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32A25 We further apply the holomorphic Morse inequalities on Levi
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positive at least at one point, and let D C X be a smooth g-
concave domain (1 < ¢ < n—1). We prove that every Oy-closed
(0, £)-form on bD with values in a holomorphic vector bundle,

admits a meromorphic extension to D for all ¢ < ¢ <n — 1.
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1. Introduction

A foundational tool in complex geometry is the Bochner—Kodaira—Nakano identity

and its variants, which have far-reaching implications, from vanishing theorems to holo-

morphic Morse inequalities and extension results. In this paper, we develop a general



B. Liu et al. / Journal of Functional Analysis 292 (2027) 111635 3

version of the Nakano—Griffiths inequality with boundary conditions, unifying the pseu-
doconvex/positive and pseudoconcave/negative settings. This is achieved via a refined
Bochner—Kodaira—Nakano formula that incorporates boundary terms in full generality,
and extends the classical results of Andreotti—Vesentini [7], Griffiths [20], and their an-
alytic extensions in [30] (see Theorems 1.1 and 1.2).

Our new inequality leads naturally to holomorphic Morse inequalities for domains and
manifolds satisfying analytic convexity conditions. Rather than relying on scaling argu-
ments, we adopt a geometric approach based on the spectral theory of the d-Laplacian
with 0-Neumann boundary conditions. Our method provides new index ranges and
accommodates weaker curvature assumptions than those previously required. In par-
ticular, we establish holomorphic Morse inequalities for Levi g-concave domains (see
Theorem 1.4) and for g-concave complex manifolds (see Theorem 1.5), refining and ex-
tending earlier results [8,30,32]. As an application of this analytic framework, we obtain
a geometric criterion for Moishezon 1-concave manifolds.

We conclude with an application to the extension problem for dy-closed forms on the
boundary of pseudoconcave domains, where no general vanishing theorem is available.
This question has its roots in classical results such as Hartogs’ theorem [23, Theorem
2.3.2], which ensures that holomorphic functions on M \ K C C", n > 2, extend to M
when K C M is compact and M \ K is connected. Bochner [10] refined this by allowing
the extension of functions satisfying the tangential Cauchy—Riemann equations on the
boundary bM. Further generalizations to complex manifolds were given in [4,27].

A key method, introduced by Ehrenpreis [17], reduces such extension problems to solv-
ing the 0-equation with compact support, interpreting obstructions via d-cohomology.
This has been developed in [2,4,23,26,27].

In our setting, we study the extension of Oy-closed forms with values in a holomor-
phic vector bundle from the boundary of a pseudoconcave domain. Unlike the case of
holomorphic functions, this requires more refined tools. We combine holomorphic Morse
inequalities for g-concave domains with the Kohn—Rossi extension theorem to obtain pre-
cise results. Specifically, let X be a compact complex manifold of dimension n, equipped
with a holomorphic line bundle that is semi-positive everywhere and strictly positive at
one point, and let D C X be a smooth ¢-concave domain with 1 < ¢ < n — 1. We prove
that every 0y-closed (0, £)-form on bD with values in a holomorphic vector bundle, admits
a meromorphic extension to D for all ¢ < ¢ < n —1 (see Theorem 1.12). Our method
also yields new vanishing results, including for domains with Levi-flat boundaries.

1.1. Nakano-Griffiths inequality with boundary terms

Our approach to the holomorphic Morse inequalities is based on a novel Bochner-
Kodaira-Nakano formula with boundary terms. Let (X, ©) be a Hermitian manifold of
dimension n, and M := {& € X : o(z) < 0} be a relatively compact domain with a
smooth defining function g such that |dg| = 1 on bM. Let ., denote the Levi form
for bM (see (2.1)). For a holomorphic vector bundle F' — X with a smooth Hermitian
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metric b, let VI denote the associated Chern connection and R = (V)2 the Chern

curvature. We refer to Section 3 for the notations used in the following theorem.

Theorem 1.1 (A Bochner-Kodaira-Nakano formula with boundary terms). Let M € X
be given as above. Let 7 € € (X,[0,1]) be such that 7 = 1 near bM and supp T is
contained in an open neighborhood of bM where do does not vanish. Fiz e € [0,1]. Then
for s € BY4(M, F), we have

=F —=F*
10" sl Z2ar) + 1107 81122 (ar)

_ F F( (1,0) (0,1)
=([V-1R ,A}58,8>L2(M)+2(176)<7'R (en ', en )s,s>L2(M)

n
+5Z ||ngX5||2L2(M)

j=1
+ /([\/—1XQ,A]2Ms7s>hdvbM+(1—5)/en(\dg|)|s|idvbM
bM bM (1.1)
+(Y RK;?(wj,wk)wkAijs,s>L2(M) - (1—5)/|s|i\/—18597
J,k=1 M

+Q (5,5) + (1= &) (U (s,5) + 2V7 VI sl )

n

+(1-¢) Z HVZ;XSH%%M) - 2||\/FVZ§O)SH%2(M)

Jj=1

The proof of (1.1) is based on the Bochner-Kodaira-Nakano formula with boundary
terms [30, Theorem 1.4.21] (cf. Theorem 3.2), which uses a Riemannian formalism and
the approach of Griffiths [20, Theorem 7.4], based on the existence of the (n —1,n — 1)-
form ., specific to Hermitian manifolds. For ¢ = 1, formula (1.1) reduces to the Bochner-
Kodaira-Nakano formula with boundary terms (3.16) by Andreotti and Vesentini [7, p.
113] and by Griffiths [20, (7.14)], which in turn follows from [30, Theorem 1.4.21].

An important feature of (1.1) is the introduction of the modified curvature commuta-
tor [/—1RE,A]. == [/=1RF A} + eTre[v/—1RF] (cf. (3.38)) and similarly for the Levi
form, [v/—1.%,, A]*M (cf. (3.39)). The curvature commutator [/—1RF, A] plays an im-
portant role in the applications of the Bochner-Kodaira-Nakano formula [15,16,30], such
as vanishing theorems, holomorphic Morse inequalities, or Bergman kernel asymptotics.
In (1.1), the main difficulty is to identify an operator of the same nature on the boundary
bM, namely [\/jlfg,A]gM , where we need to develop new techniques inspired by the
remarkable calculations from [20, VII. §5] used to derive a Nakano-Griffiths inequality
[20, (7.8)]; see Subsection 3.2.

If F is a line bundle and R¥ is negative, then [\/—T1R¥, A]. is a positive operator on
(0, g)-forms (¢ < n — 1) for sufficiently small € > 0; if ¢ = 1 (or ¢ is sufficiently close
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to 1), [\/—=1RF, A]. becomes negative; similarly for the term [y/—1.%,, A]*M see (4.16).
This suggests that a formula like (1.1) is needed to deal with negative bundles on a
domain with a pseudoconcave boundary, parallel to a formula such as (3.16) adapted to
the situation of positive bundles on a domain with pseudoconvex boundary. Our formula
(1.1) actually unifies these two scenarios.

Since we do not assume O to be Kéhler, the torsion tensor T' (see (3.5)) appears in
(1.1), and is encoded in the term QF _(s, s) (see Definition 3.7). If (X, ©) is Kihler, or
more generally, if d® = 0 in a neighborhood of M, then T' = 0 in M, and we have
Q%E(S, 3) =0.

As a consequence of the equality (1.1), we obtain a generalization of [20, (7.8)].

Theorem 1.2 (Nakano-Griffiths inequality with boundary terms). Let M = {o < 0} € X
be a relatively compact domain with a smooth boundary bM. Let 7 € €*°(X,[0,1]) be
such that T =1 near bM and supp 7 is contained in an open neighborhood of bM where
do does not vanish. Then there exists a constant C = C(X,g"*, M, 0,7) > 0, which is
independent of (F,h%"), such that, for any ¢ € (0,1] and any s € B®4(M, F), we have

=F —Fx 1
(1+2) (19" 82200 + 19" sl3zary ) + €1+ DllsliEaqany

—T pF . F/ (1,0) (0,1)
> ([V-1R ,A]Es,s>L2(M)+2(1 5)<TR (en ', €n )s,s>L2(M)
(1.2)
+ / (VTLZg APMs, ) dvpas + (1 — ) / ea(|do])|s[3dvas

bM bM

+ (1= 2) (NT™) 08032 ar) = 2TV o sl3z ) ) -

Formula (1.2) is more involved than [20, (7.8)]. Indeed, in [20] it is assumed that
|do| = 1 near bM (not only on bM), so that e,(|dg|) = 0 on bM and the second boundary
term (the integral on bM) in (1.2) does not appear. The last line in (1.2) will always be
non-negative. In [20] a modified Hermitian metric on F near bM is used to derive [20,
(7.8)] (see [20, the last part of VIIL. §6]). This is not needed in (1.2).

When e = 1in (1.2), we get [30, Corollary 1.4.22] (up to constants), which can be used
to prove the holomorphic Morse inequalities for g-convex manifolds or domains (see [30,
Section 3.5]). However, for the g-concave case, we need to apply (1.2) for sufficiently small
€ > 0, in particular, to obtain the optimal fundamental estimates in Proposition 4.2; see
Subsection 4.2. In Subsection 4.5, we combine these two set-ups to obtain the weak
holomorphic Morse inequalities for (p, ¢)-coronas and (p,q)-convex-concave manifolds
(see Definition 4.13).

Let H%*(M, F) denote the Dolbeault cohomology groups up to the boundary, defined
by the Dolbeault complex consisting of differential forms on M that are smooth up to
the boundary, see Subsection 2.2. From (1.2), we can also recover the classical Andreotti-
Tomassini vanishing theorem for both g-concave and g-convex manifolds; see Subsection
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6.1. In fact, we get a more general vanishing theorem as follows. For a Hermitian line
bundle L — X and an integer k € N, L* := L®* denotes the k-th tensor power of L.

Theorem 1.3. Let X be a complex manifold of dimensionn > 2. Let 1 < g<n—1, and
let M € X be a smooth domain in X. Let E be a holomorphic vector bundle on X.

(a) Assume that the Levi form Zyn has at least n — q negative eigenvalues on bM .
Let (L,h%) be a Hermitian line bundle on X such that c(L,h*) < 0 on M. Then, there
exists an integer ko = ko(L, E') such that

H(M,L*®E)=0 for k>ko and £ <n—q— 1. (1.3)

(b) Assume that the Levi form £y has at least n — q positive eigenvalues on bM .
Let (L, h™) be a Hermitian line bundle on X such that c1(L,hY) > 0 on M. Then, there
exists an integer ko = ko(L, E') such that

HY(M,L*®E)=0 for k>ko and {>q. (1.4)

The cohomology groups H*(M, L* ® E) in the above statements can be replaced by the
spaces of harmonic forms %*(M, L* @ E) with respect to an arbitrary Hermitian metric
on F.

Finally, in Subsection 6.3, employing Theorem 1.2, we derive a vanishing theorem for
negative line bundles on relatively compact domains of complex dimension n > 2 with
smooth Levi-flat boundary.

1.2. Holomorphic Morse inequalities for q-concave domains

Let F be a holomorphic vector bundle on complex manifold X. We denote by H*(X, F)
the ¢-th sheaf cohomology group of X with values in F. Let M &€ X be a relatively
compact domain with smooth boundary. Given the smooth metrics on F' and on X, we
can consider the Kodaira Laplacians on M with d-Neumann boundary conditions. We
denote by #9%*(M, F) the corresponding space of harmonic forms. For a Hermitian line
bundle (L, h%), let RE be the Chern curvature form and let ¢y (L, hl) := %RL be the
first Chern form associated with hZ. We denote by (L¥, hL") := (L®k (hE)®k) the k-th
tensor power.

The formula (1.2), together with suitable geometric conditions, implies the optimal
fundamental estimates for the Kodaira Laplacians with 9-Neumann boundary conditions
on M; therefore, Theorems 1.4 and 1.8 follow from the abstract holomorphic Morse
inequalities for L? cohomology; see Subsection 2.3 and [30, Section 3.2]. We have the
following holomorphic Morse inequalities for the (Levi) g-concave domains.

Theorem 1.4. Let M € X be a smooth domain of a Hermitian manifold (X, ©) of dimen-
sion n such that the Levi form Ly (see (2.1)) has at least n — q negative eigenvalues,
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1 <q<n-—1. Let (E,h") and (L,h") be holomorphic Hermitian vector bundles on X
with k(L) = 1.
Ifc1(L,h*) <0 on M\ K, for some compact subset K;, C M, then for { <n—q—1,

lim sup £~ " dim XO’Z(M, ! E) < rk('E) / (—l)zcl(L, hL)",
hoee " K (¢,hl)
4
tim sup 3 (149" dim 209 (M, 1* 1) < 2E) / (=1)fer (L, hEY",
koo =0 " ke

(1.5)

where Kr,(¢, h™) is the subset of K1, consisting of all points x such that /—1RE is non-
degenerate and has ezactly £ negative eigenvalues, and K, (< £,hl) = Up<j<e K1 (4, h").
Moreover, if 1 < g < n — 2, we also have

rk(E)

n!

lim inf " dim HOO(M,L* @ E) > e1(L, h2)™. (1.6)
— 00

Kr(<1,hL)

The spaces %M, LF @ E) in (1.5) and (1.6) can be replaced by the cohomology groups
HY%(M,LF @ E).

When E = C, the Morse inequalities (1.5) for 0 < ¢ < n — ¢ — 1 were also implicitly
given by Berman in [8, Theorems 6.5 and 6.6], via the scaling method for Bergman
kernels. Our method develops the Bochner techniques along Griffiths [20] and adapts the
abstract holomorphic Morse inequalities for L? cohomology as in [30], which also leads
to a more geometric approach for the classical Andreotti-Tomassini vanishing theorems
[6]; see Theorems 1.3 and 6.1.

The holomorphic Morse inequalities for g-concave manifolds, established in [32,34], are
a consequence of Theorem 1.4. In this paper, our method is based on the fundamental
estimates for the Kodaira Laplacians with d-Neumann boundary conditions.

Theorem 1.5 (/32]). Let X be a q-concave complex manifold of dimension n > 2, where
1 <q<n-—1. Let E, L be holomorphic vector bundles on X with rk(L) = 1. Let h* be
a smooth Hermitian metric on L such that c1(L,h") <0 on X \ Ky, for some compact
subset K. Then for j <n —q— 1, we have the weak Morse inequalities: as k — oo,

) ke .
dim H(X,L* @ F) < rk(E)F / (=1)7 ¢ (L, h2)™ 4 o(k™). (1.7)
KL(j)hL)

For j <n —q— 2, we have the strong Morse inequalities: as k — oo,
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J n '
> (-1 dim HY(X, LF @ E) < tk(E)— / (=17 ey (L, )™ 4 o(k™).  (1.8)
=0 Kp(£j.hE)
Moreover, if 1 < g < n — 2, we also have

kn
dim H°(X, L* @ F) > rk(E)F / c1 (L, hE)™ + o(k™). (1.9)
.KL(gl,hL)

Remark 1.6. The proof of the above theorem will be given in Subsection 4.3. Note that
in [32], the inequality (1.7) was stated only for all j < n — g — 2; here we can state it for
all j < n — g — 1 using our approach. Additionally, we would like to make the following
remarks:

(i) Let o € €°°(X,R) be a sublevel exhaustion function for X with exceptional set K
(see Definition 2.1) in Theorem 1.5, and set X, := {x € X : p(x) < ¢} for c € R. We
can modify the assumption from c; (L, h*) < 0 on X \ K1 to the more relaxed condition
c1(L,h*) <0 on X, \ KL, where c is a regular value of p with K UK € X. € X.

(ii) If X is a compact complex manifold, then we can take K; = X, and all the
assumptions in Theorem 1.5 hold trivially, so that the inequalities (1.7) and (1.8) are
exactly the holomorphic Morse inequalities proven by Demailly in [15, Théoréme 0.1].

(iii) When X is noncompact, we further develop the ideas in [30, Chapter 3] and give
a different approach to [32]. Holomorphic Morse inequalities for noncompact manifolds
were proved in various contexts; by Nadel-Tsuji [35] for some complete Kahler manifolds
with Ricci negative curvature; by Bouche [11] for g-convex manifolds; by Marinescu
[31,32,42] for g-concave manifolds, weakly 1-complete manifolds, and covering manifolds;
and by Berman [8] for smooth domains satisfying the Z(q) condition. In this paper,
parallel to Ma-Marinescu [30, Chapter 3|, we present a unified treatment. The Bochner-
Kodaira-Nakano-type formulas with boundary terms (Theorems 1.1 and 1.2) play a
fundamental role in this treatment. For further details, we refer to Subsection 4.5.

1.8. Characterization of Moishezon manifolds and compactification

We further apply the Bochner-Kodaira-Nakano formula with a boundary term to
obtain asymptotic lower bounds for the dimension of the spaces of holomorphic sections
of a semi-positive line bundle over a 1-concave manifold. They generalize the well-known
lower bounds obtained by Siu [39] and Demailly [15] in order to solve the Grauert-
Riemenschneider conjecture, which provides a characterization of Moishezon manifolds in
terms of semi-positive line bundles. The corresponding problem for 1-concave manifolds
was considered in [8,24,32,34].

Recall that an n-dimensional compact complex manifold M or a g-concave complex
manifold M (1 < ¢ < n —2) is called Moishezon if (M) = n, where a(M) denotes
the transcendence degree of the field of meromorphic functions on M (see [30, Definition
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2.2.12 and Subsection 3.4] and [32, §5]). This definition also works for a compact irre-
ducible complex space (see [30, Example 3.4.2(ii)]). According to a classical theorem of
Moishezon, a compact Moishezon manifold admits a proper modification XX , given
by a finite number of blow-ups with smooth centers, such that Xisa projective algebraic
manifold (see [30, Theorem 2.2.16]).

The following criterion for Moishezon g-concave manifolds is essentially derived from
[32, Theorem 1.1] (or equivalently, (1.9)) in combination with the above definition and
[30, Theorem 3.4.7].

Theorem 1.7. Let X be a q-concave complex manifold of dimension n > 3, where 1 <
g <n—2. Let L be a holomorphic line bundle on X with a smooth Hermitian metric h™
such that ci(L,h*) <0 on X \ K, for some compact subset Kr,. If

/ er(Ly kY™ > 0, (1.10)

Kr(<1,ht)

then X is Moishezon.
A holomorphic line bundle L — X on a g-concave manifold X is called big if

limsup k" dim H°(X, L*) > 0.

k—o0

By (1.9), the criterion (1.10) also gives the bigness of L. In this case, for k sufficiently
large, the sections of H°(X, L¥) provide local coordinates on a Zariski open set of X.
Now let us focus on the 1-concave case, also known as the strictly pseudoconcave case.

As we mentioned in the beginning of this part, we would like to study the semi-positive
line bundle (L, h%).

Theorem 1.8. Let X be a connected complex manifold of dimension n > 3. Let M be
a relatively compact domain in X with a smooth boundary bM , and assume that ¢ is a
defining function for bM with M = {x € X : p(x) < 0}. Assume that the Levi form £, is
strictly negative on bM. Let E be a holomorphic vector bundle on X of rank tk(E) > 1.
Let (L,h%) be a Hermitian line bundle on X such that c¢i(L,h*) > 0 on an open
neighborhood of bM in M.
(1) Assume that there exists an open meighborhood U of bM and a plurisubharmonic
function ¢ € €°°(U,R) such that ¢, (L, h*) = g@g(b on U. Then we have

lim inf k=" dim H°(M, L* @ E)

k—+oco
rk(FE)

n!

[ aay S

M(<1,hL) bM

V-1

/ O T A PR

>
- 27
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where bM has the induced orientation as the boundary of M.
(I1) Assume c1(L,h") > 0 on the whole of M. If we can take ¢ = —o in the above
situation, that is, c1(L,hY) = fgaég on U, then

lim &k "dim H*(M,LF ® E)

k—+oco

_ (E) / er (L, hM)" — k() / 1 (L, k)1 A Eag. (1.12)

n! n! 2
M bM

When E = C, (1.12) was proven by Berman [8, Corollary 6.7] and [9]. In his results,
it is only assumed that ¢; (L, ht) = — \/2?.,2”9 on bM. A version of (1.11) was derived in
[34, (2.1)], under the assumption that (L, hz) is positive on M and %, has at least two
negative eigenvalues on bM.

By Theorem 1.8 and [32, Theorem 5.2] (cf. also [24,34]), we obtain the following result
for the compactification of strictly pseudoconcave domains.

Corollary 1.9. Let X be a connected complex manifold of dimension n > 3, and let M
be a connected, strictly pseudoconcave, relatively compact domain in X with a smooth
boundary bM . Let (L, h*) be a Hermitian line bundle on X such that c1(L, h*) > 0 holds
in an open neighborhood of bM in M. We assume that there exists an open neighborhood
U of bM and a plurisubharmonic function ¢ € € (U,R) such that c;(L,h*) = %85(;5
on U, and

/ er(L kY > — / er (L WY1 A §8¢. (1.13)

M(<1,hL) bM

Then L is big, and M can be compactified to a Moishezon manifold; that is, there exists a
compact Moishezon manifold M and an open set My C M such that M is biholomorphic
to Mo.

We illustrate the applications of the above corollary with the following example.

Example 1.10 (Moishezon 1-concave domains in a compact irreducible complex space with
isolated singularities). Let X be a compact irreducible complex space of dimension n > 3
with at most isolated singularities, denoted by Xing (see [30, §3.4]). Set Xieg := X \ Xsing
and let D C X be a finite set that contains Xging.

Let L — X be a holomorphic line bundle equipped with a smooth Hermitian metric
hY on X \ D such that, in a local chart near each point z € D, h¥ as well as all
its derivatives (actually, it is enough to consider all the derivatives up to order 2) are
uniformly bounded. This is the case when h% is smooth on the whole of X in the sense
that hZ is smooth on Xieg and for each x, € Xging, there exists an open chart U, of X
and a holomorphic embedding ¢, : U, < CNe such that z, € Uy, to(z4) = 0 € CNe,
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and (L|y,, h"|y,) = 15(CNe x C, hy) is the pullback of the trivial line bundle on CVe
together with a smooth Hermitian metric.

We assume c¢;(L,hr,) > 0 on an open deleted neighborhood of D. For each point
x € D, we fix a small open domain U, of z such that

e each U, is a relatively compact, strictly pseudoconvex domain with a smooth bound-
ary;

« on an open neighborhood V,, of U,, the line bundle L can be holomorphically triv-
ialized so that, in this trivialization, h* has a local weight ¢, € €><(V, \ {z},R).
We also take U, and V, such that ¢i(L,hr)|v,\{s} > 0. By our assumption, every
derivative of ¢, in the deleted neighborhood V, \ {z} is uniformly bounded.

e the open subsets V,, x € D, are disjoint from each other.

Observe that one can always choose a family {z € U, € V, € X},ep satisfying the
above conditions.

Now we set M = X \ UmeDUw. Then bM is the disjoint union of bU,, but with
the opposite orientation. Then M becomes a strictly pseudoconcave domain with a
smooth boundary. Our assumption on (L, k%) implies that, for z € D, the smooth
form ¢y (L, hE)"~1 A %8(% is uniformly bounded on a small deleted neighborhood of
x, then by Stokes’ theorem, we have

e (L, hE)" = — / e (L, B 1A Eagbz. (1.14)

2w
Uz \{z} bU,

As a consequence, we have

/ er(L, hEY" = / cl(L,hL)"—i—/cl(L,hL)"_l/\E(’)gzﬁ, (1.15)

21
Xreg(<1,RL) M(<1,hL) bM

where ¢ = {¢,}sep. By [30, Theorem 3.4.10], if the integral in (1.15) is strictly pos-
itive, then X is Moishezon, which implies that M is Moishezon as a consequence of
Corollary 1.9.

The subsequent stability result for Moishezon manifolds is established by combining
the idea in [34] with Corollary 1.9 and (1.15). The proof is provided at the end of
Section 4.4.

Theorem 1.11. Under the same setup as in the above example, assume in addition that
c1(L,h*) >0 on X \ D. Then, for any sufficiently small deformation J' of the complex
structure J on M and any sufficiently small deformation of complex structure on L that
makes the original smooth line bundle Ly — M also holomorphic with respect to the
new complex structure, the manifold M is Moishezon 1-concave and it can be compactified
to a Moishezon manifold.
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1.4. Kohn-Rossi extension theorem for q-concave domains

Let u be the projection from the space of the smooth forms with values in holomorphic
bundles on the boundary to its subspace consisting of complex tangential forms with
values in bundles, and let 0, be the Kohn-Rossi operator on the space of the smooth
forms with values in holomorphic vector bundles on the boundary; see Subsection 2.4.

Under the same conditions on M € X as Theorem 1.4, if L is semi-positive throughout
M, then (1.5) indicates that

dim 0"~ Y M, L% @ E*) = o(k"™), as k — oo when ¢ < /;

see Corollary 4.9. This estimate, along with the Kohn-Rossi criterion (Theorem 2.15),
allows for the substitution of cohomology vanishing theorems typically used in the ex-
tension results for holomorphic forms, leading to the following theorem.

Theorem 1.12. Let X be a connected, compact complex manifold of dimension n > 2. Let
(E,h®) and (L,h*) be holomorphic Hermitian vector bundles over X and rk(L) = 1.
Assume that L is semi-positive on X and positive at least at one point. Let 1 < g <mn-—1
and assume that M 1is a relatively compact domain in X with a smooth boundary bM on
which the Levi form restricted to the analytic tangent space has at least n — q negative
etgenvalues. Then, for ¢ < ¢ < n — 1, there exists a non-zero holomorphic section s €
HO(X, LF0) for some ko € N, such that for every Oy-closed form o € Q%¢(bM, E), there
exists a O-closed extension S of s @ o € Q% (bM, L* @ E), i.e.,

SeQ (M, L @E), 8S=0onM, u(S|ym)=pu(s®c) onbM.

Note that the hypothesis on the line bundle L implies that X is a Moishezon manifold
by Siu’s criterion [30, Theorem 2.2.7]. The hypotheses of the theorem can be weakened as
follows. It is enough to assume that the holomorphic line bundle L is big and semipositive
in a neighborhood of the domain M. As a corollary, we obtain that under these conditions,
if the Levi form on bM has one negative eigenvalue everywhere, then every smooth
(0,n — 1)-form on bM can be extended meromorphically over M; see Theorem 5.3. We
will apply vanishing theorems to prove the Jy-extension results in Theorems 6.2 and 6.3.
A preliminary version of Theorem 1.12 can be found in [33].

For k € N, the space H?(CP™, 0'(k)) is canonically isomorphic to the space of homo-
geneous polynomials of degree k. By choosing X = CP", L = ¢(1), E trivial, « = o,
and A =5 ® s~! in Theorem 1.12, we obtain the following interesting case.

Corollary 1.13. Let M C CP" be an open domain with a smooth boundary bM. Let
1 <qg<n-—1, and assume that the Levi form of bM restricted to the analytic tangent
space THOBM has at least n — q negative eigenvalues. Then, for each ¢ < j < mn — 1,
there exists a homogeneous polynomial f; € Clzg, 21, ,2zn) of degree k; € N such that
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for every Oy-closed form o € Q% (bM), there exists a O-closed extension A of o on M
outside the zero set Z(f;) := {[z] € CP" : f;(z) = 0}, that is,

Ae Q™ (M\Z(f)), dA=00onM\Z(f;), n(Alanzi,)) = (albanzg,))-
1.5. Organization of the paper

This paper is structured as follows. Section 2 introduces the notation and reviews
known results on cohomology groups for complex manifolds satisfying certain convexity
or concavity conditions. In Section 3, we derive our version of the Bochner-Kodaira-
Nakano formula and establish the Nakano-Griffiths inequality including boundary con-
tributions. Section 4 is devoted to a systematic investigation of Morse inequalities for
g-concave manifolds and domains, based on our Nakano-Griffiths inequality. In Section 5,
we prove the Kohn-Rossi extension theorem for g-concave domains; see Theorem 1.12.
Finally, in Section 6, we rederive the Andreotti-Tomassini vanishing theorem and apply
it to the 0; extension problem; in addition, we obtain a vanishing theorem for domains
with Levi-flat boundaries.

2. Preliminaries

Let (X,0) be a connected Hermitian manifold of dimension n, and let (F,hf") be a
holomorphic Hermitian vector bundle over X. Let p, ¢ € N. We denote by QP4(X, F') the
space of smooth (p, ¢)-forms with values in F', and by (-,-),r ¢ the pointwise Hermitian
metric on QP4(X, F) induced by © and h%. Let M € X be a relatively compact domain
with a smooth boundary bM. We denote by M = M |JbM the closure of M in X.
Throughout this section, we use these notations without further notice.

2.1. Complex convexity

The theory of ¢-convexity/concavity was introduced by Andreotti and Grauert in [3]
and is one of the basic tools in the study of the geometry of noncompact complex spaces.
We recall here some important facts of the theory.

Definition 2.1. Let M be a connected complex manifold of dimension n. Let 1 < g < n.

(i) M is called g-convex if there exists a smooth function ¢ : M — [a,b), where
a € R, b e RU{+oo}, such that the sublevel set M, = {x € M : p(x) < c} is relatively
compact in M for all ¢ € [a,b) and /=199y has at least n — ¢ + 1 positive eigenvalues
outside a compact set K (called the exceptional set).

(ii) M is called g-concave if there exists a smooth function ¢ : M — (a,b], where
a € RU{—oc0} and b € R, such that the superlevel set M, = {x € M : p(x) > ¢} is
relatively compact in M for all ¢ € (a,b] and /—199¢ has at least n — q + 1 positive
eigenvalues outside a compact set K C M, called an exceptional compact set. In the
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sequel, we also use ¢ := —¢ as the sublevel exhaustion function and then M, = {z €
M : o(x) < ¢} €M for all ¢ € [-b, —a).
In all these cases, we call p or g an ezhaustion function.

Example 2.2. We provide here some examples of g-concave manifolds (cf. [32]).

(1) Let X be a compact Kéhler space of pure dimension n and Y an analytic subset
of pure dimension ¢ containing the singular locus of X. Then X \ 'Y is a (¢ + 1)-concave
manifold. In particular, the regular locus of a projective algebraic variety with isolated
singularities is 1-concave.

(2) Let X be a compact complex manifold and ¥ an analytic subset of pure dimension
g. Then X \'Y is a (¢ + 1)-concave manifold.

(3) If 7 : X — Y is a proper holomorphic map between a complex manifold X and a
g-concave manifold Y such that the dimension of its fibers does not exceed r, then X is
(¢ + r)-concave.

Example 2.3. A hyperconcave (or hyper 1-concave) manifold is a 1-concave manifold with
a = —oo; cf. [30, Definition 3.4.1]. A geometric example due to Siu—Yau is a complete
Kahler manifold of finite volume and bounded negative sectional curvature; see more
examples in [30, Example 3.4.2].

We also need the following terminology concerning the Levi convexity of domains M
with smooth boundaries in a complex manifold X of dimension n, cf. [18]. We assume
that there exists a real smooth function ¢ on X such that M = {x € X : o(z) < 0}, bM =
{z € X : o(x) = 0}, and do(x) # 0 for any = € bM. In addition, we assume that |dg| =1
on bM. Then, we call ¢ a defining function of M. Let TX ®g C = THO X @ 7OV X be
the splitting of the complexified tangential bundle. The analytic tangent space to bM at
x € bM is given by

TEOPM = {v e THOX - dp(v) = 0}
The Levi form of g is the 2-form £, € €>°(bM, TOO*bM @ TOD*pM) given by
Z,(U, V) := (8dp)(U,V), for U,V e T\"Y0M, x € bM. (2.1)

The number of positive and negative eigenvalues of the Levi form is independent of the
choice of the defining function. We will denote the Levi form by Zas when the defining
function p is not emphasized.

Definition 2.4. We say that M satisfies the condition Z(q) if the Levi form .Z, has at
least n — ¢ positive or at least ¢ + 1 negative eigenvalues at each point of bM.

Immediately, we have the following result (see [21, Theorem 6.7]).

Proposition 2.5. Let M be a g-concave manifold with superlevel exhaustion function ¢
and exceptional compact set K. Then the following claims hold for any ¢ < infi ¢:
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(a) The manifold M. = {x € M : ¢ > c} is g-concave.
(b) If in addition c is a regular value of ¢, then M. satisfies the Z(j) condition for
Jj<n—gqg—1L

Let M € X be a smooth domain such that its Levi form %5, has at least n—q negative
eigenvalues on bM with 1 < g < n — 1. Let g be its defining function. For ¢ € R with
le| sufficiently small, the Levi form of M, := {z € X : o(x) < €} still has at least n — ¢
negative eigenvalues on bM,. Following [21, Theorem 6.7, if we set 91 = —exp(—Co)+1
for a sufficiently large constant C' > 0, then we can rewrite M = {z € X : p; <0}, and
V/—100p; has at least n — q + 1 negative eigenvalues in a small neighborhood of bM. So
M is a g-concave manifold.

Definition 2.6. A smooth domain M € X is called (Levi) g-concave (1 < g <n —1) if
the Levi form %5, has at least n — ¢ negative eigenvalues on bM .

The following important cohomology finiteness theorem is due to Andreotti-Grauert
[3]; see also [7,18,22,36].

Theorem 2.7 (Andreotti-Grauert). Let M be a g-concave manifold of dimension n > 2,
and let F' be a holomorphic vector bundle on M. Then the sheaf cohomology groups of
M with values in F' satisfy

dim HY(M,F) < oo, j<n-—gq—1. (2.2)
2.2. 9-Neumann problem and Hodge theory

Let p,g € N and 0 < p,q < n. Let QP2(M, F) be the space of smooth (p, ¢)-forms
with values in F. Let QP4(M, F) C QP9(M, F) be the subspace of those forms that are
smooth up to and including the boundary bM. The L2-scalar product on QP¢(M, F) is
given by

(51, 39) 2ar.p) = / (51(2), 52(2))nr o dups () (2.3)

M
where dvy = ©"/nl is the volume form of M. We will write simply (si,s2)r2 or
(s51,82)12(ar) for (s1,s2)r2(ar,ry if there is no confusion, and we denote by | - |[z2 the

corresponding L2-norm and by L2 (M, F) the L? completion of Q74(M, F). Let

3" :Dom(@" ) VL2 (M, F) — L% (M, F)

be the maxilgnal extension of the Cauchy—Ri%mann operator. Sometimes we WillFuse 0
instead of O to simplify the notation. Let * be the Hilbert space adjoint of 0 .
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Let e, be the inward pointing unit normal vector at bM. We decompose e, = 61(11’0) +

eV e THOX @ TOD X, Set
BPY(M,F)={s € Q"¢(M,F) : Leons=0on bM}. (2.4)
Then by [30, Proposition 1.4.19], we have
BP4(M, F) = Dom(d" ") N QP(M, F). (2.5)

Furthermore, we define the Gaffney extension of the Kodaira Laplacian by
Dom(0F) = {s € Dom(gF) N Dom(éF*) D s e Dom(gF*), s € Dom(EF)},
r=9"9" 499" 20
We denote the space of harmonic (p, ¢)-forms with values in F' by
AP (M, F) = Ker(O")NL2 (M, F) = {s € Dom(O")NL2 (M, F):0"s =0} (2.7)
and the orthogonal projection by
H:L (MF)— #"(M,F). (2.8)

We recall the solution of the 9-Neumann problem.

Theorem 2.8 ([18, (5.1.11), (3.1.14)]; [26, Theorem 5.11]). If M satisfies the Z(q) con-

dition, then there exists a compact operator (the Neumann operator)
. T2 2
N:Ly (M, F)— Ly (M, F)
such that

a

b
c
d

NL2, (M, F) C Dom(TF) and L2 (M, F) = OFN'L2 (M, F) + AP9(M, F);
N commutes with OF 5F, EF*, H

N(QP4(M, F)) Cc QP4(M,F) and H(QP4(M,F)) C QP4(M, F);
HP9(M,F) C QP4(M, F) is finite dimensional.

— T ~—

(
(
(
(

~—

The reduced L2-Dolbeault cohomology is defined by

o Ker(d' )N L2 (M, F
Hy (M, F) := (_F)ﬂ pal ), (2.9)
m(0" ) N L3 (M, F)]

where [V] denotes the closure of the space V. By the weak Hodge decomposition (see
[30, (3.1.21) and (3.1.22)]),
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H{3)(M,F) 2 74(M,F). (2.10)
The (non-reduced) L?-Dolbeault cohomology is defined by

Ker(d' )N L2,(M, F)
(3@ )N 12,(M,F)

HP (M, F) =

o (2.11)

We say the fundamental estimate holds in bidegree (p,q) for forms with values in F' if
there exists a compact subset K C M and C > 0 such that

=F —F'x
IslZ2ar) < CUI" sl1F2(ary + 119 s||2L2(M)+/|5|2dUM)a (2.12)
K

for s € Dom(gF) N Dom(éF’*) N L2 (M, F). If the fundamental estimate holds, the

reduced and non-reduced L?-Dolbeault cohomology coincide; see [30, Theorem 3.1.8].

The sheaf cohomology H?(M, F') for holomorphic sections of F is isomorphic to the
Dolbeault cohomology H%4(M, F). Besides, the Dolbeault cohomology up to the bound-
ary is defined by

Ker(d ) N Q4 (M, F)
(@ ) nQea(’, F)

HP(M,F) = (2.13)

Regarding the relationships among the aforementioned cohomology groups, we present
the following fundamental results.

Theorem 2.9 ([18, (3.1.14), (4.3.1)], [22, Theorem 8.4.9]). If M satisfies Z(q), then

HP(M, F) ~ H(M, F) ~ 7M. F). (2.14)

If M satisfies Z(q) and Z(q+ 1), then
HPU(M, F) ~ #P4(M, F).

The spaces HP4(M,F) and HP9(M,F) are independent of the metrics used on the
domain M and F, whereas the other spaces mentioned rely on metric data.

Theorem 2.10 (/3, Proposition 18]). If X is a connected q-concave manifold of dimension
n > 2 equipped with an exhaustion function o as in Definition 2.1 and 1 < g <n —1,
then for a reqular value ¢ € R of o such that the sublevel set X. contains the exceptional
set K of o, we have

HI(X,F)~ H (X, F) ~ H*(X.,F), forj<n-—q—1. (2.15)
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Theorem 2.11 ([22, Theorem 3.4.9 and the subsequent remark/). Under the same hypoth-
esis as Theorem 2.10, we have for 0 < j<n—q—1,

dim H/ (X, F) < dim H;J (X, F) = dim H*/ (X, F). (2.16)

2.3. Fundamental estimates and abstract holomorphic Morse inequalities

We recall the results presented in [30, Section 3.2] on the abstract holomorphic Morse
inequalities for L2-cohomology. The main idea is to show that the spectral spaces of the
Laplacian, associated with the small eigenvalues, inject into the spectral spaces of the
Laplacian with Dirichlet boundary conditions on a smooth, relatively compact domain.
The asymptotics of the latter operator can be calculated explicitly; for example, see [30,
Theorem 3.2.9]. We also refer to [11,15,32] for these results.

Let (X, ©) be a Hermitian manifold of dimension n. Let L, E be holomorphic vector
bundles on X equipped with smooth Hermitian metrics 2%, h¥. Throughout, we assume
rank(L) = 1. Let 55 Q0 (X, LFQE) — Q)T (X, L*®E) be the associated d-operator,
and we use the same notation for its maximal extension with respect to the L2-inner
product.

We say that the fundamental estimate holds in bidegree (0,q) for forms with values
in L* ® E, if there exists a compact subset K C X and Cy > 0 such that for sufficiently

—=E =B %
large k, we have for all s € Dom(9), ) N Dom(d;," ) N L(Qo’q) (X, LF® E),
2 Co (,=E 2 =B o 9
Isl220x) < = (19 sli3acxy + 195 "sl220x)) + Co [ IslPdvx. (2.17)
K

Note that (2.17) implies the fundamental estimate (2.12) for sufficiently large k.

Theorem 2.12 ([30, Theorem 3.2.13]). Assume that there exists m € N such that the
fundamental estimate (2.17) holds for (0, j)-forms with values in L* ® E and any j < m.
Let U € X with a smooth boundary be such that K € U. Then as k — oo, the following
strong and weak Morse inequalities hold for any j < m,

J n
S (- 1y dim HYL (X, L @ B) < k()5 / (=1 er (L W) + k™), (2.18)
n.
=0 U(<.ht)
and
dim HE (X, LF @ E) < rk(E)% / (=1 er (L, hE)™ + o(k™). (2.19)
UGhE)

As a consequence of [30, Theorem 3.2.9, Proposition 3.2.11, and (3.2.63)], we have the
following result (implicit in the proof of [30, Theorem 3.2.13]).
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Corollary 2.13. Assume that the fundamental estimate (2.17) holds for (0, q)-forms with
values in L* @ E for some q € {0,1,...,n}. Let U € X with a smooth boundary be such
that K € U. Then as k — oo, the weak Morse inequalities (2.19) hold at degree (0,q).

For the space of L*-holomorphic sections Hfy (X, L* ® E) := H(OQ’?(X7 L¥ ® E), there

is also a lower bound provided the fundamental estimate holds.

Theorem 2.14 ([30, Theorem 3.2.16]). Assume that the fundamental estimate (2.17) holds
for (0,1)-forms with values in L* @ E. Let U € X with a smooth boundary such that
K €U. Then as k — oo, we have

n

dim HY) (X, IF @ B) > 1k(B) / er (L hEY™ + o(k™). (2.20)
U(<1,ht)

2.4. The 0y operator on the boundary

Let QP9(bM, F') be the (p, q)-forms with values in F' over bM, that is, QP9(bM, F) :=
0P X, F)|ppr. We recall some notions in [26]. A form a € QP9(bM, F) is called com-
plex normal, if there exists ¢ € QP4~1(bM, F) such that o = 9 A (00)|par, Where o is
a defining function of M. We denote by CP9(bM, F') the subspace of QP4(bM, F') con-
sisting of complex normal forms. A form 8 € QP4(bM, F) is called complex tangential,
if (a(x),B(x))pre = 0 for every a € CP9(bM,F) and every x € bM. We denote by
DP2(bM, F') the subspace of QP9(bM, F') consisting of complex tangential forms. With
respect to the pointwise Hermitian product (-, -),r g, we have

QP9(bM, F) = CP(bM, F) @ DP9 (bM, F). (2.21)

Moreover, we denote the projections by u : QP9(bM, F) — DP4(bM, F), p,q € N.

A form ¥ € QP4(M, E) is a O-closed extension of o € QP4(bM, E) if 0% = 0 on M
and p(|par) = p(o), ie., ¥ is d-closed and ¥ = ¢ in the complex tangential direction
on bM. We define a map

0y : QPU(bM, E) — QP Y (bM, E), 9yo := u((90”)|par) (2.22)

where o’ € QP4(M, E) and o’|yp = 0. The definition of 9, is independent of the choice
of ¢’. We say o is Op-closed if 9y0 = 0. Kohn-Rossi provided a general criterion for the
extension of d,-closed forms as follows.

Theorem 2.15 (/26, Proposition 5.15]; [18, Theorem 5.3.1]). Suppose bM has property
Z(n—q—1). Let F be a holomorphic vector bundle over X. If o € QP9(bM, F), there
exists a O-closed extension X of o if and only if
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Opo =0 and / ONoc=0 for 0 € " P I (M, F*). (2.23)
bM

3. Bochner-Kodaira-Nakano formula with boundary term

Let (X,J,0) be a Hermitian manifold of dimension n > 1 where J denotes the
complex structure, and define the associated J-invariant Riemannian metric on T'X by

g ) =0T, (3.1)

The corresponding volume form is dvx = ©"/n!. Let VX denote the Levi-Civita con-
nection of (T'X, g7¥), and let RTX denote the Riemannian curvature tensor. Let pTHOX
(resp. hT(O’l)X) denote the Hermitian metrics on 709 X (resp. TV X)) induced by g7¥.

Let F' be a holomorphic vector bundle on X equipped with a smooth Hermitian metric

R In this section, we will use the notation (-,-) or (-,-),rx to denote the bilinear form

on TX or TX ®g C, and we will denote (-,-),r ¢ or sirilply (-,*)n the Hermitian inner
products.

Let V¥ denote the Chern connection of (F, k%), and let R denote the correspond-
ing Chern curvature form. In particular, let VZ'"”X be the Chern connection of the
holomorphic Hermitian vector bundle (710X, hTU’O)X). For s € €=(X,TOVX),
5€¢>°(X, THX), we have

VX5 e UX, T X) = (X, CT* X ® TEO X).
We define V7" X s = VTT0X5 € (X, CT*X @ TV X). Set
%TX

= VTOOX g yTOPX (3.2)

Then V7X defines a connection on C ®g TX which preserves the real tangent bundle
TX and the Riemannian metric g7*X.
We define the covariant derivative

Vi (anB) = ViX(@) A B +anViX() (3.3)
for differential forms «, 8. For « € T*X, U,V € TX,

Ua(V)) = (VEX )V + a(VEXV). (3.4)

When we consider the differential forms valued in F', we also use the same notation vIx
for the connection or covariant derivative given by VI ® Idp +1d A(T*X) RVYE.

Let T € A2T*X ® TX be the torsion of the connection V7 given by

T(U,V)=VEV - VXU - [U,V] (3.5)
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for U,V € TX. By [30, (1.2.37)], T maps THOX @ TR0 X (resp. TOVX @ TOX)
into THO X (resp. TV X), and vanishes on THOX @ TOD X, We will also write
T = 709 4 7O Note that © is Kahler if and only if V7X preserves the splitting
T X @ TOD X and in this case we have VI X = 6TX, T=0.

In this section, we consider a smooth, relatively compact domain M in X. As in
Subsection 2.1, we will always set M = {x € X : p(z) < 0}, where p € €°(X,R) is
a defining function of M such that |dg| = 1 on bM. The Hermitian metric h”"”®M on
TOEOBM is induced by RT"X In this setup, given any orthonormal basis {w;}7_; of
(T X, KT X) at a point y € bM, we have

n n
S = =3 (0w, eV = =Y wj(0)a;. (3.6)
j=1 i=1

Let dvpps be the volume form on bM defined by
dvx = do N dvppyr on bM. (3.7)
3.1. Bochner-Kodaira-Nakano formula with boundary terms

We recall the Bochner-Kodaira-Nakano formulas with boundary terms given by
Andreotti-Vesentini [7, p. 113], Griffiths [20, (7.14)], and Ma-Marinescu [30, Theorem
1.4.21].

First, we introduce the necessary notation. Set the Lefschetz operator Lefg = (OA) ®
Idp on A**(T*X) ® F, and let A = 1o be its adjoint with respect to the Hermitian
product (-, -)p.

Definition 3.1. The Hermitian torsion operator 7 acting on A**(T*X) is given as follows

1 )
T= 3 Z (T(wj, wk), Wm) [Zwk NGO Ny, — 28 jmw" — wI AW A Lo |+ (3.8)

jke.m

where {w;}"_, is an orthonormal basis of (T0) X, KT XY with the dual basis {w? Ha
of TW9* X, We will use the same notation 7 for the operator 7 ®Idz on A**(T*X)®F.

We write VI = (V)10 4 (VF)01 ag operators acting on differential forms valued in
F. Let (VF)L0 (VF)01* T T denote the (formal) adjoints of (VF)10, (VF)0! = 5F7
T, T with respect to the L2-metric or the Hermitian metric (-,-);,. Analogous to OF,
the holomorphic Kodaira Laplacian is defined as

0" = [(VF)L0, (VF)L07). (3.9)

We recall the Bochner-Kodaira-Nakano formula of Demailly [16, Proposition 2.1]:
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OF =8 + [V=IRF, A + [(VE)2°, 7% - @, T . (3.10)

Note that the curvature term [v/—1R¥, A] is crucial for various applications of the above
formula. By the definition of A, in an orthonormal basis {w;}7_; of (T X, hT(l’O)X),

we have

[V=1RY Al = ZRF(wj,wk)wj A by, — ZRF(wj,wk)ijwk A (3.11)
Jik gk
Write
Tro[V—1R"] =Y RF(w;,@;) € End(F). (3.12)
j=1

For s € %9(X, F), 0 < q < n, we have
[V=IR",Als = > R"(w;,@)a" A 1y, s — Tre[V—1R"]s. (3.13)
3k
Set F = F @ K% with K% := A*(T(9 X) = det T(H9 X Since Kx ® K% ~ C, there
exists a natural isometry

U AT X)QF — A(T*X)QF, Ws:=(w'A...Aw"As)@(WiA...Awy). (3.14)

Now we consider the smooth, relatively compact domain M = {z € X : p < 0} € X
with a defining function ¢ € ¥°°(X) satisfying |do| = 1 on bM, and the sections in
B%4(M, F). The Bochner-Kodaira-Nakano formula with a boundary term is as follows:

Theorem 3.2 (Ma-Marinescu, [30, Theorem 1.4.21]). For q € {0,1,...,n} and for s €
BY%4(M, F), we have

=F =Fx
19" sl Z2ar) + 197" 80122 ar)

:||(VF)1’O*‘I’3||2L2(M) + Z RFOKX (ijwk)wk A, 8, 3>L2(M)
jk=1

- <5F8, \I’_l?\I/S>L2(M) - <W_17*WS,5F*S>L2(M) (315)
+ (T s, (VE)S0 Us) 12 )

n
+ < Z "S’ﬂg(wj7wk)wk A lw; S, 8>hdUbM7
bM SR=1

where {w;}}_; is an orthonormal basis of (T X, hT(l’O)X) and £, is the Levi form

defined in (2.1). In the boundary term in the last line, we can replace the sum over
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the basis {w;}7_, by the sum over an orthonormal basis of (THOpM, hT<1’O)bM) since

L (U,l)S‘bM =0.
€n

By substituting the explicit form (3.14) for the isometry ¥ into (3.15), we obtain the
following form of the Bochner-Kodaira-Nakano formula with boundary term, which is
due to Andreotti-Vesentini [7, p. 113] and Griffiths [20, (7.14)].

Theorem 3.3. For s € B%4(M, F), we have

=F —F'x
19" 80122 ary + 197 sl 22 (ar)
n

= Z ||VTX5||L2 )+ (€ Z RFORX (wj,w1)@" A tw,; 5, 8) 1201
J,k=1

+ /<Z$Q(wj,wk)wk A tg; 8, 8)ndvp (3.16)
bM DF

—=F % —F'x
+{(0 s, LT(0v1)5>L2(M) + <LT(011)S, 0 5>L2(M)

n
—j STX
+ E T (Gk, Wj), W)@ A, 8, Vg 8) L2 (M)
J,k,mzl
where Ly = %szvm:ﬂT(w]—,wk),wm)wﬂ‘ A@* A ig,,., and 15, denotes the dual of

L.y with respect to the Hermitian metric.
3.2. A wvariant of Bochner-Kodaira-Nakano formula; Proof of Theorem 1.1

Recall that we always assume |dg|pps = 1, so that |dg| is a positive smooth function
near bM , which might not be constant. By our definition of ey, it is clear that / —1(6511’0) -
el )) is a real vector field tangent to bM; hence, the derivatives of |dp| in the normal

direction on bM satisfy

%en(|d9|)|bM = et (|de)oar = e (|dol)lbar € € (bM, R). (3.17)

Note that the Levi form .Z, is defined on A%T(bM). In a local orthonormal frame
{w; }n=] of (TYObM, AT "M ) we have

n—1

Tron V=12, = > Z,(w;,@;) € € (bM,R). (3.18)

Jj=1

Lemma 3.4. Let 7 € (X, [0, 1]) such that T = 1 near bM and supp 7 is included in an
open neighborhood of bM where do does not vanish. Let 2, € Q"~1"=1(X R) be given

by
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@n—l B
QT = m — 2\/ —17 % (39/\ ag),

where * denotes the Hodge star operator associated to g7~ . Then we have

g(@ - 5)QT|bM == (TrbM[\/jlfg] - 6n(‘dg|)) dUb]V[; (319)

and
Q- lpar = 0. (3.20)
Moreover, if n > 2, we can choose the function T as above such that
OAQ: >0, near M. (3.21)
If n =1, for any € > 0, we can choose the function T as above such that
OAQ; +edvx >0, near M. (3.22)

Proof. At first, we consider a special local frame of 7% X near bM. Let {w, }7_1 be an

orthonormal frame of (79 X hT(l’O)X); in particular, near bM, we take

\/5 (1,0)

Wp = @en 5 (323)

where 1/|do| > 0 is a smooth function near bM with (1/|do|)|sar = 1. Let {w/}7_; be
the dual frame of T10* X; in particular, near bM, we have

Y

w" = ——0p.
|dol

As a consequence, the following (1, 1)-form acting on TH°0M @ T%1bM satisfies
W™ A w"\bM =0. (324)

Here the restriction is the pull-backs under the inclusion iy : bM — X.
Then for k € {1,...,n — 1} and near bM, we have

wi(0) = wk(0) =0, (3.25)
and

_|do|
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Therefore, at bM, {w;}}_ ~} forms a local orthonormal frame of (T"0pM, BT O)bM)

Moreover, near bM, we have

— (9o, (Wi, @Wk]) = (en (-0 VTX k), for k < mn;

85@(%,@) = 1 9 (3.26)
_@enﬂdm) o |2< V o O)en )>, for k = n.
Note that the Riemannian volume form associated with g7% is given as
dox = & = AT (VTIw A 3.27
v == i (V=1w! AwY). (3.27)
For k € {1,...,n}, we denote the local real (n — 1,n — 1) form
U, r= V=11, te, dvx. (3.28)
Then we have
n—1
Qr =Y U+ (1= 7ldo*) Vs (3.29)
k=1
It follows directly that Q. |pps = 0. We have
ONAQ, = (n—7|do|*)dvy. (3.30)

If n > 2, we can choose 7 such that n — 7|dg|?> > 0 near the domain M. Therefore we
obtain (3.21). When n = 1, for any ¢ > 0, we can choose 7 appropriately such that
1 — 7|do|* > —¢ near the domain M, thereby satisfying (3.22).

It remains to prove equation (3.19). Initially, it is clear that

1 1
LwndUX|bM = —EdvbM, Lwnd'UX|bM = —ﬁdvbM. (3.31)

For 1 <k <n—1, we compute

OV, 5 lom = =V —=1(0T" , wi, A W) i, dvx o

= i(aw",wk /\wk>dUbM (3.32)

V2
= —/ *185@(&%, wk)dUbM.

Similarly, we have

Vi lorr = V=180 0(wr, Wy )dvpar- (3.33)
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Then we have

) _ _
T(a — B)qlkﬂbM = 88g(wk,wk)dvbM. (3.34)

Now we deal with the last term (1 — 7|dg|?)¥,;. We have

(0= 0)(1 = 7|dol*)Wnrlonr = 2(~wn(ldel) V1w, dvx — wn(ldel)V 1w, dvx)|sa

= 2\/jlen(|dg|)dvbM.
(3.35)

Then (3.19) follows from (3.29), (3.34) and (3.35). This finishes the proof. O
As a consequence, we obtain a slight extension of [20, Theorem 7.3].

Corollary 3.5. Let 7 € €°°(X,[0,1]) and 0, be as in Lemma 3./. Then for g € €°°(M),
we have

/\/71859/\97 - /g\/qaé‘QT = /g (Trons [V —152,] — ea(|do])) dvprr.  (3.36)
M M bM
Proof. By Lemma 3.4 and Stokes’ formula, we get

/g (TrbM[\/ZXQ] — en(\dg|)) dvopyr = % /gﬁ(a— 5)QT

—5 [ V-iale@-0)0,)

(3.37)
_ / V=109 A Q. — / g/ =1009,

M M
+\/2_71/(65)g/\97.

bM

By (3.20), the last integral on bM vanishes, so that we obtain (3.36). O

Prior to presenting a more complex variant of the Bochner-Kodaira-Nakano formula
with boundary terms, we introduce some notation to streamline our expressions.

Definition 3.6 (Modified curvature commutators). For € € [0,1], we define the following
operator on QP9(X, F),

[V—1R" Al := [V—1R",A] + eTrg[vV—1R"], (3.38)



B. Liu et al. / Journal of Functional Analysis 292 (2027) 111635 27

where Trg[v/—1RF] is defined in (3.12). Similarly, we define the operator acting on
DP4(bM, F) (see (2.21)) by

V=12, A2 = [V=1.25, Alou] + eTrpnr[V—=1.7,). (3.39)
Note that, for s € B%9(M, F), we have s|,n; € D%4(bM, F).

We will also need the following notation which appeared in Theorem 1.1. Recall that
for a 1-form 8 on X, Tr[V](z) is defined with respect to (TX,g"). If {e;}37, is an
orthonormal basis of the real tangent space 7, X, then

Zejﬁ (e)( ZV

Let RA“YT°X denote the curvature tensor operator associated with the Hermitian con-
nection VI'X on AO:®)T* X

Definition 3.7. Given 7 € ¢>°(X,[0,1]), Q, as in Lemma 3.4 and € € [0,1]; a local
orthonormal frame of (T10X, hT"°X) denoted by {w;}}_,. For s € B%4(M, F), we define
the following bilinear forms

—=F % —F'x
Q%E(s,s) =(0" s,tron8) L2y + (Lpon 5,0 8)r2(arn)
+ < (Wg,W;), Wm o’ /\mes,%ng>
;m: 1 i) ¢ (3.40)

n

—2(1—e)Re | > (T(wj,wi), @) (VEXs, s)ndvx,
M Jk=1

and

T (s,5) =~ <Tr@[\/—1]§A(O’.)T*X]S, 8>

L2(M)

+ <T|dQ|2 (EA(O,o)T*X @IdF) (wn,wn)s,s>L2(M)

+2Re/ (wn(7ldel®) + 7|do|*Tr[VE"]) (VEXs, s)pdux (3.41)
M

+ 2Re / Tldo>(VEX s, s)ndvx,

VTXw
M

where w, near bM (on the support of 7) is taken as in (3.23), that is, w, = fjg‘ el0.

The following proposition, whose proof will be given in Subsection 3.4, is the key
ingredient for the proof of Theorem 1.1.
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Proposition 3.8. Given 7 € €°°(X,[0,1]) and Q,; as in Lemma 5./, then for s €
Q%4(M, F), we have

[ V10013 700 =3 IFE sl va”snp — (Tro[V=TR 15, ) acan
M J=1

*2”\/_V . o>3||L2(M JF2||\/_V 0. 1)S||%2(M)

— 2Re Z (T(wj,wk),wkﬂ%gjxs, s)yndvx
b k=1

2<TRF(6,(11’0) el 1))5, shrz(any + UE (s, s). (3.42)
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. In this proof, we always use the local orthonormal frame {w; };’:1

of (T™OX, hT""X) constructed at the beginning of the proof of Lemma 3.4, where we

have w, = ‘ﬁ e near bM (on the support of 7). Applying (3.36) with g = |s|7 and

then combining it with Proposition 3.8, we get

S VI 8|2 0, = / (s2vT009, + 3 19T %5200
Jj=1 M j=1
VAT 812 ap) + IVl VX 5[

n

—2Re/ Z (T(wj,wg),w )(VTXS s)pdvx
hr dk=1

- <Z RF(wj,wj)s,s> + <T|dg|2RF(wn,wn)s,s>L2(M)
7=t L2(M)

+ 95 (s,9) — [ 1sf (s [V=12,] = enl(de) donar.
" (3.43)

Now we take s € B%4(M, F). We split

ZHV 5HL2(M)*EZHV FslFaar) + (1 Z”V Xl 2

and apply (3.43) to the term (1 —¢) Z?Zl ||6Z;X5||L2(M) and insert it back to (3.16) to
obtain (1.1). O



B. Liu et al. / Journal of Functional Analysis 292 (2027) 111635 29

3.8. Nakano-Griffiths inequalities; Proof of Theorem 1.2

In this subsection, we prove Theorem 1.2. We will use the following elementary in-
equality: for any a,b € C, € > 0,

1
2lab| < elal® + g\b|2. (3.44)

Proof of Theorem 1.2. First, fix the function 7 as in the theorem. Then there exists a
constant C; = C1(X, gT¥, p,7) > 0 such that for all € € [0,1] and s € Q*9(M, F),

(S RIS (0005 A 5.5 gy — (1) [ BV=1000| < ol (349
M

3k

=F =Fx*
Estimating separately the terms in Q%E(s, s) involving 9" s, & s, and the covariant

derivatives {%%’JX s}7_1, we obtain that there exists a constant Cy = C2(X, 97X, 0,7) >0

such that for all ¢ € (0,1] and s € Q%9(M, F),

c n
Qo) < Plslaqany + & (18" s03aqar) + 18 513 an)) + 12 Xsll32an).

(3.46)
Note that C5 is determined only by the torsion tensor T.
Finally, note that inside W (s, s), we can write

Vgi{x, Z VTXWnaW] vgJXS (3.47)
Jj=1

Since our choice of 7 ensures that w,, is well defined via e,, we conclude that there exists
a constant C3 = C3(X, g7%, p,7) > 0 such that for all € € (0,1] and s € Q%(M, F),

03 9 - =
(92 (5, 9)] < Zllslzao + 7 D 1VE sllzaan. (3.48)
j=1

It is clear that the constants Cy, Cy, C3 depend only on the geometry of (X, g7*) and
the functions 7 and ¢ (hence also depend on M). Finally, by combining (3.45)—(3.48),
we obtain (1.2) from (1.1). O

Remark 3.9. From the above proof, (1.2) also holds if we add two more positive terms
to the right-hand side

ZHV sl 22y +2(1 = )||\/_V 01>5||L2 M)-
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3.4. Proof of Proposition 3.8

Now we focus on the proof of Proposition 3.8. Let {w; }?:1 denote a local orthonormal
frame of (T0X, hT"°X). Given s € Q%1(M, F), we have

V=100Is13 Ay =Y (00]s[3) (ws, w;)dvx — 27(03]s[3) (e, e )dvx.  (3.49)
j=1
Note that by T'(w;,w;) = 0, we have
lwj, @] = VIXw; — VIXw;.
For j =1,...,n, we have
0|[3) (wj, @5) = (w;(|s[3)) — hv~w_7- j
(00)]s[3)(w;s, @) =w;(w;(|s[7)) — (B]s[f, V& w;)
=|VE X sl + VX5l

_ <(§A(0,0)T*X ® IdF +IdA(01')T*X ® RF) (wjvw])3’5>h (350)

+ 2Re < (ﬁffﬁgx Vg)fij) s, s> .
h
We need the following technical lemmas.

Lemma 3.10. In the above setup, we have

=— E ||§§st||ig( /(V 0.1y S, $)nduppr — / g T(wj, wg), ><%£J_XS,8>hd’Ux.
=1
(3.51)

Proof. Note that we cannot choose the local orthonormal frame {w;}7_; globally on M,
but the integrands in (3.51) are clearly well-defined global functions on M.
First, we have

ij(ﬁgj‘ s)ypdvx) = <VTXVTXS s> dvx + \ﬁgjxsﬁdvx + (%gjxs,sﬂijdvx,

(3.52)
where L, denotes the Lie derivative on differential forms.
Using the formula (3.27) for dvx, we obtain
Lo, dvx =Y (T(wj,wi), @) — (wj, VEX D)) dvx . (3.53)

k=1
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Then we have

Z < (ij%gjx V?T(Xw ) s,s> dvx ZZLMJ(<€£J_XS,S>hdvx> - Z |§£J_Xs|idvx
j=1 h j=1 j=1

n

Z (wj,wk), ><VTXS s)pdvx.
7,k=1
(3.54)

It remains to prove that

/ZL% s, s)ndvx) = — /Wj(ng&)s,s)hde (3.55)

M I=1 bM

We now use the local orthonormal frame {w;}7_, of (T"°X, KT"°X) constructed at the
beginning of the proof of Lemma 3.4, where w, = |Zlf\ e,(11 0 near bM (on the support of
7). Using the fact that w;, j =1,...,n — 1, are tangential to bM and Stokes’ theorem,

we get

/ZL%“%%XS, s)pdvx) z/den(<%£fs,s>hde) = /Lwn((ﬁgrf{s,ﬁhdux),
i I=1

M bM
(3.56)
then (3.55) follows from (3.23) and (3.31), and this finishes the proof. O
Combining the above lemma with (3.50), we obtain the following result.
Lemma 3.11. For s € Q%¢(M, F), we have
[ [z | aos
M \J=1
Z ||VTXS||L2 Z ||V SHLQ — 2Re /(%Z&ﬁfl)s, 3>hdUbM
=1 bM
- 2Re/ Z (wj,wr), ><€§JX5, s)ndvx
M 7,k=1
_ <Z (}}A‘O")T*X @ Idp + Idy o7 x ® RF) (wj,@j)s, s> . (3.57)
j=1

L2(M)

Lemma 3.12. Let 7 € €(X,[0,1]) and Q, be as in Lemma 3./ and let w, near bM (on

the support of T) be as in (3.23), that is, wy, = % (10 Then



32 B. Liu et al. / Journal of Functional Analysis 292 (2027) 111635

/T|dg|2(8(§|s|,2l)(wn, Wp)dux
M

Vel sl apy — Il s apy — 2Re [ (FTs 5. s)ndunns
bM

_ <T|dg|2 (éA“”’)T*X @ Idp + Id e pex © RF) (W, D), s> (3.58)

L2(a)
— ZRe/ (wn(7'|dg\2) + T|dg|2Tr[Vw"]) (6%?5, s)pdux
M

VIXw,

—2Re/7‘|d9|2<€zx 8, 8)pdvx.
M

Proof. The formula follows from computations analogous to those in the proof of
Lemma 3.10. Note that near bM, we have

L, dvx = Tr[V@"]|dvx. (3.59)

By replacing dvx by 7|do|>dvx and proceeding as in the calculations of Lemma 3.10 we
get (3.58). O

Proof of Proposition 3.8. This proposition follows directly from (3.49), Lemmas 3.11 and
3.12. In particular, the two boundary terms —2Re fbM<VT(§l)s, s)pdupps cancel out. O
€n

4. Holomorphic Morse inequalities for g-concave domains

In this section, we establish the holomorphic Morse inequalities for Levi g-concave
domains stated in Theorem 1.4. Our method is based on the Nakano-Griffiths inequality
given in Theorem 1.2. Moreover, the same strategy also applies to Theorem 1.8. In
parallel, Theorem 1.4 yields a new proof of holomorphic Morse inequalities for g-concave
manifolds, as stated in Theorem 1.5. Finally, in Subsection 4.5, we combine our method
with the one used in [30, Section 3.5] to study the domains or manifolds with mixed
convexity/concavity such as (p, ¢)-coronas and (p, ¢)-convex-concave complex manifolds.

4.1. Holomorphic Morse inequalities with modified metrics

Let (E,hP) and (L, h%) be holomorphic Hermitian vector bundles on a connected
Hermitian manifold (X, ©) with rk(L) = 1. Let 55 (OO0 (X, LFQE) — Q)T (X, LFQE)
be the associated d-operator. After taking into account the L? inner product associated
with © and hl, h, we can define the maximal extension of 9, , its Hilbert-space adjoint
ng*, and then the Gaffney extension OF on L (X, LF ® E).

Recall that RF denotes the Chern curvature form of (L, h%). For any subset M C X,
we set
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M(j,h") = {x € M : v/—1R% is non-degenerate (4.1)
1
and has exactly j negative eigenvalues},

and M(< j, hL) = UOSgSjM(e, hL)
First, we prove the following result as an intermediate step towards Theorem 1.4.

Theorem 4.1. Let M € X be a smooth domain of a Hermitian manifold (X, ©) of dimen-
stonn such that the Levi form Ly has at least n—q negative eigenvalues (1 < ¢ <n—1),
that is, M is a q-concave domain of X. Let (E,hF) and (L, h*) be holomorphic Hermi-
tian vector bundles on X with k(L) = 1. Then there exists a smooth Hermitian metric
hi on L (which is obtained by modifying h* near bM ) such that, given a sufficiently
small neighborhood Uy of bM with M' = M\ Uy having a smooth boundary, we have the
strong Morse inequalities for j <n—q—1 as k — oo,

ZJ:(—1)H dimH?Q’f(M, L*®F) < tk(B)k™ (=11 (L, hE)" + o(k™). (4.2)
£=0

M'(<4,h%)

n!

For j <n—q—1, we have the weak Morse inequalities,

dim H(Oég (M,L* @ E) < rk(E)H / (=17 ey (L, h2)"™ + o(k™). (4.3)
M'(3,h%)
Moreover, if ¢ < n — 2, we also have
dim Hyy (M, L* ® E) > rk(E)m / c1(L, k)™ + o(k™). (4.4)

L
M/(<1,hL)

A key step in the proof of Theorem 4.1 is the following proposition, whose proof is
deferred to Subsection 4.2.

Proposition 4.2. Let M € X be a q-concave domain in a compler manifold X of di-
mension n, and let (E,hF) and (L,h*) be holomorphic Hermitian vector bundles on
X with tk(L) = 1. Then there exists a defining function o € €°°(X,R) of M with
M =Xy ={zeX : ox) < 0}, a Hermitian metric © on X and a modified
Hermitian metric hi on L such that the following property holds: there exist C' > 0,
Co>0,C" >0, and 6, g1 € (0,1) such that given any ¢ € [—4,8] and any € € (0,e1), for
any s € B%(X,, L¥ ® E) with supp(s) C X5\ X _5 and j <n —q— 1, we have

—E —Fx 1
(1+2) (195 5122,y + 108" sla x,) ) +CA+ D slEa x> (Cok=ClIslEaqx, o (45)

where the L? inner product is induced by O and hi, hE, and X, = {x € X : o(x) < c}.
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Using a cut-off function near the boundary bM and the fact that B%/ (M, L* @ E)
is dense in Dom(ng) N Dom@kE*) NLg (M, L* ® E) with respect to the graph norm of

ng + ng*, we obtain the following optimal fundamental estimates for M (see also [30,
(3.5.19)] and [28, Proposition 3.4]).

Proposition 4.3. Let M € X be a q-concave domain in a compler manifold X of dimen-
sion n, and let (E,h¥) and (L, %) be holomorphic Hermitian vector bundles on X with
rk(L) = 1. Let o, é, hf(, 0 be as in Proposition 4.2.

Then there exists C > 0 such that for any given 61 € (0,0] and for k > 1, we have

é 5 =F =E*
<1 - E) IslZz(ar) < % (Hak slZ2(ary + 19k SH%Q(M)) + / |s|*dvx (4.6)
Y,él

forse Dom(g,:;) N Dom@f*) N Lg’j(M, LF ® E) with j <n—q— 1, where the L? norm
is induced by the metrics é, hi, hE.
Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. The main step is to apply Theorem 2.12 (see [30, Theorem
3.2.13]). The optimal fundamental estimate (4.6) holds for (0, j)-forms with any j <
n — q — 1. This allows us to directly apply Theorem 2.12 to the triplet X 5, C M’ € M
in our setting, where M’ is a smooth domain. Explicitly, after working with the mod-
ified Hermitian metrics © on X and h{z on L given in Proposition 4.2, we have, for
j<n—q—1,as k— o0,

J n

> (=17 dim Hi3 (M, LF @ E) < rk(E)k—' / (=1 ex (L, hE)™ + o(k™),
n.
=0 ’ i.hL
M'(<j,hL) (4.7)
dim H; (M, L* @ E) < rk(E)k—' / (=1 e (L, hE)™ + o(k™),
n.
M (j,hE)

where each space H(Oz’f(]w7 L¥® E) is defined with respect to O and hi, as in Lemmas 4.5
and 4.6, with a function x satisfying condition (4.41).

By Theorem 2.9 and the fact that M satisfies Z(j) condition for j < n —q — 1, we
conclude that (4.7) holds for the groups H ?2")' (M, L* ® E) that are defined with respect
to the original metrics © and k. Similarly, (4.4) follows from Theorem 2.14. In this way,
we complete the proof. 0O

Remark 4.4. In Lemma 4.6 and Subsection 4.3 we will explicitly construct a metric hf(
by using a well-chosen function y, in order to prove Theorem 4.1.
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4.2. Two technical lemmas and proof of Proposition /.2

We need two technical lemmas to prove Proposition 4.2. In this subsection, we fix
0 € € (X,R) such that

o There exists an interval [u,v] (u < v) of R which consists of regular values of ¢ such
that for c € [u,v], @ # X, :={z € X : o(z) <c} € X.

o For c € [u,v], at € bX,, the Levi form .%, := 9ddgl|yx, has at least n — g negative
eigenvalues.

Lemma 4.5. For any Cy > 0, there exists a Hermitian metric © on X, with associated
Riemannian metric g7~ , and ¢; € (0,1) such that, for every holomorphic Hermitian
vector bundle (F,hf) over X and every c € (u,v), the following statements hold.

(i) At each point of X, \ X,

|dQ|gTX =1. (4.8)
Thus the function o. := o — c is a defining function for X.; let e, denote the metric dual
of —dp.

(ii) For j € {0,1,....n—q—1} and 0 < e < &1, if s € Q)7 (X, \ Xu, F) with

Len5|ch = 0,

then at each point x € bX,,
(V1L A5, s)a() = Cils() 2. (4.9)

Proof. Since any ¢ € [u,v] is a regular value of p, the smooth 1-form dp does not vanish

on a neighborhood of X, \ X,. Let HX := kerdp be a (real) subbundle of 7X in the
neighborhood of X, \ X,. Put

HIWO X .= 700X NCHX. (4.10)
Note that we have H(l’O)X\bXC = T(l’o)ch, the analytic tangent space to bX. defined
in Subsection 2.1. Set HyX := {w+w € HX : w € HYYX}; this is a real subbundle
of HX with corank 1.
Let e, be a smooth vector field in the neighborhood of X, \ X, such that e, (o) = —1.
Then we have the splitting of the tangent bundle in the neighborhood of X, \ X,
TX = HX ®Re, = (H,X @ RJe,) @ Re,. (4.11)

Note that the complex structure J preserves HyX.
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Now we fix any Hermitian metric ©¢ (and the corresponding J-invariant Riemannian
metric g X) such that the splitting (4.11) is orthogonal and e, has norm one on the
neighborhood of X, \ X,. Moreover, we can write

90" =90 @ (do® do), (4.12)

where gt¥ is a smooth Euclidean metric on HX. Hence dg. = dp has norm 1 with
respect to gd . In particular, let @8 be the induced Hermitian metric on H,X.

With respect to the above gl * and proceeding as in the proof of Lemma 3.4, we fix
a local orthonormal frame {w/}7_; of (THO X, hT(l’O)X) (and the dual frame {w"7/}7_))
on any small domain U inside the neighborhood of X, \ X, such that

o \/561(11,0)’ w/,n — _ﬂag) (413)

and moreover {w}}7~} forms an orthonormal frame of (H9X, gf “X) Note that for
c € (u,v), HLO X |,x. is exactly the analytic tangent space to bX..
In the sequel, we will work on U N M with M = X, for some ¢ € (u,v), and set

0c =0 —cC.
The Levi form on bM is given by
n—1
Ly, = 000lom = Z@@Q (W, T )" AT
k=1

and the trace with respect to gf’ X is given by

TI‘bM vV — f Z 839 Wka Wk

Note that Alppr = —v— Zk A
By Proposition 2.5, .Z,, has at least n — ¢ negative eigenvalues on bM, that is, after
a unitary change on the frame {w] };:11 of T X NCHX, we can write

Ly =Y Nw I AT, where Nj <--- <N, <0, M <--<N, . (414)

Fix an integer j € {0,1,...,n—q—1}. Take s € Q07 (X, \ X, F) with ¢o, s = 0. Then
there is no " ™-component in s with respect to the local frame {&"*}" ;. For a subset
of indices I C {1,...,n — 1} with |I| = j, we set CI := {1,--- ,n — 1} \ I, and clearly we
have [CI| =n—j—1>gq.
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Now we write

s= Y stmief (4.15)

|1|=4, 1<0<rk(F)

on the small domain U, where SII’Z = s'I’e(x) € €>*(U)and {fr: 1< ¢ <rk(F)}is alocal
orthonormal frame of (F, k) on U. For ¢ > 0,

(V1L AP M s, 8) o + € Ty [V—1.2,.] |,L0—Z<ZA s—l)i&) |57
k=1

1,6 \kel
(4.16)
Note that
n—1 n—1
DXNAHE=DY N= D (M) +ed N
kel k=1 keCrI k=1 (4.17)

> (=X—g) + (B[ = (=X ) +e(n = DAL

Let ¢ > 0 be sufficiently large such that C' — "T_l > (. Note that we have the

Hermitian metric on H, X induced from ©g (see (4.11))
n—1
=V=1) whaahh, (4.18)
k=1

Then we modify the metric gi'* to be a new metric g on U; if ©° is the Hermitian
metric on Hy X induced by ¢#¥, then

n—1
= mpV—1F AT, (4.19)
k=1

where the frame {w"*}Z] is orthonormal with respect to the original ©f and satisfies
(4.14), and each kj, > 0 is some constant to be fixed.

Now we define the new metric ¢g7X associated to the Hermitian metric

0= Z kv —1w"" NG 4 2¢/=100 A Dp. (4.20)

k=1

With respect to the metric g7, the Levi form .%, on bM has the eigenvalues {\, }7=;
such that
)\/
A\ = ZE. (4.21)

Kk
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Subsequently, we select each kj > 0 appropriately to obtain
2C > M| = > Mg > C, |IA\e] <1/C, form—q+1<k<n-1. (4.22)

Next we choose €1 > 0 such that £; < min{1, W} By (4.16) and (4.17), with
respect to g7 and for ¢ € (0,1), we obtain at any point x € U NbM,

(V=12 A" s, s} (@) + & Trons [V=1.2,)|s(@)]}
> (“Ancg) + (0= j = 2)(=Aur1) +(n — DA [s(@); (4.23)
j—1

Z(C—L

F)ls@)i = Culs(@);.

Note that e, is still the dual vector of —dp with respect to this new metric g7x.

Since %, depends smoothly on ¢ € [u,v], the ordered eigenvalues of %, vary con-
tinuously with c. Then we can always obtain a local Hermitian metric © by modifying
O locally on U such that (4.23) holds for any ¢ € (u,v) with bM = bX.. Patching the
local metrics as constructed above with the help of a partition of unity, we conclude our
lemma. 0O

From now on, we consider (X, ©) as a Hermitian manifold, where © will be taken as
constructed in Lemma 4.5. Let dvx = ©"/n! be the volume form on X with the induced
metric dvyx, on the boundary bX..

Lemma 4.6. Let L be a holomorphic line bundle on X. For any given constant Cy > 0,
there exists a Hermitian metric © (as well as the associated Riemannian metric g*x ), a
Hermitian metric hi on L, and €1 € (0,1) such that © and &1 satisfy all the conditions
of Lemma, 4.5 and, for any e € (0,¢1), 7 € [0,1], s € Q97 (X, \ Xy, LF) with j <n—q—1
and any k € N>1, we have, at any point of X, \ X,

<[\/—1R§,A}Es, s>h +2(1—¢)7 <R)L<(e,(11’0)7 61(10’1))3, s>h > Cols|2 (4.24)

holds, where ey, is the metric dual of —do that has norm 1 on X,\ X .., and RQ = RIA)
is the Chern curvature form of (L, h{z)

Proof. We take the geometric data (X, .J, 0, g7, 1) as constructed in Lemma 4.5 with
respect to the given constant C1 > 0 satisfying (4.9). In particular, we have |dg|,r-x =1
on a neighborhood of X, \ X,,. Recall that e, is the dual vector field to —dp with respect
to gTX .

Regarding the decomposition T X = HOOX @ Cw,, following (4.19) and (4.20)
after appropriately adjusting the constants k, we obtain

0=0"+V/-1w"AT", (4.25)
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where w™ = —/200. Let {w; };le be a local orthonormal frame of H(19 X with respect
to the Hermitian metric ©° such that we can write

n—1
O =vV-1) w A&,
j=1
! (4.26)

n—1

XQ‘H(l,o)XxH(OJ)X = E )\joﬂ/\wﬂ,
Jj=1

where A\ < ... < Mg <. < Ay satisfy (4.22) and A\,,—q < 0.
Let h* be an arbitrary smooth Hermitian metric on L. For T > 0, we introduce a
new family of Hermitian metrics on X, \Yu

1
Or = ﬁ(9’7 + V1w AT". (4.27)

Let g% be the Riemannian metric associated with O, and let (-, T, | - |, denote
the (pointwise) Hermitian inner product or norm with respect to ©7 and h”. Note
that for any T" > 0, we always have |€n|g%:x =1 on X, \ X,. For simplicity, we set
«fg = 65@|A2(CHbX- )

Then we have by our proof of Lemma 4.5 that if s € Q07 (X, \ X, L¥) with

Le,s =0, (4.28)

n

then for T'> 0, ¢ € (u,v), 0 < € < g1, and at each point z € bX,,
(V=1L Ar) s, sk (@) > T2Crls@)E (4.29)

where Ap = 1o, is the adjoint of the Lefschetz operator Lefg, with respect to (-, )5 7.

First we need to prove the following claim: For any given Cy > 0, there exists a
constant Tj > 0 such that for s € Q)7 (X, \ X, L*) (with0 < j <n—q—1and k € N),
0<e<ey,7€[0,1],and at x € X, \ X, we have

<[\/—_1859, Ar,)es, S>h,To +2(1—¢e)r <859(61(11’0), ego,l))s’ S>h ., > 02‘8"2%%_ (4.30)
To
Note that the power k for the line bundle L* does not affect the estimate since all the
involved operators are zeroth order linear operators acting only on the differential forms
part.

Indeed, after comparing (4.29) and (4.30), we have to deal with the @"-component of
the section s. For the above orthonormal frame {wj}?zl, setwjr=Tw;forj=1,...,n—
1 and wy,r = wy. Then {WLT}?:l is a local orthonormal frame of (T(l’O)X, h%fl'o)x)
(where the Hermitian inner product is induced by ©7); denote its dual frame by {wg }7_; .
By (4.26), we have
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n—1
000 =T " Njwh A& + vpw™ ANT"
j=1

(4.31)

n—1 n—1
+TY vwh AT+ T Y 70" AT,
=1 =1

where v; = 00o(w;,w,) for 1 < j < n.
For any s € Qg’J (X,\ X4, L*) (0 < j < n—g—1), we have an orthogonal decomposition

s=so+w"Asy (4.32)
such that

s0 € Q7 (X \ X, LX), 10,50 = 0,

, _ (4.33)
s1€ QTN X,\ X o, LF), te, 51 = 0.

Then an elementary computation shows that

[V—=1000, A7)cs + (1 — €)0d0(wn,Wn)s
n—1

= V=12, Ar)"Mso + T Z Tk A 51
k=1

n—1
LT A ([\/—1.39, ArPMs +T Z Vklw, 150 + aag(wn,wn)sl> : (4.34)
k=1

Note that (4.34) holds for any s as above and for any 7" > 0 and 0 < € < 7. Then
by (4.29), (4.33) and the Cauchy-Schwarz inequality, we obtain that there exists C5 > 0
such that for s € Q)7 (X, \ X, L*) (0<j<n—-q-land k€ N), T >0,0<¢e < ey,
7€[0,1],and at x € X, \ X,,

{[V—1009, Ar].s, s>h’T +2(1—¢)7 <859(e,(11’0), 6](10’1))8, s>h ,

)

Z (T201 — TC3 — C3)|5|}21,T' (435)

Therefore, after fixing a sufficiently large Ty > 0 such that T3C; — ToC3 — C3 > Cy, we
conclude (4.30).

The next step is to find a new Hermitian metric hi as required in our lemma with
the help of (4.30). From now on, we fix Cy > 0 and Ty > 1 as in (4.30).

Let x = x(t) be a real smooth function on R, to be specified later. Let h)L< = hlex()
be the modified Hermitian metric on L. The Chern curvature of (L, hi) is given by

RY = R+ X/(p)0do + X" (0)00 A Do. (4.36)



B. Liu et al. / Journal of Functional Analysis 292 (2027) 111635 41

Then the term ([v—1RE, Ap,]es, s)n,1, equals

<[\/__1RL7 ATO}€S7 S>h,T0 + X/(Q)<[\/__18597 ATO}587 S>h,T0

, _ (4.37)
+X (Q)<[ Vv _lag A 697 ATD]ESa S>h,T0‘
Similarly, note that Ao /\5@(61(11’0)7 6510’1)) = %, we have
L, (1,0) (0,1)
<RX (eﬂ » En )Sa S>h,T0
(4.38)

2
h,To"

_ [ pL (L0) _(0.1) > / = (1,00 _(0,1) > 1,
<R (enenss) X' (0) <88@(6n en)ss) X (o)ls

There exists a constant C; > 0 (depending on Ty, © and h) such that for any
s€ Q7 (X, \ Xy, LF) (withany 0 < j<n—g—1land ke N),0<¢e < e, 7 € [0,1],
and at 2 € X, \ X, we have

’<[\/—1RL, Agy)es,s), ot 21 —e)r <RL(e,(11’O), e,(lo’l))s, s>
: h, Ty

)

S C4|8|}217T0’

. (4.39)

D) < C’4|5|i,TO-

-
|5|i,T0

’<[\/—_18Q A\ 597 ATD]ES’ S>h,T0 +

Combining (4.30), (4.37)— (4.39), we obtain

<[\/—_1R£, Al.s, s)

> (Cax'(0) = Ca (1 + X" () Ish 7,

+2(1—-¢ T<RL e(l’o),e(o’l) s,s>
i PALTITUNE LA n

Then we choose the function x such that for ¢ € [u,v], we have
Cax'(t) = Ca(1+ [x"(1)]) = Co. (4.41)

Such a function always exists. Finally, since hZ := hle=x(@) and hik = b e=hx(@) | we
obtain from (4.40) and (4.41) that at each point 2 € X, \ X,

1,0) (0,1
<[\/—1R£,A]Es, s>h§7To +2(1—¢)7 <R>L<(e$1 ) el ))s, S>hL

x40

> Co|s|i§7T0. (4.42)

Consequently, the Hermitian metrics ©7, and hi satisfy the requirements of the lemma,
thus completing the proof. O

Proof of Proposition 4.2. As explained in the text before Definition 2.6, since the domain
M is assumed to be Levi g-concave, we can take a defining function g € €*°(X,R) for
M with M = {z € X : p(x) < 0}, and there exists a sufficiently small § > 0 such
that for all ¢ € [—4,0], c is a regular value of g, and Zx, has at least n — g negative
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eigenvalues on bX,. Moreover, v/—100p has at least n — ¢ + 1 negative eigenvalues at
each point z € X5\ X_s.

Apply Lemmas 4.5 and 4.6 to the function ¢ with [u,v] = [, ¢]. Fix the metrics é,
h% and constants 1, C1, Cp so that (4.8), (4.9) and (4.24) hold.

For any ¢ € [—§, d], apply the Nakano-Griffiths formula from Theorem 1.2 to X, with
the defining function g. := ¢ — ¢. For this purpose, let 7 € €>°(X, [0, 1]) be such that
7 =1 near X5\ X_; and supp7 is included in a small open neighborhood of X5\ X _s
where dp does not vanish.

By the proof of (1.2), when applying it to g. and X,, all the involved constants can
be chosen uniformly in ¢ € [—§, §]. Therefore, we conclude that there exists a constant
C = C’(X,C:),cs, 0,7) > 0 such that for ¢ € [-4, 0], and for any € € (0,¢4], s € Qg’j(X5 \
X 5, L* ® E) with ¢, s =0 on bX, for 0 < j <n —q— 1, we have

_E —Ex 1
(L +2) (195 sl2ax,) + 108 sl3a x,) ) + OO+ DlslEax,
L L, (1,0) (0,1)
>k (<[\/ —IRX,A]ES, S>L2(XC) + 2(1 — E) <7'RX (en ;En )Sa $>L2(XC)>
" B (1,0) (0.1)
+([V-1R ’A]587S>L2(XC) +2(1—-¢) <7R (en ™, en )878>L2(XC) (4.43)

b [ VLo N shudun, + (1) [ ealldal)lsiduny,

bX. bX.

+ (1= ) (V) 0832 = 20VFV T sl ) -
Since supp s C X5\ X _5, v/7 € [0, 1], and \/ﬁe,(}’o) has norm 1 on the support of 7,
[T 0522, = VAT sl x, = 0 (4.4
follows. Then, by Lemmas 4.5 and 4.6, we have

en(ldo]) =0 on X5\ X _s,

(V=12,, A% <5, ), > C1]s|? on bX,,

<[\/—1R£,A]Es,s>h +2(1—¢)r <R>L<(e,(11’0),61(10’1))8,5>h > Colsli on X5\ X_;.
(4.45)

Combining (4.43)—(4.45), there exists C’ > 0 such that for any ¢ € (0,e1], and any
s € QS’J (X5 \ X5, L* ® F) with ¢, s = 0 on bX,, we have

=E —=Ex 1
(1+2) (18K sll3ex) + 198 sl2x ) + C+ DllsliEacx,

> (Cok = C") [Islli2(x.) + CillslZ2x.)-

(4.46)
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The conclusion now follows from the inequality (4.46). O

Remark 4.7. Note that the inequality (4.46) is stronger than the one in Proposition 4.2
because of the boundary term Cl|‘5||%2(b X.)" Actually, the inequality (4.46) implies the
basic estimate in the sense of [18, Chapter II] for sufficiently large k.

4.8. Holomorphic Morse inequalities; Proof of Theorems 1.4 and 1.5
Now we prove Theorem 1.4 based on Theorem 4.1 and Lemmas 4.5 and 4.6.

Proof of Theorem 1.4. By the assumption that the domain M is ¢-concave, as in the
first part of the proof of Theorem 4.1, we get a defining function o € €*°(X,R) for M
with the properties mentioned there. In particular, set K := X _s, so that v/—190p has
at least n — ¢ + 1 negative eigenvalues at each point + € M \ K. Let K, C M be the
compact subset as given in Theorem 1.4 such that /—1RY < 0 on M \ K. Then we
can fix ug € [—4,0) such that

KUKy C X,,. (4.47)

Then we fix a small interval [u/, v] of regular values of ¢ with ug < v’ <0 <wv < §. Fix
another number u such that v’ < u < 0 < v. Now, we give a proof of Theorem 1.4 by
refining the construction of hi in the proof of Lemma 4.6.

Note that we can apply Lemmas 4.5 and 4.6 to ¢ and the interval [u/,v]. First, we
fix a modified Hermitian metric © from Lemma 4.5 such that the results hold for all
¢ € (v/,v). In particular, the unit vector field e, on X, \ X, is defined as the metric
dual of —dp. Recall that M = Xj.

Let h” be the smooth Hermitian metric given in the assumption of Theorem 1.4.
Then /—1RY < 0on M\ K;. As in the proof of Lemma 4.6, we consider a smooth real
function x and set a new Hermitian metric hi .= hYe X Then on M \ Xu,y, we have
the comparison of real Hermitian forms

V=IRL < V/=1X'(p)9do + V—=1X"(0)00 A Do. (4.48)
The first condition for the function x is that for ¢ € [u,v], we have
CoxX'(t) = Ca(L+ [X"()]) = Co, (4.49)

where the constants Cy, Co, C4 are given in the proof of Lemma 4.6.
In addition to (4.49), we also require the function x to satisfy the following conditions,

x(t) =0 for t </, X'(t) >0 for t > (4.50)

Note that a smooth function x : R — R satisfying (4.49) and (4.50) always exists, for
. nN—2
example, near v/, x(t) could have a formula like e=(*=%)"" for ¢ > '
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As in the proof of Lemma 4.5, on X, \ X/, we have the orthogonal splitting of (1,0)
tangent bundle

T X = HAO X ¢ Cw,, (4.51)

where w,, = v2e("?. Since %, on HLO X has at least n— ¢ negative eigenvalues, we can
find a local orthonormal family {w,};— in H*? X such that, the restriction of v/=100p
to the subspace V,,_, :=spanc{we, £ =1,...,n — ¢} is strictly negative definite.

By our choice of V,,_, C HILOX for v e Vi—q, we always have

(Do A 0o)(v,7) = 0. (4.52)

Then by (4.48), we have at all points in M \ X,,, for any nonzero v € V,,_,,

Ly =\ _ pL{, = o PV

Ry (v,7) = R”(v,7) 4+ x'(0)090(v,7) < x'(0)0d0(v,7) < 0, (4.53)

which is equivalent to v—lRﬁ < 0 therein. As a consequence (and by Sylvester’s law of
inertia for Hermitian matrices), for j =0,...,n — ¢ — 1, we have

Since V—1R* <0 on X, \ K1, we have for j =0,...,n —q—1,
M(j,hy) = Xuw (4, h") = K1(j, h"). (4.55)
Moreover, on a neighborhood of K, we have
c1(L, hi) = c1(L, hh). (4.56)

Finally, combining the inequalities in Theorem 4.1 and (4.55), (4.56), we conclude
exactly (1.5) and (1.6) for H?Q’f(M, Lk ® E) defined with respect to the original metrics O,
hE R, and the integrals on the right-hand side are exactly on Kz (¢, hY) or K1(< £, h%).
Moreover, since M satisfies the Z(j) condition for 0 < j < n—g—1, we apply Theorem 2.9
to identify Hz (M, L* @ E) with H*(M, L* @ E) and with (M, L*  E). This
completes the proof. O

Remark 4.8. Note that the equation (4.52) plays a crucial role in achieving (4.53), which
is a consequence of constructing © adapted to the splitting (4.51). Generally, it is difficult
to control Ri in (4.48), since v/—19pAdp > 0, while the term /—190¢ could be negative
along certain directions in 7H0) X

Another important observation from (4.53) is that, instead of v/—IRY < 0 we only
need vV—1RY| 0,0 xgronx < 0on X, \ X,

When K; = @ in Theorem 1.4, we obtain:
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Corollary 4.9. If ¢, (L, h*) <0 on a smooth domain M € X of a complex manifold X of
dimension n > 2 such that its Levi form Ly has at least n — q negative eigenvalues on
bM with1 <qg<mn-—1, then for0</{<n—q—1, as k — oo,

dim % (M, LF @ E) = o(k™).

Note that the spaces %*(M, L* @ E) above can be replaced by the cohomology groups
HY(M,LF @ E).

Now we turn to Theorem 1.5. Let X be a g-concave manifold equipped with a sublevel
exhaustion function g € ¥ (X, R) and the associated exceptional subset K € X, then
the (1, 1)-form 99 has at least n—q+1 negative eigenvalues on X \ K. Now we fix ug € R
such that K € X,,,. Then for a regular value ¢ > ug, by Proposition 2.5, Z(n — ¢ — 1)
holds on X, and then we have for j < n — ¢ — 2 (see Theorem 2.9 and Theorem 2.10),

H/(X,LF @ E) ~ H* (X, L* @ E) ~ #% (X, LF ® F), (4.57)

where #%7(X,,-) is the space of the harmonic forms smooth up to the boundary of X,
(for fixed smooth metrics ©, hY and h¥). By Theorem 2.11, we have

dim A" Y X, L* ® F) < dim H*"~ 7YX ., LF @ E). (4.58)

Proof of Theorem 1.5. By the assumption, we take a sublevel exhaustion function g €
€ (X,R) and the associated exceptional subset K € X. Let up € R be such that
KUKy C X, € X. Then we fix a regular value ¢ > ug of ¢ such that M := X, € X.
Then M is a Levi g-concave domain with a smooth boundary.

By our assumption, /—1RY < 0 on M \ K1, we apply Theorem 1.4 to this domain
M and line bundle (L, h*), combining with (4.57) and (4.58), we obtain exactly (1.7),
(1.8) and (1.9). O

Combining Theorem 1.5 with [14, §2.1], we can also obtain a singular version of
Theorem 1.5. See [14, §2.1] for the detailed definition of singular metrics with algebraic
singularities and the Nadel multiplier ideal sheaf.

Corollary 4.10 (Singular holomorphic Morse inequalities for q-concave manifolds). Let
X be a connected q-concave manifold of dimension n. Let L, E be holomorphic vector
bundles on X with tk(L) = 1. Let h* be a Hermitian metric on L with algebraic singu-
larities such that S(h') C K and c¢;(L,h%) <0 on X \ K for some compact subset K.
Then for{ <n—q—2,
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: k(E

limsup k=" dim HY(X, L* ® E@ 7 (h")) < * (E) (=1)fey (L, hEY™,

k— o0 n!

K(£,h")
L (—i
1)t . k(E

limsup » ( kl dim H (X, L* @ E® 7 (h*")) < - r(u ) (=1)fei (L, 5™,
e s OK(<Eab)

(4.59)

where ﬂ(th) is the Nadel multiplier ideal sheaf of h", and K, h") == KN (X \
S(RE)) (¢, hE). Moreover, we have

limsup k" dim H" "7 1 (X, L* ® E ® /(th))
k—o0
rk(E)

<
- nl

(=)~ ey (L, K™, (4.60)

K(n—g—1,hT)

The inequalities (4.59) for £ < n — ¢ — 2 already appeared in [14, Theorem 3.12] but
the weak Morse inequality (4.60) for degree n — g — 1 is new.

4.4. Volume of semi-positive line bundles; Proofs of Theorems 1.8 and 1.11

In this subsection, we first present a proof of Theorem 1.8. Our approach is based
on the established proofs of Theorems 1.4 and 4.1 as well as the subsequent corollary
derived from Theorem 1.4, where we identify H*°(M, L* ® E) with H°(M, L* ® E) by
Theorem 2.9.

Corollary 4.11. Let X be a connected complex manifold of dimension n > 3. Let M be
a relatively compact domain in X with a smooth boundary bM , and assume that ¢ is a
defining function for bM with M := {x € X : o(x) < 0} (and do does not vanish near
bM ). Assume that £, is strictly negative on bM. Let E be a holomorphic vector bundle
on X. Let (L, h*) be a Hermitian holomorphic line bundle on X such that c;(L,h%) <0
on M\ K for some compact subset K € M. Then we have

n!
lim sup — dim H°(M, L* @ E) < rk(E) / c1(L, )™,
k—o0 km
K(0,hL)
| (4.61)
lim inf — dim H°(M, L* ® E) > rk(E) / c1 (L, kL™,
k—oo k™

K(<1,hE)

Proof of (1.11). For any sufficiently small § > 0, we first construct a Hermitian metric
h¥ such that c1(L, h%) < 0 outside X_g; we then apply (4.61) and let § — 0.

Let 6o > 0 be small enough such that the assumptions for (1.11) hold on M4, \ M_s, C
U, where M. := {x € X : p(x) < c}. We also assume that ¢|z > 0, and ¢1(L,hL) >0
on MNU.
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For § € (0,00), let x5 : R — [0, 1] be an increasing smooth function such that xs(¢) = 0
for t < —6, and x;(t) = 1 for t > —06/2. We may also assume that x5(t) > 0 for
—0/2 >t > —0. Set a new Hermitian metric on L by

hy = h" exp(xs(0))- (4.62)

Then the corresponding Chern curvature form
Ry = R" — x5(0)89¢ — X5(0)(9¢ A Do+ 9o N D) — x5 (0)$d0 A Do — x5(0)$ddo. (4.63)
Then it is clear that
Ry =R" on M_s5, and Ry =0 on M\ M_s. (4.64)

Hence Corollary 4.11 applies.
For any ¢ € (-4, —g) and restricting to TWHObM, @ TODbM,, we have

R§lon, = (1= xs(€)) R |oar, — X5(c)0Lylonr, > 0. (4.65)

As a consequence, on M_;/5\ M_s, the Hermitian form / —1R§ has at most one negative
eigenvalue. Then

[ awrr= [ s (4.66)
(M_5/2\M_5)(<1,h%) M_5/2\M_s

Write

(RE)" = (99(6 — x5(0)9))" = ~a { (90(6 — x5(0)6))" " 96 — xs(0)0) }
By Stokes’ theorem and our condition on ys, we get
/ er(L, kb = \/_ / c1(L, RE)"1 A 0. (4.67)
M_s5/2\M_s bM_s

Then by the second line of (4.61), we get

lim inf k‘_’ dim H°(M, L*F @ E)

k—o0

> rk(E) / 1 (L, hE)" +rk(E)§ / (L WEY 1 A 06, (4.68)

M_5(<1,hE) bM_s

Finally (1.11) follows from making § — 0 in (4.68). O
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Remark 4.12. From the proof of (1.11), we also obtain that

lim sup k_ dim H°(M, L*F  E)

k—o0

< 1k(E) / 1 (L, hE)"

M_s/2(0,hE)

= 1k(E) / e (L, h*)™ + 1k(E) / e (L, hE)™.
M_5(0,hL) (M_s/2\M_5)(0,hf)

(4.69)

The integral over (M_;/5 \ M_5)(0,h¥) appears to be difficult to compute explicitly,
making it challenging to determine the limit as 6 — 0.

The proof of (1.12) is more intricate compared to the preceding one, requiring a
thorough review of the arguments presented in the proofs of Theorems 1.5 and 4.1.

Proof of (1.12). We use the same notations as in the proof of (1.11). Let ' > 0 be a
small constant such that on Mg \ M_s/, we have, for |§] < &',

L= _0dp.

Note that this implies that V/—180p < 0.
Fix any 4 € (0,¢"), and take a smooth real function  on R such that

e n(t)=0 When t < —¢;
/

n'(=6/2) =
. ’(t)>0and77 (t) >0, for t > —9.

We then consider the following Hermitian metric h# .= hle @ on L. Its curvature is
L _ pL / ¥a) " 3
Ry = R" +1'(0)000 + 1" (0)00 A Do. (4.70)

We have the following properties:

. RL RY on M_s.
. R# >0on M_s/.
* RE has at least 2 negative eigenvalues on Ms \ M _s/, (since n > 3).

Following Remark 4.8 and repeating the arguments in the proofs of Proposition 4.2
and Theorem 1.4, we first obtain the optimal fundamental estimates for (0, 0) and (0, 1)-
forms on My = M, with the core subset K = M_(;/Q and with respect to a modified
Hermitian metric on L that coincides with the above h{; on M_; /2; then we obtain for
any 0 € (0,¢") that
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|
lim sup Z_" dim HO(M, L* ® E) < rk(E) / er(L, hE),

k—o0 (0.hE)
M_s/2(0,h
' v (4.71)
lim inf — dim H°(M, L* ® E) > tk(E) / c1(L, kL™
k—oo k™ n
M_s/2(<1,h)
By our construction, we have M_s,5(0, h#) =M_5/5(< 1, h,LI), so that
/ Cl(L,hg)n = / C1(L,h£)n
M_5,5(0,hE) M,
" v (4.72)
- / c1(L, )™ + / ci(L,hE)".
M_s ]\/f,g/g\Mfé
By (4.70), we have
[ awnbr
M_;5,2\M_s
— _ n Lyn
- [ a-veraca w7
M_5/2\M_s
1 _
F [ @) (@0 ATe A (L)
M_5/2\M_s
It is clear that there exists a constant C' such that for all § € (0,¢’), we have
/ (1—1'(0)"c1 (L, hE)"| < C6. (4.74)

—5/2\M_5

Another observation, by calculus in local coordinates, is that there exists a constant
C’" > 0 independent of § and 1 such that

vl / e1 (L, A2 A D
21
bM_s
: (4.75)
+ # / n(1—n'(0))" 10" (0)00 A Do A c1 (L, hE)" 1] < 6.
M_s5/2\M_s

In fact, since all points in [—6, 0] are regular values of p, after using the gradient flow of
o starting from bM_s, we can identify
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M_é'/g \ M_s ~bM_g5 x [—57 —5/2)
so that for t € [0, —6/2),
M, ~ bM_g x {t}.

Equivalently, for (y,t) € bM_s x [=d,—=0/2) ~ M_;5,5 \ M_s, we have o(y,t) = t. We fix
a smooth volume form do on bM_;, and we write in the coordinate (y, t)

2—_18Q Ao A cr (L, hE)" ™t = a(y, t)dt A do(y).
T

Set

In particular,

/ c1(L,RE)"" Ao = —A(=96). (4.76)

—6/2
/ n(l—n'(t)" " (t)dt = 1, (4.77)
-5
we deduce
% / ci(L, hL)n_l A Jo
bM_s
+ % / n(1—1'())" 1" (0)d0 A Do A cr (L, hF)"
M_5/,2\M_s
—5/2
= [ =)o (A0 - Ao s

=

Then (4.75) follows from (4.77), (4.78) and the facts that there exists a constant C’ > 0
independent of the function n and sufficiently small § > 0 such that for ¢ € [—d, —d/2],

(1—5' )" " (t) >0, |A(t) — A(=0)| < C'4.

Finally, combining (4.71)—(4.75) and letting § — 0, we conclude exactly (1.12). O
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Now we provide the proof of Theorem 1.11.

Proof of Theorem 1.11. The proof follows directly from [34, §5], relying on the fact that,
after a small deformation of the complex structures on L and M, the Chern curvature
c1(L,ht), the defining function of M, and the local potential ¢ remain close in the
% >°-topology. Since c; (L, h") is strictly positive and bM strictly pseudoconcave, these
properties are preserved under such deformations.

Moreover, since ¢1(L, hl) > 0 on X,eq, the integral in (1.15) is strictly positive with
respect to the original complex structures. Thus, after sufficiently small deformation
of complex structures, the strict inequality (1.13) remains valid. Then we can apply
Corollary 1.9 to (M, J’). O

4.5. Weak holomorphic Morse inequalities for (p, q)-coronas

By Definition 2.4, when M satisfies the Z(q) condition, the boundary points look like
either (n — g — 1)-concave or g-convex. It could be an interesting question to combine
the estimate in Proposition 4.2 for (n — ¢ — 1)-concave points and the estimate in [30,
(3.5.19)] for g-convex points to obtain an optimal fundamental estimate for (0, ¢)-forms
on M. In this subsection, we aim to apply our methods from the previous subsections
to study the domains with mixed convexity/concavity, which shall be simpler than the
case of the general Z(g) condition.

Following [5] and the Definition 2.1 of g-convex/concave functions, we introduce the
following notions:

Definition 4.13. Let X be a connected complex manifold of dimension n > 1 and let
pg€{l,...,n}.

(i) The complex space X is called (p, q)-convez-concave if there exists a smooth real
function ¢ : X — (a,b) with a € RU{—o0} and a < b € RU {400} such that

o For any ¢,d with a < c < d < b, we have X¢ :={z € X : c< p(z) <d} € X.
« There exist ag, by with a < ag < by < b such that /=190y has at least n —p + 1
positive eigenvalues on {¢ > bo}, and has at least n — ¢ + 1 positive eigenvalues on

{v <ao}.

In this case, we call ¢ an ezhaustion function for X with exceptional interval [ag, bo].

(if) If M € X is a relatively compact domain with a smooth boundary, and we write
bM = by M Ub_M where b, M and b_M are disjoint from each other and consist of
connected components of bM. We call M a (p, q)-corona with respect to the splitting
bM = by M Ub_M if, near by M, there is a local smooth definition function r; for M
such that r is p-convex; and near b_ M, there is a local smooth definition function r_
for M such that r_ is g-concave.
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Note that when p + ¢ < n — 1, then a (p,q)-corona M always satisfies the Z(j)
condition for p < j<n—qg—1. When by M = @ or b_M = &, we get M to be g-concave
or p-convex, respectively. If p = 1, then by M (if nonempty) is a strongly pseudoconvex
boundary component; if ¢ = 1, b_ M (if nonempty) is a strongly pseudoconcave boundary
component. The following result is clear by definition and by Proposition 2.5.

Lemma 4.14. If X is a (p, q)-convez-concave complex manifold with an exhaustion func-
tion @ and an exceptional interval [ag,bo] C (a,b), then for any regular values a’ and b/
of  with a < a/ < ag and by < b < b, the domain X¥, ={x € X : o’ < p(z) <V} isa
(p,q)-corona in X with by XV = =1 (V') and b_ X" = o~ 1(a’).

Analogous to Theorems 2.9, 2.10, and 2.11, we have the following result (see also [3,
Propositions 21, 22 and Théoreme 15|, [22, Theorem 3.4.9 and the subsequent remark],
and [5, Proposition 1.2]).

Proposition 4.15. With the same notation and hypotheses as in Lemma 4.1/, let F be a
holomorphic vector bundle on X. If p+q <n — 1, then we have

o Forp<j<mn-—gq-—1, the isomorphism among cohomology groups
HY(X,F)~ H/ (XY, F) ~ H% (X, F). (4.79)
o Forp<j<n-—gq-—2, the isomorphism among cohomology groups

HI(X,F) ~ HYJ (XY, F) ~ H*I(X,,, F). (4.80)

o Forj=n—q-—1,

dim H"~171(X, F) < dim HYy' ™71 (XY, F) = dim HO"~0"Y(X,,, F).  (4.81)
We can now extend the weak holomorphic Morse inequalities presented in Theorem 1.4
to the setting of the (p, ¢)-corona.

Theorem 4.16. Let (X, 0) be a Hermitian complex manifold of dimension n > 2. Take
p,q €{l,...,n—1} such thatp+q<n—1. Let M € X be a relatively compact (p,q)-
corona with a smooth boundary in X with respect to the splitting bM = b, M Ub_M . Let
(E,h¥), (L,h") be two Hermitian holomorphic vector bundles on X with tk(L) = 1.

o There exists a Hermitian metric h§ on L that coincides with h*™ away from bM , such
that forp<j<n-—q—1,

tm s " dim HOI(OT, 1 0 B) < SUEL [ b s
k—o0 :

M(j,h)
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o Ifci(L,h*) < 0 on an open neighborhood of b_M in M, and c1(L,h*) > 0 on an
open neighborhood of by M in M, then forp<j<mn—q—1,

rk(E)

limsup k™" dim H*/ (M, L* ® E) < — (=1)7 ¢y (L, hE)™, (4.83)
k—o0 n!
M(5,h")
Moreover, if p = 1, we also have
— k(E
lim inf k=" dim H*°(M, L*F @ E) > - (E) / c1(L, k)™, (4.84)
k—o0 n!
M(<1,hE)

Note that the spaces HI (M, LF ® E) above can be replaced by the spaces of 9-Neumann
harmonic forms %7 (M, L* @ E) induced by ©, h¥, hE.

Proof. Since by M and b_M are disjoint from each other, we could take any small open
neighborhoods Uy and U_ of them in X respectively such that Uy N U_ = @. Then
on Uy, by p-convex condition, we proceed as in [30, Lemmas 3.5.3, 3.5.4 and Theorem
3.5.8] to modify © and h” locally on Uy, so that if s € B%/(M, L*¥ ® E) for j > p and
supp (s) C U4, we have

—=F —FE*
0% SH%Q(M) + [0k 8||%2(M) > (Cok — C") ||3||2L2(M)~ (4.85)

Then on U_, by g-concave condition, we proceed as in the proof of Proposition 4.2 to
modify © and k% locally on U_, so that if s € B%/(M,LF ® E) for j <n —q— 1 and
supp (s) C U_, we have

—E —FEx
19k sllZ2(ary + 10k 12y = (Cok — C) sl T2 an)- (4.86)
Where Cp > 0 and C’ > 0 are constants independent of k. Let V' € M contain M \
(U4 UU_). Combining (4.85) and (4.86), we obtain that there exists a constant C' > 0
such that forp<j<n—q—1,s€ B (M,L*® E), k>0,
5 é —=F —FEx
(1= Dlslaany < T (188 slacan + 185 slaqan) + [ IsPdux, @87
v

where we use the modified metrics © and hL. Then (4.82) follows from Corollary 2.13
and (4.87). Moreover, if p = 1, we also obtain by Theorem 2.14 that

tk(E)
n!

lim inf &~ dim HY(M,LF 2 E) > (L, h)™. (4.88)
—00

V(<1 L)
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Using the same method as in the proof of Theorem 1.4 and [30, Theorem 3.5.8], in
particular, we construct the function x (according to the choice of V'€ M) so that results
analogous to (4.53)—(4.56) and [30, (3.5.20)] hold. More precisely, for p < j <n—q—1,
we have ¢ (L, h%) = ¢ (L, h*) on

V(i hZ)=V(j,n"). (4.89)

Therefore, we obtain (4.83) from (4.82), (4.89) and the fact that (—1)7¢i(L, hE)™ is
non-negative on M (j, h).

Finally, we need to prove (4.84). By (4.88) and (4.89), we obtain for a given V€ M
as chosen in the beginning

_ K(E
lim inf k~" dim H*°(M, L* @ E) > (E)

c1(L, hE)™, (4.90)

V(<1,h5)

Since we can choose the open subset Uy to be sufficiently small (due to the smoothness
of the boundary), then by letting V' exhaust M the integral in the right-hand side of
(4.90) converges to the integral in (4.84) and this finishes the proof. O

As a direct consequence of Proposition 4.15 and Theorem 4.16, we obtain an extension
of the weak holomorphic Morse inequalities in Theorem 1.5 as follows.

Theorem 4.17. Consider integersn > 2, p,q > 1 with 1 < p+q < n—1, and let X be a n-
dimensional (p, q)-convez-concave connected complex manifold. Using the same notation
as in Definition /.13, let ¢ : X — (a,b) be an exhaustion function with the exceptional
interval [ag,bo]. Let E,L be holomorphic vector bundles on X with tk(L) = 1. Let h*
be a smooth Hermitian metric on L such that there are a’ < b satisfying a < o’ < aq,
bo < b < b such that c;(L,h*) <0 on {¢ < '} and c¢1(L,h*) >0 on {¢ > V'}. Then
forp<j<mn-—q—1, we have the weak Morse inequalities:

) k(E .
limsup k~" dim HY (X, L* @ B) < - (' ) / (=1) ¢ (L, hE)"
k— o0 n:
th i,hL
. () (4.91)
< B (~1)er (L, A",
n:
X (5,n%)
Moreover, if p =1, we also have
k(E
lim inf " dim HO(X,L* ® E) > - (, ) / e (L, hE)™, (4.92)
—00 n.

X(<1,ht)

where the right or left side might be 4+o00.
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Remark 4.18. Note that analogous versions of Theorems 1.8, 1.3 and 6.1 can also be es-
tablished for (p, g)-coronas or (p, ¢)-convex-concave manifolds. Moreover, by combining
the above strategy with the techniques in [36] and [32], the results can be extended to
compact complex spaces with smooth boundary and isolated singularities, by construct-
ing a complete Hermitian metric in a punctured neighborhood of each singularity.

5. Proof of Theorem 1.12

Let (X,©) be an n-dimensional Hermitian complex manifold (n > 2). Let (E,h¥)
and (L, h") be holomorphic Hermitian vector bundles over X with rk L = 1. Let M be
a relatively compact domain in X with smooth boundary bM. We denote by L' = L*
and E* the dual bundle of L and FE, respectively. We also recall our assumptions in
Theorem 1.12 as follows:

(A) L is semi-positive on X and positive at one point;
(B) The Levi form .Z, of a defining function for M € X has at least n — g negative
eigenvalues on bM (1 < ¢ <n-—1).

Note that (B) implies that M satisfies Z(j) for 0 < j<mn—q—1.
We need the following two lemmas to prove Theorem 1.12.

Lemma 5.1. Assume X is compact. Under the assumptions (A) and (B), for the harmonic
projection with ¢ < £ <n—1,

H:HYX,L*) x #°"= Y (M, L™% @ E*) — #°"~"Y(M, E"), (5.1)

there exists a non-zero holomorphic section s € HO(X, L*0) for some ko € N such that
H(s0) = 0 for every § € #0"—Y(M, L% @ E*).

Proof. To simplify notation, we set V := HY(X, LF), U := 20"~ (M, E*) and W :=
A0 (M, L7* @ E*). Moreover, we define a bilinear map F(s,a) := H(sa) for
s € V and o € W. Then we obtain a linear map G : V — W* @ U by G(s) := F(s,).
Suppose the assertion were false, that is, for any ¥ € N and any non-zero s € V|,
there exists ap € W such that F(s,ap) # 0. If G(sp) = 0 for some sy € V, then
F(sp,a) =0 for any o € W. Thus s is zero, that is, G is injective. And it follows that
dimV < dim(W* @ U) = dim W x dim U, that is, for any k € N,

dim H°(X, L*) < dim %"~ Y (M, L7* ® E*) x dim 2#°"~*~1(M, E*). (5.2)
From Corollary 4.9, the assumptions (B), L > 0 on X and ¢ < ¢ imply that as k — oo,

dim 0" Y (M, L™ @ E*) = o(k"). (5.3)
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By the bigness of L, we have
dim H(X, L*) > Ck", k — oo. (5.4)

Under the assumption (B), it follows that M satisfies Z(j) for all 0 < j <n—g— 1, thus
Theorem 2.8(d) implies that, for ¢ < £,

dim 0"~ (M, E*) < co. (5.5)
We obtain Ck™ < o(k™) for k large which cannot hold. Thus, the assertion is true. O
Lemma 5.2. Assume X is compact and the assumptions (A) and (B) hold. For q <
(< n—1,let s € H'(X,Lko) be the non-zero holomorphic section in Lemma 5.1 and
o € QU(bM,E) be Op-closed. Then, there exists a O-closed extension S of s ® o €
Qui(bM, L* @ E), ie., S € QW (M, Lk @ E) such that S =0 on M and p(S|prr) =
(s ® o).

Proof. Let o/ € Q%‘(M, E) such that o'|,pr = 0. Let 0 € 0"~ "1(M, L~ @ E*).
Thus

O A (so’) € Qm"1(M) (5.6)

and sf € QO ~*~1(M, E*) is O-closed. By Theorem 2.8 (a)(b) and H(sf) = 0, there
exists ¢ € Q¥ ~¢=2(M, E*) such that

s = O + H(sh) = O¢. (5.7)

Then, by the Stokes formula,

/9/\(50): /(39)/\02 /(ég)mz(—l)n—f—l /gA(éa'). (5.8)
bM

bM bM bM

By (2.21), (2.22) and 00 = 0, we have

(00" |oar = Do + (1 A Do) ors = (¥ A Do) |bas (5.9)

where ¢ € Q¢(M, E), and g is the defining function of M. By the Stokes formula and
bM = {z € X : p(x) = 0}, we have

/g/\@a’):/gAwAég:—/E(gm/))Ag:O. (5.10)
bM bM bM
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Then, by (5.8) and (5.10), it follows that
/ OA(so)=0 (5.11)
bM

for the dy-closed form so € Q™*(bM,L* @ E) and any 0 € 5% (M, L% @ E*).
Finally, there exists a O-closed extension S of so by Theorem 2.15 for Z(n — £ —1). O

Proof of Theorem 1.12. The result follows by replacing £ by E ® A"T'°X in Lemmas
5.1 and 5.2. O

Theorem 1.12 can be slightly generalized to the following case without strict positivity.

Theorem 5.3. Let X be a Moishezon manifold of dim X =n > 2. Let 1 <q¢<n-—1 and
let M € X be a domain with smooth boundary bM on which the Levi form restricted
to the analytic tangent space has at least n — q negative eigenvalues. Let L be a big line

bundle on X with a singular Hermitian metric h*™. Assume that h* is smooth on M and
c1(L,ht) >0 on M. Then the conclusion of Theorem 1.12 holds.

Proof. Since X is compact and L is big, we have dim H°(X,L*) > Ck". Since the
assumption (B) holds, Theorem 2.8 (d) entails dim s#%"~*~1(M, F) < co. Meanwhile,
Corollary 4.9 implies dim s#%"=¢1(M, L=% @ E*) = o(k™). As in Lemma 5.1, for ¢ <
¢ < n —1 and the harmonic projection H : H°(X,L*) x %"} (M, L7%* @ E*) —
A0 (M, E*), there exist kg € N and s € HO(X, L*) \ {0} such that H(sf) = 0
for every § € %" ~¢~1(M, L% ® E*). Finally, as in Lemma 5.2, we obtain d-closed
extension S € Q™(M, L* @ E), and then replace E by E®@ A"T'°X. 0O

6. Vanishing theorems and applications

In this section, we present some vanishing theorems as consequences of the Bochner-
Kodaira-Nakano formula (1.1) with boundary term. These include the classical Andreo-
tti-Tomassini vanishing theorem and a specific case for negative line bundles on domains
with Levi-flat boundaries.

6.1. Andreotti-Tomassini vanishing theorem; Proof of Theorem 1.3

In this subsection we revisit the Andreotti-Tomassini vanishing theorem [6] (especially
for the g-concave case), and give a proof based on Theorem 1.2 and inspired by Griffiths
[20, Theorem 7.1].

Proof of Theorem 1.3. The proof of Theorem 1.3 follows from a modification of the proof
of Proposition 4.2. We solely prove (a) via Theorem 1.2, as an analogous proof of (b)
can be achieved by applying (3.15) (refer to [30, Theorem 3.5.9]).
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Let o be a defining function for M such that M := {z € X : p(z) < 0} and dp doesn’t
vanish near bM. First, by Lemma 4.5, since .Z, has at least n — ¢ negative eigenvalues
along bM, there exists a smooth Hermitian metric © in a neighborhood of M such that
dp has norm 1 in a neighborhood of bM and for a sufficiently small € > 0

V=12, A"M > 1 (6.1)

as a positive operator acting on @j<,_q—1 AJTOD* M.
Since ¢; (L, h") < 0 on M, we need not modify further the metric h” for there exists
C’" > 0 such that for all s € Q% (M, L) (j <n—1) and x € M,

(W=1RE, A)s,s)p,(z) > C'|s|2(x). (6.2)

Then following the first part of the proof of Lemma 4.6, by replacing v/—199p with
V—1RF, we can conclude that, after modifying © again with the parameter T > 1 as
in (4.27), we may always assume that for the Hermitian metric ©, (6.1) still holds as
in (4.29) and moreover, there exists a constant Cy > 0 such that for any sufficiently
small € > 0, and for any 7 € [0,1], s € Q)7 (M, L*) with supp (s) included in a small
neighborhood of bM, with j <n — ¢ —1 and any k € N>, we have

(W=TIRY, Als, s), +2(1—e)r <RL(e,ﬁLO>, eODys, s>h > Cols2. (6.3)

When we work for the points in M that are away from bM, (6.2) still holds no matter
how we modify the metric © (with possibly a different constant C’ > 0). So if € > 0 is
sufficiently small, we also have

(W—=1R¥* A s,s), > C'|s|3. (6.4)

By Theorem 1.2, combining (6.1), (6.2), (6.3), and (6.4), we conclude that there exist
C > 0,Cy>0,C" >0 and a sufficiently small e € (0,1) such that for all k¥ € N>,
s€Q(M,L* ® E) with j <n—q—1and t.,s =0 on bM, we have

=E —=E% 1
(1 +2) (19 sll3zary + 195 "sll3zary ) + CQ+ DlislFaqan = (Cok =€) lslEany-
(6.5)

The above inequality still holds for s € Dom(gf) N Dom(ng*) N L(Q)’j(M, L* ® E) for
j <n—q—1, by the density of B®/(M,L* ® E) with respect to the graph norm of
55 +5kE*. Therefore, we conclude that if k > CLO(C” +C+CJ/e),forall j<n—q—1

A% (M, L* @ E) = 0. (6.6)

Using Theorem 2.9 to identify s#%4(M, L* ® E) with H*/(M,L¥® E) for j <n—q—1
completes the proof. O
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As a consequence of the above theorem, we recover the Andreotti-Tomassini vanishing
theorem [6].

Theorem 6.1 (/6, Theorems 1 and 2]). Let n > 2 and 1 < qg<n—1.

(a) Let X be a connected g-concave complex manifold of dimension n, and let o be an
exhaustion function with an exceptional set K € X. Let E and L be holomorphic vector
bundles on X and rk(L) = 1. Suppose L is negative in the neighborhood of X . for some
reqular value ¢ of o such that K C X.. Then, there exists an integer ko = ko(L, E) such
that

HYX,L*®E)=0 for k>ko and £ <n—q— 1. (6.7)
(b) Let X be a connected q-convex complex manifold of dimension n, and let o be an
ezhaustion function with an exceptional set K € X. Let E and L be holomorphic vector
bundles on X and tk(L) = 1. Suppose L is positive in the neighborhood of X for some
reqular value ¢ of ¢ such that K C X.. Then there exists an integer ko = ko(L, E) such
that
HYX,L*®@E)=0 for k> ko and (> q. (6.8)
Proof. For (a): by Theorem 1.3(a), for all sufficiently large k, we have for j <n—q—1,
H (X, LF®FE)=0. (6.9)
By Theorems 2.9, 2.10 and 2.11, for j < n — q — 2, we have
HI(X,L*® E)~ H*(X.,L* ® E), (6.10)
and
dim H" 7YX, L* ® E) < dim H*" " Y(X,, L* ® E). (6.11)
So we obtain (6.7).

Part (b) follows from Theorem 1.3(b), Theorem 2.9, and by theorems of Hérmander
and Andreotti-Grauert [30, Theorem 3.5.6 and 3.5.7]. O

6.2. The Oy extension via vanishing theorems

If we replace the assumption of Theorem 1.12 that L is semi-positive on X and positive
at least at one point by the assumption L > 0 on M, the 9) extension result follows
via our proof of Theorem 1.3(a). In this case, the compactness assumption on X can be
dropped.



60 B. Liu et al. / Journal of Functional Analysis 292 (2027) 111635

Theorem 6.2. Let X be a complex manifold of dimension n. Let (E,h®) and (L,h")
be holomorphic Hermitian vector bundles over X and rk(L) = 1. Let 1 < g < n-—1
and assume that M is a relatively compact domain in X with smooth boundary bM on
which the Levi form restricted to the analytic tangent space has at least n — q negative
eigenvalues. Assume that cy(L,hY) >0 on M.

Then there exists kg € N such that for each k > ko, every q < € < n —1, and every
Op-closed form o € Q%(bM, L* ® E), there exists a O-closed extension ¥ of o, i.e.,

¥ e Q¥ (M,L* ® F) (6.12)
such that 0% =0 on M and ju(X|pnr) = (o) on bM.

Proof. Firstly, M satisfies Z(i) for all 0 <i<n —q—1. By (6.6) fori <n —¢—1 and
k large, 2™ (M, L~* @ E*) = 0 after identifying (n, i)-forms with (0, i)-forms valued in
Kx. Finally, we apply Theorem 2.15 for Z(n — ¢ — 1) with £ > ¢. O

Similarly, if L < 0 on M, the 0, extension result follows via Theorem 1.3(b).

Theorem 6.3. Let X be a complex manifold of dimension n. Let (E,h¥) and (L,h*) be
holomorphic Hermitian bundles over X and tk(L) = 1. Let 1 < ¢ < n —1 and assume
that M is a relatively compact domain in X with smooth boundary bM on which the Levi
form restricted to the analytic tangent space has at least q positive eigenvalues. Assume
that c1(L,h*) <0 on M.

Then there exists ko € N such that for each k > kg, every 0 < £ < q— 1, and every
Op-closed form o € Q% (bM, L* ® E), there exists a 0-closed extension ¥ of o, i.e.,

» e Q%(M,L* ® E) (6.13)
such that 0% =0 on M and pu(X|pnr) = (o) on bM.

Proof. Firstly, M satisfies Z(j) forn—¢g < j <n—1.Since M = {9 < 0} and M. = {p <
e} for sufficiently small € > 0 are j-convex manifolds for j > n — ¢, then Theorem 1.3(b)
with the replacement of the degree q by n — q gives ™I (M,L™% @ E*) = 0 for k
large after identifying (n,j)-forms with (0,7)-forms valued in Kx. Finally, we apply
Theorem 2.15 for Z(n —¢ —1) with0<{<¢g—1. O

Theorem 6.3 with ¢ = 1 means that, under the assumption L < 0 on M, we can
generalize the classical result [26, Theorem 7.5] to forms with values in L* @ E.

As a final remark, we proceed in the same vein by using Theorem 2.15 for ¢ =
p = 0 and [43, Proposition 4.17] that /™" ~1(M,L*) = H;' ' (M,L* @ Kx) = 0. Tt
follows that: Let (X,w) be a Kéhler manifold and M € X be a domain with smooth
boundary bM such that the Levi form on bM have one positive eigenvalue and semi-
positive everywhere. If (L, hY) is negative on bM and semi-negative on M, then every

Op-closed smooth section of L on bM has a holomorphic extension to all of M.
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6.3. Negative line bundles on domains with Levi-flat boundary

A domain M ={z € X : p(z) < 0} € X with defining function g € € (X,R) is said
to have a Levi-flat boundary if the Levi form .Z, vanishes identically along bM. In the
Levi-flat case, the boundary term on the right-hand side of (1.2) vanishes, allowing us
to obtain the following result for the negative line bundles.

Proposition 6.4. Let X be a complex manifold of dimension n > 2, and let M € X be
a domain with a smooth Levi-flat boundary bM . Let o be a defining function of M, and
let ©g be a smooth Hermitian metric on X such that |do| = 1 near bM. Let (L,h%)
be a negative line bundle in a neighborhood of M and let (E,h¥) be any holomorphic
Hermitian vector bundle on X. Then there exists a Hermitian metric © on M, which
is given by modifying ©qg locally mear bM, and an integer kg > 0 such that for ¢ =
0,...,n—1and k > kg, we have

k
‘%ﬂ(gsq(M, Lk ® E, @) := ker Dé ®E|ngq(M,Lk®E) = 0, (614)

where the L?-cohomology and Kodaira Laplacians are given with respect to the metric ©.

Proof. Using the fact that L is negative near M, we can proceed as in the proof of
Lemma 4.6 to modify ©g near bM such that dp still has norm 1 near bM. Moreover,
there exists Cy > 0 such that for a small 0 < ¢ < 1, any 7 € [0,1], and for any
s€ Q% (M,L* ® E) (with j <n —1 and k € N), we have near bM,

([V=1RY,Als,s), +2(1 —&)7 <RL(e‘(11’O), eMys, s>h > Cylsl?, (6.15)

where the metric is taken with respect to © and (h%)®*. Since bM is Levi-flat and do has
the norm 1 near bM, the boundary terms vanish identically in (1.2). Finally, we repeat
the proof of Proposition 4.2. In particular, by applying Theorem 1.2, we obtain, with
some constants C' > 0 and C’ > 0 independent of k,

=E —Ex* 1
(1+2) (8% sy + 18 lan) + € (14 2 ) Dllcan > (Cok = € sl any
(6.16)
The proposition follows. O

As a consequence, for any domain M with a smooth Levi-flat boundary (dim¢ M > 2),
there exists no strictly plurisubharmonic bounded smooth function in any open neigh-
borhood of M. This also follows from the maximum principle directly applied on the
boundary of M. When we specialize to projective spaces, we conclude from Proposi-
tion 6.4 that if M € CP" is a domain with a smooth Levi-flat boundary, then each
hyperplane in CP™ has a nonempty intersection with M. This also follows from the
solution to the Levi problem over CP™ by Fujita [19] and Takeuchi [41]. Namely, any
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proper pseudoconvex domain in CP" is Stein and neither M nor the complement of M
can contain a divisor when the boundary of M is Levi-flat. Furthermore, for n > 3, this
is evidently due to the nonexistence of smooth Levi-flat real hypersurfaces in CP™ [40].

The conjecture of the nonexistence of smooth real Levi-flat hypersurfaces in projective
spaces first appeared in [12] and [13] for the study of minimal sets of holomorphic folia-
tions on CPP™. Then it was proven for n > 3 by Lins Neto [29] in the real analytic case
and by Siu [40] in the smooth case. Despite many attempts, the nonexistence of smooth
Levi-flat real hypersurfaces in CP? is still considered an open problem; see [25,37,38]
and references therein. In [1], Adachi and Brinkschulte deduced a curvature restriction
of Levi-flat real hypersurfaces in CP?. Their method was inspired by the integral formula
of Griffiths [20, VII.§5]; see also Lemma 3.4 and Corollary 3.5.
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