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Abstract

We generalize the results of Montgomery (Commun Math Phys 168:651-675, 1995)
for the Bochner Laplacian on high tensor powers of a line bundle. When specialized
to Riemann surfaces, this leads to the Bergman kernel expansion for semipositive line
bundles whose curvature vanishes at finite order. The proof exploits the relation of the
Bochner Laplacian on tensor powers with the sub-Riemannian (sR) Laplacian.

Mathematics Subject Classification 53C17 - 58J50 - 32A25 - 53D50

1 Introduction

In [31] Montgomery studied the spectrum, and in particular the smallest eigenvalue,
of the Bochner (magnetic) Laplacian on the tensor powers L¥ := L® of a Hermitian
line bundle L. He assumed that the underlying manifold is a Riemann surface and that
the curvature of the line bundle vanishes transversally along a curve. The problem goes
back at least to the work Simon et al. [2, 35] and Guillemin—Uribe [18] among others,
who assumed the curvature is symplectic. The problem has since also been actively
explored under different assumptions on the curvature. The first theorem in this article
proves the most general such leading asymptotic for the smallest eigenvalue of the
Bochner Laplacian on tensor powers.
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The holomorphic analog of the above is the study of the Bergman kernel of a
holomorphic line bundle L on acomplex manifold. The Bergman kernel is the Schwartz
kernel of the projector from smooth sections of L onto holomorphic ones. The analysis
of the Bergman kernel and holomorphic sections associated to tensor powers has
important applications in complex geometry (see [14, 26]). When L is positive, the
leading asymptotic for the Bergman kernel along the diagonal was first proved in [38]
and later improved to a full expansion in [11, 39] using the Szeg6 kernel parametrix
of [9]. Subsequently, a different geometric method for the expansion was developed
in [12, 26, 27] inspired by the analytic localization technique of [8]. The problem of
the expansion for semipositive line bundles is largely open. A second objective of this
article is to give the first proof of the Bergman kernel expansion at vanishing points of
the curvature. We achieve this for a semipositive line bundle L on a Riemann surface.

1.1 Statement of the main results

We now state our results more precisely. Let Y”~! be a compact Riemannian manifold
of dimension n — 1 with complex Hermitian line bundle (L, hL) and vector bundle
(F,h'). We equip these with unitary connections V=, V¥ to obtain the Bochner
Laplacian

ES
Ap = (vF®L") yreLt . coo (Y; F® Lk> - c® (Y; F® Lk), keN,
(1.1)

on tensor powers F ® L¥, where the adjoint is taken with respect to the natural L2 met-
ric. As the above is elliptic, self-adjoint and positive, one has a complete orthonormal

o0
basis Hl/ff} » of L% (Y; F ® LX) consisting of its eigenvectors Akl,/f;{ =2 (k) ¥k,
= :

with eigenvalues 0 < A9 < A;.... Denote by Rl = (VL)2 € Q% (Y;iR) the purely
imaginary curvature form of the unitary connection V. The order of vanishing of R”
at a point y € Y is now defined!

ry — 2 = ord, (RL) = min {lu‘ (AZT*Y> s IR # 0}, ry>2, (12)

where j'R™ denotes the Ith jet of the curvature. We shall assume that this order of
vanishing is finite at all points of the manifold i.e.

ri=maxry, < oo. (1.3)
yeY

! The reason for this normalization, besides a simplification of resulting formulas, is the significance of ry
as the degree of nonholonomy of a relevant sR distribution (see Proposition 6).
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The function y + ry being upper semi-continuous, gives a decomposition ¥ =
j=2 ¥, of the manifold via

i
Yj:={yeYlry,=j} witheach Y<;:=[]Y; (1.4)
=2

being open. Our first theorem is now the following.

Theorem 1 Ler (L, hL) — (Y, gTY), (F, hF) — (Y, gTY) be Hermitian line and
vector bundles on a compact Riemannian manifold with unitary connections VX, V.
Assuming that the curvature R vanishes to finite order at all points, with maximal
order r (1.3), the first eigenvalue Ao (k) of the Bochner Laplacian satisfies

Ao (k) ~ CK*", ask — oo, (1.5)

for some positive constant C. Moreover, the first eigenfunction concentrates on Y,.:

0| =0 (k) yera . (1.6)
The leading constant above (1.5) can be identified

C = inf Ao (A,) (1.7)

yer,

in terms of the bottom of the spectrum of certain model Laplacians Ay := A,rv jr-2prL,
y 2 y

depending on the metric gyT Y and first non-vanishing jet tensors j r_zRﬁ, defined on the
tangent space TyY ateach y € Y (see Section A). The first case of the above theorem
is r = 2, when the curvature RL is non-vanishing, and can be found in [19]. Here
the model Laplacian is a harmonic oscillator. The bottom of its spectrum is explicitly

given g (Ay) = 3tr/—J?2 in terms of the endomorphism J : TyY — T, Y, defined

by the equation g* (., Jy.) = R (.,.). In [31] a particular case of r = 3, with ¥
a Riemann surface, is considered. It is surpising that the general case, despite being
attempted, has been missed therein and in several references since then.

Without further hypotheses, the structure of the locus Y, may be quite general;
locally any closed subset of a hypersurface (see Sect. 3.0.1 below). To obtain further
information on the small eigenvalues, we introduce additional assumptions. First, we
assume ¥, = j-v=1 Y, j to be a union of embedded submanifolds of dimensions d; :=
dim (Yr, j). At points y € Y, the first non-vanishing jet of the curvature j; —2RL €
§r=2 TYY® A2Ty* Y may be thought of as an element of the product with the (r — 2)th

symmetric power. We say that the curvature R’ vanishes non-degenerately along Y,
if the following implication holds

P (j;_zRL) =0,¥Vs<r—-2 = vel), (1.8)

v
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where i* above denotes the s-fold contraction of the symmetric part of ji~ ZRL. In
Remark 9 below we note the following less invariant definition of the non- degeneracy
condition (1. 8) above in local coordinates: it is equivalent to assuming that the leading
order part R in the Taylor expansion of the curvature at y € Y, locally defines the
same locus Y = Y0 = {y € Ylord, (RL) =r— 2} as (1.4). In Remark 9 we also
note that our non- degeneracy condition (1.8) on the curvature is less restrictive than
the assumption of ¥, being a *magnetic well’ for the curvature R’ that appears in
earlier works [19].

Now set d** := max {dj};v:] and let NY, j == TY;~, C TY denote the normal
bundle of each Y. ;. Note that there is a natural density on each NY, ; coming from the
metric. Denote by x|¢,,¢,] the characteristic function for [c1, c2]. In Sect. 3.2 we show
that under the non-degeneracy hypothesis (1.8), the Schwartz kernel of the model
Laplacian on the tangent space x[c,c,] (Ay) (v,v) = O (|v|_°°) , UV ENYjy, is
rapidly decaying, and thus integrable, in the normal directions.

Our next result is on the asymptotics for the Weyl counting function
N [c1k?/", c2k/"] for the number of eigenvalues of Ay in the given interval.

Theorem 2 Let (L, hL) — (Y, gTY), (F, hF) — (Y, gTY) be Hermitian line and
vector bundles on a compact Riemannian manifold with unitary connections VX, V¥,
Assuming Y, C Y (1.4) to be a union of embedded submanifolds along which the
curvature vanishes non-degenerately (1.8), the counting function satisfies the asymp-
totics

Jmax

N I:C]kZ/r’ c2k2/r] ~ k L Z / Xler. 02] y) (v,v), ask — oo.
NY,
dmn,\ rj

(1.9)

If further Y, is a finite set of points (or d;?“”‘ = 0), then the smallest eigenvalue of the

Bochner Laplacian has a complete asymptotic expansion®

N

ro (k) = k27 [Z k=" 0 (k_(ZN“)/’)] . VN €Ny, ask— oo.
=0

(1.10)

Next, we consider the case when (Y JhTY ) is a complex Hermitian manifold. The
line and vector bundles (L, ht ), (F Jhf ) are then assumed to be holomorphic. Taking
VL, VT to be the Chern connections, one also has the associated Kodaira Laplacian

0o (viFeLt) » % (viFeLY), 0sg=m,

2 The same result holds for the mth eigenvalue A, (k) for any fixed m € Ny.
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acting on tensor powers.> The first eigenvalue of the above is typically 0 with ker 07 =
H1 (X T F® Lk) being cohomological and corresponding to holomorphic sections.
The Bergman kernel I'IZ (y, y ) is the Schwartz kernel of the orthogonal projector
Y : %9 (Y; F ® LX) — ker O . Its value on the diagonal is given

N
Mooy =Ylsof. No=dma(XiFoLf), 11D
j=1

. . N} .
in terms of an orthonormal basis {s j } j i | of HY (X F® Lk ) and thus controls point-

wise norms of sections in ker DZ in the spirit of (1.6). To obtain the asymptotics
of Hz (v, y), we specialize to the case of Riemann surface (n — 1 = 2). Further-
more, in addition to vanishing at finite order (1.3), the curvature is assumed to be
semipositive: RL (w,w) > 0, forall w € T1.0y. Under these assumptions one has
H' (X; F ® L¥) = 0 for k sufficiently large, with the asymptotics of the Bergman
kernel ITy := I1Y being given by the following.

Theorem 3 Let Y be a compact Riemann surface and (L, h™) — Y a semipositive line
bundle whose curvature R vanishes to finite order at any point. Let (F, h¥) — Y be
another Hermitian holomorphic vector bundle. Then the Bergman kernel Ty := Hg
has the pointwise asymptotic expansion on diagonal

N
Me (0, 3) =K | Y k™20 | 4 0 (k2V/0) | wN eN. (112)
j=0

Here cj are sections of End (F), with the leading term co (y) > 0 being given in terms
of the Bergman kernel of the model Kodaira Laplacian on the tangent space at y (A.9).

Note that at points where R’ is positive one has ry = 2 and the above expansion
recovers the usual Bergman kernel expansion at these points. The presence of frac-
tional exponents, at points where the curvature vanishes, given in terms of the order
of vanishing, represents a new feature. It would be desirable to have a more explicit
formula for the leading term cg at vanishing points for the curvature. The final exam-
ple 17 computes the leading term explicitly in the case of semipositive line bundles
obtained from branched coverings. Finally, we note that unlike (1.6) the Bergman
kernel expansion (1.12) does not exhibit any concentration phenomenon.

1.2 Background and commentary

The result of Theorem 1 was shown by Montgomery [31] in the case when Y is a
Riemann surface and R vanishes to first order (r = 3) along a curve. The case of
non-vanishing curvature (r = 2), and a special case of the expansion (1.10) forr > 2,

3 Twisting by an additional bundle F is fairly standard in complex geometry, for instance one is often
required to choose F to be the canonical bundle (see Proposition 14 below).
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can be found in the work of Helffer—Mohamed [19]. The problem has since been
explored in several further cases. All such previous works however are more restrictive
in dimension, the curvature R” or the geometry of the manifold and bundles. Our
Theorem 1 is the most general leading asymptotic for the first Bochner eigenvalue. The
only assumption is the finite order of vanishing of the curvature R and corresponds
to Hormander’s condition on the unit circle of L.

The proof here uses the relation of the Bochner Laplacian with the sub-Riemannian
(sR) Laplacian on the unit circle bundle of L, this is a manifestation of the semiclas-
sical/microlocal correspondence in this context. Asymptotic bounds on the smallest
eigenvalue can be obtained by replacing Guillemin—Uribe’s use of the Melin inequal-
ity on the unit circle [18] by the subelliptic estimate of Rothschild—Stein [33]. The
leading asymptotic (1.5) however requires understanding the sharp constant in the
subelliptic estimate. Here we instead exploit a pointwise heat kernel expansion for the
sR Laplacian [4, 24] on the circle bundle, this is also consistent with our method for
the other announcements.

The first part of Theorem 2 is similarly the semiclassical analog of Weyl’s law for
hypoelliptic operators of Hormander-type. The main difficulty here is the non-uniform
nature of the relevant heat kernel expansion which does not immediately yield heat
trace asymptotics. Prior results on hypoelliptic Weyl law’s include the one by Métivier
[30] and the eigenvalue estimates of Fefferman—Phong [17].

The leading asymptotic of the Bergman kernel for positive line bundles on a compact
complex manifold was first proved in [38] and later improved to a full expansion in
[11, 39] as a consequence of the Boutet de Monvel-Sjostrand parametrix [9]. Our
geometric method here is closer to [12, 27] and we refer to [26] for a detailed account
of this technique and its applications. The problem of the expansion for semipositive
line bundles is well-known and largely unresolved, see [26, Problem 4.8] or [13] for
the analogous problem for weakly pseudoconvex domains. Our final Theorem 3 is the
first instance where the expansion has been proved at vanishing points of the curvature
for surfaces, and this is yet unresolved in higher dimensions. A key step in our proof of
Theorem 3, although one among several, is Corollary 15 below. This gives an O (kz/ ’)
spectral gap for the Kodaira Laplacian on tensor powers by combining Theorem 1 with
the method of [25]. Donnelly has earlier shown in [16] that the corresponding does
not hold in higher dimensions as a counterexample to Siu’s eigenvalue conjecture
[36] (see Remark 16 below). Despite the counterexample, the problem of generalizing
Theorem 3 to higher dimensions remains open, perhaps by circumventing the use of
Corollary 15. Previously, [6] proved an asymptotic estimate for the Bergman kernel
of semipositive line bundles. In [5] the expansion is proved on the positive part, and
away from the augmented base locus, assuming the line bundle to be ample. In [21]
the expansion is proved on the positive part when one twists by the canonical bundle
(i.e. F = Ky). The analogous problem of the boundary expansion for the Bergman
kernel of weakly pseudoconvex domains in C? has also been recently solved by the
second author in [22], refining earlier estimates on Bergman kernels from [28, 32].

The analysis of holomorphic sections and the Bergman kernel for positive line
bundles has several applications, particularly to the Tian—Yau—Donaldson program in
Kohler geometry, Berezin—Toeplitz quantization, holomorphic torsion and its relation
to Arakelov geometry, random holomorphic sections and the quantum Hall effect
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(see [26] for these references). Our Theorem 3 opens the way to extending these
applications of Bergman kernels to the case of semipositive line bundles, which we
plan to explore in a sequel to this article.

1.3 Organization of the article

The paper is organized as follows. In Sect. 2 we begin with some standard preliminaries
on sub-Riemannian geometry and the sR Laplacian. In particular Sect.2.1.1 gives a
proof of the on-diagonal expansion for the sR heat kernel. In Sect.3 we specialize to
the case of sR structures on unit circle bundles. Here Sect. 3.1 proves Theorem 1 based
on an analogous heat kernel expansion for the Bochner Laplacian on tensor powers
Theorem 8. Next Sects.3.2 and 3.3 prove the Weyl law and expansion of the first
eigenvalue of Theorem 2 respectively. In Sect.4 we come to the case of the Kodaira
Laplacian on tensors powers of semipositive line bundles on a Riemann surface. Here
we prove the Bergman kernel expansion Theorem 3 in Sect. 4.1.

2 sub-Riemannian geometry

Sub-Riemannian (sR) geometry is the study of (metric-)distributions in smooth man-
ifolds. More precisely, let X" be an n-dimensional, compact, oriented differentiable
manifold X. Let E” C X be a rank m subbundle of the tangent bundle which is
assumed to be bracket generating: sections of E generate all sections of 7 X under
the Lie bracket. The subbundle E is further equipped with a metric g©. We refer
to the triple (X , E, gE ) as a sub-Riemannian (sR) structure. Riemannian geometry
corresponds to £ = T X.

The obvious length function / (y) = fol |y | dt may be defined on the set of hori-
zontal paths of Sobolev regularity one connecting the two points xg, x; € X as

Qe (o, x1) = [y € H' (0,11 X) Iy ©) = x0. ¥ () =x1, 7 () € Eyy ae.}.
This also defines the sub-Riemannian distance function via

df (xo,x1) = inf  1(y). 2.1

y€QE(x0,x1)

The Chow—Rashevskii theorem shows that this distance is finite, or that there exists a
horizontal path connecting any two points on X, giving the manifold the structure of
a metric space (X, d¥).

The canonical flag of the distribution E at any point x € X is defined by

Eg(x) CE; (x) C...CC Epgyy (x) = TX 2.2)
—— ~——
={0} =E

where Ej | == Ej+[Ej, Ej]., 0 < j <r (x)—1denotes the span of the jth brackets.
The number r (x) is called the step or degree of nonholonomy of the distribution at x
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and in general depends on the point x € X. Furthermore, the ranks of the subspaces
E; (x) might also might depend on x € X and E; need not define a locally trivial
vector bundles. The growth vector, weight vectors and Hausdorff dimension of the
distribution at x € X are defined via

mE (x) = ( mE . mE mE, ... mE ) with m¥ (x) = dim E; (x), 2.3)
—_— —— N ’
=0 =m =n
wE(x) = (wf(x), , W, (x)) = (1,...,1, 2,...2 ..., F,...,F )
—— —_—— ———
m]E times mg—mlE times mE—m | times
2.4)
m n
0 =Y j(mf 0 —mb (0) = wkw. 2.5)
j=I j=1

A point x € X is called regular if mf ’s are locally constant functions near x or each
distribution E; is a locally trivial vector bundle near x. Mitchell’s measure theorem
shows that Q (x) agrees with the Hausdorff dimension of (X ,d E) as a metric space
at a regular point x € X. We call the distribution E equiregular if each point x € X
is regular. Hence in the equiregular case each E; is a subbundle of 7 X with r (x),
mf (x) and Q (x) all being constants independent of x.

Animportant notion is that of a privileged coordinate system at x. To define this, fix a
set of local orthonormal frame of vector fields Uy, U,, ... U,, for E near x. The E-order
ordg , (f) of afunction f € C°° (X) atapoint x € X is the maximum integer s € Ny
for which Z';':l s;j = s implies that (U f Lo f ) (x) = 0. Similarly the E-order
ordg x (P) of a differential operator P at the point x € X is the maximum integer for
which ordg  (Pf) > ordg x (P) + ordg , (f) holds for each function f € C* (X).
One then has the obvious relation ordg , (P Q) > ordg , (P)+ordg , (Q) for any pair
of differential operators P, Q. A set of coordinates (xi, ..., X;) near a point x € X
is said to be privileged if each x; has E-order w? (x) at x. A privileged coordinate
system always exists near any pomt [3, pg. 36]. Furthermore, the coordinate system
may be chosen such that each _, equals the value of some bracket monomial in the
generating vector fields at x. The E-order of the monomial x* in privileged coordi-
nates is clearly w.a, while the defining vector fields U; all have E-order —1. A basic
vector field is one of the form x*dy; for some j and has E-order w.ox — w;. We may

then use a Taylor expansion to write U; = Z;ozf 1 U with each vector field U7
being a sum of basic vector fields of E-order ¢. If one defines the rescaling/dilation
8ex = (e™'x1, ..., "nxy) in privileged coordinates, the vector fields U](.Q) are those

appearing in the corresponding expansion (8;), U; = Z;’;_l el l};q) for the defining
vector fields. A differential operator P on R” is said to be E-homogeneous of ordg (P)
iff (8), P = ¢ 9E(P) P Tt is clear that the product of two such homogeneous dif-
ferential operators Py, P, is homogeneous of ordg (P; P») = ordg (P1) 4 ordg (P>).

The nilpotentization of the sR structure at an arbitrary x € X is the sR manifold

given via X = R"E =R [01(_1), ey U,S[“] with the metric ¢¥ corresponding
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to the identification 17;71) — (U j)x' The nilpotentization /i of a smooth measure
w at x is also defined as the leading part & = (% under the privileged coordinate
expansion (8;), u = £2™) [Zf;o:o /l(q)]. These nilpotentizations can be shown to be
independent of the choice of privileged coordinates up to sR isometry [3, Ch. 5].

2.1 sR Laplacian

Here we define the sub-Riemannian (sR) Laplacian and state its basic properties. It
shall be useful to define it as acting on sections of an auxiliary complex Hermitian
vector bundle of rank [ with connection (F, h*", VF). To define this first define the

sR-gradient ve'iFg e 0 (X; E® F) of asection s € C* (X; F) by the equation

hEF (ngst, Ve s’) = (vfs, s’) . Yo eC®(X:E),s € C®(X:F),
(2.6)

where h?F = g€ @ hf'. Next, one defines the divergence or adjoint of this gradient.

In the sR context, the lack of canonical volume form presents a difficulty in doing

so, hence we shall choose an auxiliary non-vanishing volume form p. The divergence
*

(VgE*F> w € C®(X; F)ofasectionw € C*® (X; E ® F) is now defined to be the

"
formal adjoint satisfying

/<(ng"”)* a),s>u - —/<a), VgE’Fs>,u, Vs e C®(X:F). (27

m

The sR-Laplacian acting on sections of F' is then defined by the composition

*
Ay = (vg”)u oVELE L C® (X F) > CO(X; F). (28

In terms of a local orthonormal frame {U i }T:] for E, we have the expression

m

Age p s = [_ (ng)2$ 4 (ng U’>Z vgjs} (2.9)

j=1

*
with (Vg U j)u being the divergence of the vector field U ; withrespect to . Changing
the volume form w changes the sR Laplacian (2.8) by a conjugate, up to a term of

order zero.
The sR Laplacian A ¢ ¢, is non-negative and self-adjoint with respect to the obvi-

ous inner product (s, s') = [y hf (s, s") . s, 5" € C* (X; F). Its principal symbol is
easily computed to be the Hamiltonian

o =0 (Bgep,) (0, 6) = HE (x,8) = &l € = (T*X) (2.10)
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while its sub-principal symbol is zero. The characteristic variety

Zap,, =@ e T*Xlo (Agr p ) (x.§) =0} = {(x,§) | §lp =0} = E*
(2.11)

is the annihilator of E. From the local expression (2.9) and the bracket generating
condition on E, the Laplacian Agr p , is seen to be a sum of squares operator of
Hormander type [20]. It is then known to be hypoelliptic and satisfies the following
optimal sub-elliptic estimate [33] with a gain of % derivatives

1WsBe < C[(Age 05 05) +llgsIZa ], Vs eC¥OGF)  @12)

for all ¢, ¥ € CZ°(X), with ¢ = 1 on spt (), and where r := sup, .y r (x) is the
maximum step size of the distribution.

Thus on a compact manifold the sR Laplacian has a compact resolvent, a discrete
spectrum of non-negative eigenvalues approaching infinity and a well-defined heat
operator ¢ " S¢E Fur,

2.1.1 sR heat kernel

We shall now describe the asymptotics of the heat kernel e "2¢E.Fu One first begins
with the finite propagation speed for the SR wave equation [29]: the Schwartz kernel

K; (x, y) of the half-wave operator ¢V AE P i supported

spt K © {9147 (v, y) < 1l 2.13)

ina |¢| size neighborhood of the diagonal measured with respect to the sR distance (2.1).
From this one obtains a localization for the heat kernel. To state it, fix a Riemannian

metric g7* and a privileged coordinate ball B3 ™ (x), centered at a point x, of radius
ox depending on x. Let Uy, ..., U, be a local orthonormal frame for E on this ball.
Let x € C®°([—1,11;[0, 1]) with x = 1 on [—%, %] Define the modified measure
and vector fields on R” via

TX
. _ d® " (x, x' -
;= U 1>+X<#>(U,-_Uﬁ ")oi=j=m @14

in terms of the nilpotentization at x given by these privileged coordinates. These
modified vector fields can be seen to be bracket generating for o sufficiently small. The
connection on F can be written V¥ = d + A, in terms of an orthonormal trivialization

TX
for F over the ball, where A € Q! (Bg x); u(l)), A(0) = 0, is a one form
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valued in the Lie algebra u (/) of the unitary group. A modified sR metric g¥ on
R" is now defined by requiring the vector fields (2.14) to be orthonormal. While a
modified connection on the trivial vector bundle of rank rk (F) on R” is defined as

~F . dE (x,x") .. . .
Vi i=d+x (T) A. A formula similar to (2.9) now gives an sR Laplacian on
R” via

m
- ~ 2 ~E ~ * o
F F
Agr pps = [— (V) s+ (ve Uj>ﬂ Vﬁ_s]

J
j=1

Being semi-bounded from below, it is essentially self-adjoint and has a well-defined
heat kernel on R” using functional calculus. Furthermore from the bracket generation
of (2.14), it is of Hormander type and satisfies a local sub-elliptic estimate (2.12).
Next, an application of finite propagation speed for the wave operator (2.13) gives
localization for the heat kernel for the sR Laplacian. Namely, there exist constants
p1.x, Cx depending on x such that

—tA E ’ —2nr—1 7dE(X'X/)2
e TsFra(x,x") < Ct e @ (2.15)
2
By o,
R (x, x) — e B b (x, x') < Crem (2.16)

ford® (x,x') < g1 vandt < 1.
We now have the following on diagonal expansion for the sR heat kernel.

Theorem 4 There exist smooth sections A; € C*° (X; End (F))such that

[e—’AgE.F,uL (x.x) = ¢Q<+>/2 [Ao )+ AL )4+ Ay )Y+ 0 (zN)]
2.17)

Vx € X, N € N. The leading term Ay = |:e_A£'Evﬂ:| (0, 0) is a multiple of the identity
m
and given in terms of the scalar heat kernel on the nilpotent approximation at x.

Proqf By (2.16) it suffices to demonstrate the expansion for the localized heat kernel
e_tAgE F.e (0, 0) at the point x. Next, the heat kernel of the rescaled sR-Laplacian

A;E’M =67 (8e)u Ayt p (2.18)

under the privileged coordinate dilation satisfies

_+AE

B (x,x) = £QW T AE R (5,2, 8,1 (2.19)

Rearranging and setting x = x’ =0, ¢ = 1; gives

670w ME R (0,0) = ¢~ BeEr i (0,0)
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and it suffices to compute the expansion of the left-hand side above as the dilation
& — 0. To this end, first note that the rescaled Laplacian has an expansion under the
privileged coordinate dilation

Ay, = Zsz( +eNHRM v, (2.20)

Here each A;]E) Fou is an g-independent second-order differential operator on R” of

homogeneous E-order j — 2. While each RgN) is an ¢-dependent second-order differ-
ential operator on R” of E-order atleast N — 1. The coefficient functions of A;’E) Fo €

polynomials of degree at most j +2r. While those of R(N) are uniformly C*°-bounded
in ¢. The first term is a scalar operator given in terms of the nilpotent approximation
at x

m
2
A0 _ (=D
A =g Z(Uj ) . 2.21)
This expansion (2.20) along with the subelliptic estimate (2.12) now gives

Af (A0 ) 'Zo Imz| 2
eE P C eE Fou Z s gotl/r=2 & |Imz| ,

loc loc

Vs € R. More generally, welet /; .= {p = (po. p1....) Ipa €N, Y po = j} denote
the set of partitions of the integer j and define

—1 —1
e ©) A (A0
=) <A D - z) {]‘[ NG (AgE’M - z) } .2
o

pEI_]'

Then by repeated applications of the subelliptic estimate we have

N
—1 .

A8 ) — e/t =0 ( N+l _ZNw”_z)

( EFu T E ; H — BN/ [Imz| ,

(2.23)
~ M,
Vs € R. A similar expansion as (2.20) for (AZE,F»M + 1) (AZE,F,M — z), M e N,
also gives
N
~ -M /. —1 .
<A;E’F’M + 1) (A;E’FYM - z) ~YeICS
j=0
=0 (M lmz =2 =2) 2.24
Hloc HlSoJLrN(l/r 2)+M | | ( )
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z _ N+1 —2Nw,—2\ = _ :
where C% /= OHS ginarap it (eV ! |Imz] "=2),j=0,...,N, with
lncﬁHloc

R -M ;. -1
Com = (A(goE),F,M + 1) (A;(?,F,u - Z) '

For M > 0 sufficiently large, Sobolev’s inequality gives an expansion for the
corresponding Schwartz kernels of (2.24) in C° (R" X R"). The heat kernel expansion
now follows by plugging the resolvent expansion into the Helffer—Sjostrand formula
(see [15, Ch. 8, eq. 8.3] for this formula and the notion of an analytic continuation
used therein). Finally, to see that the expansion only involves even powers of ¢, or that
(2.17) has no half-integer powers of ¢, note that the operators A(gJE) Fou in the expansion

(2.20) change sign by (—1)/ under the rescaling §_1. Thus the Schwartz kernel for Cj.

(2.22) then changes sign by (—1)7 under this change of variables giving Cj. 0,0)=0
for j odd. o

The above proof similarly gives an expansion for functions of the Laplacian

1
o (182 £.)], &2 0) = 57 [4§ 0+ AT @i+ af 0+ 0 ()],
(2.25)

Vo € S(R). As usual, the same proof gives a point-wise, near-off diagonal
expansion for the heat kernel and its derivatives: i.e. an asymptotic expansion for
[¢ (tAgE’F,M)]M (Bt% X, 8t% x’), ast — 0, on the chosen privileged coordinate ball in
the C°°-norm on the product. This is only a matter of different substitutions in (2.19)
and in the Helffer—Sjostrand formula for ¢ in (2.24).

However both the above and the expansion Theorem 4 hold only pointwise along
the diagonal. In particular, the leading order Q (x) is in general a function of the point
x on the diagonal. This hence does not immediately give heat trace or spectral function
asymptotics for the sR Laplacian as the expansion might not be uniform or integrable
in x. In the equiregular case, where Q (x) = Q is constant, a uniform set of privileged
coordinates, privileged at each point in a neighborhood of x, may be chosen in the
proof. This gives the uniformity of the expansion in x and one obtains the asymptotics
for the Weyl counting function N (1), for the number of eigenvalues of A, -, below
A

Theorem 5 For an equiregular sR manifold case there is a heat trace expansion

B 1
tre PAGE P — [ao +apt+--- +aNtN +0 (tN):I ’

10/2
VN € N, with leading term given by ay = fx I:e_Ai’Eﬁi| (0, 0) . Thus the Weyl
Q
counting function satisfies
2921 1 —A
NQ) = (—+0()) |:e AéE,/l:| (0, 0) .
reez+n Jx i
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The above two theorems are by now well known [4, 24, 30, 37], with the investiga-
tion of the small time heat kernel asymptotics having begun in [7]. The above proof is
based on the analytic localization technique [8] combined with the use of sR geometric
privileged coordinate dilations.

3 Bochner Laplacian on tensor powers

A natural place where sub-Riemannian structures arise is on unit circle bundles. To
be precise, let us consider (X L E, gE ) a corank 1 sR structure on an n-dimensional
manifold X. We assume that there is a free S! action on X with respect to which the
sR structure is invariant and transversal: the generator ¢ € C (T X) of the action
and E are transversal at each point. The quotient ¥ := X/S! is then a manifold with
a Riemannian metric g”¥ induced from g%. Equivalently, the natural projection 7 :
X — Y is a principal S! bundle with connection given by the horizontal distribution
E.LetL := X x,S' — Y be the Hermitian line bundle associated to the standard one-
dimensional representation p of S' with induced connection VX and curvature R”.
Since the distribution is of corank 1, the growth vector at x is simply a function of the

step 7 (x) and given by mE (x) = (0, n—1,n—-1,....,n—1, n) (2.3). Equivalently,

r(x)—1times

the canonical flag (2.2) is given by

E; 1=<j=rkx) -1
E;j(x)= ) .
rTxX; j=r)
Also, note that the weight vector at x is wk (x) = (1, L,...,1,r(x) ), while the
————

n—1 times
Hausdorff dimension is given by Q (x) = n — 1 4 r (x). On account of the '
invariance, each of m% (x), r (x) and Q (x) descend to functions on the base manifold
Y. The degree of nonholonomy r (x) at x is now characterized in terms of the order
of vanishing of the curvature R’ as below.

Proposition 6 The degree of nonholonomy of an S' invariant sR structure
r(x) —2=0rd<RL) = min{l|j7lr(x) (RL) ;éo} 3.1)

is given in terms of the order of vanishing of the curvature R™ on the base.

Proof In terms of local coordinates on Y and a local orthonormal section 1 for L,
we may write VX = d + ia*; ot € Q'(Y), while E = ker [d0 + a*] with 6
being the induced coordinate on each fiber of X. The proposition now follows on
noting [Ui, U j] = (da")ij 0y = RiLj dp for the local generating vector fields U =
dy; — a]L d9, 1 < j < n—1.Repeated brackets among the U;’s are then given in terms

of derivatives of the curvature RL. O
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Thus we see that the bracket generating condition is equivalent to the curvature R-
having a finite order of vanishing at each point of Y.
3.0.1. Structure of Y,. As noted before, the function y + ry (1.2) is upper semi-
continuous and gives a decomposition of the manifold ¥ = U;:2 Yi; Y, =

{y € Ylry=j} with each Y- = Ujf:o Y being open. We next address the local
structure of Y., the locus of highest vanishing order for the curvature.

Proposition 7 The subset Y, C Y is locally any closed subset of a hypersurface.

Proof First, express the curvature RL = R{ﬁd yi A dy; in some coordinates centered
at y € Y,. By definition, Y, is described by equations of the following type near y

OYRL =0, Vi, j=1,2,....n—1, aeNy " Ja| <r—3, while (32
8“0RL # 0, forsomeio,joz1,2,...,n—1,aoeNg_l,mol:r—Z. 3.3)

i0Jo
The second equation (3.3) implies that one of the functions 8"‘ R;
non-zero differential and cuts out a hypersurface
Conversely, let S C {0} x BY »%w}’n—l C ]R’y’_yz ’’’’ y,_, be any closed subset of the
n — 2 dimensional ball, sitting 1n51de the hypersurface { y1 = 0} inn — 1 dimensions.

By an application of the Whitney extension theorem, there exists a smooth function

”,|a| =r —3,hasa

f (y21 s Yn l) € COO (Rn ’%, 1) SuCh that S = {0} X {f)’3 =...= fyn—l = O}
The closed two form
1 n—1
Rt =d |:—fdyl + Ey%dyz} = (1 + fiu) dyidyr + ) fydnidy;
j=3

is the curvature of some connection on the trivial line bundle over the ball. This

curvature form satisfies » = 3 with Y3 = {y1 + fy, = fy = -+ = fy,_, = 0}. The
local structure of Y3 near the origin is now the same as S under the diffeomorphism
DL Y2 Y1) = (V14 Frpe Y20 oo Y1) o

3.1 Smallest eigenvalue

The unit circle bundle of L being X, the pullback C = 7n*L — X is canonically
trivial via the identification 7*L > (x,l) — x~'I € C. Pick an auxiliary complex
Hermitian vector bundle with connection (F, 2", VF) on ¥ and we denote by the
same notation its pullback to X. Pulling back sections then gives the identification

C* (X: F) = @penC™ (Vi F@ LY) (3.4)
Each summand on the right-hand side above corresponds to an eigenspace of Vf
with eigenvalue —ik. While horizontal differentiation d H on the left corresponds to
differentiation with respect to the tensor product connectionVLk on the right-hand

side above. Pick an invariant density py on X inducing a density pny on Y. This now
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defines the sR Laplacian A,z p , —acting on sections of F. By invariance the sR

Laplacian commutes [A oE Foux e] = 0 with the generator of the circle action and
hence preserves the decomposition (3.4). It acts via

A F oy = OkenAk (3.5)

on each component where Ay is the Bochner Laplacian (1.1) on the tensor powers
F ® L*, with adjoint being taken with respect to pty.

Next, we show that the heat kernel expansion for the sR Laplacian Theorem 4 gives
a corresponding heat kernel expansion for the Bochner Laplacian.

Theorem 8 The heat kernel of the Bochner Laplacian Ay, has the following pointwise
expansion on the diagonal

N ) = k=i [Z?’:o ay (i k~H/ + 0 (ki(N“)/’)]; yevy,
’ 0 (k=>°); yeYe

(3.6)

with leading coefficient ag (y;t) = e "2y (0, 0) being the heat kernel of the model
operator (A.3) on the tangent space.

Proof The Fourier decomposition for the Laplacians (3.5), gives the corresponding
relation

e T 1, y2) = |:/ o e_TAgE’F’#X (lyl ) lyzeig) e_ikg] ly, ® l;kz 3.7

between the heat kernels with [y, [,, denoting two unit elements in the fibers of L
above y1, y» respectively. We again note that the kernels are computed with respect
to the densities wy, iy chosen before. The above relation together with (2.15) first
gives

— A -N
e ¥t (y1, ) =cenk™", VN €N, (3.8)

when d (y1, y2) > ¢ > 0.

Choosing a coordinate system centered at a point y € Y and a local orthonormal
section 1 of L gives an induced coordinate system on the unit circle bundle near x.
It is easy to see that this induced coordinate system is privileged at each point on the
fiber above y.

Next, using (3.7) with T = €2t and y1 = y2 belonging to this coordinate chart, one
has

_g2 . ’ : ’
e~ (yy, yp) = [/ s ¢ B (l O, 1 (yl)e“sfe)e_’k‘w}
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where §, denotes the privileged coordinate dilation as before. Now setting y; = ¢y =
8¢y, the Egs. (2.19), (2.20) in the proof of Theorem 4 give an expansion for the
integrand above

e~ (8,y, 8:y)
o0 N 24 g2N+1
1 —ikdg - ’.
=/d8806 1R0e8 o= QLY E arj (y,0';1) ™ + Q())/ZRN+1 (v, 0'51)
(3.9)

uniformly in# < 1 andy € Bg (0), VR > 0. A slight difference above being that the
coefficients a; (y, 0’; t) above are computed with respect to the model nilpotent sR

Laplacian Ay = Ag){‘Y’jr—ZR‘I: (A.5) on the product Sgl x R"~! rather than (2.21) on
Euclidean space. In particular, the leading term is ag (y, 0'; 1) = e1hy (y.0;y,0).
Now set ¢ = k_% andry (y) =1 — @ to obtain

o Bk (k_%y, k_%y)

N

= /d8k_|/r9'e_ikrl(y)0,kQ(”/’ Doy, 00k + 0 (k—<2N+1>/’)
j=0

- {k‘"—”/’ (XN gar k200 0 (NI y ey,

(3.10)
0 (kioo) 5 y e Yfr—l

following a stationary phase expansion in 6. Finally, setting y = y; = y in (3.10)
proves the theorem.

Above we again note that the remainders are uniform fory € Bg (0),VR > 0.
The first coefficient is given by the model Laplacian on the tangent space A, =

Ag}ry’jr_zRyL_ via

ap (y; 1) = /dG’ ~i0 g1 A,y (v.0;y,0") = e "% (y,y)

by (A.7). While the general coefficient has the form
| B . _
aj(y; ) = —— | 9p(2)C5; (y,y)dzdz
T Jc

5= (Ay—2) |:HA,,a 1} (.11

pélzj

as in (2.22), for some set of second-order differential operators A;, j = 1,2,...,
(see also (3.9) below). Above p denotes an almost analytic continuation of p € S (R)
satisfying p (x) = e~ ", x > 0. O
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We now show how the heat kernel expansion immediately proves our first Theo-
rem 1.

Proof of Theorem 1 We first give a short argument for asymptotic bounds on the small-
est eigenvalue

Cik¥" =€y < ho (k) < CL+ 0 (K. (3.12)

The upper bound follows easily from a min-max argument. Namely by the min-max
principle for self-adjoint operators applied to the model operator A, on the tangent
space at y € Y, there exists Ve cx (R”_l), l¥r|| = 1 such that <Ay1ﬁ, 1}) <
Ao (A y) + &, for each ¢ > 0. Furthermore, the model operator arises as the leading
term (8;-1/r), A = k*/" [Ay + O (k=V/")] under the rescaling -1,y == k= '/"y
in geodesic coordinates centered at y (cf. also Sect. 3.3 below). From the min—-max
principle for Ay one then obtains

k) o o
,fz/r <k <Ak¢<’§w/f6‘>fko (Ay) +o(1)

for Y& = k®=D/7 (8;-1r)" 4. The upper bound (3.12) now follows. For the lower
bound, we combine the trick of Guillemin—Uribe with the Rothschild—Stein subelliptic
estimate (2.12) on the circle bundle to obtain

1 2
Cy Hag/rsH <(C; ||S||§11/r < [(AgE,F,#XSvS>+ ”S”iz] ,

Vs € C®°(X; F).Lettings = * 1//6‘ be the pullback of the orthonormal eigenfunction
1//(1)‘ of Ay gives C1k*/" < (ro (k) + 1) as required. To obtain the leading asymptotic
(1.5) in Theorem 1 however one needs to show C; = C in (3.12). This requires a closer
look at the Rothschild—Stein subelliptic estimate (2.12) and in particular identifying
the sharp constant therein.

We instead take an alternate route via the heat kernel, this is also consistent with
our proofs of the other two theorems in the introduction. First for any 0 < #; < 12,
y € Yy and R > 0, one has the following estimate at leading order using (3.10)

_1 S N N |
)"O(k) _ 1 1 fBR(O)d<k ry)e kz/r k(k ry’k ry>
n
K2 T (th —t D N Ay e N |
(2 —11) fBR(O)d<k ry)e ar k(k ok ry)
1 Jpe@@ye ™ (v.y) + 0 (k71V7)
= In —= —
(2 —1)  \ [z, dye 22 (v, y) + O (k=1/7)

1 dye™"% (y.y)
- in ( L220 — +o (k). @3
(2= 1)\ Jpeodye ™™ O0.y)
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This already gives an upper bound on the first eigenvalue. To identify the constant
(1.7) one takes the limit as 1; — 7 to obtain

ro (k) _ JBr0) @Y [Aye™ "% ] (y,y) 4o (kfl/’)
I [ dye ™ (v y) '

Vt; > 0. Using Proposition 19 of Section A, this gives lim sup;_, A]fz(/li) <o (Ay)+
e,Ve > 0,y € Y, and hence

2o (k
lim sup % < inf Ao (Ay). (3.14)

k— 00 yeYr

For the lower bound on X (k), first note that as in (2.25) one may prove an on diagonal
expansion

1 —)/r —1/r —N/r - r
¢<WAk)(y,y):k<" b/ [ag’ @) +a’ k4 al kN +0(k (N+D/ )]

Yo € S(R), and where the coefficient a? has the form (3.11) with p replaced with an
analytic continuation of ¢. Next note that each of the terms C3 ; (3.11) is holomorphicin

z for Rez < C = infyey, Ao (Ay). This gives ¢ (#Ak) (y,y) =0 (k—N) VN €
N, uniformly in y € ¥, for ¢ € C° (—o0, C). Thus

Ao (k) 1 _
§0< 2 )SU'QO(WA]() =0<k N)

and hence inf Ao (A ) < lim inf M
yey, Y= 5% k2/r

(3.15)

From (3.14), (3.15) we have (1.5).

Ao (k)
The estimate on the eigenfunction (1.6) then follows from |1p(’§ (y)|2 < ek
__1
¢ 27 (y. y) on using (3.6) and (1.5). o
3.2 Weyl law

In this subsection and the next, we shall prove Theorem 2 assuming Y, = U;-V:] Y, jto
be a union of embedded submanifolds, of dimensions d; = dim (Yr, j), along which

the curvature R” vanishes non-degenerately (1.8). Before proceeding, the following
remark on our non-degeneracy hypothesis is in order.

Remark 9 (Non-degeneracy hypothesis) The non-degeneracy hypothesis (1.8) can be
described more explicitly in local coordinates. Namely, if we choose a coordinate
system
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)’17--',)’dj§)’dj+la ey Yn—1

/ 7"

=y =y

neary € Y, jin which ¥, ; = {y” = 0} is given by the vanishing of the lastn — 1 — d;
of these coordinates, then the curvature can be Taylor expanded as

RF= 3" D Rpga (v")" dypdyy +0 ((y”)"l). (3.16)

le|=r—2 p,qg=1

=R}
The non-degeneracy condition (1.8) is now seen to be equivalent to the implication
(aﬁkg) () =0, VIBl <r—2 « y'=0. (3.17)

That is, the (r — 2)-order vanishing locus Y, = Yr0 = {y € YJord, (R(I)‘) =r— 2} is
locally the same for the curvature R” and its leading part Ré. An example of a curvature
that is not non-degenerate in this sense is RL = (yl2 + y§ ) dyidy,. Here r = 4, the
leading part of the curvature is R} = yfdyidy,, while {0} = Y4 # Y = {y; = 0}.

A more restrictive condition, that is common in the literature and satisfied in the
Montgomery case [31], is that the curvature RZL defines a ’magnetic well” at Y, [19].
This assumes the existence of positive constants Cy, Co > 0 for which the curvature
satisfies

Cldf (5 Y, 2 < [RE ()| < Codf (.Y, 2, Wyey,  (I8)

with dé denoting the Riemannian distance above. It is easy to see that the
above (3.18) is stronger than and implies our non-degeneracy hypothesis (3.17).
Examples of curvatures in dimension two that are non-degenerate (3.17) with-
out defining a magnetic well (3.18) are RY = y;y»dy;dy; (normal crossing),
yiy2 (1 + y2) dyidya, y1y2 (y§ — v3) dyidy, (multiple crossings), yi (y2 — y7)
dyidy, (tangential crossing), yi (y; —y3)dyidy, (cuspidal vanishing) and y

(y’fJrl + y22> dyidyy (A,:—L singularity). While in higher dimension a general class

of examples is given by curvatures of the form R = fdf A yidy, € Q? (R"‘l),
for f = y2...yu—18 2, ..., Yn—1), With g being any homogeneous polynomial.
The vanishing set Y>3 for these curvatures includes {0} x V [g] for the variety

,,,,,

g. While the highest order vanishing locus Y, = {0} is the origin for the above.

By a standard Tauberian argument, the first part of Theorem 2 on the asymptotics
of the Weyl counting function now follows from the following heat trace expansion.
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Theorem 10 Assume that Y, = U;V:1 Y, j is a union of embedded submanifolds,

of dimensions d; = dim (Yr,j), along which the curvature R vanishes non-
degenerately (1.8). For any f € C® (Y), the heat trace of the Bochner Laplacian
satisfies the asymptotics

N (M
tr [fe_ﬁAk] _ Z [Zk(deS)/r |:/NYY aj (f: t):| +0 (k(deMl)/r)}

j=1 Ls=0 .
(3.19)
VM € N, t < 1. Moreover, the leading terms above are given by
ajo(fi)= fly, e @), veNY, (3.20)

in terms of the pullback to the normal bundle of fly, i

Proof By Theorem 8 it suffices to consider f supported in a sufficiently small neigh-
borhood of a given point y € Y, ;. We then again choose a coordinate system near y
in which Y, ; is given by the vanishing of the last n — 1 — d; of the coordinates and
in which the curvature has the Taylor expansion (3.16). We may further assume the

n—1

coordinate vector fields {By j} | to be orthonormal at y. The model operator (A.4)

on the tangent space

2

n .
Ay=-— Z Z (ayp + l;yq (y,/)a quqa) )

la|l=r—2 p,q=1

is given in terms of this leading part of the curvature. Below it shall also be useful to
define the model semiclassical k-Bochner Laplacian

n . 2
ik
AT =— 3" ) (ayp + ()" qu,a) , Vk>0, (3.21)
lo|=r—2 p,qg=1

corresponding to the leading part of the curvature in (3.16).
Next from (3.10) one has

N
RN (Bey, Soy) = KOV S gy, (ek!/ry: 1) k72007 4 0 (k=N
=0

with  ag <5k1/’y; z) — N (ekl/’y, 5k1/’y> : (3.22)
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uniformly for k=17 > ¢ and y € B (0). Furthermore, substituting t = Ezk;z/, in (3.9)
we obtain

LA —(n— — j
e ¥Ir k(ssys Sey) = ¢ “ ])/ d'e™" ZaZ/ <y’ 2k2/r>82] 623

G2N+1 1
—i—WRzNH (%9 2k2/’> ;
1
(y’ 2k2/r>_e T (y,0:y.6') (3.24)

uniformly for k € N, k=Y < gand y € Bj (0). The leading term above is identified
with the heat kernel

__1_Amod —ike" 0’ —1
e KONk (y y) = /de/e o (y’ v ezkz/’)’

of the model k-Bochner Laplacian (3.21) for k := k&”". One next chooses

//|_1
- ’

Y=(0’---»0;yd_,-+1,-.-,yn—1>,
T ————

5/

=y =y "

of the given form so that ordy (ROL) < r —2by (3.17). Then

mod

A (yy) = e ,<k1/ry, kl/ry) =0 k), (3.25)

follows by a stationary phase type argument as in Theorem 8. A similar argument
applied to the subsequent terms in (3.24), which are given by convolution integrals

with the leading part, shows that [ d6’e —ike’d’ az; (y, 0'; ezk%/,) =0 (k_oo), Vj.
In particular, the terms of (3.23), (3.24) are integrable in ¢ for fixed k. Thus (3.22),

(3.24), (3.25) and a Taylor expansion for f near y = 0 combine to give (3.19). O

3.3 Expansion for the smallest eigenvalue

In this subsection we prove the second part of Theorem 2 on the expansion for the first
eigenvalue Aq (k), assuming non-degeneracy (1.8) and when Y. is a finite set of points.
The same argument as below, with a minor modification, also gives an expansion for
the mth eigenvalue A, (k) for any fixed m € Np.

Before proceeding, we note a short argument showing that a weaker version of the
second part (1.10) of Theorem 2 is immediate from its first part (1.9). Namely, when Y
is a finite set of points (or d;m" = 0), the number of eigenvalues for the Bochner Lapla-

cian N [c1k?", c2k?/"], forc; < C < ¢3,hasalimitask — oo by (1.9). Furthermore,
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by Theorem 10 the functional traces tr ¢ (kz% Ak>, ¢ € C(cy, c2), involving the

eigenvalues in this interval, have expansions in powers of k~!/". Thus for k sufficiently
large A¢ (k) is a root of the polynomial py—1/r (1) == I (oeferk2rr ek (A —Aj (k))
of a fixed degree in 1. The coefficients of this polynomial can be written in terms of the
functional traces and hence have expansions in powers of k~!/”. By an application of
analytic perturbation theory for polynomial roots [23, Ch. 2.2], the smallest eigenvalue
Lo (k) has an expansion in powers of k~!/M" where M € N is the multiplicity of one
of the roots of pg (1).

The above argument is however insufficient to obtain an expansion in powers of
k~1/7 Below we instead show that Aq (k) is an eigenvalue of a family of self-adjoint
matrices Aj-1/r, of fixed rank, whose entries admit expansions in k=17 One may then
apply analytic perturbation theory for self-adjoint matrices. This requires working at
the level of eigenfunctions and our technique again partly borrows from [8, Ch. 9].

We first need some terminology. Let o < min {% %i gry} be smaller than half the
injectivity radius i,ry of (Y g ) Choose a geodesic coordinate system on a ball

By, (y) centered at y € Y. Below it shall also be useful to choose ¢ small enough so

that the balls { By, (y)}er are disjoint. Choose local trivializations 1, {s; };TI F) of

L, F over By, (y) that are parallel with respect to VL, VF respectively along geodesics
starting at the origin. The Bochner Laplacian can be written in this local frame and

coordinates as Ay = (VF®Lk)* VFOLY where
vFeL — g 4 af 4 kat
ak = /01 dp (py"R,fq (pX)),
a = dp (py?RE, (). (326)

With x € C®([—1,1];[0,1]) with x = 1 on [—3, 3], we define the modified
connections on R"~! via

o —aen (L)t
20

1
VL —d+ /Od,o,oyk<RL>jk(,0y) dy;. where

el @e e
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Further, we choose a modified metric 7Y which is Euclidean outside B, (v)
and agrees with g7 on B, (y). This defines the modified Bochner Laplacian Ay =

~ * o . ~
(VF®Lk> VFOL" goreeing with Ay = Ay on the geodesic ball B, ().

A dilation as before is now defined via 8;-1ry = (k="/"yy, ..., k="/"y,_;) and
we consider the rescaled Bochner Laplacian

A=k (), Axe (3.28)

Using a Taylor expansion and (3.27), the rescaled Bochner Laplacian has an expansion

N
A=Yk ra; |+ VEDEN L VNS (3.29)
J=0
where each Aj = aj.pq (y) dy,9y, +bj:p (v) dy, +¢; (¥) (3.30)

is a k-independent, self-adjoint, second-order differential operator while each

B= Y yo‘[a;’.‘;pq(y;k)aypayq+b3~t;p(y;k)3yp+c;l(y;k)] (3.31)
la|=N+1

is a k-dependent self-adjoint, second-order differential operator on R”~!. Furthermore
the functions appearing in (3.30) are polynomials with degrees satisfying

degaj=j, degh; <j+r—1, degc; <j+2r—2
degbj —(j—1)=degc; —j=0 (mod2) (3.32)

and whose coefficients involve

a; : atmost j — 2 derivatives of R

, RTY and atmost Jj +r — 2 derivatives of RE

(3.33)

bj,c; : atmost j — 2 derivatives of RY

The coefficients a‘;‘_ v (y; k), b?, » (y; k), c;‘ (y; k) of (3.31) are moreover uniformly

C bounded in k. The leading term of (4.19) is computed
No=Ay = Ag;y’jrsz‘Lv (3.34)

in terms of the model Bochner Laplacian on the tangent space TY (A.3). We shall see
below that these operators (3.30) are the same as those appearing in (3.11).

Next, in our chosen coordinates and trivialization, the curvature RE again has a
Taylor expansion as in (3.16) with the non-degeneracy condition (1.8) being equivalent
to (3.17). If Y} is further a finite set of points then the model operator (3.34) at y € Y,
has a discrete spectrum, EssSpec (Ay) = {, by Proposition 18 in Section A. We then
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set A9,y < A1,y to be the two smallest eigenvalues of Ay and Eo,, = ker [Ay — Ao,y ]
the smallest eigenspace. Any normalized ¥ € Ey,y defines a quasimode

%00:x<|N)U”W”w@”w)ec“QﬁF®Lﬁ, satistying

:k<"*1>/2’5:71/r1/7

[V =1+0()
At = k2" 7o Tk + Oy (kl/’) . (3.35)

And we define Eo y to be the span of the quasimodes corresponding to an orthonormal
basis of Eq, . Finally set Xo = Mminyey, Ao,y, ¥r = {y € Yo, .y = Ao} C Y, and
X1 = min {Al yly € Y } {Aoy|y € Yr\Y } > Ag. Further set Eo = eBer Eoy
Cc® (Y, F® Lk) and EOL to be its L2 orthogonal complement.

We now have the following proposition.

Proposition 11 There exist ¢ > 0, kg € N such that

Km@&%&%ﬁgwm (3.36)

(At ¥) = % (o + ) K2/ (337)

foreachk > ko and ¥ € Ey, ¥ € C® (Y; F® Lk) N EN‘OL of unit L*-norm.
Proof The first Eq. (3.36) follows easily from construction (3.35).
TY
For (3.37), we first set x, ¥ = x (W) ¥, with d¢"" being the Riemannian

distance, for each y € Y, and split

ZXy ¥+ I_ZXy

yeY, yey,

=y =y

Now since the ¥, is compactly supported away from Y;., an argument similar to (3.12)
gives

(At ¥2) = [k = ] v (3.38)

for some constants ¢y, ¢z > 0 depending only on @. Next since x,V¥, y € Y,, has
compact support in B, (y), we may decompose

E
k—(n—l)/2r<5k—711/r> Y= ¥+ v
—
eker[Ag—Ao] eker[AO,;o]l
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_ 2
Clearly w;) is orthogonal to ¥ and Aoy while <A01/fy+, tp;) > Al H vy H by

definition. Furthermore, ¥ L Eo,y by construction and hypothesis. Hence we may
compute

(o kD25 ) = (v (= 0 KD )

= (02 (52, ) o [1 = (K175) ] )
=o ||

for any normalized Ve Eq,y. This in turn gives H w;’ H =o(1) nylﬂ
[1—0(1)] “Xylﬁ” and hence

vy

k)

{0k (5.2, ) v ko (525,) o) = (20w, w0) + (80w, w7

=iy 2 B o] v

On account of the rescaling (3.28), (3.29), (3.34) we then have

2

(A, o) = K27 [a —o (D] | xyv || (3.39)

Finally, with 1 = }_ .y x, we estimate

[vret'y| = p havrer v+ a - |a - vFery|
= p |~dxaw + VO | + (= o) |diaw + VO (=) v
=p|vFe v |+ a-p |V A= x| o vl

e 1/2
> ok [X — o D] 1w

@ Springer



Bochner Laplacian and semipositive Bergman kernel... 4109

1/2
+ (=) [k — o] T = x0 ¥l = 0 () Iy

1 172
= 5 (ko o+21) PEY Yy

for k > 0 by (3.38) and (3.39). O

Following the above proposition, the min—max principle for eigenvalues gives

_ _ 1 - _
Spec (Ax) C [Aokz/’ — k' ok + ckl/f] U [5 (o + 21) K", oo) . (3.40)

Ik =

Next, choose o € (ig, @) And let T = {|z] =«a} and ¢ € C. (0, a), with
@ = 1 near Ao, define a circular contour in the complex plane and a cutoff function

-1
respectively. The resolvent ( 2 Ak — z) then exists for z € ', k >> 0 and one may

Py = — LA L LA
0= i o e m2) = e

the spectral projection onto the span of the Ag-eigenspaces with eigenvalue in the first
interval Z; of (3.40). Finally, (3.36) and (3.37) imply that

define via

Py By > Eo :=@{ker(Ak—A):AeIk} (3.41)

is an isomorphism for £ >> 0. We now have the following.

Theorem 12 For any two quasimodes Jk, %i € Eq (3.35), the inner product
N
(T Ak POy = K27 3 kI 0 (KI7) (3.42)
=0
has an asymptotic expansion for some ¢; € R, j =0,1,....

Proof For two quasimodes lﬁk 1//k localized at two different points of Y, one has
(1/fk, A Powk> = O (k=) following a similar off-diagonal decay for the kernel of
[0 ( r Ak) as (3.8). We now consider two ¢k wk € Ey .y of the form (3.35) localized

at the same point y € Y,. In this case, first a finite propagation argument as in (2.16)
gives

1 -\~
(k. AxPovy) = <1ﬁk, Arg (WAk> %> + 0 (k™). while
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| R [ -
7 Bk <,€27Ak> (3 3) = KD ag a) (K7y,kTy) - (3.43)

follows by a similar rescaling as in (2.19). We now obtain an expansion for the right-
hand side above by a resolvent expansion for A similar to (2.23). Namely, let

I; = {p:(po,pl,...)|l7aEN,Zpa:j}

denote the set of partitions of the integer j and define

= X a9 |TTen@o-or ]

pel J
Then by repeated applications of the local elliptic estimate we have

N
(D=2 =3 kTICE = 0y e (KOO Imz V) (3.44)
/':0 0C 0C

for each N € N, s € R. Plugging the above expansion into the Helffer—Sjostrand
formula then gives

N
—j/r~® _ —(N+1)/r
he (A)_Zok el = Oy e (KH0) (3.45)
j:

VN € N and for some k-independent C(;.) e L? (R”*I X R”*]), j =0,1,....
A similar argument as (2.24), replacing (3.44) by the resolvent expansion for
(A4+1)"M (A —2)7", shows that the last expansion above is valid in C!
(R"~! x R""1), VI e N. Hence plugging (3.45) into (3.43) finally gives

N
(T, Ak Pod) — k¥ [ S ek = 0 (;;(Nfl)/r)
=0

VN € N, with ¢; == <1}, C?l/?’) as required. o
The proof of Theorem 2 now follows from the above and is summarized below.

Proof of Theorem 2 As noted before, the first part of the theorem regarding the Weyl
law (1.9) follows from Theorem 10 by a Tauberian argument.

For the second part of the theorem regarding the expansion for Ag (k), note
from (3.41) that the low lying eigenvalues of Ay are given by Spec (Aklg,) =
Spec (Ak| P E()) for k > 0. But since the matrix coefficients of Ag| PoE, Were just
shown to have an expansion in Theorem 12, the expansion for the smallest eigenvalue
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Ao (k) now follows by an application of standard perturbation theory for self-adjoint
matrices as in [23, Ch. 2.6]. O

Remark 13 (Spectrum and abnormals) Our Theorems 1 and 2 proved in this section are
generalizations of the results in [31]. This latter article seems to have been motivated
by describing a correspondence between the asymptotics of sR Laplace spectrum and
the phenomenon of singular or abnormal geodesies in sR geometry, and claims to have
achieved this goal. However our generalization of its results here shows that this is
not the case, as indeed the concentration of the eigenfunction ultimately occurs on the
locus Y, where the Hausdorff dimension is maximized. And this in general has little if
anything to do with abnormals. As a reference for the first spectral study of abnormals
in sR geometry we refer instead to the recent article [34] of the second author.

4 Kodaira Laplacian on tensor powers

In this final section, we shall prove the Bergman kernel expansion in Theorem 3.
Thus we now specialize to the case when Y is a complex Hermitian manifold with
integrable complex structure J. For the arguments of this section, we shall further need
to restrict to the two dimensional case, when Y is a Riemann surface (see Remark 16).
The metric g”" is induced from the Hermitian metric on the complex tangent space
TcY = T'OY. Further (L, %), (F, h') are chosen to be a Hermitian, holomorphic
line and vector bundles respectively. We denote by VX, V¥ the corresponding Chern
connections. The curvature R of V£ is a (1, 1) form which is further assumed to be
semipositive

RY (w,w) >0, vweT"Oy. 4.1

We also assume as before that the curvature RL vanishes at finite order at any point
of Y. We note that semipositivity implies that the order of vanishing r, — 2 € 2Ny of
the curvature R” at any point y is even. Semipositivity and finite order of vanishing
imply that there are points where the curvature is positive, the set where the curvature
is positive is in fact an open dense set. Hence deg L = |, #RL > 0, so that L is
ample.

Denote by (QO’* (X F® LK ) ; E_)k) the Dolbeault complex and define the Kodaira

Laplace and Dirac operators acting on Q** (X; F ® LX) via

1 I R
Oy == 3 (D)? = 395 + 05 O 4.2)
Dy =2 (3 +3}). 4.3)
Clearly, D, interchanges while [J; preserves Q%91 We denote D;E = Dy|qo.on
and O0)/' = Oj|goo. The Clifford multiplication endomorphism ¢ : TY —

End (A%*) is defined via ¢ (v) = V2 (v1"9 A —iy1), v € TY, and extended multi-
plicatively to the entire exterior algebra A*TY.
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1,0 . o . .
Denote by VI¥, VTY the Levi-Civita and Chern connections on the real and

holomorphic tangent spaces as well as by V"' the induced connection on the anti-
holomorphic tangent space. Denote by ® the real (1, 1) form defined by contraction
of the complex structure with the metric © (., .) = g’¥ (J.,.). This is clearly closed

d® = 0, or Y is Kohler, and the complex structure is parallel VIYj=0o0r VY =
v g gy

With the induced tensor product connection on A%* ® F ® L* being denoted via

VA eF ®Lk, the Kodaira Dirac operator (4.3) is now given by the formula

Dy = c o VATBFBLE, (4.4)

Next, we denote by R the curvature of V¥ and by « the scalar curvature of g77.
Define the following endomorphisms of A%*

@ (RF) = RF (w, ) wig, 7 = RF (w,d)
® (RL) = RL (w, ) Wiy, ¢ = RE (w, W)

(k) = kWi, 4.5)

in terms of an orthonormal section w of T1-9Y. The Lichnerowicz formula for the
above Dirac operator [26, Thm. 1.4.7] simplifies for a Riemann surface and is given
by

200y = D} = (VAO’*®F®L">* yASr@FeLk
+k[2a) (RL> _IL] + [2w (RF) _tF] —i—%a)(K). (4.6)

We now have the following.

Proposition 14 Let Y be a compact Riemann surface, (L, h™) — Y a semipositive
line bundle whose curvature R™ vanishes to finite order at any point. Let (F, h¥) — Y
be a Hermitian holomorphic vector bundle. Then there exist constants c1, ¢ > 0, such
that

1Dl = (erk®” = e2) I

forall s € Q0.1 (Y; F® Lk).

Proof Writing s = |s|w € Qo1 (Y T F® Lk) in terms of a local orthonormal section
w gives

20 (RY) =t |s,s) = RE (w, w) |s]> > 0 4.7
([20(r") = et s.)
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from (4.1), (4.5). This gives
<D,§s, s) _ <[<VAO-*®F®Lk)* yAS®FeLE | [Zw (RL) _ _L,L]

o)1 o]

0,% K\ * 0% k
- <(VA QFQL ) yASRFRL s’s>_CO Is2

> (k" = ) Is)?

from Theorem 1, (4.6) and (4.7). O

We now derive as a corollary a spectral gap property for Kodaira Dirac and Laplace
operators Dy, L corresponding to Theorem 1.

Corollary 15 Under the hypotheses of Proposition 14 there exist constants c1, ¢ > 0,
such that Spec () C {0} U [clkz/’ — 2, oo) for each k. Moreover, ker D, = 0 and
H! (Y; F® Lk) = 0 for k sufficiently large.

Proof From Proposition 14, it is clear that
Spec (D}C) - [clkz/’ — e, oo) (4.8)

for some c1, ¢ > 0 giving the second part of the corollary. Moreover, the eigenspaces
of D,% o001 With non-zero eigenvalue being isomorphic by Mckean-Singer, the first
part also follows. O

The vanishing H'! (Y T F® Lk) = 0 for k sufficiently large also gives

dimH0<Y;F®Lk> = (Y; F®Lk) :k|:rk(F)/ Py (L):| +/ c (Fy+1—g,
Y Y
(4.9)

by Riemann-Roch, with x (Y; F ® L¥), ch (F ® L¥), Td (Y), g denoting the holo-
morphic Euler characteristic, Chern character, Todd genus and genus of Y respectively.

Remark 16 Our proof of the last two results Proposition 14 and Corollary 15 follows
[18, 25] from the positive case. In the semipositive case however the proof only works
on a Riemann surface, since in higher dimensions there are more components to the
[2w (R*¥) — t1] term (4.7) in the Lichnerowicz formula (4.6) which semipositivity is
insufficient to control.

Indeed, Donnelly has shown a counterexample to the existence of a spectral gap
for semipositive line bundles in higher dimensions [16]. In the same paper [16, Cor.
3.3], Donnelly has also observed that on a Riemann surface the Kodaira Laplacian
satisfies an O (1) spectral gap: Spec (x) C {0} U[c, 00), for some ¢ > 0, by using its
equivalence with the closed range hypothesis for the Kohn Laplacian [, on the unit
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circle. It is however crucial for our proof of the Bergman kernel expansion Theorem 3
that the size of the spectral gap is O (kz/ r), as in Corollary 15, or that it is at least
growing with k.

4.1 Bergman kernel expansion

We now investigate the asymptotics of the Bergman kernel. Recall that this is the

Schwartz kernel I (y1, y2) of the projector onto the kernel of [J; with respect to the
0

L? inner product given by the metrics g7 ¥, h¥ and L. Alternately, if {s | }i\i | denotes

an orthonormal basis of eigensections of H° (X; F ® L¥) then

N
e (1, 32) = )5 ) ® 57 (32)* (4.10)
j=1
We wish to describe the asymptotics of ITx (v, y) along the diagonal in ¥ x Y.
Next as in Sect. 3.3, we fix a geodesic coordinate system centered at y € Y.

By using parallel transport of an orthonormal basis {w}, {/}, { f ]}rk(F) for Tyl’OY ,

Ly, F with respect to VT]'OY, vL, vF respectively we obtain a local orthonormal
trivialization for the corresponding bundles over a geodesic ball B, (). In this frame

and coordinate system, the connection on the tensor product A~ ereLt again has a
similar expression as (3.26).
We now define a modified frame {&} on T':°R? which agrees with {w} on BQ )

and with H 7 3x1 + leZ)} outside By, (). Also define the modified metric g’ and
almost complex structure J on R? to be standard in this frame and hence agreeing
with g7, J on B, (y). The Chnstoffel symbol of the corresponding modified induced
connection on A0 “*now satisfies @ = 0 outside By ().

Further we may as before define the modified connections vF , viL (3.27) as
well as the corresponding tensor product connection VAN ®FOLY which agrees with
VAM®FELY on B (y). Clearly the curvature of the modified connection V'~ is given
by R (3.27). This modified curvature can also be seen to be semipositive and van-
ishing to order r, — 2 for g sufficiently small. We now define the modified Kodaira

Dirac operator on R? by the similar formula Dy = ¢ o VA" ®F8L" aoreeing with Dy
on B, (y) by (4.4). This has a similar Lichnerowicz formula

D = 20 o= (A 0RL) gA0nerert i [y (7) - 7]

=A;

+ [Zw (RF) - fF] + %a) @) @.11)

with the adjoint being taken with respect to the metric g’ and corresponding volume
form. Also the endomorphisms RF,ZF L and w (i) are the obvious modifications of
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(4.5) defined using the curvatures of V¥, VX and g7 respectively. The above (4.11)
again agrees with [J; on B, (y) while the endomorphisms RF,#F w (%) all vanish
outside B, (y). Being semi-bounded below (4.11) is essentially self-adjoint. A similar
argument as Corollary 15 gives a spectral gap

Spec (ik) c{0juU [clkz/’y — e, oo) . (4.12)

To repeat some parts of the argument, first note that by construction the localized
Bochner Laplacian in (4.11) is the rescaled model Laplacian Ak = k2 A NoZ ™" on
the complement of a compact ball B, (). Using the global subelliptic estimate for
the model Laplacian (A.6), one obtains ¢y, ¢ca > 0 such that

<Aks, s) > (clkz/’ - cz) lIs|2 (4.13)

for each s € C2° (B, (y)°) supported outside the ball. Combinig this with the
local subelliptic estimate on the compact ball B, (y) one obtains (4.13) for each

s € C¥ (R2) and hence for all s in Dom (Ak> as an unbouded operator on LZ.

The spectral gap (4.12) for CIx now again follows by the Lichnerwicz formula as in
the proof of 15.

By elliptic regularity, the projector IT; from L2 (Rz; Ag’* ®F® L?k> onto
ker (Iﬂk) then has a smooth Schwartz kernel with respect to the Riemannian vol-

ume of g77.
We are now ready to prove the Bergman kernel expansion Theorem 3.

Proof of Theorem 3 First choose ¢ € S(R;) satisfying ¢ (0) = 1. For ¢ > 0, set

@1 (5) = ljc,00) (5) @ (5). On account of the spectral gap Corollary 15, and as ¢
decays at infinity, we have

o Oy — Ty = @1 (L) with
H Degr (Dk)HmaU =0 (k™) (4.14)

Va € N. Combining the above with semiclassical Sobolev and elliptic estimates gives
o (@) = Mileryxyy = O (k%) (4.15)
VI € Np. Next, we may write ¢ (L) = % fR eiEDkg@ (&) d& via Fourier inversion.

Since Oy = [J; on B, (y), we may use a finite propagation argument as in (2.16) to
conclude

@) (Y.y)=¢ (@) (v, 0)+ 0 (k=)
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fory’ € B g (). Next, since the operator [k also satisfies a spectral gap (4.12), similar

2
*)Lloc

arguments as above for the localized Kodaira Laplacian give ” EZ@ 1 (ﬂk) 2

loc

o (k—OO). And there after local elliptic regularity gives ‘go <ik) — I o (rxp)
loc ' X

o (k"’o) similar to (4.15). Thus we now have a localization of the Bergman kernel

M (., y) =0 (k), on B, (»)°
M (L) =k (,0) =0 (K°), onB,(y). (4.16)

It thus suffices to consider the Bergman kernel of the model Kodaira Laplacian (4.11)
on R2.

Next, with the dilation &;-1/ry = (k‘l/’yl, ...,k_l/’yn_l) as in Sect. 3.3, the
rescaled Kodaira Laplacian

0=k (8-11r), Dk (4.17)

satisfies
O
¢ (—kz/ry> (v.y) =k @) (yk” ",y kY ’)‘) (4.18)

forp € C2° (R) asin (3.43). Using a Taylor expansion via (3.27), the rescaled Kodaira
Laplacian again has an expansion

N
D= Y ke | +k2NVNEy o YN, (4.19)
j=0
where each [; = aj:pq (¥) dy,0y, + bj:p (¥) 0y, + ¢ (¥) (4.20)

is a k-independent self-adjoint, second-order differential operator while each

Bi= 3 v [a%,, 05000,0, 455, (i dy, +¢d (n 0] @21
la|=N+1

is a k-dependent self-adjoint, second-order differential operator on R?. Furthermore
the functions appearing in (4.20) are again polynomials with degrees satisfying the
same conditions in (3.32) and (3.33). While the coefficients a‘J’f; q (v; k), bj.‘;p (yv; k),
c?‘ (y; k) of (4.21) are uniformly C* bounded in k. Using (3.27), (A.4), (A.9) and
(A.10) the leading term of (4.19) is computed

Co =0y =0y -2 (4.22)

RL’JTY

in terms of the model Kodaira Laplacian on the tangent space 7Y (A.9).
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Next, we obtain an expansion for the right-hand side of (4.18) by a resolvent expan-
sion for [J as in (3.45). Namely, we let I; :== {p = (po, p1....) [pa €N, poa = j}
denote the set of partitions of the integer j and define

=Y -0 M [T, - 307']]. (4.23)

pEIj

Then by repeated applications of the local elliptic estimate using (4.19) we have

N
(z—m)' = Zk—,/rycj_ = Oy o (k—(N—H)/ry |Imz|—2Nry—2)’
j=0
(4.24)

foreach N € N, s € R. Plugging the above into the Helffer—Sjostrand formula gives

N
0@ =Y kIt =0, e (k_(N +1)/,),) (4.25)

- loc loc
Jj=0

VI, N € Ny and for some k-independent C? e C™® (Rz x Rz), j =0,1,.... The
leading term Cg = o[y = ¢ (Dy) is given in terms of the modal Kodaira
Laplacian. Again a similar argument as (2.24), replacing (4.24) by the resolvent
expansion for (I + 1)™M (7 — [)~!, shows that (4.25) is valid at the level of ker-
nels in C! (Rz X Rz), VI € N. Finally choosing ¢ supported, and equal to one, near
0 gives (1.12) from the spectral gap (4.12) as well as (4.18) and (4.25). The leading
term co (y) = Co (0,0) = I1p (0, 0) = 1o (0, 0) is seen to be the model Bergman
kernel on the tangent space. See the argument in Section A at the bottom of page 29
for the positivity co (y) > 0. From this identification of ¢¢ (y) with the model kernel
one sees that it has a locally smooth extension co,, (y/ ) for y’ near y, depending only
on the type ry at y. However such an extension might have nothing to do with the
Bergman kernel at points y’ other than y. Finally, to show that there are no odd powers
of k=//"y, one again notes that the operators [J j (4.20) change sign by (—1)/ under
8_1x = —x. Thus the Schwartz kernel for Cj: (4.23) changes sign by (—1)/ giving
Cj- (0,0) = 0 for j odd. O

We end by giving an example where semipositive bundles arise and where the first
term of the Bergman kernel expansion (1.12) above can further be made explicit.

Example 17 (Branched coverings) Consider f : ¥ — Yy a branched covering of a
Riemann surface Y with branch points {yy, ..., ypr} C Y. The Hermitian holomor-
phic line bundle on Y is pulled back (L, hL) = (f*Lo, f*hLO) from one on Y. If
(Lo, hLO) is assumed positive, then (L, hL) is semipositive with curvature vanish-
ing at the branch points. In particular, near a branch point y € Y of local degree

5 one may find holomorphic geodesic coordinate such that the curvature is given

by RL = % (ZZ)’/2_1 le?y) + O (Izlr_l). The leading term of (1.12) is given by
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the model Bergman kernel o (0, 0) of the operator [y = b, bt = 20; + a,

a=7jz (zz)"?! R;((’y). An orthonormal basis for ker ((g) is then seen to be

1/2
2(a+1)
1 r = o —®

N Lo r .
Sq (2) = e —F (2(a+1)) [Rf(y) %%, aeNy, with
r

|
0@ = R,

Since s, (0) = 0 for @ > 1, the model Bergman kernel at the origin is now computed

2

_— LO "
27 T (%) [Rf(y)]

co (y) = o (0, 0) := I (0, 0) = [so (0))* =

at the vanishing or branch point y.
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Appendix A: Model operators

Here we define certain model Bochner, Kodaira Laplacians and Dirac operators act-
ing on a vector space V. The Bochner Laplacian is intrinsically associated to a triple
(V, gV, RV) consisting of a metric g" and a non-vanishing tensor 0 # RY €
S'2V* @ AZV*, r > 2. While the Kodaira Laplacian depends on an additional
complex structure J" on V. Throughout the article, the vector space V = 1,Y is
the tangent space of the manifold, with ¢" = ¢! the Riemannian metric, JV = J,
the complex structure and RV = j"~2RL the first non-vanishing jet of the auxiliary

curvature R” atapoint y € Y.
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We say that the tensor R is nondegenerate if the following is satisfied
STST2VE @ AZVE 5 8 (RV) =0.Vs<r—2 = T,Y5v=0. (Al

Above i* denotes the s-fold contraction of the symmetric part of RV .

Forvi € V, v, € T,V = V, contraction of the antisymmetric part, denoted
by ¢, of RV gives 1,,RY € S"72V* ® V*. The contraction may then be evaluated
(t, RY) () at v} == vP" ® vy for vy € V and hence viewed as a homogeneous
degree r — 1 polynomial function on V. The tensor R" now determines a one form
af’ e Q' (V) via

% 1 1
afl (12) = /0 dp (lszv> ((pvl)r) = (LUZRV> (v{) (A2)

which we may view as a unitary connection VR" = d +iaR" on a trivial Hermitian
vector bundle E of arbitrary rank over V. The curvature of this connection is clearly
RV now viewed as a homogeneous degree  — 2 polynomial function on V valued in
A2V*. One now defines the model Bochner Laplacian, intrinsically associated to the
tuple (V, g", RY), via

RV\* o RV 00 1)

Ao = Ay v = (v ) VR . C® (Vi E) = C®(V: E). (A3)
depending on the pair (g", RY). An orthonormal basis {ey, €2, ..., e,}, determines
components Ryg o ‘= RV (eG“; ep, eq), RS Ng_l, || = r — 2, as well as linear
coordinates (v, ..., y,) on V. The connection form in these coordinates is given by
ailfv = ’; Y9y* R4, While the model Laplacian (A.3) is given

n i 2
Ag = — Zl (ayp + ;yqy“qu,a> . (A.4)
(1:

Asin (3.5), the above may now be related to the nilpotent sR Laplacian on the product
S(j x V given by

n . 2
~ ~ l
Ag=Ryv gv = 2} (ayp + ;yqy“R,,q,aag) , (A.5)
q:

and corresponding to the sR structure (Sel x V, ker (d@ + aRV> gV, d@volgv)

where the sR metric corresponds to g¥ under the natural projection 7 : S(; xV —=>V.
Note that the above differs from the usual nilpotent approximation of the sR Laplacian
since it acts on the product with § 1 Following [33, Part III, Sec. 16], the above satisfies
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a subelliptic estimate: there exists C > 0 such that
Is12 = € [{Bos.s) + 512, ] vs e e (spx V). (A.6)

As (3.7), the heat kernels of (A.3), (A.5) are now related
e (y,y) = / e PR (3,0 y', 0) do. (A7)

Next, assume that the vector space V is of even dimension and additionally is
equipped with an orthogonal endomorphism JV € O (V); (J V)2 = —1. This gives
rise to a linear integrable almost complex structure on V, a decomposition V @ C =
V10 @ VOl into 4i eigenspaces of J and a Clifford multiplication endomorphism
¢ :V — End (A*V%!). We further assume that R" is a (1, 1) form with respect to J
that is SKV* 3 RV (wy, wp) =0, Ywi, wy € V10 The (0, 1) part of the connection
form (A.2) then gives a holomorphic structure on the trivial Hermitian line bundle C
with holomorphic derivative dc = 8+ (a v )0' ' One may now define the model Kodaira
Dirac and Laplace operators, intrinsically associated to the tuple (V, gV, RV, J V),
via

Do = Dyv gv v :=v2(dc + %) (A8)

l (ng’Rv,]v)2 (A.9)

D() = DgV’RV"]V :=2

acting on C*° (V; A*Vo’l). The above (A.3), (A.9) are related by the Lichnerowicz
formula

Co = Ag + ¢ (RV) (A.10)

where ¢ (RV) = Z[Kq Ri}q'"i”zyi,,,,yi,_zc (ep) c (eq). We may choose a complex
orthonormal basis {wj };.":1 of V10 that diagonalizes the tensor R": RY (wi, u')j) =
ijR;;: Ri5 € §"=2V*, This gives complex coordinates on V in which (A.9) may be

written as
dimV /2
Lo = Z bjb} +2 (szaj + 35/-6_1]') ﬁ)ji@j
qg=1

. 1
where b; = —29;; +aj, b]'. =20, +aj, for a;= ;Rjj-zj, (A.11)

with each R I (z), 1 < j < dimV/2, being a real homogeneous function of order
r—2.

Being symmetric with respect to the standard Euclidean density and semi-bounded
below, both A and (g are essentially self-adjoint on L2. We shall need the following
information regarding their spectrum.
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Proposition 18 There exists ¢ > 0 such that Spec (Ag) C [c, 00). For RV satisfying
the non-degeneracy condition (A.1) one has EssSpec (Ag) = @. While for dimV = 2
with RV (w, w) > 0 semipositive one has Spec () C {0} U [c, 00) .

Proof The proof of the first part is similar to that of (3.12). Introduce the deformed
Laplacian A := A,v ;v obtained by rescaling the tensor RY.From (A4) Ay =
kK" % AoZ " are conjugate under the rescaling Z : C®° (V; E) — C®(V; E),
(Zu) (x) =u (ykl/’) implying

Spec (Ax) = k*/"Spec (Ag)
EssSpec (Ag) = kz/’EssSpec (Ao) (A.12)

By an argument similar to (3.12), one has Spec (Ax) C [clk2/’ — ¢, oo) for some
c1, ¢ > 0for RV # 0. From here Spec (Ag) C [c, 00) follows. Next, under the non-
degeneracy condition, the order of vanishing of the homogeneous curvature R (of the
homogeneous connection ak’ (A.2)) is seen to be maximal at the origin: ord,, (R V) <

r — 2 for y # 0. Following a similar sub-elliptic estimate (2.12) on V X Sel as in
(3.12), we have

KD l? < € [(A ) + a3 ], Vue €2 (VB ).

holds on the complement of the unit ball centered at the origin. Combining the above
with Persson’s characterization of the essential spectrum [1, Ch. 3]

EssSpec (Ag) = sup | ir”1f1 (Agu, u),
ull=
K ueC®(V\Bg(0))

we have EssSpec (Ax) C [clk2/(’_1) —ca, oo) From here and using (A.12),
EssSpec (Ag) = ¥ follows.

For the final part, similarly set L := U,v ;gv ;v and note that k*/"Spec (o) =
Spec (k) C {0} U [clkz/’ —c2, oo) by an argument similar to Corollary 15. O

Next, the heat e 20, ¢="Ho and wave e/'vV20, ¢i'vVUo gperators being well-
defined by functional calculus, a finite propagation type argument as in (2.15) gives
0 (A (.,0) € S(V), o (o) (.,0) € S(V) are of Schwartz class for ¢ € S(R).
When EssSpec (Ag) = # any eigenfunction of Ag also lies in S (V). Finally, under
the hypothesis of 18, the Schwartz kernel I (., 0) € S (V) of the projector [Ty = o
onto the kernel of [y is also seen to be of Schwartz class, on choosing ¢ supported
close to the origin.

The constant ap = Il (0, 0) is also the leading term in the boundary expansion
Ip (z,2) ~ ao (—p)’z’% for the Bergman kernel of a weakly pseudoconvex finite
type domain D := {p < 0} C C? as z — x’ € 9D a point on its boundary [22, Thm.
2].Herer =r (x’) is the typer of the point on the boundary. In this case, [10, Thm.

2] proved the lower bound I1p (z,2) > ¢ (—,0)_2_% for some ¢ > 0. Thus ag > 0.
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We now state another proposition regarding the heat kernel of Ag. Below we denote
Ao (Ag) = inf Spec (Ag).

Proposition 19 For each ¢ > 0 there exist t, R > 0 such that the integral of the heat
kernel satisfies

fBR(O) dx [Age 2] (x, x)

fBR(O) dx e=150 (x, x)

<0 (Ap) +¢

Proof Setting P := Ao — Ao (Ap) it suffices to show

fBR(O) dx [Pe_’P] (x,x) _
fBR(O) dx e P (x, x)

for some #, R > 0. With H[’ax] denoting the spectral projector onto [0, x], we split
the numerator

/l;R(O) dx [Pe_tp] (x, x)

— / dx I:H[I())AE]Pe_tPiI (x,x) —|—[ dx |:<1 - H[}E),ﬁl-s]) Pe—IP] (x,x) .
Br(0) Br(0)

From P > 0, l'[f%étg]Pe_”D < 4ge P and (1 — I'If()) 46]) Pe'P < ce 3¢ vt > 1,
we may bound

fBR(O) dx [Pe™'P] (x,x) ce—3¢t pn—1
/ dx e 1P (x, x) sdet /, dx e P (x, x)
Br(0) ’ Bg(0) ’

(A.13)

VR,t > 1. Next, as 0 € Spec (P) there exists ||[Y¢l;2 = 1, |PYell;2 < €. It now
follows that H Ve — H{())’zg]wg H < % and hence

2

1 1
S +/ dx |[Ye (0))? 5/ dx /dynl’f),zgl () e (v)
2 4 JBg 0 B, (0)

=< / dx (/ dyn[[(J)Qg] (x’ )7) H[I()),zg] (ys x)) = / dxH[P(')ylg] (xv x) )
Bg, (0) B, (0)

2
for some R, > 0, using (H[I()),Zs]> = 1'[625] and Cauchy—-Schwartz. This gives

67281‘

/ dxe P (x,x) > , t>1.
B (0) 2
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Plugging this last inequality into (A.13) gives

fBRg ) dx [Pe_[P] (x, x) 1

fBRg(O) dxe 1P (x,x)

<de+ce R

from which the theorem follows on choosing ¢ large. O
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