ;p x; x0ð Þ ¼
ð
X
Pp x; x00ð Þf x00ð ÞPp x00; x0ð Þ dvX x00ð Þ : (5.21)
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Lemma 5.7. For any e0 > 0 and any l;m 2 N there exists Cl;m;e > 0 such that

jTf ;p x; x0ð ÞjCm X�Xð Þ6Cl;m;ep
�l (5.22)

for all pP1 and all ðx; x0Þ 2 X � X with dðx; x0Þ> e0:

Proof. By using Proposition 5.5, the proof is exactly the same as the proof of [17,
Lemma 4.2]. w

Next we obtain the asymptotic expansion of the kernel Tf ;pðx; x0Þ in a neighborhood
of the diagonal. We will use [17, Condition 6.7].
Recall that the (proper) orbifold tangent bundle TX on an orbifold X is defined by a

family of GU-equivariant vector bundles ðGU ;T ~U ! ~UÞ; for U 2 U: Consider the fiber-
wise product TX�XTX ¼ fðZ;Z0Þ 2 Tx0X � Tx0X : x0 2 Xg: Let p : TX�XTX ! X be
the natural projection given by pðZ;Z0Þ ¼ x0: We say that Qr;x0 2 EndðEÞx0 ½~Z; ~Z

0�; if for
any U 2 U; it induces a smooth section Qr;x0 2 EndðEÞx0 ½~Z; ~Z

0� of the vector bundle
p�ðEndðEÞÞ on T ~U�~UT ~U defined for all ~x0 2 ~U and Z;Z0 2 T~x0

~U and polynomial
in Z;Z0 2 T~x0

~U :

Let fNpgp2N be a sequence of linear operators Np : L2ðX; Lp � EÞ ! L2ðX; Lp � EÞ
with smooth kernel Npðx; yÞ with respect to dvXðyÞ:

Condition 5.8. Let k 2 N: Assume that there exists a family fQr;x0g06r6k;x02X; satisfying
the conditions:

� Qr;x0 2 EndðEÞx0 ½~Z; ~Z
0�; ~Z; ~Z 0 2 T~x0X;

� fQr;x0gx02X is smooth with respect to the parameter x0 2 X;

and, for every open set U 2 U and every orbifold chart ðGU ; ~UÞ!sU U; a sequence of ker-
nels

~Np;U ~x; ~x0ð Þ 2 C1 ~U � ~U ; p�1 ~L
p � ~E

� �
� p�2 ~L

p � ~E
� ��� �n o

p2N

such that, for every e00> 0 and every ~x; ~x0 2 ~U ;

g; 1ð Þ~Np;U g�1~x; ~x0
� � ¼ 1; g�1

� �
~Np;U ~x; g~x0

� �
for any g 2 GU cf : 5:3ð Þð Þ;

~Np;U ~x; ~x0ð Þ ¼ O p�1ð Þ for d x; x0ð Þ> e00;
Np x; x0ð Þ ¼Pg2GU

g; 1ð Þ~Np;U g�1~x; ~x0
� �þO p�1ð Þ;

(5.23)

and moreover, for every relatively compact open subset ~V � ~U ; the following relation
is valid for any ~x0 2 ~V :

p�n ~Np;U;~x0
~Z; ~Z

0
� �

ffi
Xk
r¼0

Qr;~x0Px0ð Þ ffiffiffi
p

p ~Z ;
ffiffiffi
p

p ~Z
0� �
p�

r
2 þO p�

kþ1
2

� �
: (5.24)

which means that there exist e0> 0 and C0 > 0 with the following property: for any m 2
N; there exist C> 0 and M> 0 such that for any ~x0 2 ~V ; p 
 1 and ~Z; ~Z

0 2
T~x0

~U ; j~Z j; j~Z 0j< e0; we have with j in (4.3),
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����p�n ~Np;U;~x0
~Z; ~Z

0
� �

j
1
2 ~Zð Þj1

2 ~Z
0� �
�
Xk
r¼0

Qr;~x0Px0ð Þ ffiffiffi
p

p ~Z ;
ffiffiffi
p

p ~Z
0� �
p�

r
2

����
Cm ~Vð Þ

	 Cp�
kþ1
2 1þ ffiffiffi

p
p j~Zj þ ffiffiffi

p
p j~Z 0j

� �M
exp � ffiffiffiffiffiffiffiffi

C0p
p j~Z�~Z

0j
� �

þO p�1ð Þ:
(5.25)

Notation 5.9. If the sequence fNp : L2ðX; Lp � EÞ ! L2ðX; Lp � EÞgp2N satisfies
Condition 5.8, we write

p�n Np;x0 Z;Z0ð Þ ffi
Xk
r¼0

Qr;x0Px0ð Þ ffiffiffi
p

p
Z;

ffiffiffi
p

p
Z0� �

p�
r
2 þO p�

kþ1
2

� �
: (5.26)

As in [17, Lemma 6.9], one can show that the smooth family Qr;x0 2 EndðEÞx0 ½~Z; ~Z
0�

in Condition 5.8 is uniquely determined by Np.

Theorem 5.10. There exist polynomials Jr;x0 2 EndðEÞx0 ½~Z; ~Z
0� such that, for any k 2

N;Z;Z0 2 Tx0X; jZj; jZ0j< e, we have

p�nPp;x0 Z;Z0ð Þ ffi
Xk�1

r¼0

Jr;x0Px0ð Þ ffiffiffi
p

p
Z;

ffiffiffi
p

p
Z0� �

p�
r
2 þO p�

k
2

� �
; (5.27)

in the sense of Notation 5.9.

Proof. By Theorem 4.3 for P ~X0 ;pð~x;~yÞ; (5.14) and (5.15), we get Theorem 5.10 as the
analog of [17, Lemmas 4.5, 6.10]. w

From (5.21) and (5.27), we deduce an analog of [17, Lemmas 4.6, 4.7 and 6.10].

Lemma 5.11. Let f 2 C1ðX;EndðEÞÞ. There exists a family fQr;x0ðf Þgr2N;x02X such that

a. Qr;x0ðf Þ 2 EndðEÞx0 ½Z;Z0� are polynomials with the same parity as r,
b. fQr;x0ðf Þgr2N;x02X is smooth with respect to x0 2 X;
c. for every k 2 N; x0 2 X; Z;Z0 2 Tx0X; jZj; jZ0j< e=2 we have

p�nTf ;p;x0 Z;Z0ð Þ ffi
Xk
r¼0

Qr;x0 fð ÞPx0

� � ffiffiffi
p

p
Z;

ffiffiffi
p

p
Z0� �

p�
r
2 þO p�

kþ1
2

� �
; (5.28)

in the sense of Notation 5.9.
Here Qr;x0ðf Þ are expressed by

Qr;x0 fð Þ ¼
X

r1þr2þjaj¼r

K Jr1;x0 ;
@afx0
@Za

0ð ÞZ
a

a!
Jr2;x0

� �
: (5.29)

Especially,

Q0;x0 fð Þ ¼ f x0ð Þ: (5.30)

Q1;x0 fð Þ ¼ f x0ð ÞJ1;x0 þK J0;x0 ;
@fx0
@Zj

0ð ÞZjJ0;x0

" #
: (5.31)
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Here, for any polynomials F;G 2 C½Z;Z0�; the polynomial K½F;G� 2 C½Z;Z0� is
defined by the relation

FPx0ð Þ 
 GPx0ð Þð Þ Z;Z0ð Þ ¼ K F;G½ �Px0

� �
Z;Z0ð Þ;

where ððFPx0Þ 
 ðGPx0ÞÞðZ;Z0Þ is the kernel of the composition ðFPx0Þ 
 ðGPx0Þ of the
operators FPx0 and GPx0 in L2ðTx0XÞ with kernels ðFPx0ÞðZ;Z0Þ and ðGPx0ÞðZ;Z0Þ;
respectively.
Now we can proceed by a word for word repetition of the corresponding arguments

in [17]. So we just give statements of the main results.
First, the following analog of [17, Theorem 6.11] provides a useful criterion for a

given family to be a Toeplitz operator.

Theorem 5.12. Let fTp : L2ðX; Lp � EÞ ! L2ðX; Lp � EÞg be a family of bounded linear
operators which satisfies the following three conditions:

i. For any p 2 N; PHp Tp PHp ¼ Tp:

ii. For any e0 > 0 and any l 2 N, there exists Cl;e0 > 0 such that for all pP1 and all
ðx; x0Þ 2 X � X with dðx; x0Þ> e0;

jTp x; x0ð Þj6Cl;e0p
�l: (5.32)

iii. There exists a family of polynomials fQr;x0 2 EndðEÞx0 ½Z;Z0�gx02X such that:

a. each Qr;x0 has the same parity as r,
b. the family is smooth in x0 2 X and
c. for every k 2 N, we have

p�nTp;x0 Z;Z0ð Þ ffi
Xk
r¼0

Qr;x0Px0ð Þ ffiffiffi
p

p
Z;

ffiffiffi
p

p
Z0� �

p�
r
2 þO p�

kþ1
2

� �
(5.33)

in the sense of (5.26).
Then fTpg is a Toeplitz operator.
Finally, we show that the set of Toeplitz operators on a compact orbifold is closed

under the composition of operators, so forms an algebra (an analog of [17, Theorems
6.13 and 6.16]).

Theorem 5.13. Let ðX;xÞ be a compact symplectic orbifold and ðL;rL; hLÞ be a
Hermitian proper orbifold line bundle satisfying the prequantization condition (5.8). Let
ðE;rE; hEÞ be an arbitrary Hermitian proper orbifold vector bundle on X.
Given f ; g 2 C1ðX;EndðEÞÞ, the product of the Toeplitz operators Tf ;p and Tg;p is a

Toeplitz operator, more precisely, it admits an asymptotic expansion

Tf ;pTg;p ¼
X1
r¼0

p�rTCr f ;gð Þ;p þO p�1ð Þ; (5.34)

where Crðf ; gÞ 2 C1ðX;EndðEÞÞ and Cr are bidifferential operators defined locally on
each covering ~U of an orbifold chart ðGU ; ~UÞ!sU U. In particular C0ðf ; gÞ ¼ fg:
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If f ; g 2 C1ðXÞ, then

Tf ;p;Tg;p
� � ¼ ffiffiffiffiffiffiffi�1

p

p
T f ;gf g;p þO p�2

� �
: (5.35)

For any f 2 C1ðX;EndðEÞÞ, the norm of Tf ;p satisfies

lim
p!1 jjTf ;pjj ¼ jjf jj1 :¼ sup

x 2 X

0 6¼ u 2 Ex

jf xð Þ uð ÞjhE=jujhE :
(5.36)

Remark 5.14. As mentioned in [17, Remark 6.14], by [17, Theorems 6.13, 6.16], on
every compact symplectic orbifold X admitting a prequantum line bundle ðL;rL; hLÞ;
one can define in a canonical way an associative star-product f � g ¼P1

l¼0 �h
lClðf ; gÞ 2

C1ðXÞ½½�h�� for every f ; g 2 C1ðXÞ; called the Berezin-Toeplitz star-product by using the
kernel of the spinc Dirac operator. Moreover, Clðf ; gÞ are bidifferential operators defined
locally as in the smooth case. Theorem 5.13 shows that one can also use the eigenspaces
of small eigenvalues of the renormalized Bochner-Laplacian.
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