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Scaling asymptotics of heat kernels of line bundles
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ABSTRACT. We consider a general Hermitian holomorphic line bundle L on a
compact complex manifold M and let DZ be the Kodaira Laplacian on (0, q)
forms with values in LP. We study the scaling asymptotics of the heat kernel
exp(—uid/p)(, ).

The main result is a complete asymptotic expansion for the semi-classic-
ally scaled heat kernel exp(—u}/p)(z, z) along the diagonal. It is a gener-
alization of the Bergman/Szegd kernel asymptotics in the case of a positive
line bundle, but no positivity is assumed. We give two proofs, one based on
the Hadamard parametrix for the heat kernel on a principal bundle and the
second based on the analytic localization of the Dirac-Dolbeault operator.
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1. Introduction

Let (M,J) be a complex manifold with complex structure J, and complex
dimension n. Let L and E be two holomorphic vector bundles on M such that
rk(L) = 1; the bundle F plays the role of an auxiliary twisting bundle. We fix
Hermitian metrics h”, h¥” on L, E. Let LP denote the pth tensor power of L.
The purpose of this article is to prove scaling asymptotics of various heat kernels
on P ® E as p — oco. We present the scaling asymptotics from two points of
view. The first one (Theorem [[LT]) gives scaling asymptotics of the Kodaira heat

2010 Mathematics Subject Classification. 58J35, 32L10.

Key words and phrases. Heat kernel, scaling asymptotics, analytic localization, Hadamard
parametrix, holomorphic Morse inequalities.

The first author was partially supported by Institut Universitaire de France and funded
through the Institutional Strategy of the University of Cologne within the German Excellence
Initiative.

The second author was partially supported by DFG funded projects SFB/TR 12, MA 2469/2-
1 and ENS Paris.

The third author was partially supported by NSF grant DMS-1206527.

(©2015 American Mathematical Society
175

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/conm/
http://dx.doi.org/10.1090/conm/644/12768

176 XIAONAN MA, GEORGE MARINESCU, AND STEVE ZELDITCH

kernels and is based on the analytic localization technique of Bismut-Lebeau [5],
adaptating the arguments from [19] §1.6, §4.2]. The second (Theorem [[2)) gives
scaling asymptotics of the heat kernels associated to the Bochner Laplacian, and is
an adaptation of the Szegd kernel asymptotics of [20]. It is based on lifting sections
of LP to equivariant functions on the associated principal S' bundle X;, — M, and
obtaining scaling asymptotics of heat kernels from Fourier analysis of characters
and stationary phase asymptotics. Either method can be applied to any of the
relevant heat kernels and it seems to us of some interest to compare the methods.
We refer to [6lI9H2T] for background from both points of view of analysis on higher
powers of line bundles.

To state our results, we need to introduce some notation. Let V¥, V% be
the holomorphic Hermitian connections on (E,h¥), (L, h%). Let RE, RF be the
curvatures of V¥, VF. Let ¢"™ be a J-invariant Riemannian metric on M, i.e.,
g™ (Ju, Jv) = gT™ (u,v) for all x € M and u,v € T, M. Set

V-1

(1.1) W= 7RL, o) ==g™(J.,").

Then w, © are real (1,1)-forms on M, and w is the Chern-Weil representative of
the first Chern class ¢;(L) of L. The Riemannian volume form dvys of (TM, g*™M)
is ©"/n!l. We will identify the 2-form R’ with the Hermitian matrix R €
End(TM9 M) defined by

(1.2) (R'W,Y ) = REF(W)Y), W,Y e T"OM.

The curvature R” acts as a derivation wy € End(A(T*VM)) on A(T*OV ).

Namely, let {w;}7_; be a local orthonormal frame of TOOM with dual frame
{wi}i_,. Set

(1.3) wa=— Y RY(w, W) 0" A i, ﬂz%:E:RLw%ﬂyy

lm

Consider the Dolbeault-Dirac operator
(1.4) D, =2 (ELPM + EL’)@E’*) ,

and the Kodaira Laplacian

(1.5) O, = 3D2 =" "0 4 g e per
For p € N, we denote by
(1.6) El =NT"YM)® L’ ® E, E,=&;E!,

and let h, the induced Hermitian metric on E,, .

The operator Df, = 20, is a second order elliptic differential operator with
principal symbol o(D2)(§) = [£[*Idg, for & € Ty M, 2 € M. The heat operator
exp(—uD2) is well defined for u > 0. Let exp(—uD2)(x,2’), where z,2" € M, be
its smooth kernel with respect to the Riemannian volume form dvys(z’). Then

(1.7) eXp(—quj)(x,x/) € (Ep)e ® (Ep)ar s
especially
(1.8) exp(—uD?)(z,2) € End(E,), = End(A(T**Y M) @ E),,
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where we use the canonical identification End(LP) = C for any line bundle L on M.
Note that Dg preserves the Z-grading of the Dolbeault complex Q%*(M,LP @ E),
o)

(1.9) exp(—uDjlgos)(x,2") Ze Mool (@) @ e, (2) € (B @ (B,

where {)\j : k > 1} is the spectrum of D2|go.; and {pl - p i k> 1} is an orthonormal

basis of LQ(M E7) consisting of eigensections of D?|qo; with D? <pk P = /\?C p<pk p
cf. [19, (D.1.7)]. Thus

exp(—uD3)(x @End (N (T* VM) @ E), .
j

We will denote by det the determinant on T3 M. The following gives the scaling
asymptotics for the Kodaira-Laplacian heat kernel.

THEOREM 1.1. Assume that M is compact. For T > 0, and any k,m € N we
have as p — oo

(1.10) exp<—%D§) (z,2) = zm: (%)n_reoor(u,x) + (%)n_m_lRmH (%um)

r=0

um'formly for 0<u<T and x€ M, in the €*-norm on €>°(M,End(A(T*®VD M) ®
E)), i.e., the reminder term Rm+1( u, z) is uniformly bounded for 0 < u < T,
x € M p € N*. For any r € N, the coeﬁiczent €oor(U, T) is smooth at u = 0 and
the principal term is given by

1 det(uRL) exp(2uwq.z)
(2m)™ det(1 — exp(—?uRé))

The leading term of the scaling asymptotics has been known for some time
in connection with the Demailly holomorphic Morse inequalities [12]. Bismut [4]
and Demailly [13] used the heat kernel to prove these inequalities, based on the
principal term of the scaling asymptotics above. The new feature of Theorem [[1]is
the complete asymptotic expansion in the ° sense, and the computability of the
coeflicients. It is a kind of generalization, in terms of both statement and proof, of
the Bergman/Szegd kernel expansion on the diagonal given in [11], [20] in the case
of positive Hermitian holomorphic line bundles. The main feature of the heat kernel
expansion is its generality: it does not require that (L, k™) be a positive line bundle,
nor even that (M, ©) be a Kdhler manifold. In the general case, the Bergman/Szegd
kernel is difficult to analyze and the heat kernel is a good substitute. Note that for
u > 0 fixed, Theorem [[.T] was obtained in [14] (1.4)], [19] (4.2.4)].

Let us give another form of the principal term ([CTT)) in order to recover De-
mailly’s formula [13] Theorem 4.4]. Let us choose {w;}}_; to be an orthonormal

basis of 79 M such that

(1.11) o0 (U, ) = ®lIdg

(1.12) RL(z) = diag(oy (2),.. ., an(z)) € End(TO M) .
The elements ay(z),...,a,(z) are called the eigenvalues of RY with respect to ©.
Then

(1.13) wa(z) = — Zaj(x)wj N i, T(x)= Zozj(x)
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We have by [19] (1.6.4)]

() (1 + (exp(—2ua;(z)) — 1w Ay, )
o0 (U, T) = u H

(1.14) 27(1 — exp(— QUOéj(iU)))

®Idg .

Here we use the following convention: if an eigenvalue a;(z) of RE is zero, then its
contribution to det(RL)/ det(1 — exp(—2uRL)) is 1/(2u).

Remark that the operator Dz = 200, preserves the Z-grading of the Dolbeault
complex Q% (M, LP®E). We will denote by (¢ the restriction of [, to Q%4 (M, LP®
E). We set

2u U
(1.15) el(u,r) = Trexp(—gljg) (x,x) = Try exp (_EDZ%) (z,z).

where Tr, is the trace of an operator acting on Ef. By taking the trace Tr, of

([CI0) we obtain
m n—r n—m—1
p p u
(1.16) el(u, ) = Z (5) el . (u,z) + (E) R (;,uw) ,

r=0

where

We obtain thus from (LI4),

(1.17) egoo( ) = I‘k ( Z eulacs— ai)) H %

[J1=q
We use the following notation for a multi-index J C {1,...,n}:
aJ=Zaj, C/={1,....n}\ J.
jeJ

It is understood that )

«
- =—, whena=0.
sinhaou u

1.1. Scaling asymptotics of the heat kernel of the associated principal
bundle. We now state a closely result of the scaling asymptotics of the heat kernel
for the Bochner Laplacian V;V;,. The method also applies to the Kodaira Laplacian
but we only present it in this case. For simplicity, we do not twist by a vector
bundle E.

As above, we denote by (M, ©) a compact complex n-manifold with Hermitian
metric ©, with volume form dvy; = %, and let (L,h*) — M be a holomorphic
line bundle with curvature R*. Let V,, denote the Chern connection associated to
hL on LP.

Denote by L* the dual line bundle and let D; be the unit disc bundle of L* with
respect to the dual metric %" . The boundary X = X, = OD; is then a principal S*
bundle 7 : X — M over M. The powers L? of L are the line bundles LF = X x, C
associated to the characters x,(e%) = e of S'. Sections s of LP naturally lift
to L* as equivariant functions $(\)(z) = A(s(7(x)), and the lifting map identifies
L?(M, L?) with the space L2(X) of equivariant functions on X transforming by
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e?? under the S* action on X, which we denote by €% - z. The Chern connection
induces an S'-invariant vertical 1-form £3, defining a connection on TX (see §2.1)).

We define the Bochner Laplacian A" on LP by AL = V,Vp where x is taken
with respect to dvps. Under the lifiting identificiation L2(M, LP) ~ L%(X), AL
corresponds to restriction to Lf) (X) of the horizontal Laplacian Ay = d};dg, where
dp is the horizontal differential on X for the connection 3.

The lifting identification induces an identifiction of heat kernels, which takes
the following form on the diagonal: Let © € X,z € M and n(z) = 2. Then

(1.18) exp <—EALP> (z,2) :/ e~ W/P)AH (104 1)e P g,
p St

Using this formula, we prove

THEOREM 1.2. Assume that M is compact. With the above notations and
assumptions, there exist smooth coefficients eOHO,T (u, 2) so that for T > 0, and any
k,m € N we have as p — o0

(1.19)

m n—r n—m-—1
_UALT _ p H p u
exp< pA >(z,z) Z (u> oo (U, 2) + <u> Ryt1 <p,u,z> .

r=0

uniformly for0 < u < T and z € M, in the €% -norm on € (M), i. e., the reminder
term Rm_H(%, u, z) is uniformly bounded for 0 <u < T, z€ M, p € N*.

In view of (I.I8) we could also state this result as giving the scaling asymptotics
of the pth Fourier component of the horizontal heat kernel. As discussed in §3.11
the reason for using (I8, is that there exists a rather concrete Hadamard style
parametrix for e "“4# (x,y), involving the Hadamard heat kernel coefficients ®; of
a principal bundle, computed in [3, Theorrem 5.8]. All the properties stated in the
theorem follow from standard facts about the stationary phase method and from the
properties of the coefficients ®;. The principal term is given by (cf. (LI)-(TII):

1 det(uRE) exp(—ur)
27)" det(1 — exp(—2uRL))

Recall that 7 is the trace of the curvature RY defined in (L3). The subleading term
is given by

(1.20) efoo(u,’ x) = (

Py 0? ,

(1.21) (m) uly (¢, 2u) + 575 Bo(a, i + 2u)|,_,
Let us compare the expansions ([LI0) of the Kodaira Laplacian and (ILT9]) of the
Bochner Laplacian. Note that by Lichnerowicz formula (3] we have Df, =AM —
p7+ O(1) on Q%0(M, LP). Consider the rescaled operator j};ov“ corresponding to
%ALP analogous to.%,"" as in §& the analogue of @IH) is .2, " = — 3. (Vou.e, )2
Thus the difference between (L20) and (LII]) for (0, 0)-forms is the factor exp(—ur).

If one uses the Lichnerowicz formula to express the Kodaira Laplacian in terms
of the horizontal (Bochner) Laplacian, one may then apply the Duhamel formula
to express the heat kernel of the Kodaira Laplacian in terms of that of the Bochner
Laplacian. Alternatively, one may go through the parametrix construction as in
[3, Theorem 5.8] but with the Kodaira Laplacian. The transport equations change
because of the extra curvature term. We omit the details since we are already
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giving a proof of Theorem [LT] by another method. We also leave to the reader the
adaptation of the analytic localization proof of Theorem [[.Ilto obtain Theorem

1.2. Relation to the holomorphic Morse inequalities. The original ap-
plication of the scaling asymptotics was to estimating dimensions h?(L? @ F) :=
dim HY(M, L? ® E) of holomorphic sections [4,12][T3|[19]. We follow the exposition
of [19121].

Let M (q) C M be the subset in which v/—1R’ has precisely ¢ negative eigenval-
ues and n—q positive eigenvalues. Set M (< q) = Ui_ M (i), M (= q) = Ui, M(3).

The holomorphic Morse inequalities of J.-P. Demailly [12] give asymptotic es-
timates for the alternating sums of the dimensions h?(LP ® E) as p — 0.

THEOREM 1.3. Let M be a compact complex manifold with dim M = n, and
let (L,hY), (E,h®) be Hermitian holomorphic vector bundles on M, tk(L) = 1. As
p — o0, the following strong Morse inequalities hold for every ¢ =0,1,...,n:

)

Vel

q_q—jjp ¢ P _qELnon
L2) 30T S B) < () [ O R o),

J

with equality for ¢ = n (asymptotic Riemann-Roch-Hirzebruch formula).
Moreover, we have the weak Morse inequalities

/M(Q)(_l)q (gRL) +o(").

It was observed by J.-M. Bismut [4] that the leading order scaling asymp-
totics of the heat kernel could be used to simplify the proof of these inequalities.
Bismut’s probability arguments were replaced by classical heat kernel methods by
J.-P. Demailly [13] and by T. Bouche [7,[8]. Since one obviously has

n

r-
n!

(1.23) hi(LP @ E) < 1k(E)

(1.24) hi(LP ® E) < /M el (u, x)dvpr

for any u, we can let p — oo to obtain

(1.25) limsuppfnhq(LpQ@E)S/ u el (u, x)dvps
M

000
pP—00
and then let © — co to obtain the weak Morse inequalities,

(1.26) limsup p~"h?(LP @ E) grk(E)(—nql/ (%RL)".
M(q)

p—o00 n'

In the last step we used that

e““ua 2ua
1.27) Asu— = ~ 1, =0,
( ) Asu— oo, sinhua 1 — e 2ua @
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In the case of ¢ = 0 we have:
(1.28)

(Am) 7" (2W)" [T s 0)>0 @ (@), (@) > 0Vi,r = #{i : ai(z) > 0},
eSoo(u,z) ~rk(E){ 1 ai(z) =0, Vi,
0 Ji : ai(z) < 0.

For general q the asymptotics depends in a more complicated way on the eigenvalues
of v/—1REY. Assume first that © € M(q) so v/—1R¥ is non-degenerate at z and let
J_(x) denote the set of ¢ indices for which a;(x) < 0, resp. J4(z) denote the set
of indices for which a;(z) > 0. The only term ag; — oy which makes a non-trivial
asymptotic contribution is the one for which J = J_(x). Hence

—n_q ~ ulaj(z)| P29\ ’U,ij( )
u el o(u, z) ~ rk(E) He sinh(ua, (2))

(1.29)

~ ek(B)(—1)1 ] ).

4 27
J

Now assume that the curvature is degenerate at x, with n_ negative eigevalues, ng
zero eigenvalues and n, positive eigenvalues. Since we must change the sign of ¢
eigenvalues and since any negative eigenvalue causes the whole product to vanish
in the u — oo limit, the asymptotics are trivial unless n_ < g and n_ + ng > gq.
If n_ = g there is only one term in the J sum, namely where J = J_(z). If
n_ < q then we may choose any ¢ — n_ indices of zero eigenvalues to flip. There
are (qffli)such indices. Hence in the degenerate case with n_ < ¢, n_ +mng > q we
have

(1.30)
ufnegoo(,mx) ~ I“k(E)uin (q o > (47_‘_)771 H eu‘Oéj(zHM

ST @0 () sinh uay; ()

no

~ k(B CORICIEI | )
25)

a=n- jets (@)U (x)

Thus, in order to obtain the local Morse inequalities, one first takes the limit
p — oo and then u — co. A natural question is whether one can let u — oo, p — o0
simultaneously in the scaling asymptotics of Theorem [[LIl Suppose that /—1R"
has rank < n — s at all points. Then one would conjecture that h?(LP @ E) <
e(p)sp™* as p — oo where £(p) is any function such that (p) T oo as p — oc.

Let u(p) = {55 Suppose that u(p)/p = 1/&(p) could be used as a small parameter
in the expansion of Theorem [Tl The principal term is of order (ﬁ)”u(p)”*s =
e(p)®p and one would hope that the remainder is of order (p)*Ttp"~17%. Our
remainder estimate in Theorem [[.T] is not sharp enough for this application.

Let us close by recalling the proof of the strong Morse inequalities (L22)) (cf.
19 §1.7]). As before, we denote by Tr, exp(—%Dg) the trace of exp(—%Di)

n—S
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acting on Q%9(M, L? ® E). Then we have (using notation (LIH))

(1.31) Tr, exp(—%Dg) = /M ¢4 (u, )dvp ().

By a linear algebra argument involving the spectral spaces [19] Lemma 1.7.2] we
have for any u > 0 and ¢ € N with 0 < ¢ < n,
q

(1.32) S (-1)TR(IP R E) <Y (-1)17 Ty exp(—%Dg) :

j=0 j=0
with equality for ¢ = n. Note that in the notation of (3],
(1.33) exp(— 2ua;j(zo)W Aig,) = 1+ (exp(—2ua;(z0)) — 1)W A i, .
We denote by Trpo.a the trace on AY(T*V M), By (L33),

(1.34) Trpo.q[exp(2uwg)] = Z exp(— QUZaJ—i (x))
i=1

J1<j2<-+<Jq
Thus by (LCI0),
det(R”/(27))
det(1 — exp(—2uRL))
is uniformly bounded in x € M, u > 1, 0 < ¢ < n. Hence for any g € M,
0<gsmn,
(1.35)

Trpo.q [ exp(2uwq)]

det(R"/(27)) Trao.a [ exp(2uwq)] B , pL
T det (1 — exp(2uRE)) \0) = (@) (71 det (5=)(@o).

7r
where 1,7, is the characteristic function of M(g). From Theorem [T (L31]) and
(T32), we have

hmsupp Z VIR (LP ® E)

(1.36)
dvp (),

<rk(E)/ det(R"/(2m)) 3255 (=1)" Trpo, [ exp(2uwa)]
h M det(l — exp(_QuRL))

for any ¢ with 0 < ¢ < n and any v > 0. Using (L35), (I.36) and dominated
convergence, we get

(1.37)
RL
li D70 (LP @ E 1qu/ det (= ) () d :
imsupp” Z ) (KE) | det () (@) dvar (o)
But (LI2)) entails
RL 1/vV=1_,\»

j
Relations (L37), (L38) imply (C22).

Let us finally mention that the original proof of Demailly of the holomor-
phic Morse inequalities is based on the asymptotics of the spectral function of the
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Kodaira Laplacian [Jf as p — oo, the semiclassical Weyl law, cf. [12], [19, The-
orem 3.2.9]; see also [16] for the lower terms of the asymptotics of the spectral
function.

1.3. Organization and notation. We end the introduction with some re-
marks on the organization and notation.

We first prove Theorem[I.2] The proof involves the construction of a Hadamard
parametrix for the heat kernel of a principal S bundle adapted from [3], and in
particular involves the connection, distance function and volume form on the S*
bundle X; — M. The geometric background is presented in §2} and then the proof
of Theorem is given in 3l The main complication is that the heat kernel must
be analytically continued to L*, which is an important but relatively unexplored
aspect of heat kernels. The proof of Theorem [[T]is then given in §d

We now record some basic definitions and notations.

1.3.1. The complex Laplacian. Let F' be a holomorphic Hermitian vector bun-
dle over a complex manifold M. Let Q"9(M, F') be the space of smooth (r, ¢)-forms
on X with values in F'. Since F' is holomorphic the operator R (M,F) —
QO1(M, F) is well defined. A connection V¥ on F is said to be a holomorphic con-
nection if Vs = iU(ng) for any U € TV M and s € €°(X, F). Tt is well-known
that there exists a unique holomorphic Hermitian connection VZ on (F, hf"), called

the Chern connection.

The operator 9" extends naturally to " Q% (M, F) — Q**+Y(M, F) and
(EF)2 = 0. Let VI be the Chern connection on (F,h%). Then we have a decom-

position of VI after bidegree

VF — (VF)LO 4 (VF)O,l7 (VF)O,l — EF,

(1.39)
(VL0 (M, F) — Q* 1 *(M, F).

The Kodaira Laplacian is defined by:

(1.40) o =[3",0""].

Recall that the Bochner Laplacian A" associated to a connection V¥ on a bundle
F is defined (in terms of a local orthonormal frame {e;} of TM) by

2n

(1.41) A== ((fo - Vg?f”ei) ’

=1

where VI'M is the Levi-Civita connection on (T'M, g?™). Moreover, A = (VF)*V T
where the adjoint of V¥ is taken with respect to dvys (cf. [19} (1.3.19), (1.3.20)]) .
1.3.2. Notational appendiz.

e (M, J) is a complex manifold with complex structure J.
e ¢"M is a J-invariant Riemannian metric on M, O(-,-) := g7 (J., ).
e dv)s is the Riemannian volume form of (TM, g7M).

e (L,h*, V1) is a holomorphic line bundle with Hermitian metric h* and
Chern connection VZ; (E, h V¥) is a holomophic vector bundle E with
Hermitian metric ¥ and Chern connection V¥ on M.
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o w = gRL; RY € End(TM9 M) is the associated Hermitian endomor-
phism (L2)); the derivation wy and the trace 7(x) of RL are defined in

(3.
e Dolbeault-Dirac operator D, = \/5(5Lp®E + 5Lp®E’*>.

—_JP —JP —
e Kodaira Laplacian O, = %Dg el

e (0% is the resetriction of [, to Q%4 (M, L ® E).

LPQE * =LPQE

0

e V, is the Chern connection of (L?,h*"). The Bochner Laplacian A" on
LP is AL = V;V, where x is taken with respect to dvyy.

o X = X = 0Dj where D} C L is the unit co-disc bundle. Then AL” can
be identified with the horizontal Laplacian Ag on X.

2. Heat kernels on the principal S! bundle

In this section, we prepare for the proof of Theorem by reviewing the ge-
ometry of the principal S' bundle X;, — M associated to a Hermitian holomorphic
line bundle. The geometry is discussed in more detail in [9,[10,20] but mainly
under the assumption that (L, k") is a positive Hermitian line bundle. We do not
make this assumption in Theorem

As above, we denote by (M, ©) a compact complex n-manifold with a Hermitian
metric © and then dvy = (?L, is its Riemannian volume form. We consider a
Hermitian holomorphic line bundle (L,h%) — M with curvature RE. Denote the
eigenvalues of R” relative to © by ay(z),..., an(x) (cf. ([TI2)).

Denote by L* the dual line bundle and let D} be the unit disc bundle of L*
with respect to the dual metric h%”. The boundary X = 0Dy is then a principal St
bundle 7 : X — M over M, and we denote the S action by e - 2. We may express
the powers LP of L as LP = X x,, C where y,(e") = e™?. Sections L?(M, LP) of
LP can be naturally identified with the space L2(X) equivariant functions on X
transforming by e’ under the S' action on X.

REMARK 2.1. The condition that (L, h*) be a positive line bundle is equivalent
to the condition that D} be a strictly pseudo-convex domain in L*, or equivalently
that Xj, be a strictly pseudo-convex CR manifold. These assumptions are used
in [10] to construct parametrices for the Szegd kernel, but are not necessary to
construct parametrices for the heat kernels.

2.1. Geometry on a circle bundle. The Hermitian metric h* on L induces
a connection 3 = (hY)710h% on the S! bundle X — M, which is invariant under
the S! action and satisfies B(%) = 1. Here, % denotes the generator of the
action. We denote by V, = R% its span in T, X and by H, = ker 3 its horizontal
complement. We further equip X with the Kaluza-Klein bundle metric G, defined
by declaring the vertical and horizontal spaces orthogonal, by equipping the vertical
space with the S invariant metric and by equipping the horizontal space with the
lift of the metric g7*. More precisely, it is defined by the conditions: H LV,
Tt (Hy, Go) = (T M, gg;(];[)) is an isometry and |a%|G = 1. The volume form of
the Kaluza-Klein metric on X will be denoted by dv.
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Set Hy :=V?, and V} = HJ. Here, F° denotes the annihilator of a subspace
F C FE in the dual space E*. By definition we have V) = Rf3,. The vertical, resp.
horizontal components of v € Ty X are given by:

(2.1) vy = <1/, %>BQJ, Vg =V —Uy.

There also exists a natural pullback map 7* : T*M — T*X. It is obvious that
7Ty M C V¢ and as the two sides have the same dimension we see that 7T M =
H}X. We write 7, with a slight abuse of notation for the inverse map =, : H; X —
TrM.

This duality can also be defined by the metric G, which induces isomorphisms
G T, X — T3 X, G(X) = G(X,-). We note that by definition of G, 8, = G(a% ,)
hence G : Ve — V.}. Similarly, C:‘m cH, —» H.

2.2. Distance function on X. To construct a parametrix for the heat kernel,
we will need a formula for the square d?(x,y) of the Kaluza-Klein geodesic distance
function on a neighborhood of the diagonal of X x X.

We first describe the geodesic flow and exponential map of (X,G). It is con-
venient to identify TX = T*X as above, and to consider the (co-)geodesic flow on
T*X. This is the Hamiltonian flow of the metric function €% = |Ex|% + [Ev]?.
We note that |[&v|? = (¢, 2)? and that |¢y|% = |W*§H|§TM. Henceforth we put

po(x, &) == (&, %). The Hamiltonian flow of pg is the lift to 7% X of the S! action
on X, i.e.,, V¥(z,£) = (e™x,e™¢) where e'¢ denotes derived action of S* on X.
We also denote the Hamiltonian flow of |£|% by G4 (z,€).

Let U C M denote a trivializing open set for X — M, and let p : U — X
denote a local unitary frame. Also, let z;, Z; denote local coordinates in U. Together
with g they induced local coordinates (z;,%;,0) on 7 1(U) ~ U x S! defined by
x=¢". u(z,2). Thus, z is the pull-back 7*z; while § depends on a slice of the S*
action. They induce local coordinates (z,p.,0,pg) on T*(7~1(U)) C T*X by the
rule 7, = p,dz+pydl. Here we simplify the notation (z, z) for local coordinates to z
until we need to emphasize the complex structure. As a pullback, dz € H} and the
notation p,dz for a form 1 on M and its pullback to X are compatible. We also note
that the canonical symplectic form ¢ on T*X is given by 0 = dz A dp, + df A dpg.
Hence the Hamiltonian vector field =, of pg is given by Z,, = %.

It follows that the Poisson bracket {|{m|c,pe} = %\§H|G =0, so pg is a
constant of the geodesic motion and Gt = é}‘{ oV =1Vu oé}fl. In local coordinates
the Hamiltonian |£|% has the form

(2.2) €& = H (2, p=,p0) + P}

and the equations of the Hamiltonian flow of |¢|% are:

%; = OH/0p!

pzk; = %H
(2.3) |

0 = 2pg

po = 0.
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These equations decouple and we see that
(24) Gu(zap279ap9) = GuI:I(va2597p9) .eiQuPG.

Let dps(z,y) be the distance on M from m(x) to m(y). We claim:

LEMMA 2.2. In a neighborhood of the diagonal in X x X, the distance function
satisfies the identity
(2.5) d(z,e%z) = 62

Indeed, by definition d(z,y)? = |£|4 = |¢u|*+p3 where exp, £ = y. The identity
holds because the fiber is totally geodesic.

2.3. Volume density of the Kaluza-Klein metric. The heat kernel para-
metrix also involves the volume form of (X, G). Hence we consider Jacobi fields
and volume distortion under the geodesic flow. Following [3, Section 5.1], we define
(2.6) J(x,a) : TeX — Toxp. o X

as the derivative d, exp, of the exponential map of the Kaluza-Klein metric at
a € T, X. We identify H, = T, M and V, = R. For completeness we sketch the
proof.

PROPOSITION 2.3 ([3, Theorem 5.4]). Let a = a2;. The map J(x,a) preserves
the subspaces H, and V,. Moreover
1— e—T(ww-a)/2

J(z,a)|u, = W7

J(z,a)|ly, =1d.
Here, 7 is defined as in the proof of [3], Proposition 5.1]. Namely, for a vector
space V, 7: A*V ~ so(V) is defined by
(2.7) (T()es, e5) = 2(a, e; A ej).
PrOOF. We need to compute 7~ | expm (a+u€p). Let Y (s —%’ w0 €XPy S s(at

uép). Then Y (s) is a Jacobi field along expm(sa) and J(z, a)§H Y (1). Hence
2

52
where T' = % is the tangent vector to exp,(sa). It is easy to see that Y (s) is
horizontal, hence that

Y + R(T,Y)T =0

R(T,Y)T = ET(% -a)?Y.

Using a parallel horizontal frame along exp, (sa) we identify Y'(s) with a curve in
H, and find that

(% rw-a)/a) y(s) = (vl -@)/4) y(s)
The formula follows. O

We then have

COROLLARY 2.4 ([3], Corollary 5.5]). We have
sinh(A/2))

det J(z,a) = ju(T(wy - @)/2), where ju(A) = det ( A0
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3. Proof of Theorem

In this section we prove Theorem for the heat kernels associated to the
Bochner Laplacians by ALY = V;Vp on LP where * is taken with respect to dvys.
As discussed in the introduction, we use (LI8) to analyze heat kernels on L? by
identifying them as Fourier coefficients of heat kernels on X.

There is a natural lift of sections of LP to equivariant functions on X. Under
the identification L2(M, L?) ~ L2(X), A" corresponds to the horizontal Laplacian
Ap = dj;dg, where dp is the horizontal differential on X. We then add the vertical
Laplacian to define the (Kaluza-Klein) metric Laplacian AX = (%)2 + Apg on X.

Since [(%)Q,AH] = 0 we have

(3.1) euAY = qu(Fp)®eua

This shows that the equation (ILI8)]) is correct, i.e., if 7(z) = z,

(3:2) €xp ( - EALP)(Z% z) = 6“”/ e~ (w/p)A¥ (e, x)e”P0dp.
p 51
REMARK 3.1. The purpose of adding the vertical term (%)2 is that there exists

a simple parametrix for e~uAY | Without adding the vertical term, the horizontal

heat kernel is much more complicated and reflects the degeneracies of the horizontal
curvature. The model case of the Heisenberg sub-Laplacian only applies directly
when the line bundle is positive.

The Fourier formula (32]) shows that from a spectral point of view, the addition
of (2)? is harmless. But from a Brownian motion point of view it is drastic and
it is responsible for the necessity of analytically continuing the heat kernel to L*.
For further remarks see §3.71

3.1. Parametrices for heat kernels. We will use the construction in [3] of a
parametrix for the heat kernel on a principal S* bundle 7 : X — M. For remainder
estimates, we use the off-diagonal estimates of Kannai [17], which apply to these
and more general heat kernel constructions.

To get oriented, let us review the general Hadamard (-Minakshisundararam-
Pleijel) parametrix construction on a general Riemannian manifold. Let (Y, g)
denote a complete Riemannian manifold of dimension m and let A, denote its
(positive) Laplacian. For x close enough to y, the heat kernel of e~“2s has an
asymptotic expansion as u — 0 of the form

d(z,y)*/4u Zvj(% y)u?

(3.3) e y) ~ !
j=0

dgru)m/2 ¢

where d(z,y) denotes the distance between z and y and where v; are coefficients
satisfying certain well-known transport equations. More precisely, choose a cut-off
function 1 (d(x,y)?), equal one in a neighborhood U of the diagonal. Then there
exist smooth locally defined functions v;(x,y) such that

1

M
— 2 i
(4w © Ay v,y

=0

(34)  Hu(u,z,y) = v(d(z,y)*)
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is a parametrix for e %9 (z,y), i.e., in U we have
0 1 _ 2
(33) (g, ) Harles,y) = vl y)?) s e 10 Ay o).

It follows by the off-diagonal estimates of Kannai ([17), (3.11)]) that
(3.6) e "8 (2,y) — Hyg(u,,y) = OuM /%) ¢~ dlr)* /i

for (u, x,y) satisfying: u < inj(z) and y € B(xz,inj(x)). Here, inj(z) is the injectivity
radius at « and B(z,r) is the geodesic ball of radius r centered at z.

3.2. Heat kernels on S! bundles and R bundles. We apply the heat kernel
parametrix construction to the principal S* bundle X = X;, — M equipped with
the Kaluza-Klein metric. As a special case where M = pt, this gives a heat kernel
parametrix on the circle S*. It is standard to express the heat kernel on S* as the
projection over Z of the heat kernel on R, since the distance squared is globally
defined on R but not on S'. It thus simplies the analysis of the distance function
to consider the principal R bundle 7 : XM , Where X is the fiberwise universal
cover of X. We thus express the heat kernel on X as the projection to X of the
heat kernel e—vA™ (T +1i0,7) on X , where X is equipped with the Kaluza-Klein
metric, so that p : X — X is a Riemannian Z-cover. We use additive notation for
the R action on the fiber of X, i.e., in place of the S action €* - z on X we write
T+i0on X.

A key point in the formula ([B.2) is that in Theorem we only use the heat
kernel at points (z,y) where 7(z) = 7(y). The same is true when we lift to X.
Although we need to construct a heat kernel parametrix off the diagonal, it is only
evaluated at such off-diagonal points. Hence it is sufficient to use a base cut-off, of
the form v(dys(x,y)?) where as above, d(,y) is the distance on M from 7(x) to
7(y). This cutoff is identically equal to one on points (z,y) on the same fiber.

The following proposition is adapted from [3, Theorems 2.30].

PROPOSITION 3.2. There exist smooth functions ®y on X x iR such that
- M
~ = 2 ~
e (7, T +0) = (4mu)~ TN "l (7,i0)5 (3, 0) 2/ 4 Ry (7, i0)
£=0

where j(Z,i0) is the volume density j(Z,7) at § = & + i6 in normal coordinates
centered at x and where

Do (7,i0) =1,
R (F,i0) < (dmu)~(n+1/2+M) =161 /u.

PrOOF. By [3l Theorem 2.30], and by [17] (3.11)], there exist smooth v(Z,y)
such that in U,
(3.7

e‘“A}?(f, y)=Hu(Z,y) + Ru(2,y), where

o~ _ - =2 M - e _
Hu(,9) = (drw) =2y (dpy (2, 9)2) e 2@D 4w 577 ubo, (2, 9)4 (7, 5) 712
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with Ry (Z, ) < (4mu)~(+1/2) ¢ =d@0)?/4uy M+1 The 4, solve the transport equa-
tions,

1
ve(Z,y :—/ s‘—l(ng_l)(is,g)ds.
0

Here, B = j% OA)?j’%. Now put §¥ = Z + 6 and put ®,(Z,i0) = ve(Z, T + i0). The
stated estimate follows from the off-diagonal estimates ([B.0]) of [17]. O

We now project the heat kernel on X to X to get:

ProrosITION 3.3. The heat kernel on X is given by
(3.8) 67UA (z,e"2) Z e (T, T4 10 +in).
nez
Here, p(Z) = x. Moreover,

e~ud® (z,ex) = Hy(u, z,ex) + Ryr(x,0), where

(3.9) Hy(u, x, e’ex) (47Tu)_("+1/2)><

[0 S e O 0t (3,10 + im0+ im) 2]
and where for & with (%) = z,

Rag(#,i0) < (dmu)~(H1/2400) N7 o=l0enf/du,
nez

PROOF. Both statements hold because X — X is locally isometric, and there-
fore the heat kernel and parametrix on X are Poincaré series in those on X. (I

3.3. Stationary phase calculation of the asymptotics. We now use the
heat kernel parametrix ([3.9) to calculate the scaled heat kernel asymptotics by the
stationary phase method. Our calculation of the coefficients is based on Theorem
5.8 of [3]. We therefore rewrite Proposition [3.3]in the form stated there.

REMARK 3.4. The notation in [3] for the ‘Hadamard’ coefficients ®; is some-
what different in their Theorems 2.26 and 5.8. In the latter, the volume half-density
factor in the ¢ (x,y) factor in [3] Theorem 2.26] is absorbed into the ®; of [3| The-

orem 5.8], and therefore ®y(y,y) changes from I to det™? (J(z,a)) in [3] Theorem
5.8]. Since we are using their computation of the heat kernel expansion, we follow
their notational conventions.

We thus rewrite Proposition B3] in the form of of [3] Theorem 5.8] and combine
with B2]) to obtain,
(3.10)

oxp (~4959,) (o)~ () e /“ym”ti i, (i) e
P D pYDp ? 47TU - . p ] ) )

where (cf. 23))
(3.11) Dy (z,a) = (det J(;v7a))_%
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and where [/ " is the notation of [3, (5.5)] for the asymptotic expansion of the
integral. The integral is an oscillatory integral with complex phase

(3.12) — |0 /4u — i6),

with a single non-degenerate critical point at § = —2ui with constant Hessian. We
would like to apply the method of stationary phase to the integral, but the critical
point is complex and in particular does not lie in the contour of integration. This
is not surprising: the integral must be exponentially decaying to balance the factor
of eP" in front of it. Therefore, we must deform the contour to |z| = 2¢t. However,
then we no longer have the heat kernel in the real domain, but rather the analytic
continuation of the heat kernel of e*2" in the fiber direction. Thus we first need
to discuss the analytic continuation of the heat kernel in the fiber.

3.4. Analytic continuation of heat kernels. In this section, we analyze the
analytic continuation of the kernel e —ud¥ (e??x,x) and its Hadamard parametrix in
the €% variable from S' x X to C* x X. Despite the fact that the metric h” is only
%> and not real analytic, the heat kernel always has an analytic continuation in
the variable e??, as the next Proposition shows.

The S' action e - z on X extends to a holomorphic action of C* on L* which
we denote by e* -y for p € L*. When y = x € X we denote it more simply by

e® - x. We also write z = t + 760 with t = 2u when the heat kernel is at time wu.

PROPOSITION 3.5. The kernel e(u,x,0) := e~ud® (z,e?2) on X x g extends

for each (u,z) € RT x X to an entire function e(u,z,z) 1= emun” (z,e*x) on gc,

with g = Lie(S?) ~ R

PRroOOF. This is most easily seen using the Fourier/eigenfunction expansion of
the heat kernel,

(3.13) e e Zze Arit s (@) dpg (y).

pEZ j=1
Thus

(3.14) e(u,x,ﬁ):e_“A (z, et ;E Zzew@ /\’”u|¢ ()|

pEZ j=1

hence the analytic continuation must be given by

(3.15) e "0 (2, e*x) ZZ@”Z Aot ()2

pEZ j=1
The only question is whether the sum convergences uniformly to a holomorphic
function of z. As above, we write AX = Ay + g—;. Since [AH, 68—922] = 0, the
eigenvalues have the form \,; = p? + p,; with {u,;} C RT the spectrum of the
horizontal Laplacian Ay on the space L2(X). Thus

(3.16) 67UA (z,ex) Ze”ze Pug b (1),
PEZL
where e~ (z,y) = [ e”PPe "R (2, e¥x)dh. But

le™% " (z,2)| = ‘ /S1 e Plemulm (g eieac)dG‘ < /Sl e A (z,e®3)dh = eo(u, x),
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where eg(u, z) is a continuous function of (u,z). The proposition follows from the
fact that >, eP*e~P™ convergences uniformly on compact sets in |z|. O

3.5. Analytic continuation of parametrices. Next we consider the ana-
lytic continuation of the parametrix. We first observe that the connection 5 extends
to L* by the requirement that it be C* invariant. Thus, T,L* = H; & V; where
Ve = (C% where A - z denotes the C* action. Using the metric G we may identify
TX with T* X and similarly decompose T* X and T*L* into horizontal and vertical
spaces. The vertical space V" is spanned by ay.

PROPOSITION 3.6. The fiber distance squared function d*(Z, + i6) admits an
analytic extension in 6 to C satisfying

(3.17) d(T,T +i0 +i))? = (i0 + 1))

Moreover, the Hadamard coefficients v;(Z, T + i6) B1) admit holomorphic exten-
sions to 0 + i\.

PROOF. As mentioned above, the holomorphic continuation of the S! action
is the action of C* on T*L*. The first statement about the distance function is
obvious since the distance squared function on the fiber is real analytic (this is why
we lifted the heat kernel from X to X ).

The second statement is also obvious for vg = 1. We then prove it for the
higher vy’s inductively, using the formula

1
(3.18) vkt1(2,y) = / s* Byvy(zs, y)ds
0

The geodesic x, from z to y stays in the ‘domain of holomorphy’. Moreover,
B, = 3 AX j*% so it suffices to show that AX admits a fiberwise holomorphic
continuation. But clearly, the fiber analytic extension of AX is Ay + (/\8%)2.
Hence vg11(x, €®y) is well-defined and holomorphic in z. Since j # 0 for such (z,y)
it possesses a holomorphic square root and inverse. (Il

COROLLARY 3.7. The functions ®;(x,0) on X xR extend to holomorphic func-
tions ®;(x,z) on X x C. Since e="~" (2, ¢ -x) and its parametrices admit analytic
continuations, it follows that the remainder Ry (u,x,e? - x) admits an analytic
continuation.

The main lemma in the proof of Thereom is the following expression for
the scaled, analytically continued heat kernel. Note that the parameter u appears
twice: once as the time parameter and once as the dilation factor in L*.

LEMMA 3.8.
di

- dim X . k ~
e MA@ F 40— 2i) = Co(B) T RN () By (5,i0 + 2u)

+Run(u/p, Z,10 — 2iu + T)

, 7‘““2‘X+M
where Ryr(u/p, &,160 — 2iu + &) = O(e‘p9 /w (%) e”“).

PROOF. We first consider the remainder in the real domain. For simplicty we
write points of X as x rather than . The first goal is to obtain a Duhamel type
formula (see (B:26))) for Rp;. The derivation of this formula is valid for Laplacians
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on all Riemannian manifolds (X, G), and we therefore use the general notation A
for a Laplacian and Hp; for the Mth Hadamard parametrix.
We first note that the remainder

(319) RM(u,x,y) = e_uA(x7y) —HM(u,a:,y)
solves the initial value problem
(8% - A)RM(ua z, y) = AM(U7 z, y) + BM(ddju z, y)7

(3.20)
Ry (0,2,9) = 0.

where

(3.21) |
Ant (w2, y) = (4mu) ™MD (dy (2, y)?) e MDA (1) TN uy (2, )

and where Bjs(dv,x,y) is the sum of the terms in which at least one derivative
falls on . Put

G(“? €L, y) = (b(dM(I? y)2)

1
(47ru) g
where ¢ is supported in a neighborhood of the diagonal, with ¢ = 1 on suppv, and
put
(322) RM(uvxay) = G(u,x7y)SM(u,a:,y).

The equation for Rj; then becomes
G(ua Z, y)il(a% - AX)G(’U,, Z, y)SM(ua Z, y)
= uM (¥ (dar (2, 9)?) A var (2, y) + bar(dy), ),

e 4, )

(3.23)
Sy (0, z,y) = 0.

One easily calculates (cf. [3] Proposition 2.24]) that
1

17 0 0 _ R
Glu,a,y) 7 (5 = A%)Gluay) = 5 +u" Ve + 185,

Here, V5 is the directional derivative along the radial vector field from x.
Multiplying through by u to regularize the equation, and changing variables to

t = log u, we get

(3.24)

(% + VR + th)S]V[(t7 z, y) = eMt(w(d]V[(xu y)Q)Az’UM(xv y) + b]V[(dwv .’II))7

SM(—OO,.I,y) =0.

The solution is given by

(3.25) Sy(u,z,y) —/Ou/Xe(“S)Ax(az,a)AM(s,a,y)dv(a)ds

+/ /e_(“_s)AX(x,a)BM(s,a,y)dv(a)ds.
o Jx
We now specialize to X and AX or equivalently X and AX. Our goal is

to estimate the analytic contiuation of the remainder. When dealing with the
parametrix, it is convenient to work on X since its distance-squared function is real
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analytic along the fibers. When estimating the remainder Rj; it is convenient to
work on X because it is compact.
In the case of X we obtain the Duhamel type formula,

u
(3.26) RM(u,x,ewx):/ /e_(“_S)AX(x,y)AM(s,y,ewx)dv(y)ds
0o Jx

+ / / e~ @=95% (3 VB (s, ys €0 du(y)ds.
0 X

The same formula is valid on X but there we write the R action additively.

We observe that since 9 (das(z, y)?) is constant along the fibers of X — M, both
A (s,y,ex) and Bys(s,y, e?z) admit holomorphic continuations in the variable
e, As above, we continue to e* with z = 2u + 146 for the heat kernel at time u. For
instance,

(3.27) Apn(u,y,e’x)
din

= (47Tu)_( 52 +M) Z (dp (T, 9 + n)Q)ed@’eziJ"n)z/%Ag
nez

X v (, €°F +n)j (7, €*F +n) "2

It follows that the analytic continuation of Ry;(u,x,e?r) may be expressed as

RM(%%@Z&U):/ /ef(ufs)AX(ac,y)AM(s,y,ezx)dv(y)ds
0o Jx
(3.28)

u
L / / e~ (=AY (20 1) By (5, y, @) do(y)ds
0 X

Dilating the time variable and setting z = 2u + i gives
(3.29)

Ras(ufp. ") = - [ [ @m0 iy a5/ ) o) s
0 X
u/p « )
+ / / (=P (4 VB (s/p,y, 2 ) du(y)ds
0 X

The desired estimate on Rj;; would follow if we could establish that

(3.30)

u M+1
O[] @ g Avits ooty is] < (3) e, and
0 JX p

u M+1
@] [* ] e s/ asma] < (£) e
0 X
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We establish (830 (i)) using the explicit Gaussian formula
(3.31)  An(s/p,y, e t?ux)

S (dlrgX+M) 10+2u 2
=47 <_) Z ePd(yse z+n)”/4s
p nez

% A?Y;(UM(@ 19+2ux + n) (?7 19+2ux + ,n) 1/2
and the Gaussian upper bound
(3.32) e (u,2,y) < Glu,a,y),

of Kannai [17]. They give that (3229 (i)) is bounded by

sup | AX vy (7, €12

1>_din21X+M+1
(z,y)eX XX

(3.33) h (5

/U/ SMG((u—s)/p,x,y)|G(s/p,y,e_i9+2“x)|dv(y)ds
0o Jx

5% o—d(@e"y)* /45 Tts modulus is then equal to |G(s,z,ey)|

We can asymptotically estimate the resulting integral

Here, G(s,z,€7y) = s~

_ Sf‘i'“+x e Re d(z,eiy)z/éls'

/ exp(— p(d(z, y)?/4(u — s) + Red(x, ei0+2“y)2/4s))dv(y)
X

by the stationary phase method. We have,

(3.34) Red(z, e T2y)? = d(x,e"y)? — 4¢°.

Hence critical points occur at y such that

(3.35) Vyd(z,y)?/4(u — s) = =V,d(y,e"?x)?/4s.

Now V,d(x,y)? is tangent to the geodesic from = to y and V,d(y,e "“x))? is
tangent to the geodesic from y to e?z. Since they are multiples, it follows that
y must lie along the minimizing geodesic from x to e?z. This is just the curve
y(u) = ez, u € [0,0]. Moreover, d(x,y)/(u —s) = d(y, e *x))/s. Hence we have
1

0
+—>:—— = u=-—
uU—3s S S

u=s)y

u

u/(u—s)=(0-u)/s < u(

Hence the critical locus is given by: y, = €’ “220, . The value of the phase along

the critical locus equals

d(z, 6 T200)2 J4(u — 8) + d(z, e~ P T05)2 J4s — du? /4s

(3.36) 02
=d(z,e?r)?/4u — 4u?/4s = P
i = S(u 5 Raising it to the
power —% cancels the factors of s~ %3 and (u— s)_dmzlx and leaves u~= "3~
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Hence
| [ 6t s)pa)sMIGls o0 ) o) ds
0o Jx
(337) ~ ufidi‘gx efp02/u /U epu2/sSMdS
0
< um et ugpug MA1,
This completes the proof of Lemma [3.8 |

3.6. Completion of proof of Theorem We now complete the proof
of Theorem We begin with the oscillatory integral ([B.9) with complex phase
BI2) with a single non-degenerate critical point at § = —2ui and with constant
Hessian. Since the critical point is complex, we deform the contour to |z| = 2t.
Thus, we have (with z = e? € S1)

1 X dz
H . pUP —(u/p)A -p 2
ey, (u,z) :==e o ). e (zz,7)2 -
1 X dz
_ Lup_— —(u/p)A -p <
(3.38) et e e (zz,2)z .

27
— ouP / e*(u/p)AX (6i0+2ux, 1’)67p(i9+2u)d0.
0

We now plug in the Poincaré series formula of Proposition B.3] and unfold the sum
over 7 to get

(3.39) ef(u, x) = eup/ e*(U/P)AX (ei9+2ux, x)efp(i9+2u)d9.
R

We then substitute the parametrix for e~ (#/P)A% (e?*t2uz x) with remainder from
Lemma 38 for e~ (#/P)AY (¢i0+2ug 1) Using the notation of [3], we obtain,

(3.40)
ey (u,x)
p \"t2 asympt L, —p(0—2ui)? /4u —p(i6+2u)
- (4_) ep“/ (Zp u @z, 10 + 2u)e PV Au TP —|—RM)d9
U R -0

B P nti [fasympt M ) Z‘I) 049 —p6? /4u R do
[ e

The integral is now a standard Gaussian integral with complex phase ([B12])
(3.41) —(0 — 2ui)? /4u — (i0 + 2u),

which has a unique critical point on the line of integration at # = 0. We may neglect
the remainder term if we only want to expand to order M in p~! and apply the
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method of stationary phase (see [15] Theorem 7.7.5]) to obtain,
(3.42)

1
p \"t2 1
ef (ww) ~ (1) Ip/ul

M—-1 )

ip oyt ! [%rk@g(x,w—f—?u)’
k=0 =0

() Sl w2,

All the properties stated in the theorem follow from standard facts about the sta-
tionary phase method and from the properties of the coefficients ®; of [3, Theorem

5.8]. By ([BI0), the principal term is given by ( P ) D (z, 2u) or equivalently, by

using ([BI1) and Proposition 23]
(3.43)

() s () oo - () ()

This is compatible with (20) because for the determinant of functions of 7(w,)
on T'M we have

_1 _1
1 — e ur(we) 2 ut(wz)/2 _ ,—ut(wz)/2 2
M(AL_J :mc e
(3.44) ut(wy) ut(wy)

uT (War) > 7

= det | 1.0, 5 <eu7(wz)/2 — o—ur(w.)/2

6=0

and because the factor of 2 in (Z7) is not used in the definition of RY. To ex-
plain the last equality and to clarify the notation between ([B.43)—(B.44) and (LIII),
we recall that 7(w,) = 2R£ If we diagonalize R£ as in ([I2) as an element of
End(TM), then under the decomposition TM ®p C = THOM @ 7OV M, RE =
diag(as, ..., an, —a1,...,—ay). Here we extend R* to an element of End(TM ®gC)
by the formula (I2]), so on TOD M we obtain the negative of the eigenvalues on
T M, by the antisymmetry of the 2-form R®. Hence det(e=*7(“=)/2) = 1. We
refer [3] p. 152] for a similar calculation.

The subleading term is given by (LZI). This completes the proof of Theo-
rem

REMARK 3.9. In the Ké&hler case and for a quantum line bundle L, i.e., if

O=w= %RL, then a precise formula for e 1(u, ) in terms of curvature was
obtained by Dai, Liu and Ma in (5.14)]:

—yn ! [u u

3(1—e-dmuyn |2 2 tanh?(27u)

(345) eso1(u,x) =

M
Tz

2 _
T (—3 Sil’lh(4’ﬂ'u) + E)
sinh*(27u) \ 327 8

with 7™ the scalar curvature of (M, g7™). If © and (L, h%) are arbitrary, a corre-
sponding formula should follow from (L21]) or from an adaptation of [14] (5.14)],
but it is certainly more involved than (BA4H). For the calculation of the second

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



SCALING ASYMPTOTICS OF HEAT KERNELS OF LINE BUNDLES 197

coeflicient of the expansion of the Bergman kernel for non-positive line bundles
see [18].

3.7. Further remarks. The method of completing the square to convert the
horizontal Laplacian to the full Laplacian on X is quite drastic because it replaces
the horizontal Brownian motion of the original problem with the free Brownian
motion on X. It is a natural question to ask if one can improve Theorem if one
has parametrices for the horizontal heat kernels. The rest of the argument would
apply.

In certain model cases, Beals-Greiner-Gaveau construct parametrices for heat
kernels of sub-Laplacians [IL[2]. In the case of a positive line bundle, there should
exist a parametrix locally modeled on that of the Heisenberg group, although we
are not aware of a construction at this level of generality. Even so it would not
be useful for the main problems of this article, i.e., for Hermitian line bundles
which are not positive. In the case of a positive line bundle one can construct a
parametrix for the Szegd kernel directly (see [10]; see also [19] for results on the
relation between heat kernels and Szegd kernels). In more general cases, it seems
that the heat kernels have only rarely been constructed.

In situations where one can construct parametrices for the horizontal heat ker-
nels, it seems plausible that one could gain better control over the u dependence
of the remainder term R, (p,u,x). The original motivation of this article was to
investigate whether there exists a joint asymptotic expansion in (u,p) which would
allow one to set u = p® or ideally u = ¢p in the asymptotics. One observes that the
expansion occurs in powers of £ and this seems to be the natural Planck constant
for the problem. In particular, it would be natural to try to respect the Heisenberg
scaling in which % is of weight 2. But the coefficients and remainder we obtain by
completing the square are not functions of %, and we have little control over the
remainder R.(p,u,z), which might be of exponential growth (or worse) in u. This
reflects the fact that we must analytically continue far out into L* to make up for
the brutal addition of (%)2. We would probably not have to continue so far out in

L* if we add the first power % as the Heisenberg scaling would suggest.

4. Proof by localization and rescaling of the Dolbeault-Dirac operator

Before going further let us recall some differential-geometric notions. Let V7'M

be the Levi-Civita connection on TM and V7™ the connection on TM defined by
VIM = yT" M g VT(O'UM, where V"M ig the Chern connection on 719 M/
and VT""M ig its conjugate (see [19] (1.2.35)]). We set S = VM _ yTM,

We denote by VZ the Bismut connection [19], (1.2.61)] on TM. It preserves
the complex structure on TM by [19, Lemma 1.2.10], thus, as in [19] (1.2.43)], it
induces a natural connection VZ on A(T*(®Y M) which preserves the Z-grading.
Let VBA"" gBA®*®LYGE 16 the connections on A(T*OD M), A(T*OD M) @ LP ®
E, defined by

VB’AO‘. = VB + <S(~)wj,@j>,

(4.1) BA*QLPRE B,A%* LPQE
v ’ QLY® :v 5 ®1+1®v ® ,

where {w;}"_, is a local orthonormal frame of TOOM (cf. [19] (1.4.27)]).
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Let &5 be the smooth self-adjoint section of End(A(T**VM) ® E) on M
defined by

(42)  ®p= 1M+ 9(RE 4 LRI) + STI000) — L] (8- 9)6|,
cf. [19] (1.3.32), (1.6.20)]. The endomorphism ®p appears as the difference be-

tween the Bochner Laplacian (cf. (L4I])) associated to the Bismut connection
VBA“*®L'®E 4 the Dirac operator, cf. [19] Theorem 1.4.7]:

(4.3) D2 = ABAYIOLISE 4 gy RE

We start by noting the following analogue of [19] Proposition 1.6.4]. Let f :
R — [0, 1] be a smooth even function such that

(4.4) f(v)—{l for |v| <e/2,

0 for |v|>e.
For u > 0, a € C, set

—0 NoZ
(4.5) e - .
Gu(a) = /_oo elva exp<— ? ) (]_ — f(\/a’l))) \/ﬂ .

The functions F,(a),Gy(a) are even holomorphic functions. The restrictions of
F,,G, to R lie in the Schwartz space S(R). Clearly,

U2
(4.6) F,(vD,) + Gu(vD,) = exp(— 5[)3).

For z,2’ € M let F,(vD,)(z,z'), G,(vD))(x,z’") be the smooth kernels asso-
ciated to F(vD,), G,(vD,), calculated with respect to the Riemannian volume
form dvys(z'). Let BM(z,¢) be the open ball in M with center  and radius ¢.

PRrROPOSITION 4.1. For any m € N, T > 0,e > 0, there exists C > 0 such that
foranyz,x’ e M, peN*, 0<u<T,
(4.7) ‘Gu/p(\/u/pr)(x,x’) o < C’eXp(— ﬂ)

Here the €™ norm is induced by V¥, VF, VBA™ and L hE, gTM.
The kernel /), (\/u/p Dp) (z,-) only depends on the restriction of D, to BM (z,¢),
and is zero outside BM (z,¢).

e2p

This follows from the proof of [19] Proposition 1.6.4], in particular from [19]
(1.6.16)] with ¢ = 1, since under our assumption any polynomial in p,u~! will
be absorbed by the factor exp(—?i—ﬁ). The second assertion of follows by using
[#3), the finite propagation speed of the wave operator, cf. [I9, Theorem D.2.1
and (D.2.17)].

Thus the problem on the asymptotic expansion of exp(— %Dz)(x, x), for 0 <
u < T and p € N, is a local problem and only depends on the restriction of D,, to
BM(z,¢).

To analyze the local problem, we fix g € M and work on My := R?"? ~ Ty, M.
From now on, we identify BT=0M (0, 4¢) with BM (z¢, 4¢) by the exponential map.
For Z € BT=0M (0, 4¢), we identify

Bz = Eyy, Lz La,, AT;%VM)=AT;00M),
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by parallel transport with respect to the connections V¥, V¥, VBA® along the

curve [0,1] 3 u — uZ. Thus on B (zg,4e), we have the following identifications

of Hermitian bundles

(B, ") = (Eug, h720), (L") 2 (Lag, b0, (AT OV, ") 2 (AT ), 05
(Eps hp) = (Ep,aq, o )s

where the bundles on the right-hand side are trivial Hermitian bundles.

Let I‘E,I‘L,I‘B’AO" be the corresponding connection forms of V¥, V¥ and
VBA®* on BM (x0,4¢). Then I'Z, T'L, BA™ are skew-adjoint with respect to hF=o
tho, hAgb..

Let p: R — [0,1] be a smooth even function such that

(4.8) plv)=11if |v| <2; p(v)=0 if |v] > 4.

Denote by Vi the ordinary differentiation operator on T, M in the direction U.
From the above discussion,

(4.9) VEreo =V + p(L|2]) <p R L PB»A“")(Z),

defines a Hermitian connection on (E, 5, hFr=0) on R*" ~ T, M where the iden-
tification is given by

(4.10) R* 3 (Zy,..., Zan) — Y Zie; € Ty, M.

(3

Here {e2j_1 = %(w] +;), e9; = %(wj —w;)}; is an orthonormal basis of Ty, M.

Let g7Mo be a metric on My := R?" which coincides with g7™ on BT=0M (0, 2¢),
and gT=oM outside BT=0M(0,4¢). Let dvy, be the Riemannian volume form of
(My, g"Mo). Let AFr=o be the Bochner Laplacian associated to VFr=0 and g7™Mo
on M(). Set

(4.11) Lyuy = APreo —pp(L1Z]) Qwa,z +72) + p(212]) @52

Then L, ., is a self-adjoint operator with respect to the L? scalar product induced
by h¥r=o, gT™o on My. Moreover, Ly, coincides with D2 on BT (0,2¢). By
using ([€3]) we obtain the analogue of Proposition [4.]] for %Lp,zo . Thus by using
the finite propagation speed for the wave operator we get

2

(4.12) < Cexp(— —Z) .

exp (— %Dg) (z9,x0) — exp <— %prxo) (0,0)

Let dvrys be the Riemannian volume form on (T, M, gT=0™). Let x(Z) be the
smooth positive function defined by the equation
(4.13) dvn, (Z2) = k(Z)dvry (Z),
with k(0) = 1.

Set E,, := (A(T* YV M)®E),,. For s € °(R?>",E,,), Z € R and t = L%,
set

SIS

(Si5)(2) = s(Z/1),
(4.14) Vi = S; 'tk 2V w0 g 1/2g,
gzt,u _ S;lﬁl/2t2Lp’zoK/_1/2St,
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Note that in [19] (1.6.27)] we used the scaling parameter ¢ = % . In the present
situation we wish to obtain an expansion in the variable £, so we need to rescale

the coordinates by setting t = % . Put

VO,u,o =V, + %R£O (Z7 ')7
$20’u = Z(Vo,u’ei)z — 2Uld,zy — UTgy -

3

(4.15)

Then we have the following analogue of [19, Theorem 4.1.7].

THEOREM 4.2. There exist polynomials A; j , (resp. B;r, Cy) in the variables
Z and in u, where r € N,i,j € {1,---,2n}, with the following properties:

e their coefficients are polynomials in R™™ (resp. RT™, RB’AUY., RE, Rdet
dO, RY) and their derivatives at xo up to order r —2 (resp. r — 2, r — 2, r — 2,
r—2,r—1,r),

o A; jr is a homogeneous polynomial in Z of degree r and does not depend on
u, the degree in Z of B;, is < r+ 1 (resp. the degree of C, in Z is < r+2), and
has the same parity as r —1 (resp. r) , the degree in u of B; , is < 1, and the degree
i u of Cp is < 2,

e if we denote by

(416) Ou,r - AiJ,TVeiij + Bi,’f‘(u)v@i + C"'(u)’

then

(4.17) Lyt =LY Oy + O,
r=1

and there exists m' € N such that for any k € N, t <1, 0 < u < T, the derivatives
of order < k of the coefficients of the operator O(t™*1) are dominated by Ct™+1(1+
iz

Set gi;(Z2) = g™o(e;,¢;)(Z) = (es,ej)z and let (¢"(Z)) be the inverse of the
matrix (gi;(Z)). We observe that pt = %, thus the analogue of [19} (4.1.34)] reads

Viwe =4/2(2) (Vo 1105 + Tl + 1105 ) s~ V/2(12),

(4.18) 2" == g742) (Vies Viswse, = tT5(E2) Ve )

2
—2uwo,aiz —uTotz +t°PEy iz

Comparing with [19] (4.1.34)], the term of V;, e involving w is %I‘LZ‘) instead of
%F{JZ“ therein.

Theorem follows by taking the Taylor expansion of (£IJ]). Using Theorem
42 we see that [19], Theorems 1.6.7-1.6.10] (or more precisely [19, Theorems 4.1.9—-
4.1.14] with the contour § U A replaced by the contour I' from [19, Theorems
1.6.7-1.6.10]) hold uniformly for 0 < u < T

Thus we get the following analogue of [19, Theorem 4.2.8] in normal coordi-
nates.
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THEOREM 4.3. There exists C" > 0 such that for any k, m,m’ € N, there exists
C > 0 such that if t €]0,1,,0 <u < T, Z,Z" € T,, M,

lal+la| (

sup |y — L= et (2, 2
(4.19) ol ot 1<m | 020027 Z ) )

cgm’(X)
< Ot 1+ |Z| + | Z')Mr+rmom’ exp(—C"|Z — Z'|?).

Note that we use the operator .£;"* and we rescale the coordinates by the
N

factor ¢t = Nk thus the factor u in the right-hand side of the second equation of
[19] (4.2.30)] is 1 here. Moreover, we have (cf. also [19] (1.6.61)] )
(4.20) Jou(2,2") = exp(= L") 2,2").
We infer from (@8] (compare [19] (1.6.68)]) that

1 det(uRéU)exp(Quwdw)
(2m)™ det(1 — exp(—2uRL))
The analogue of [19] (1.6.66), (4.2.37)] is that for Z, 2’ € T, M,

(4.22) exp(— %LP,IO)(Z, 7' = (g)n exp(— 4 (g é’) KV2(Z)RV2 (2.

t 1

By taking Z = Z' = 0 in Theorem 3] and using ([@.22]), we get the analogue of
(19} (4.2.39))
(4.23)

k

n —r/2 7%
u _UY2 _ p < p
(p> eXp( pr>(x0’x°) ;JT’“(O’O) <U> <C <U)

em’ (X)

(4.21) exp(—23")(0,0) = ®Idg.

Finally, by the same argument as in the proof of [19] (4.2.40)], we get for any r € N,
(4.24) Jori1.(0,0) = 0.
Relations [@20)-(@24) yield Theorem [T with eco(u, o) given by (LII]).
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