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Abstract We prove an exponential estimate for the asymptotics of Bergman kernels
of a positive line bundle under hypotheses of bounded geometry. Further, we give
Bergman kernel proofs of complex geometry results, such as separation of points,
existence of local coordinates and holomorphic convexity by sections of positive line
bundles.

1 Introduction
Let (X, w) be a symplectic manifold of real dimension 2n. Assume that there exists a

Hermitian line bundle (L, #%) over X endowed with a Hermitian connection V£ with
the property that

Rl = 27V 1w, (1.1)
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where RL = (VL)2 is the curvature of (L, VL). Let (E, h%) be a Hermitian vector
bundle on X with Hermitian connection V£ and its curvature RE.

Let J be an almost complex structure which is compatible with w (i.e., @ is J-
invariant and w (-, J-) defines a metric on 7 X). Let g7 X be a J-invariant Riemannian
metric on X. Let d(x, y) be the Riemannian distance on (X, g7 %).

The spin® Dirac operator D, acts on 2%*(X, LP Q E) = Do %X, LPQE),
the direct sum of spaces of (0, g)—forms with values in L” ® E.

We refer to the orthogonal projection P, from L*(X,E ), the space of L?-sections
of £, := A(T*ODX) ® LP ® E, onto Ker(Dp) as the Bergman projection of
D, The Schwartz kernel P, (-, -) of P, with respect to the Riemannian volume form
dvx (x') of (X, g"%) is called the Bergman kernel of D,,.

Theorem 1 Suppose that (X, g %) is complete and R™, RE, J, gTX have bounded
geometry (i.e., they and their derivatives of any order are uniformly bounded on X
in the norm induced by g"*, h®, and the injectivity radius of (X, g'X) is positive).
Assume also that there exists ¢ > 0 such that on X,

V=IRE(, T > egTX(, ). (1.2)

Then there existc > 0, pg > 0, which can be determined explicitly from the geometric
data [cf. (3.17)] such that for any k € N, there exists Cy > O such that for any p > p,
x,x" € X, we have

| Py, x| < Ci P exp(—c /P (x, x1). (1.3)

The pointwise €*-seminorm |S(x, x’)|cgk of asection § € (X x X, E, X E;;) at
a point (x,x’) € X x X is the sum of the norms induced by i, hZ and g7X of the
derivatives up to order k of S with respect to the connection induced by V%, V£ and
the Levi-Civita connection V7' X evaluated at (x, x').

Assume now X = C" with the standard trivial metric, E = C with trivial metric.
Assume also L = C and h* = ™% where ¢ : X — R is a smooth plurisubharmonic
potential such that (1.2) holds. Then the estimate (1.3) with k& = 0 was basically
obtained by [5] for n = 1, [§,12] forn > 1. In [7, Theorem 4.18] (cf. [17, Theorem
4.2.9]), a refined version of (1.3), i.e., the asymptotic expansion of P, (x, x") for
p — +oo with the exponential estimate was obtained.

When (X, J, ®) is a compact Kéhler manifold, E = C with trivial metric, gTX =
(-, J-) and (1.1) holds, a better estimate than (1.3) withk =0andd(x,x’) > 8 >0
was obtained in [6].

Recently, Lu and Zelditch announced in [13, Theorem 2.1] the estimate (1.3) with
k=0andd(x,x") > § > 0 when (X, J, w) is a Kiihler manifold, E = C with trivial
metric, g7 X = w(-, J-) and (1.1) holds (see also [1]).

Theorem 1 was known to the authors for several years, being an adaptation of [7,
Theorem 4.18]. The recent papers [6, 13] motivated us to publish our proof.

The next result describes the relation between the Bergman kernel on a Galois
covering of a compact symplectic manifold and the Bergman kernel on the base,
which is an interesting consequence of our proof of Theorem 1.
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Theorem 2 Let (X,w) be a compact symplectic manifold. Let (L, VL hby,

(E,VE hE), J, gTX be given as above. Consider a Galois covering 1 - X —> X and
let I' be the group of deck transformations. Let us decorate with tildes the prelmages
of objects living on the quotient, e.g., L = n*L, ® = n*w etc. Let D be the spin©

Dirac operator acting on 20X, LP ® E) and P be the orthogonal projection from
L*X.E p) onto Ker(Dp) There exists p; which depends only on the geometric data
on X, such that for any p > p; we have

Z Py(yx,y) = Py(n(x), m(y)), foranyx,yeX. (1.4)
yel’

As a particular case, (1.4) holds for a compact Kihler manifold (X, J, ), a pos-
itive holomorphic Hermitian line bundle (L, %), the projection P, on the space
HO(X,LP®E) of holomorph1c sect1ons (Wthh equals Ker(D)) for p large enough),
and the projection P, on the space H(z) (X, LP®E)of holomorphic L? sections (which

equals Ker(D p) for p large enough), see Remark 1, Theorem 5. In this context, for
g™ = w(-, J.) and for E = C with trivial metric, (1.4) also appeared simultaneously
in [13, Theorem 1] by a different method.

We also give proofs of some complex geometry results by using the expansion of

the Bergman kernel.

Theorem 3 Let (X, J, gTX) be a complete Hermitian manifold and (L, by, (E, hE)
be holomorphic Hermitian vector bundles over X, where tk(L) = 1. Assume that
RL,RE, J, ¢7X have bounded geometry and (1.2) holds. Then there exists py € N
such that for all p > po, X is holomorphically convex with respect to the bundle
L? ® E and H(Oz)(X , L? ® E) separates points and give local coordinates on X.

The main tool here are the properties of peak sections at a point xo € X, which are
defined as sections in the orthogonal complement of the space of sections vanishing
at xo. We show for example in (4.21) that linearly independent peak sections at x( are
asymptotically orthogonal in the neighborhood of xg.

Theorem 3 implies immediately:

Corollary 1 Let (X, J, ®) be a complete Hermitian manifold and let ¢ be a smooth
function on X. Assume that ¢ is bounded from below, 3d¢, J, g'X have bounded
geometry and there exists ¢ > 0 such that /—190¢ > £© on X. Then X is a Stein
manifold.

We refer to [15,19] for further applications of the off-diagonal expansion of the
Bergman kernel to the Berezin-Toeplitz quantization, and [17] for a comprehensive
study of the Bergman kernels and its applications.

This paper is organized as follows: In Sect. 2, we explain the spectral gap property
of Dirac operators and the elliptic estimate. In Sect. 3, we establish Theorems 1, 2.
In Sect. 4, we show what the result becomes in the complex case. We give some
applications of Theorem 1 and of the diagonal expansion of the Bergman kernel, in
particular, we establish Theorem 3 and Corollary 1.
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2 Dirac operator and elliptic estimates

The almost complex structure J induces a splitting TX @z C = T0OXx @ 7ODx,
where 710 X and 70D X are the eigenbundles of J corresponding to the eigenvalues
V=T and —/—T respectively. Let T*(1.9 X and 7*(-D X be the corresponding dual
bundles. For any v € T X with decomposition v = v19+vp 1 € THOX @ TODX,
let v € 70D X be the metric dual of vy o. Then c(v) = \/E(vfo A —iy,,) defines
the Clifford action of v on A(7*©-D X), where A and i denote the exterior and interior
product respectively. We denote

A% = ANT*OVX) E,:=A"® L\ QE. 2.1

Along the fibers of £, we consider the pointwise Hermitian product (-, -) induced
by g7, h™ and h%. Let dvy be the Riemannian volume form of (T X, g7 X). The
L?—Hermitian product on the space .Qg *(X, L? ® E) of smooth compactly supported
sections of £, is given by

(s1, 52) =/X(S1(X),82(X)>dvx(x)- 2.2

We denote the corresponding norm with ||-||;2 and with LZ(X , Ep) the comple-
tion of .Qg"(X, L? @ E) with respect to this norm, and |B]|°? the norm of B €
ZL(L*(X, E,)) with respect to ||| ;2.

Let VX be the Levi-Civita connection of the metric g7 X, and let V€U be the
connection on det(7 9 X) induced by VI'X by projection. By [17, §1.3.1], VIX
(and Vdetl) induces canonically a Clifford connection VCEf o AT*ODX). Let
VEr be the connection on E, = AT*ODX) ® LP ® E induced by VvCiff L and
vE.

We denote by Spec(B) the spectrum of an operator B.

Definition 1 The spin® Dirac operator D), is defined by

2n
D, = Zc(ej)ve’i” 20 (X, LP Q E) — 2% (X,L? ® E), (2.3)
j=1

with {e;}; an orthonormal frame of 7' X.

Note that D, is a formally self-adjoint, first order elliptic differential operator. Since
we are working on a complete manifold (X, g7 %), D p is essentially self-adjoint. This
follows e.g., from an easy modification of the Andreotti-Vesentini lemma [17, Lemma
3.3.1] [where the particular case of a complex manifold and the Dirac operator (4.1)
is considered]. Let us denote by D, the self-adjoint extension of D, defined initially
on the space of smooth compactly supported forms, and by Dom(D,) its domain. By
the proof of [16, Theorems 1.1, 2.5] (cf. [17, Theorems 1.5.7, 1.5.8] as the tensor S
therein is given by § = —%J(VTXJ)), we have:
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Lemma 1 If (X, g7%) is complete and VT*J, RTX and RE are uniformly bounded
on (X, g™%), and (1.2) holds, then there exists C; > 0 such that for any p € N, and
any s € @q>1 .Qg’q(X, LP? ® E), we have

IDpsl: = (2pro — CL) sl 2, (2.4)
with
wo = inf Rf(u,ﬁ)/|u|§” > 0. (2.5)
ueTx(l‘O)X,xeX
Moreover

Spec(D}) C {0} U [2ppo — Cp. +oo[. (2.6)

From now on, we assume that (X, gTX) is complete and RL RE, J, gTX have
bounded geometry. The following elliptic estimate will be applied to get the kernel
estimates. Notice that we do not use the condition that ~/—1R% (-, J-) is positive in
the proof of Lemma 2.

Lemma 2 Given a sequence of smooth forms s, € ()N Dom(Df,) c L*(X, Ep)
and a sequence C), > 0 (p € N), assume that for any € € N, there exists C/ > 0 such

that for any p € N¥,
1 ¢
(7527)

Then for any k € N, there exists Cy > 0 such that for any p € N* and x € X the
pointwise €*-seminorm satisfies

<CyC,. (2.7)

L2

n+k

|sp@)|gn < CrCp 2. 28)

Proof Let inj* be the injectivity radius of (X, g7¥), and let ¢ € 10, injX [. We denote
by BX(x, &) and BT+X(0, ¢) the open balls in X and Ty X with center x € X and radius
e, respectively. The exponential map 7, X > Z > expX (Z) € X is a diffeomorphism
from B%X(0, &) on BX(x, &). From now on, we identify BT*X(0, &) with BX(x, &)
for & < inj¥X.

For xg € X, we work in the normal coordinates on BX (x0, €). We identify Ez,
Lz, A(T;(O’l)X ) to Exy, Ly, A(T;:J(O’I)X ) by parallel transport with respect to the
connections VE, VL, vCIiff along the curve [0, 1] > u — uZ. Thus on B0 (0, ¢),
(Ep, hEr) is identified to the trivial Hermitian bundle (E Doxos hErxo ). Let {e¢;}; be an
orthonormal basis of Ty, X. Denote by Vy the ordinary differentiation operator on
Ty, X in the direction U. Let I" Ertr A% be the corresponding connection forms
of VE, VL and VCIt with respect to any fixed frame for E, L, A(T*(O'l)X) which is
parallel along the curve [0, 1] > 4 +— uZ under the trivialization on BTwoX 0, &).
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Let {¢;}; be an orthonormal frame on 7X. On B™0X (0, ¢), we have

VI 2 p LG 4 TAY () 4 TEQ), 2.9)
D, = C(E,-)(vg_,. 4 pPL@) + T2 @) + FE(Zj)). '
By [17, Lemma 1.2.4], for I'* = I'E, 'L, 7% we have
° 1 ° 2
Iy(ej) = ERXO(Z,e,-) + O(Z%). (2.10)
Using an unit vector S, of L,,, we get an isometry
Ep = (AT*OVX) @ E)xo = E.. 2.11)
Fors € ‘KOO(RZ", E.),Z e R andt = \/Lﬁ, set
($i5)(Z) =s(Z/1), V=8 "tVEros,,
D, = S7'tD,s,. (2.12)

Let f : R — [0, 1] be a smooth even function such that

F) 1 for|v] < g/2, 2.13)
v) = .
0 for|v| > &

&' with e’ < &.
Set
0p(Z) = s,(Z)fUZI/1), G, =S, "0, € CE°(R™, Ey,). (2.14)
Then by (2.12) and (2.14), we have

,(2) = 5,(t 2) (1 Z])
[

(D5, (2) = (l]) [Di. .. [D:, £ -D]... [(2) (D] S 's,)(Z). (2.15)
j=0 B e ——

(I — j) times
Now by (2.9), (2.10) and (2.12), we get
Vi=Vo+ Ot), D;,= Do+ O(), (2.16)

where Dy is an elliptic operator on R?". By (2.16) and our assumption on bounded
geometry, [Dt, o [Dye, £ DI ] is a differential operator of order [ — j — 1
—_—

(I — j) times
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for [ > j, whose coefficients are uniformly bounded on BT X (0, &), with respect to

xo € X, p e N, and (D! S7'5,)(2) = ((ﬁD,,)’s,,) (tZ). Thus (2.7), (2.9) and

(2.15) and elliptic estimates imply

2
/|D§ap(2)|2d2<(1+1) / {‘f(|-|)D§S,—‘sp‘ (Z)

|Z|<e |Z|<e

2 _ -2 ) ) 2
+2|1p, £ DS s, | @463 D el DS s | (2)az,
j=0
(2.17)

here ¢ : R — [0, 1] is a smooth even function such that ¢ = 1 on supp(f) and
@(v) = 0 for |v| > ¢” with ¢” < ¢. By repeating the above argument, we get

1 . 2
~ 1 J
/ |D\5,(2)|*dZ < Cop" / Z (ﬁDp) sp(Z)| dZ
|Z]<e 1Zl<e/yp 170
1
<C Y ([CC)p". (2.18)
j=0

On R?", we use the usual €*-seminorm, i.e., lg(xX) |k = Zlgk |Ve,-1 ... Veilgl(x).
By the Sobolev embedding theorem (cf. [17, Theorem A.1.6]), (2.16), (2.18) and our
assumption on bounded geometry, we obtain that for any k € N, there exists Cy > 0
such that for any xo € X, p € N*, we have |Efp (O)|<gk < Ck C;, p"/z. Going back to
the original coordinates (before rescaling), we get

ntk
o <CCpp 2. (2.19)

‘Up (xo0)

The proof of Lemma 2 is completed. O

3 Proofs of Theorems 1 and 2

/ un2 / 1 n2 un2 /
For x, x" € X, let exp(— ;Dp)(x,x ), (;Dp exp(— ;Dp)) (x, x") be the smooth

kernels of the operators exp(— %D%) , %D[% exp (— %D%) with respect to dvyx (x').

Theorem 4 There exists a > 0 such that for any m € N, ug > 0, there exists C > 0
such that for u > ug, p € N*, x, x’ € X, we have

< Cp'ta exp(uou - Ed(x, x/)z), (3.1)
u

‘exp(— KDz)()c, x)
p P €m
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1334 X. Ma, G. Marinescu

and that for u > ug, p > 2Cr/uo, x, x' € X, we have

‘ (% D127 exp(— %Di)) (x,x))

m 1 a
<Cp'tz2 exp( — Shou = 7pd(x, x’)z).

(g’)m
(3.2)

Proof For any ug > 0, k € N, there exists C,, x > 0 such that for u > ug, p € N*,
we have

(o) ool 5o)|" < s

and by Lemma 1, that for u > ug, p > 2Cr /o, we have

” ( 1 b )k 1 D2 U 0,0 cc o 3.4)
— - exp(— — )H < Cyp.k€ . .
vp ) p ot p 7

From Lemma 2, (3.3) and (3.4), for any g > 0, m € N, there exists C,;O,m > 0 such
that for u > ug, p € N*, x, x’ € X, we have

<Chnp"2, (3.5

@m up,m

u_ - /
‘exp(— —Dp)(x,x)
p
and that for u > ug, p > 2Cr /1o, x, x' € X, we have

‘ (% D’ exp(— %Df,)) (x, x')

To obtain (3.1) and (3.2) in general, we proceed as in the proof of [7, Theorem 4.11]
and [3, Theorem 11.14] (cf. [17, Theorem 4.2.5]). For 4 > 1 and f from (2.13), put

<C,

¢m ug,m pn+767u0u. (3.6)

Kun(a) = /::O cos(vv/2ua) exp ( — v;) (1 — f(% 2uv)) j;_n
Han(a) = /_:O cos(u/2ua) exp ( _ U;)f(%x/ﬂv)% : 3.7
By (3.7), we infer
Kun (%D,,) + Hy (%D,,) - exp(— %Df,). (3.8)
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Using finite propagation speed of solutions of hyperbolic equations [17, Theorem
D.2.1], and (3.7), we find that

supp Hy » (%D[)) (x,-) C BX(x, eh/\/p), and

1
Hy (T Dp) (x, -) depends only on the restriction of D, to BX (x, eh/\/p).
p
3.9

Thus from (3.8) and (3.9), we get for x, x’ € X,
Ku (LD )(x ) —exp(— 51)2)(x Xy, if Jpd(x,x) = eh. (3.10)
u, ’ - ’ ’ ) = . .
N p 7

By (3.7), there exist C’, C1 > 0 such that for any ¢ > 0, m € N, there is C > 0 such
that foru > ug, h > 1,a € C, |Im(a)| < ¢, we have

C
la|™ | Ky ()] < Cexp (C/czu - —1h2). 3.11)
u
Using Lemma 2 and (3.11) we find that for K (a) = K, »(a) or azKu,h(a),

1 " c
‘K (ﬁ Dp) (x, x’)((gm < Cap™t% exp (C’czu - 7‘/12) . G12)

Setting h = /pd(x, x")/e in (3.12), we get that for any p € N*, u > ug, x,x" € X
such that ,/pd(x, x") > e, we have

1 m C
(K (ﬁ Dp) (x, x/)Lgm < Cp™B exp (C’c2u - ip d(x, x/)z) . (3.13)

By (3.5), (3.10) and (3.13), we infer (3.1). By (3.6), (3.10) and (3.13), we infer (3.2).
The proof of Theorem 4 is completed. O

Proof of Theorem 1 Analogue to [7, (4.89)] (or [17, (4.2.22)]), we have

exp(— u Di) - P, = /+°° l D[z) exp(— “ Dlz,)dul. (3.14)
p u p p
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Note that }‘,uou + 2pd(x, x)? > Jamopd(x, x’), thus
+00 1
/ exp(— ~ pou — ipd(x,x’)z)alul
u 2 ui
/ oo 1
<exp(—+auopd(x, x ))/ CXP(— 1 MOul)dul
u
4 1 ,
=%exp —Zuou—a/auopd(x,x) . (3.15)

By (3.2), (3.14) and (3.15), there exists C > 0 such that for u > ug, p > 2Cr /1o,

x,x" € X, we have
u 2 /
(exp(— ; Dp) — Pp)(x,x )

(gm
m 1
<cptte exp(—Zuou — Japopd(x, x’)) ) (3.16)
By (3.1) and (3.16), we get (1.3) with
po=2CrL/no, €= auo. (3.17)
The proof of Theorem 1 is completed. O

Proof of Theorem 2 1t is standard that for any p € N*, u > 0,and x, y € X ,

exp(— qu,)(n(x), )= exp(— uf)f,)(yx, V). (3.18)

yell

Let us denote for r > O by N(r) = #B’?(x r)N I'y. Let K > 0 be such that the
sectional curvature~of (X, gTX )is > —K2. By [20], there exists C > 0 such that for
anyr > 0, x,y € X, we have

N(r) < Ce®r=DEkr, (3.19)
[Note that in the proof of (3.1), we did not use Lemma 1. From (3.1) and (3.19), we
know the right hand side of (3.18) is absolutely convergent with respect to €*-norm
for any k € N, and verifies the heat equation on X, thus we also get a proof of (3.18)].

Take p, = max{p,, (2n — 1)>K?/c?}. Then for any p > p,, by Theorem 4, (3.15)
and (3.19), we know that

5[ G e 3 onan
/+oo Z D2 e"p(_ —D; ))(Vx, y)duy. (3.20)

yel’
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Moreover, (1.3) and (3.19) show that Zy er lgp(yx, y) is absolutely convergent with

respect to ©’*-norm for any k € N, p > p,. From Theorem 4, (3.14) for 5,,, (3.18)
and (3.20), we get

exp(= D} ) or.w () = 3 Pplrw. )

yell

- /+°° (% D? exp(— %‘ Dg))(n(x),n(y))dul. (3.21)

Now from (3.14) for D, and (3.21), we obtain (1.4). Note that the constants Cp,, 1o
in Lemma 1, a in Theorem 4 depend only on the geometric data on X, not on the
covering map 7 : X — X, thus p; depends only on the geometric data on X. O

Remark 1 Let A € §23(X). We assume A and its derivatives are bounded on X. Set

‘A= Z A(ej, e, ex)c(ei)c(ej)c(er), D;\ =D, +“A. (3.22)

i<j<k

Then D[“,‘ is a modified Dirac operator (cf. [17, §1.3.3], [2]). As we are in the bounded
geometry context, Lemmas 1, 2 still hold if we replace D) by D[’;‘ (cf. [17, Theorems
1.5.7, 1.5.8]). This implies that Theorem 4 holds for D?, thus Theorems 1, 2 hold for
the orthogonal projection from L*(X,E p) onto Ker(Dﬁ).

4 The holomorphic case

We discuss now the particular case of a complex manifold, cf. the situation of [17,
§6.1.1]. Let (X, J) be a complex manifold with complex structure J and complex
dimension n. Let gTX be a Riemannian metric on 7 X compatible with J, and let
e = gTX(J~, -) be the (1, 1)-form associated to gTX and J. We call (X, J, gTX) or
(X, J, ®) a Hermitian manifold. A Hermitian manifold (X, J, gTX ) is called com-
plete if g% is complete. Moreover let (L, h%), (E, h*) be holomorphic Hermitian
vector bundles on X and rk(L) = 1. Consider the holomorphic Hermitian (Chern)
connections V£, VE on (L, hl), (E, hE).

This section is organized as follows. In Sect. 4.1, we explain Theorem 1 in the
holomorphic case. In Sect. 4.2, we give some Bergman kernel proofs of some known
results about separation of points, existence of local coordinates and holomorphic
convexity. The usual proofs use the L? estimates for the d-equation introduced by
Andreotti-Vesentini and Hérmander. For plenty of informations about holomorphic
convexity of coverings (Shafarevich conjecture) and its role in algebraic geometry
see [14].
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1338 X. Ma, G. Marinescu

4.1 Theorems 1, 2 in the holomorphic case

The space of holomorphic sections of L? ® E which are L? with respect to the norm
given by (2.2) is denoted by H(Oz)(X, L? @ E). Let Py(x,x"), (x,x" € X) be the
Schwartz kernel of the orthogonal projection P,, from the space of L?-sections of
LP ® E onto H (02) (X, L? ® E), with respect to the Riemannian volume form dvy (x”)

associated to (X, gTX).

Theorem 5 Let (X, J, gTX ) be a complete Hermitian manifold. Assume that RL, RE,
J, 87X have bounded geometry and (1.2) holds. Then the uniform exponential esti-
mate (1.3) holds for the Bergman kernel P, (x, x") associated with H(Oz) (X,LP ® E).
Moreover, Theorem 2 still holds for this version of P,,.

Proof Letd™ ©E* be the formal adjoint of the Dolbeault operator 35" With respect
to the Hermitian product (2.2) on 98’°(X, L? ® E). Set

Dy =v2(3"%F +37°). @1

Using the assumption of the bounded geometry, we have by [17, (6.1.8)] for p large
enough,

Ker(D)) = Ker(D}) = HY\ (X, L? ® E). 4.2)

Observe that D), is a modified Dirac operator as in Remark 1 with A = @ 0—-19)0,
see [2, Theorem 2.2], cf. also [17, Theorem 1.4.5]. (In particular, if (X, J, gTX) is a
complete Kéhler manifold, then the operator D, from (4.1) is a Dirac operator in the
sense of Sect. 2.) Thus by Remark 1, Theorems 1, 2 still hold for the kernel P, (x, x")
under the assumption of bounded geometry. O

Theorem 5 has the following consequence.

Corollary 2 Let (X, w) be a complete Kdhler manifold such that w has bounded geom-
etry. Let (L, h™) be a holomorphic Hermitian line bundle such that R* = =2 /—1 w.
Then the estimate (1.3) holds for Pp,(x, x") associated with H(OZ) (X, LP).

4.2 Holomorphic convexity of manifolds with bounded geometry

We will identify the 2-form R’ with the Hermitian matrix RL € End(T19 X) such
that for W, Y € T0-0x,

REW.Y) = (RtW,Y). 4.3)
Analogous to the result of Theorem 1 about the uniform off-diagonal decay of the

Bergman kernel, a straightforward adaptation of the technique used in this paper yields
the uniform diagonal expansion for manifolds and bundles with bounded geometry
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(cf. [17, Theorem 4.1.1] for the compact case, [17, Theorems 6.1.1, 6.1.4] for other
cases of non-compact manifolds including the covering manifolds). This was already
observed in [17, Problem 6.1]. The following theorem allows to construct uniform
peak sections of the powers L? for p sufficiently large.

Theorem 6 Let (X, J, gTX) be a complete Hermitian manifold. Assume that RL RE,
J, g% have bounded geometry and (1.2) holds. Then there exist smooth coefficients
b, (x) € End(E), which are polynomials in RTX, RE (and d®, RL) and their deriv-
atives with order < 2r — 2 (resp. 2r — 1, 2r) and reciprocals of linear combinations
of eigenvalues of R at x, and by = det(RL/(ZJT))IdE, such that for any k, £ € N,
there exists Cy ¢ > O such that for any p € N*, x € X,

< Cre p"F 1 (4.4)

k
|Ppxo) = X b, @p" |
r=0
Moreover, the expansion is uniform in the following sense: for any fixed k, ¢ € N,
assume that the derivatives ongX, ht, hE with order <2n+2k+ £+ 6runovera
set bounded in the € —norm taken with respect to the parameter x € X and, moreover,
g"X runs over a set bounded below, then the constant Cy_; is independent of g"*;

and the €*-norm in (4.4) includes also the derivatives with respect to the parameters.
We will actually make use in the following only of the case £ = 0 from Theorem 6.

Theorem 7 Let (X, J, g7%) be a complete Hermitian manifold. Assume that R*, RE,
J, g7X have bounded geometry and (1.2) holds. Then there exists py € N such that
forall p > po, the bundle L? ® E is generated by its global holomorphic L*-sections.

Proof By Theorem 6,
Py (x,x) =bo(x)p" + O(p""), uniformly on X, 4.5)

where by = det(RL /2m)IdEg. Dueto (1.2), the function det(RL /2) is bounded below
by a positive constant. Hence (4.5) implies that there exists pg € N such that for all
p = po and all x € X the endomorphism P,(x,x) € End(E,) is invertible. In
particular, for any v € Lf ® E, there exists § = S(x,v) € H<02)(X, L? ® E) with
Sx) =v. O

We can apply Theorem 7 to the following situation. Let /1, be a Hermitian metric on
L?. Letm : X — X be a Galois covering and consider

O =7*0, dvg=0"/n!,(LP, k) = (x*LP, 7*h,), (E, hEY = (*E, 7*hE),
(4.6)

and let Lz(i, L ® E) be the L2-space of sections of L? ® E with respect to i[p, hE,
dvy.
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Corollary 3 Let (X, @) be a compact Hermitian manifold, L be a positive line bundle
over X. Then there exists py € N such that for all Galois covering w : X — X, for all
p = po, and all Hermitian metrics h p, hE on LP, E, the bundle L ® E is generated
by its global holomorphic L*-sections.

Proof Indeed, (X, gTX) is complete and RL, RE, 7, ¢7X have bounded geometry.
Thus the conclusion follows immediately from Theorem 7 for metrics 4, of the form
(h™)P, where h™ is a positively curved metric on L. That pg is independent of the
covering 7 : X — X follows from the dependency conditions of pg in Theorem 7.
Observe finally that the L? condition is independent of the Hermitian metric 4 s hE
chosen on L?, E over the compact manifold X. O

Note that instead of using Theorem 7 we could have also concluded by using [17,
Theorem 6.1.4] or [18, Theorem 3.14]. The latter shows that, roughly speaking, the
asymptotics of the Bergman kernel on the base manifold and on the covering are the
same. Note also that by Theorem 7 or [17, Theorem 6.1.4] we obtain an estimate from
below of the von Neumann dimension of the space of L? holomorphic sections (cf.
[17, Remark 6.1.5]):

o _ pn _1 n
dimp HY (X, L? ® E) > “—1k(E) X__RE) 40" p— oo (47)
@ n! x\ 27

This was used in [23] and [17, §6.4] to obtain weak Lefschetz theorems, extending
results from [22].
The following definition was introduced in [21, Definition 4.1] for line bundles.

Definition 2 Suppose X is a complex manifold, (F, hf) — X is a holomorphic Her-
mitian vector bundle. The manifold X is called holomorphically convex with respect to
(F, hT) if, for every infinite subset & without limit points in X, there is a holomorphic
section S of F on X such that |S|,r is unbounded on X. The manifold X is called
holomorphically convex if it is holomorphically convex with respect to the trivial line
bundle.

Since it suffices to consider any infinite subset of X, in order to prove the holomorphic
convexity we may assume that S is actually equal to a sequence of points {x;};cn
without limit points in X.

Theorem 8 Let (X, J, gTX) be a complete Hermitian manifold. Assume that RL RE,
J, g% have bounded geometry and (1.2) holds. Then there exists py € N such that
forall p > po, X is holomorphically convex with respect to the bundle LP ® E.

Proof If X is compact the assertion is trivial. We assume in the sequel that X is
non-compact. We use the following lemma.

Lemma 3 There exists pog € N such that for all p > po, for any compact set K C X
and any ¢, M > 0 there exists a compact set K (¢, M) C X with the property that for
any x € X\K (¢, M) there exists S € H(Oz)(X, L? ® E)with |S(x)| > M and |S| < &
on K.
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Proof Let pg € Nbe as in the conclusion of Theorem 7. Forany x € X, w € LY®E,,
consider the section

SeHY (X, LP ®E), y+—— Pp(y,x)-w. (4.8)

Since P, (x, x) is invertible, we can find for any given v € L? ® E, a section Sxv
as in (4.8) such that Sy ,(x) = v. Thus for any x € X there exists v(x) € LY ® E,
such that | Sy ,(x)(x)] = 2M. By Theorem 1, for any fixed 0 < r < ian, Sx,v(x)
has exponential decay outside the ball B(x, r), uniformly in x € X (cf. also (4.20)).
We can now choose § > 0, such that for any x € X with d(x, K) > § we have
[Syvy(W)] < efory e K. We set finally K(e, M) = {z € X : d(z, K) < 8}. The
proof of Lemma 3 is completed. O

In order to finish the proof of Theorem 8, let us choose an exhaustion {K;};cn of X
with compact sets, i.e., K; C I%i+1 and X = J; Ki. Consider a sequence {x;};en
in X without limit points. Using Lemma 3, we construct inductively a sequence of
holomorphic sections {S;};cn and a subsequence {v(i)};en of N such that

1Si1 <27 on K; and [S; (xy))| = 27 + D18 (xui)l. (4.9)

j<i

where v(i) is the smallest index j such that x; € X\K;(27",2" + > i< 18 v
Then S = > ;. Si converges uniformly on any compact set of X, hence defines a
holomorphic section of L” ® E on X, and satisfies [S(x,))| — oo asi — oco. O

Remark 2 (a) Napier [21, Theorem 4.2] proves a similar result for a complete Kéh-
ler manifold with bounded geometry and for (E, hf) trivial. His notion of bounded
geometry (cf. [21, Definition 3.1]) is that of Cheng-Yau [4]. It requires that there exists
a covering of X by coordinate Euclidean balls of a fixed radius in which the corre-
sponding Euclidean metrics are uniformly (in °-norm) comparable to the metric
gTX. This definition implies that the injectivity radius of (X, g7 %) is positive. On the
other hand, we require in our definition of bounded geometry that also the derivatives
of the various geometric data to be bounded. Working with a weaker notion than that
used in the present paper, Napier first concludes the holomorphic convexity for the
adjoint bundle L? ® Ky (twisting with Ky is necessary for the application of the L>
method for solving the 5—equation, due to Andreotti-Vesentini and Hormander, see
e.g., [9, Théoreme 5.1], [17, Theorem B.4.6]). If the Ricci curvature of gTX (i.e., the
curvature R of the holomorphic Hermitian connection V¢ on K X = det(T 19 X))
is bounded from below, then [21, Theorem 4.2(ii)] shows that X is holomorphically
convex with respect to L?, for p sufficiently large. Note that our notion of bounded
geometry implies that the Ricci curvature of g7 ¥ is bounded from below.

(b) In the conditions of Theorem 8 there exists pg € N such that for all p > pg we
have:

@) H(OZ) (X, L? ® E) separate points of X, i.e., for any x, y € X, x # y, there exists
S e H(Oz)(X, LP @ E) with S(x) =0, S(y) # 0.
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(i) H 2)(X L? ® E) gives local coordinates on X, i.e., for any x € X the derivative
de: H)(X, 7. @ L’ ® E) > T} X ® LY ® E,
is surjective, where H (2) (X, 7, QLP®E) is the space of holomorphic L? sections

of L? ® E vanishing at x.

The items (i) and (ii) follow from the L? estimates for 9 for singular metrics by
using similar arguments as in [9,21]. We show next how they also follow from the
asymptotics of the Bergman kernel.

Proof of Theorem 3 The holomorphic convexity follows from Theorem 8.

We show that H? 2 (X, L? ® E) gives local coordinates for p large enough. Let us
fix xg € X. Cons1der normal coordinates centered at xq as in the proof of Lemma 2,
and choose {w };le an orthonormal basis of Tx(o1 9 X such that

R (xo) = diag(a1(x0). ..., an(x0)) € End(T"V X). (4.10)

We fix an orthonormal basis of Ty, X given by ez;_1 = «/Li(wj +w;) and e3; =
%(wj —w;). Then z; = Z; 1 + «/—1Z; is a complex coordinate of Z € R21 ~

(TyyX, J). Letey, {ug}e be frames of L, E which are parallel with respect to vl vE
along the curve [0, 1] > u — uZ. Denote by a; = a;(xp) and

1 n
=7 Zdz’IZilz,
i=1
1~ 1
o Ha,- exp(—z > ai(lzl? + 124 — 2z,-z;)), (4.11)
i i

S¢(Z) —f(IZI)e""Z'“eL Qup, SY(2)=12;8{(2),

ﬁxo(zv Z/) =

where f is defined in (2.13). Then by [17, Theorem 4.2.1], there exist a smooth
family relative to the parameter xo € X, of odd degree polynomials J; ,(Z, Z') €
End(Ex)[Z, Z'], and Jo ,(Z, Z') = Idg, . such that for Z, Z' e TywX,1Z1,12'| <
e, o € N*' we have

o

YA

1
(17_" pJO(Z’ Z/) - Z(‘]’»Xw@xo) («/FZ, «/FZ/)P_%)
r=0

<Cpl=D2(1 4 P IZI+ P |1Z/ WM e COVPIZ=ZT L O(p~). (4.12)

Forr =0, 1, set

S}, (2) = /ZCp"(lr,xoc@xo)(\/ﬁZ,ﬁZ/)Sf,g(Z’)dvx(Z’)- (4.13)
/Eﬂ
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Then by (2.13), (4.11) and (4.12), for |Z| < /4 and B € {1, %}
_ 2
|Po(SDI(Z) = Pl @y
< Cp 12U+ p1ZpM e CVPIZL L O(p~)

! , (4.14)
B(Pyst )@ = S;ig’,(Z)p‘z)‘
r=0
<Cp P+ p1zhM e VP IE L O(p™).
By (4.13), we have for |Z| < &/4 in the sense of the €' -seminorm,
_ 2 _
ST 0(2) = zje el @ue+ O(p™™), “15)

_1 o B
ST (Z)=p72Qj01(p2e P12l L O(p~),

and Q¢ 1(Z) are even polynomials on Z, thus (de’ii,l)(O) =0(p~).
Now from (4.13), (4.14) and (4.15), there exists pp € N such that uniformly for
xo € X, p > po, the differential

dyy : H(X, S @ LP ® E) > (T*"0X ® L? ® E)y,

is surjective, namely dx, Py(S} ) = dz; ® et? @ug, for 1 < j <n, 1 <1< 1k(E).

We prove now H(Oz) (X, L? ® E) separates the points in X for p large enough. We
will construct first peak sections at x € X (cf. [17, (5.1.24)] for E = C). Set

®,(x) = (s € H (X, LP ® E) : s(x) = 0). (4.16)

Let ¢, : H(Oz)(X, LP @ E) — (L? @ E), be the evaluation map s = s(x). Let ¢
be its adjoint. By Theorem 6, there exists po € N, such that @, (x) has codimension
rk(E) in H(Oz)(X, LP ® E) forany x € X and p > po.

For xo € X, let {Sfo, i ;k:(f) be an orthonormal basis of the orthogonal com-
plement q§p(xo)J- of @,(xp), and we call {SfO’ j};.kz(lE) peak sections at xg. Then

Vo : C{S? .} — (LP ® E)y, is bijective for p > po and

X0,J

(570", e ™'SE L 0x0)) = (S0 o), W) ' SE L (xo)

X0

= (W) T (ST o), W) NS Lo = (ST ST ) =8k (17)

We have also

tk(E)
Pp(x,x0) = D SF (x)® 8P (x0)*. (4.18)
j=1
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By [17, (5.1.46)], we know that for any x € X ,
Py(x,x) = Yy € End(E)y. (4.19)
From (4.17), (4.18) and (4.19), we get for any p > po,

P (x) = Pp(x, x0) Pp(x0, x0) ' SE | (x0). (4.20)

From (4.12), we deduce that for a sequence {r,} with r, — O and r,,/p — 00,
/ (S7 80 ()@ dvx(x) = 85 — (1), forp o0, (421)
BX(XO "p) 0:J o

Note that (4.21) holds for any orthonormal basis {Sp }rk(E) of @, (x0)*.

Let us assume that there exists a sequence of dlstmct points x, # y, such that

D,(xp) = (Dp(yp) Since @, (xp) = P,(yp) we can construct as above the peak
sections Spp i = S ,.j asan orthonormal basis of @ (xp) =@, (y,,)l. We fix in
the sequel such sectlons which peaks at both x,, and y,,.

We consider the distance d(x,, y,) between the two points x,, and y,. By passing
to a subsequence we have two possibilities: either ./pd(xp, yp) — 00 as p — oo or
there exists a constant C > 0 such that d(x,, y,) < C/,/p for all p.

Assume that the first possibility is true. For large p, we learn from relation (4.21) that
the mass of Sfl = Sp (Wthh is 1) concentrates both in neighborhoods B(x, rp)
and B(yp, rp) with r,, = d(xp ¥p)/2 and approaches therefore 2 if p — oo. This is
a contradiction which rules out the first possibility.

Now we proceed as in [17, §8.3.5]. We identify as usual BX(xp, g) to BTXPX(O, g)

so the point y,, gets identified to Z, /./p where Z, € BT»X (0, C). We define then

SEPISE [z, PP
fr:[0,1] — R, f,@) = . (4.22)
b b Ter(th/[, tZ,/JP)
We have f,(0) = f,(1) = 1 (as Sfp,j = Sﬁp,;) and f,(r) < 1. We deduce the
existence of a point ¢, €]0, 1[ such that fl’,/(tp) = 0. Equations (4.12), (4.20), (4.22)
imply the estimate

[2 . .
Fp) = e T 2900 (1 4 g (12,)//P) (4.23)

and the €2 norm of gp over BT (0, () is uniformly bounded in p. From (4.23)
and f,,(1) = 1, we infer that | Z,|2 := }sz ajlzp,j1*> = 0(1//p). Using a limited
expansion ¢* = 1 4+ x + ngp(x) for x = t2|z,,|§ in (4.23) and taking derivatives, we
obtain

[ ==2Zpl2 + O1Zpl)) + O Zpla/ /D) = (=24 O/ PN Z, 3.
(4.24)
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Evaluating atz, we get0 = IQ’(tp) = (—2+ ﬁ(l/ﬁ))|Zp|§, which is a contradiction
since by assumption Z, # 0. O

Remark 3 (a) It is possible to show the separation of points in Theorem 3 by proving
a non-compact version of [11, Theorem 1.8], where the asymptotics of the Bergman
kernel for space of sections of a positive line bundle twisted with the Nadel multiplier
sheaf of a singular metric are obtained. The only thing needed for the non-compact
extension is the spectral gap, which in present case is provided by Lemma 1.

(b) In the same vein we can show the separation of points and existence of local
coordinates on a compact set under the hypotheses of [17, Theorem 6.1.1] (which
are less restrictive than bounded geometry). Let (X, J, g7¥) be a complete Kihler
manifold and (L, h%), (E, h®) be holomorphic Hermitian vector bundles on X and
rk(L) = 1. Assume also that there exist €, C > 0 such that on X,

V=IRE(,J) = €g™ (), V=1(R® + RF) > —COIdg, (4.25)

with ® = gTX(J-, -). Then for any compact set K C X there exists pg = po(K) € N
such that for all p > po, the sections of H(Oz)(X , L? ® E) separate points and give
local coordinates on K.

Proof of Corollary I We apply Theorem 8 for the trivial line bundle L = X x C
endowed with the metric h* defined by |1]7, = ¢~2¢. Then R* = 209¢. Thus X is

holomorphically convex with respect to (L, e~2P%) for p sufficiently large. Since ¢
is bounded from below this implies that X is holomorphically convex with respect to
the trivial line bundle endowed with the trivial metric. Moreover, Theorem 3 shows
that global holomorphic functions on X separate points and give local coordinates on
X. Hence X is Stein. O

Corollary 4 Let (X, J, ©) be a compact Hermitian manifold and (L, h™) be a positive
line bundle over X. Then there exists po € N such that for all Galois coveringm : X —
X, forall p = po, and all Hermitian metrics hp, hE on LP, E, X is holomorphically
convex with respect to the bundle L’ Q E.

Proof The conclusion follows immediately from Theorem 8 for metrics &, of the
form (h’)P, where h'l is a positively curved metric on L. Observe finally that the
convexity is independent of the Hermitian metrics /4, hE chosen on LP, E over the
compact manifold X. O

Remark 4 We can prove Corollary 4 also without the use of the off-diagonal decay
of the Bergman kernel. What is actually needed is Corollary 3, which uses only the
diagonal expansion of the Bergman kernel.

In order to carry out the proof we show that Lemma 3 follows from Corollary
3. By this corollary, for any x € X there exists S, € )(X L? ® E) such that

[Sx(x)| = M. Since Sy € L2(X L? ® E) is holomorphic, there exists a compact set
A(Sy, ) C X such that |S | < eon X \ A(Sy, ).

To prove this, let F C Xbea compact fundamental set and U a relatively compact
open neighborhood of F. Let I be the group of deck transformations of 7 : X - X.

@ Springer



1346 X. Ma, G. Marinescu

For any y € I' we have sup, ¢ [S| < ClISllp 1) = C’||S||Lz(yU), see [10, The-
orem2.2.3]. Due to the bounded geometry, the constant C” does not depend on y.
Now choose a compact set B(Sy, €) such that the L? norm of Sy over X \ B(Sy,¢)
is smaller than ¢/C" > 0. We set A(Sy,e) = U{yF : yU N B(Sy,&) # @).
Using what has beqy s:qid, tllere exists a compact set F'(¢, M) D F and sections
St,.+s Sm € HY\ (X, LP ® E) such that

max |S;j(x)| > M forallx € F
Isism < (4.26)
max |S;(x)] <e forallx € X\F(e, M). ’

1<i<m
Let K C X bea compact set. Define
K M)=|JyF:y el KnyF(e. M) # ).

Consider now xg € f\K(s, M). Then there is y € I" such that y_lxo € F.Itfollows
that K Ny F (e, M) = @ so there is S; such that |y S;(xg)| > M and |y S;| < e on K.
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