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Bergman kernel functions associated to measures
supported on totally real submanifolds

By George Marinescu at Koln and Duc-Viet Vu at Koln

Abstract. We prove that the Bergman kernel function associated to a smooth measure
supported on a piecewise-smooth maximally totally real submanifold K in C” is of polynomial
growth. For example, this holds in dimension one if K is a finite union of transverse Jordan arcs
in C. Our bounds are sharp when K is smooth. We give an application to the equidistribution
of the zeros of random polynomials, which extends a result of Shiffman—Zelditch to the higher-
dimensional setting.

1. Introduction

Let K be a non-pluripolar compact subset in C”, i.e., K is not contained in {¢ = —o0}
for any plurisubharmonic (psh) function ¢ on C”, which is not identically —oo. Let u be
a probability measure whose support is non-pluripolar and is contained in K, and let Q be a real
continuous function on K. Let $;, be the space of restrictions to K of complex polynomials of
degree at most k on C”. The scalar product

<S1’S2)L2(M,kQ) 3=/ S1§2€_2kQ dpl,
K

induces the L?(u, kQ)-norm on Px. The Bergman kernel function of order k associated to
with weight Q is defined by

Bi(x) := sup |s(x)e %P/ |s]72(,, o)

SE:‘?k

for x € K. Equivalently, if (s1,...,sg,) (here di denotes the dimension of J) is an ortho-
normal basis of %, with respect to the L?(u, kQ)-norm, then

di
Bie(x) = ) s (x)Pe 7262,
j=1
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When Q = 0, we say that By, is unweighted. In this case (Q = 0), the inverse of B is known
as the Christoffel function in the literature on orthogonal polynomials. In practice, we also use
a modified version of the Bergman kernel function as follows:

>3 o 2 2
Be() 1= sup 1sCOP/ 1512 k0
for x € C™. The advantage of By is that it is well defined on C”.

The asymptotics of the Bergman kernel function (or its inverse, the Christoffel func-
tion) is essential for many applications in (higher-dimensional or not) real analysis includ-
ing approximation theory, random matrix theory, etc. There is an immense literature on such
asymptotics. We refer to [7,9,16,24,26,36,46,49,67,71], to cite a just few, for an overview on
this very active research field.

Most standard settings are measures supported on concrete domains on R” C C” (such
as balls or simplexes in R”) or in the unit ball in C”. Considering measures on C” whose
support are not necessarily in R” are also important in many applications; e.g., one can consult
[7,40,67] where the authors consider measures supported on finite unions of piecewise smooth
Jordan curves C or domains in C bounded by Jordan curves. We refer to the end of this section
for a concrete application to the equidistribution of zeros of random polynomials.

All of settings mentioned above are particular cases of a more natural situation where our
measures are supported on piecewise-smooth domains in a generic Cauchy—Riemann submani-
fold K in C™. This is the context in which we will work on in this paper.

We underline that, in view of potential applications, it is important to work with piece-
wise-smooth compact sets K (rather than only smooth ones). In what follows, by a (convex)
polyhedron in RM | we mean a subset in R™ which is the intersection of a finite number of
closed half-hyperplanes in RM .

Definition 1.1. A subset K of areal M -dimensional smooth manifold Y is called a non-
degenerate € piecewise-smooth submanifold of dimension m if, for every point p € K, there
exists a local chart (W), V) of Y such that W is a €>-diffeomorphism from W), to the unit
ball of RM and W(K N W,) is the intersection with the unit ball of a finite union of convex
polyhedra of the same dimension m.

A point p € K is said to be a regular point of K if the above local chart (W),, ¥}) can be
chosen such that W, (K N W),) is the intersection of the unit ball with an m-dimensional vector
subspace in RM; in other words, K is an m-dimensional submanifold locally near p. The
regular part of K is the set of regular points of K. The singular part of K is the complement of
the regular part of K in K. Hence if K is a smooth manifold with boundary, then the boundary
of K is the singular part of K and its complement in K is the regular part of K.

Now let Y be a complex manifold of dimension 7 and let K be a nondegenerate €
piecewise-smooth submanifold of Y. Since Y is a complex manifold, its real tangent spaces
have a natural complex structure J. We say that K is Cauchy—Riemann (or CR for short)
generic in the sense of Cauchy—Riemann geometry if, for every p € K and every sequence of
regular points (py;)m C K approaching to p, any limit space of the sequence of tangent spaces
of K at p;, is not contained in a complex hyperplane of the (real) tangent space at p of ¥
(equivalently, if E is a limit space of the sequence (7p,, K)nen of tangent spaces at p,,, then
we have £ + JE = T,Y, where T, Y is the real tangent space of Y at p).
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For a CR generic K, note that the space T, K N J T, K (p is aregular pointin K) is invari-
ant under J and hence has a complex structure induced by J. In this case, the complex dimen-
sionof T, K N JT, K is the same for every p and is called the CR dimension of K. If r denotes
the CR dimension of K, then r = dim K — n. Thus the dimension of a generic K is at least .

If K is CR generic and dim K = n, then K is said to be (maximally) totally real, and it
is locally the graph of a smooth function over a small ball centered at 0 € R” which is tangent
at 0 to R”. Examples of piecewise-smooth totally real submanifolds are polygons in C or
boundaries of polygons in C, and polyhedra of dimension n in R” C C”,

A notion playing an important role in the study of Bergman kernel functions is the
following extremal function:

Vk,0 :=sup{y € £(C"): ¢ < Q on K},

where £(C") is the set of psh functions ¥ on C” such that ¥ (z) — log|z| is bounded at infinity
on C". It Q =0, we put Vg := Vi 0.

Since K is non-pluripolar, the upper semi-continuous regularization VI; 0 of Vk, o be-
longs to £(C™). The function Vi ¢ is always lower semi-continuous; see the comment right
after Lemma 3.4 or [44, Corollary 5.1.3]. If Vk o = VI?,Q (or equivalently, Vg ¢ is continu-
ous), then we say (K, Q) is regular. A stronger notion is the following: we say that K is locally
regular if, for every z € K, there is an open neighborhood U of z in C” such that, for every
increasing sequence of psh functions (u;); on U with u; <0on K N U, then (sup; u i) <0
on K N U. Observe that K is locally regular if, for every z € K, there exists a small ball B(z, r)
centered at z in C" such that Vg (; ) is continuous. Moreover, the following properties are
equivalent:

(i) K is alocally regular set,
(i) (K, Q) is regular for every continuous function Q on K,
(iii) (K, Qyg) is regular for Q¢(z) := %log(l + |z/?).

The (only) nontrivial implication (iii) to (i) was proved in [63, Theorem A]; see Remark 2.2
below for clarifications and [28, Proposition 6.1] for an earlier result showing that (i) is equiv-
alent to (i1). We refer also to [54, Theorem 1.2] for generalizations.

We note however that there is an example of a compact set K in C” such that K is not
locally regular but (K, Q) for Q = 0 is regular; see [61, Proposition 8.1]. One can consult
[54, Section 5] for a survey of examples of locally regular sets. The following result answers
the question raised in [9, Remark 1.8].

Theorem 1.2. Let K be a compact generic Cauchy—Riemann nondegenerate € piece-
wise-smooth submanifold in C". Then K is locally regular.

Note that it was known that K is locally regular if K is smooth real analytic; see, e.g.,
[9, Corollary 1.7]. After our paper appeared on arXiv, Viét-Anh Nguyén informed us that
Theorem 1.2 follows from his result [55, Theorem 1.1] provided that K is smooth.

A remark about the required smoothness is in order. In Theorem 1.2, we need €°-smooth-
ness because we use results from [66]. For the proofs of the other main theorems, we use
results from [65], for which only ©3-smoothness is sufficient. For the sake of simplicity of
presentation, we use €-smoothness throughout.
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The measure p is said to be a Bernstein—Markov measure (with respect to (K, Q)) if, for
every € > 0, there exists C > 0 such that

s;p|s|2e—2kQ < Ce* 5172 k0
for every s € $%. In other words, the Bergman kernel function of order k grows at most
subexponentially, i.e., supg By = O(e¥) as k — oo for every € > 0.

For some examples of Bernstein—-Markov measures and criteria checking this condition,
we refer to [16]. However, apart from few explicit geometric situations, there are not many
(geometric) examples of Bernstein—Markov measures in higher dimensions. This is the moti-
vation for our next main result giving a large geometric class of Bernstein—-Markov measures.

Theorem 1.3. Let K be a compact generic Cauchy—Riemann nondegenerate €> piece-
wise-smooth submanifold in C". Let | be a finite measure supported on K such that there
exist constants T > 0, ro > 0 satisfying w(B(z,r) N K) > r® for every z € K, r < ro (where
B(z, r) denotes the ball of radius r centered at z in C"). Then, for every continuous function
0 on K, i is a Bernstein—-Markov measure with respect to (K, Q).

To the best of our knowledge, the above result was only known when K is real analytic.
We are not aware of any results of this kind in the previous literature for maximally totally real
submanifolds. A measure (1o on K is said to be a smooth volume form on K if pg is given
by a smooth volume form locally at every regular point in K, and if, for every singular point
p in K, there is a local chart (W, W),) as in Definition 1.1, such that W(K N W,) = Uj=1 P;,
where P;’s are polyhedra in C” of the same dimension for every 1 < j < s, and the restriction
of ;o to P; is a smooth volume formon P; for 1 < j <.

Let Lebx be now a smooth volume form on K. Then, for any M > 0, the measure
w = |z — zo|™ Lebg satisfies the hypothesis of Theorem 1.3. Here is our next main result.

Theorem 1.4. Let K be a compact generic Cauchy—Riemann nondegenerate €> piece-
wise-smooth submanifold in C" of dimension ng. Let Q be a Holder continuous function
of Holder exponent o € (0,1) on K, and let Lebg be a smooth volume form on K, and
w = pLebg, where p > 0 and p~* € L'(Lebg) for some constant A > 0. Then we have

sup Bk < CanK()H-l)/(OM)’
K

for some constant C > 0 independent of k.

We would like to point out that the regularity of weights affects considerably the growth
of the Bergman kernel function; cf. [11, Remark 3.2]. One can also consult [11] or [31, Theo-
rem 3.6] for polynomial upper bounds for y = Lebcn (the Lebesgue measure on C™), and
K = C" or K to be the closure of a relatively compact open subset with €2-smooth boundary
in C", respectively.

With the exception of [12], there have been only a few papers on the polynomial growth of
Bergman kernel functions associated with measures on real submanifolds in higher dimensions.
Known upper bounds on By were proved mostly based on special geometric structures of the
compact K C R” (see, e.g., [46,49]). Such a method is not useful in dealing with general
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situations as in Theorem 1.4. In [12], it was supposed that K is smooth real algebraic in R™ or
the closure of a bounded convex open subset in R™, and their arguments use this hypothesis in
an essential way.

Note that i = |z — z9|™ Lebg satisfies the hypothesis of Theorem 1.4 for any M > 0.
In general, it is not possible to bound By from below by a polynomial in k; see Remark 3.7.

By [12, Theorems 2 and 4], if K is the closure of a bounded open convex subset in R” and
0O = 0 and p is the restriction of the Lebesgue measure on R” to K, then k=" B, is bounded
and bounded away from 0O on a fixed compact subset in the interior of K (the behavior of By
at boundary points is more complicated). On the other hand, for general © on such K, by [24],
the upper bound for By on K cannot be O (k") in general. To be precise, it was proved there
that if K is a smooth Jordan curve in C, and (¢ is the arc measure on K, and u = (z — zo)* o
for some constant o > 0, then By (zg) ~ k7% as k — o0o. One can see also [47] for a similar
asymptotic in the case where K is the closure of the unit ball in R”.

We note that, by [32, Corollary 2.13], if (K, i, Q) is as in the hypothesis of Theorem 1.4),
then the triple (K, i, Q) is 1-Bernstein—Markov in the sense that, for every constant0 < § < 1,
there exists a constant C > 0 such that

supls e 22 < CeF 7 Is122 0 ko)
for every s € P,. This is much weaker than our bound. Nevertheless, [32, Corollary 2.13] is
applicable to a broader class of K.

If K is smooth (has no boundary) and Q € €% (K) for some constant § > 0 (e.g., K
is the unit circle in C as in a classical setting), we obtain sharp bounds which have potential
applications in studying sampling or interpolation problems of multivariate polynomials on
maximally totally real sets in C”. The case where K is compact smooth real algebraic was
considered in [12]. Here is our next main result.

Theorem 1.5. Let K be a maximally totally real € -submanifold without boundary
in C™. Let ju be a smooth volume form on K regarded as a measure on C". Let Q € €13(K)
for some constant § > 0. Let By, be the Bergman kernel function associated to i with weight Q.
Then there exists C > 0 such that, for every k > 0,

sup By < Ck™.
K

When K is smooth compact real algebraic of dimension n in R™, it was proved in [12]
that By /k™ ~ 1 as k — o0o. The proof of the upper bound for By in [12] relies crucially on
the algebraicity of K. Our approach to Theorems 1.4 and 1.5 is different and is based on
constructions of analytic discs partly attached to K, subharmonic functions on unit discs, and
fine regularity of extremal plurisubharmonic envelopes associated to K.

In dimension one, we refer to [40, Theorem 4.3] for a similar bound in the case where K
is analytic, and to [24,67] and references therein for asymptotics of By (which behaves like &
at regular points, but is more complicated at singular points).

We are not aware of any estimates for general smooth maximally totally real submani-
folds in higher dimensions in the previous literature, that are similar to those given in Theo-
rem 1.5 (except for the real algebraic case in [12] mentioned above). We refer to [1,45,60] for
more precise bounds in the special case when K is a convex subset in R”.

Next, we present a convergence result, which is a consequence of Theorem 1.4.
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Theorem 1.6. Let K be a compact generic Cauchy—Riemann nondegenerate € piece-
wise-smooth submanifold in C". Let Q be a Holder continuous function on K and let . be as
in Theorem 1.4. Then there exists C > 0 such that, for every k > 1, we have

<C logk
~€0(Cn) - k

1 ~
~log By —V ‘
“2k 08Pk T VK0

We note that we also obtain a version of the (Bernstein—)Markov inequality for maximally
totally real submanifolds, which may be useful elsewhere; see Theorem 3.13 below.

Zeros of random polynomials. We give an application of the above results to the study
of equidistribution of zeros of random polynomials.

Let K be a non-pluripolar set in C” and let « be a probability measure on C” such that
the support of p is contained in K and is non-pluripolar. Let Q be a continuous weight on K.
Let % (K) be the space of restrictions of complex polynomials of degree at most k in C” to K.
Let di := dim P, (K), and let 51, ..., 54, be an orthonormal basis of $ (K) with respect to
the L2(u, kQ)-scalar product. Consider the random polynomial

dy
(1.1) Pe= Y as).
j=1

where «; are complex i.i.d. random variables. The study of zeros of random polynomials has
along history. A very classical example may be the Kac polynomial wheren = 1,and p; = zJ.

The distribution of zeros of more general random polynomials associated to orthonormal
polynomials (as in (1.1)) was considered in [65] by observing that 1, z, . .. , zK form an ortho-
normal basis of the restriction of the space of polynomials in C to S! with respect to the
L?-norm induced by the Haar measure f1o on S'. In this setting, the necessary and sufficient
conditions for the distribution of ¢; so that the zeros of p are equidistributed almost surely or
in probability with respect to the Lebesgue measure 1o on the unit circle as k — oo are known;
see [14,25,41,43]. We also refer to [5, Sections 4 and 5] for explicit examples for distributions
of zeros of random polynomials and numerical simulations.

There are many works (in one or higher dimension) following [65], to cite just a few,
[3,4,6,13,15]. In all of these works, it seems to us that the issue of large deviation type
estimates for the equidistribution of zeros of random polynomials has not been studied in any
great detail. As will become clear in our proof below, the new ingredient needed for such an
estimate is a quantitative convergence rate of 1/(2k) log Ek to the extremal function associated
to K. This is what we obtained in Theorem 1.6. To state our result, we need some hypothesis
on p and the distribution of the random variables «; .

Assume now that, for any j = 1,..., dy, the distribution of «; is f Lebc, where f is
a nonnegative bounded Borel function on C satisfying the following mild regularity property:
there exists C > 0 such that, for every r > 0, we have

(1.2) / | f|Lebc < C/r2.
|z|>r

This condition was introduced in [13,15]. We want to study the distribution of zeros of py € P
as k — oco. We denote by [pr = 0] the current of integration along the zero divisor Div(py)
of pr. If n =1, then [pr = 0] is the sum of Dirac masses at zeros of pj, counted with
multiplicities.
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If (K, O, ) is Bernstein—Markov, it was proved in [15, Theorem 4.2] that, almost surely,
(1.3) k™ pr = 0] > dd€log|Vg 5. k — oo,

where the convergence is the weak one between currents. In other words, for every smooth
form ® of degree (2n — 2) with compact support in C”, one has

k1 ®— | ddlog|lVE ol AP, k — oc.
Div(px) cn
Theorem 1.3 above thus provides us a large class of measures for which the equidistribution of
zeros of p holds.
Our goal now is to obtain a rate of convergence in (1.3). To this end, it is reasonable to ask
for finer regularity on p and of the distribution of ;. We do not try to make the most optimal
condition. Here is our hypothesis.

(H1) | f(2)| < |z|73 for |z| sufficiently large.

(H2) Let K be a nondegenerate €° piecewise-smooth generic Cauchy—Riemann submani-
fold of C”, and let Q be a Holder continuous function on K. Let u = p Lebg, where
p~* e L(Lebg) for some constant A > 0.

Condition (H1) ensures that (1.2) holds, and the joint-distribution of a,..., a4, is domi-
nated by the Fubini—Study volume form a)gg on C%  where wgg is the Fubini-Study form
on P% > C%. Obviously, the Gaussian random variables satisfy this condition.

Condition (H2) is a natural extension of the classical setting of Kac polynomials where K
is the unit circle in C. In fact, in [65], the authors considered the setting where p is the surface
area on a closed analytic curve in C that bounds a simply connected domain €2 in C, or p is
the restriction of the Lebesgue measure on C to 2. This setting is relevant to random matrix
theory as already pointed out in [65]. We refer to [14,58,59] for partial generalizations (without
quantitative estimates) to domains with smooth boundary in C. We would also like to mention
that, in some cases, certain large deviation type estimates for random polynomials in dimension
one were known; see [38, Theorem 10] for polynomial error terms, and [29, Theorem 1.1],
[35, Theorem 3.10] for exponential error terms. To the best of our knowledge, there has been
no quantitative generalization of the results in [65] to higher dimension. It has been commented
in the latter paper that their method does not seem to have a simple generalization to the case
of higher dimension.

We now recall the following notion of distance on the space of currents. For every 8 > 0,
and T, S closed positive currents of bi-degree (m,m) on the complex projective space P”,
define

dist_g(7.,S) := sup (T — S, D),
(@l ers1.8-181=1
where [] denotes the greatest integer less than or equal to 8, and @ is a smooth form of degree
(2n —m) on P". It is a standard fact that the distance dist_g for B > 0 induces the weak
topology on the space of closed positive currents (see for example [34, Proposition 2.1.4]).
We have the following interpolation inequality: for every 0 < 1 < B, there exists cg, g, > 0
such that

(1.4) dist_g, < dist_g, < cg, 8, [dist_ﬂz].Bl/BZ;
see [34, Lemma 2.1.2] or [50, 68].
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Note that the currents [p = 0] and dd“Vk ¢ extend trivially through the hyperplane at
infinity P”\C” to be closed positive currents of bi-degree (1,1) on P” (this is due to the
correspondence (2.1)). Hence one can consider dist_g between k~[p = 0] and dd°Vk g as
closed positive currents on P”.

Theorem 1.7 (Large deviation type estimate). Assume that (H1) and (H2) are satisfied.
Then, for every M > 1, there exists Cpg > 0 such that, for every k,

Cyrlogk
(1.5) gzk{(al, g € C% L dist (k" [p = 0].dd Vk.0) > MTOg}
< Cuk™,
where Py denotes the joint-distribution of ay, ... ,ag, .

By (1.4), one obtains similar estimates for dist_g with 0 < 8 < 2 as in Theorem 1.7. We
do not know if the right-hand side of (1.5) is sharp.

We now state a direct consequence of Theorem 1.7 which is a higher-dimensional gener-
alization of [65, Theorems 1 and 2]; see also Theorem 1.9 below. Denote by Ej (k~![p = 0])
the expectation of the random normalized currents k~![p = 0]. For a sequence (Sg)g>1 of
currents in C”, we write Sy = O(k~'logk), k — oo, if each Sy is of order 0 and degree m,
and there exists C > 0 such that, for every smooth form ® of degree (2n — m) with compact
support in C” with ||®|¢2 < 1, and any k > 1, we have

logk
(S, )| < C ,f .

Corollary 1.8. Assume that (H1) and (H2) are satisfied. Then we have

Bk [pr = 0)) = dd°Vi o + o(lolfk).

Note that, in the case where «; are Gaussian variables, the decay rate obtained in [65]
is O(k~1), and that this error term is optimal in dimension one (this can be seen by carefully
examining the calculations in [65, Proposition 3.3]).

In order to have an appropriate notion of correlation of zeros in higher dimensions (where
varieties of zeros are not necessarily discrete sets), we reformulate the equidistribution property
of zeros of random polynomials in the following way. Let L be a complex algebraic curve
in C”". Since zero varieties of generic polynomials intersect transversely L, almost surely, the
number of intersection points (without counting multiplicities) of the random hypersurface
{p = 0} and L is exactly k deg L by Bézout’s theorem. Define

1 kdeg L
= 8z,
Mk, L kdegL Z z;

where 21, ..., Zg geo . are zeros of p on L. Let [L] be the current of integration along L. Since
Vk,o is bounded, the product

1
"~ degL

ML - ddCVK’Q A [L]

is a well-defined measure supported on L (it is simply dd“(Vk,¢o|r) if L is smooth).
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Theorem 1.9. Assume that (H1) and (H2) are satisfied. Then, for every M > 1, there
exists Cpr > 0 so that, for every k,

) logk _
Pr{(@r.....ag) € C% s dista(u o pr) = Oy —— ) < Cark ™.

In particular, the measure [ii 1, converges weakly to ju, as k — oo.

Now, since the zero sets of py on L are discrete and equidistributed with respect to piz, as
k — o0, one can ask as in [65] how they are correlated (if scaled appropriately). Nevertheless,
such questions seem to be still out of reach in the higher-dimensional setting. Finally, we note
that one can even consider L to be a transcendental curve in C”. In this case, generic polyno-
mials p still intersect L transversely asymptotically (see [42]); the issue of equidistribution is
however more involved.

2. Bergman kernel functions associated to a line bundle

The results mentioned in the introduction have their direct generalizations in the context
of complex geometry where C” is replaced by a compact Kihler manifold. Working in such
a generality will make the presentation more clear and enlarge the range of applicability of the
theory. We will now describe the setting.

Let X be a projective manifold of dimension n. Let (L, hg) be an ample line bundle
equipped with a Hermitian metric 1y whose Chern form w is positive. Let K be a compact
non-pluripolar subset in X. Let u be a probability measure on X such that the support of
W is non-pluripolar and is contained in K. Let & be a Hermitian metric on L|g such that
h = e 2%h,, where ¢ is a continuous function on K. For s1, s, € H°(X, L), we define

(s1,52) 5=/X<S1,S2)h du.

Since Suppyt is non-pluripolar, the last scalar product defines a norm called L2(jt, h)-norm
on H°(X,L). Let k € N. We obtain induced Hermitian metric /% on L¥ and a similar norm
L2(u, h*) on HO(X, L¥). Put dy := dim H°(X, L¥). Let {s1,... .54, } be an orthonormal
basis of H%(X, L¥) with respect to L2 (1, h*). The Bergman kernel function of order k asso-
ciated to (L, h, n) is

d

Bi(x) := Z|Sj(x)|ﬁk = sup{|s(x)|ik s e HO(X, Lk), Isllz2¢uny =1}, x € K.
j=1

When p is a volume form on X and & = hg, the Bergman kernel function is an object of
great importance in complex geometry; see [51] for a comprehensive study.

The setting considered in the introduction corresponds to the case where X = P” and
(L,ho) = (O(1), hgs) is the hyperplane line bundle on P” endowed with the Fubini—Study
metric. We consider C” as an open subset in P” and the weight Q corresponds to

1
¢+ E1og(1 + |z]?).
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Recall that there is a natural identification between £(C”) and the set of wgs-psh functions
on P (where wgs denotes the Fubini—Study form on P”) given by

1
(2.1) U< uU— Elog(l +1z%), ue E(Ch).

Another well-known example is the case where K is the unit sphere in R” (here n > 2; see,
e.g., [52]) and X is the complexification of K, ie., K = S"~1 ¢ R” which is considered
as usual a compact subset of X :={z2 4+ z7 +---+z2 = 1} C P". The line bundle L on
X is the restriction of the hyperplane bundle O (1) — P” to X. We remark that, in this case,
HO(X, L¥) is equal to the restriction of the space of H?(P", 9(k)) to X . Hence the restriction
of HO(X, L¥) to K is that of the space of complex polynomials in C” to K. To see this, notice
that X is a smooth hypersurface in P”. Consider the standard exact sequence of sheaves

0— Ok —degX)— O(k) —> O(k)|lx — 0,

where the second arrow is the multiplication by a section of ((deg X)) whose zero divisor is
equal to X. We thus obtain a long exact sequence of cohomology spaces

0— H°(P", Ok —deg X)) - H°(P",0(1)) - H°(P", O (k)|x)
— HY(P",0(k —deg X)) — --- .

In this sequence, H°(P", O(k)|x) is isomorphic to H°(X,O(k)|x), and by the Kodaira—
Nakano vanishing theorem, we have H ! (P", 0 (k — deg X)) = 0; see [39, page 156]. As above,
the weight Q on K in the spherical model corresponds to ¢ — %log(l + |z|?)|x in the setting

The measure p is said to be a Bernstein—Markov measure (with respect to (K, ¢, L)) if,
for every € > 0, there exists C = C(¢) > 0 such that

2 k 2
S["ép|slhk = Ce* ”S”Lz(u,hk)

for every s € HO(X, L¥). In other words, the Bergman kernel function of order k grows at
most subexponentially, i.e., supg By = O(ek) as k — oo for every € > 0. Theorem 1.3 is
a particular case of the following result.

Theorem 2.1. Let K be a compact nondegenerate € piecewise-smooth Cauchy—Rie-
mann generic submanifold of X. Then, for every continuous function ¢ on K, if | is a finite
measure whose support is equal to K such that there exist constants T > 0, rog > 0 satisfy-
ing u(B(z,r) N K) >r" for every z € K, and every r < ro (where B(z, r) denotes the ball
of radius r centered at z induced by a fixed smooth Riemannian metric on X), then | is
a Bernstein—-Markov measure with respect to (K, ¢, L).

Let
¢k = sup{y € PSH(X,w) : ¥ < ¢ on K}.

Since K is non-pluripolar, the function ¢ is a bounded w-psh function. If ¢ = ¢, then we
say (K, ¢) is regular. A stronger notion is the following: we say that K is locally regular if, for
every z € K, there is an open neighborhood U of z such that, for every increasing sequence of
psh functions (u;); on U withu; < 0on K N U, then (sup; uj)* <0onKnNU.
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Remark 2.2. Let ¢ps(z) := —%log(l +1z|?),z € C". Let X = P" and let w := wrs
be the Fubini—Study form on IP”. Recall that d d € ¢pps = —wgs and if u € £(C"), then u + ¢gs
belongs to PSH(P”, wgs). It follows that (¢ps)x = Vi + ¢prs on C”. More generally, for
every ¢, one has

(2.2) bk = VK.p—¢rs T PFs

on C". It was proved in [63] that, for every non-pluripolar compact set K in C”, there holds the
following: K is locally regular if and only if (¢1)x is continuous for ¢; = 0 on K, which in
turn is equivalent to the fact that Vg 4. is continuous (by (2.2)). We refer to [54, Theorem 1.2]
for generalizations.

The following result answers the question raised in [9, Remark 1.8].

Theorem 2.3. Every compact nondegenerate €> piecewise-smooth Cauchy—Riemann
generic submanifold of X is locally regular.

Note that Theorem 1.2 is a direct consequence of the above result. It was shown in
[9, Corollary 1.7] that K is locally regular if K is smooth real analytic. Theorem 2.1 is actually
a direct consequence of Theorem 2.3 and the criterion [16, Proposition 3.4] giving a sufficient
condition for measures to be Bernstein—-Markov.

The Monge—Ampere current (dd‘pg + w)" is called the equilibrium measure associ-
ated to (K, ¢). It is well known that this measure is supported on K. By [9, Theorem B], one
has

d ' Bep — (dd ok + o), k — oo,

provided that u is a Bernstein—Markov measure associated to (K, ¢, L). The last property
suggests that the Bergman kernel function By cannot behave too wildly at infinity.

Theorem 2.4. Let K be a compact nondegenerate € piecewise-smooth Cauchy—Rie-
mann generic submanifold of X. Let ng be the dimension of K. Let ¢ be a Holder continuous
function of Holder exponent o € (0,1) on K, let Lebg be a smooth volume form on K, and
u = pLebg, where p > 0 and ,o_)k € L'(Lebg) for some constant A > 0. Then there exists
a constant C > 0 such that, for every k,

sup Bk < CanK(/\-i-l)/(Olk)‘
K

Note that, by the proof of [30, Theorem 1.3] or [31, Theorem 3.6], for every Holder
continuous function ¢; on X, and ;1 := ", the Bergman kernel function of order k associated
to (X, i1, ¢1) grows at most polynomially on K as k — o0; see also [8, Theorem 3.1] for the
case where ¢; is smooth.

Theorem 2.5. Assume that the following two conditions hold:

(1) K is maximally totally real and has no singularity (i.e., K is smooth, without boundary),
(1) ¢ € els (K) for some constant § > 0.

Then there exists C > 0 such that, for every k and every x € K, Br(x) < Ck" holds.
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Consider the case when X = P”, L := (1), ho = hgs is the Fubini—-Study metric on
(1), and K is a smooth maximally totally real compact submanifold in C* C P”, Q is a con-
tinuous function on K, and & := e 2>?hg on K, where ¢ := Q — %log(l + |z|?). Observe
that ¢ is in €% (K) if Q is so. In this case, the hypotheses of Theorem 2.5 are fulfilled. Thus
Theorem 2.5 implies Theorem 1.5.

As a consequence of Theorem 2.4, we obtain the following estimate generalizing Theo-
rem 1.6.

Theorem 2.6. Let K be a compact nondegenerate €> piecewise-smooth generic sub-
manifold of X. Let ¢ be a Holder continuous function on K. Let i be a smooth volume form
on K. Then we have

logk)

log B, — ’ :(
og By ¢K€O(X) "

2k
as k —> OO, Whe’e

By = e**¢B, = sup{|s(x)|§l§ ts € HOX, LR, sl 2quncy = 1)

3. Bernstein—-Markov property for totally real submanifolds

In the first part of this section, we prove Theorem 2.3, and hence Theorem 2.1 according
to the comments in the paragraph after Theorem 2.3. In the second part of the section, assuming
that Theorem 2.4 holds, we prove Theorem 2.6.

3.1. Local regularity. Let X be a compact Kéhler manifold of dimension n with a
Kéhler form w. Let K be a compact non-pluripolar subset on X and let ¢ be a continuous
function on K. Recall that

oK = sup{¥ : ¥ w-psh, ¥ < ¢ on K}.

As K is non-pluripolar, we have ¢pg < 0o. Hence ¢y is a bounded w-psh function on X.

When K = X and ¢ € €11, it was proved in [10,22,66] that ¢x € €!>1. In general, the
best regularity for ¢g is Holder one; see Theorem 3.9 and Remark 3.10. One can check that if
K is locally regular, then (K, ¢) is regular for every ¢.

Let D be the open unit disc in C. An analytic disc f in X is a holomorphic mapping
from D to X which is continuous up to the boundary 0D of D. For an interval I C 0D, f
is said to be I-attached to a subset E C X if f(I) C E. Fix a Riemannian metric on X and
denote by dist( -, -) the distance induced by it. For x € X and r € R™, let B(x, r) be the ball
of radius r centered at x with respect to the fixed metric. Here is the crucial property for us
showing the existence of well-behaved analytic discs partly attached to a generic Cauchy—
Riemann submanifold.

Proposition 3.1 ([70, Proposition 2.5]). Let K be a compact generic nondegenerate €
piecewise-smooth submanifold of X . Then there are positive constants cg, ro and 0y € (0, 7w/2)
such that, for any ag € K and any a € B(ag, ro)\{ao}, there is a €2 analytic disc f:D — X
such that f is [e71% e!%]-attached to K, dist( f(1), a0) < coé, § = dist(a, ap), | flle2 < co,
and there is z* € D so that |1 — z*| < /co8 and f(z*) = a. Moreover, if aq is in a fixed
compact subset K' of the regular part of K, then we have |1 — z*| < c¢é.
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It was stated that f € €1(D) instead of f € €2(D) in [70, Proposition 2.5]. But the
latter regularity is indeed clear from the construction in the proof of [70, Proposition 2.5]. Note
that the compactness of X is not necessary in the above result. In particular, if K € U for some
open subset U of X, then the analytic disc f can be chosen to lie entirely in U. Here is a slight
improvement of Proposition 3.1.

Proposition 3.2. Assume that one of the following assumptions hold:

(1) K is a compact generic €> smooth submanifold with €> smooth boundary such that the
boundary of K is also generic,

(2) K is a union of a finite number of compact sets as in (1).

Then there are positive constants co, ro and 0y € (0, w/2) such that, for any ag € K and any
a € B(ag, ro)\{ao}, there exists a €2 analytic disc f:D — X such that [ is [e7'%0, ¢/%]-
attached to K, dist(f(1),ao) < cod with § = dist(a,ao), || f ez < co, and there is z* € D so
that |1 — z*| < ¢od, f(z*) = a.

Proof. If K fulfills one of the conditions (1) or (2), then K can be covered by a finite
number of sets K; such that, for every j, there exist an open subset U; in X and a smooth
family (Kjs)ses; of € smooth generic CR submanifolds K5 in U; such that K5 is €° smooth
without boundary in U}, for every s, and satisfies K; = | ;¢ S; Kjs. Now the desired assertion
follows directly from Proposition 3.1 applied to each K5 and points in U; correspondingly. We
note that the constants co, ro, 0o can be chosen independent of s € S; because, as shown in the
proof of [70, Proposition 2.5], they depend only on bounds on €3-norm of diffeomorphisms
defining local charts in Kjs (see [70, Lemma 4.1]); these bounds are independent of s € §;
because the family (Kjs)ses; is smooth. |

Examples of compact sets K satisfying the hypothesis of Proposition 3.2 include the
union of a finite number of smooth Jordan arcs in C, regardless of their configuration, or the
closure of an open subset with smooth boundary in X .

Lemma 3.3. Let 0p € (0,7/6), B € (0,1) and let ¢ > 0 be a constant. Let \ be a sub-
harmonic function on D. Assume that

limsup ¥ (2) <c|0f for6 € (—6p,6p) and supy <c.
D

zeD—eif

Then there exists a constant C depending only on (0o, B, ¢) so that, for any z € D, we have
(3.1) Y(z) < Cl1—z|f.

Moreover, if limsup,cp_,pi0 ¥ (2) < g(e?) for some function g € €19 on [e7% ¢'%] and
for some § > 0 so that g(1) = 0, then

(3.2) ¥(z) < C|1—z|
for some constant C independent of z € D.
Proof. The desired inequality (3.1) is essentially contained in [70, Lemma 2.6]. The

hypothesis of continuity up to boundary of v in the last lemma is superfluous, and the proof
there still works in our current setting. Note that the proof of [70, Lemma 2.6] does not work
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for B = 1 because the harmonic extension of a Lipschitz function on 0D is not necessarily
Lipschitz on D. However, since the harmonic extension of a €% function on 9D to ID is also
el onD (see, e.g., [37, page 41]), we obtain (3.2). O

End of the proof of Theorem 2.3. Letag € K and let B be a small ball of X around ay.
Consider an increasing sequence (u;); of psh functions bounded uniformly from above on
B such that u; <0 on K NB. We need to check that (sup; u;)* <0 on K NB. Now, we
will essentially follow arguments from the proof of [70, Theorem 2.3]. Let B’ be a relatively
compact subset of B containing ag. We will check that there exists a constant C > 0 such that,
for every a € B’, we have

(3.3) uj(a) < C dist(a, K)'/°.

The desired assertion is deduced from the last inequality by taking dist(a, K) — 0. It remains
to check (3.3).
Let a;, be a point in K such that dist(a, a;) = dist(a, K). Put

§ 1= dist(a, K) = dist(a, ag).

By Proposition 3.1, there exists an analytic disc f:1D — B continuous up to boundary and
Zq € D with |z — 1| < €82 such that f(z4) = a and dist(f(1),ay) < C$, and

f([e7 % ei%)) C K,

for some constants C and 6y independent of a.

Putv; :=uj; o f.Sinceu; <O0onB N K and F(le71% %)) c K, we get v‘,-(e“g) <0
for 6 € [—6p, 0p]. Moreover, since u; is uniformly bounded from above, there is a constant M
such that v; < M for every j. This allows us to apply Lemma 3.3 for = 1 — € (for some
constant € > 0 small) and ¢ big enough. We infer that v;(z) < |1 — z|!/2. Substituting z = z,
in the last inequality gives

uj(@) = uj(f(za) = vj(za) S |1 = 24| 79/? 5 5079/,
Hence (3.3) follows by choosing € := 1/5. The proof is finished. O

Let Ao, h, ¢ be as in the previous section. Recall that the Chern form of /¢ is equal to .
Define
drk = sup{k_1 loglo|p, : 0 € HO(X, Lk), sup(|0|h§e_k¢) < 1}.
K
Clearly, ¢g < ¢k . We recall the following well-known fact.
Lemma 3.4. The sequence (¢x i)k increases pointwise to ¢g as k — oo.
As a direct consequence of the above lemma, we see that ¢g is lower semi-continuous.
Proof. Since we could not find a proper reference, we present detailed arguments here.

We just need to use Demailly’s analytic approximation. Since ¢ is bounded, without loss of
generality, we can assume that ¢x < 0. Clearly, ¢x x < ¢k. Fix a € X. Let § be a positive
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constant. Let ¥ be a negative w-psh function with ¢ < ¢ on K such that ¥ (a) > ¢g(a) — 6.
Lete € (0,1). Observe dd€(1 — €)¥ + w > ew. This allows us to apply [27, Theorem 14.21]
to Y. Let (0;); be an orthonormal basis of H 0(X, L¥) with respect to L2-norm generated by
the Hermitian metric A¢ y x = e_k(l_e)’*”hlg and w". Set

1 &
Ve = 7 log > lojlak-
ji=1
Then V¢ > (1 — €)¥, and Y converges pointwise to (1 — €)y as k — oo. Note that

1
Vek = SUP{%IOglfflh’g o€ HOX.L%) :loll 2@ n. o) = 1}-

Let (w(N ))& be a sequence of continuous functions decreasing to ¥ as N — co. By Hartog’s
lemma applied to (Y1, n,x)ken, We see that there is a sequence (ky)n C N increasing to 0o
such that

(1= 1/NY < ¥y nay <0 =1/N)y™ 4 1/N.

Consequently, ¥1/n,k, converges pointwise to ¥ as N — o0.
Recall that ¥ < ¢ on K. By Hartog’s lemma again and the continuity of ¢, for every
constant 8’ > 0 and N large enough, we have

Vi/Nky <P+ 8

on K. It follows that
ky'loglo|piy < ¢ + 68

0 k ; —
forevery 0 € H”(X, L*N) with ||0||L2(w”,h1/1v,w,k,v) = 1. We deduce that
bk ky = ky'loglo|pin — 8
for such o. In other words, ¢x x = ¥1/nk,y — 6 for N big enough. Letting N — oo gives
. . > . _ / — _ / > _ /_
liminf iy (@) = lim Y/n ey (@) =8 = ¥(@) =& = ¢x(a) =8 = 8.

Letting 8,6’ tend to O yields that liminfy o0 ¢x k(@) = ¢k (a). Hence ¢g x, — ¢k as
N — oo. We have actually shown that, for every sequence (ky )y C N converging to oo,
there is a subsequence (ky)y such that ¢g i, converges to ¢g. Thus the desired assertion
follows. O

Using arguments from [17, Lemma 3.2] and Lemma 3.4 gives the following.

Lemma 3.5. If (K, ¢) is regular, then ¢g x converges uniformly to ¢pg as k — oo.

Proof. For readers’ convenience, we briefly recall the proof here. Since ¢x = ¢g.,
we see that ¢k is upper semi-continuous. This combined with the fact that ¢g is already

lower semi-continuous gives that ¢ is continuous. By Lemma 3.4, we have the pointwise
convergence of ¢ i to ¢g. Using the envelop defining ¢pg, observe next that

(3.4) ko k +moxm = (k + m)Pk k+m
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for every k, m. We fix a Riemannian metric d on X. Let € > 0. Since X is compact, ¢ g is uni-
formly continuous on X . Hence there exists a constant § > 0 such that d(¢g (x), px(y)) < €
if d(x,y) <6 forevery x,y € X. Fix xg € X. Let ko > 0 be a natural number such that, for
k > ko, we have d(¢x (x0), ¢k k (x0)) < €. Since the line bundle L is positive, ¢, is continu-
ous for r big enough. Hence, without loss of generality, we can assume that ¢g , is continuous
for every r, for only big r matters for us. By shrinking § if necessary, we obtain that, for
every 1 <r < kg, one has d(¢x (x),dx r(y)) <€ if d(x,y) < 8. Write k = kor + s for
0 <s < ko — 1. Using this and (3.4) yields

k¢k ik = rkod ko, + SPK.s-

It follows that
k() N
dK k> ”?(f’K,ko + Ed’K,s-
Thus

k k
Bk (¥) = 9K () =~ (Brky (¥) — 9K () — (1= 22 )bk () + ks ().

The choice of § now implies that there exists a constant C > 0 such that the right-hand side
is bounded from below by —3e — Cko/k if d(x, xo) < 6. Since ¢x x < ¢k, we obtain the
uniform convergence of ¢ x to ¢g. O

Put
1 1 &
g e Do 12
Pxk = plog B = o 10g2;|sJ|hg'
j:

Proposition 3.6. Assume that (K, ¢) is regular and (K, i1, ¢) satisfies the Bernstein—
Markov property. Then we have

(3.5 ¢k x — K llgoxy = 0. ask — oo.
In particular,
(3.6) lim B}/* = 2%
k—o00

Note that the limit in (3.6) is independent of w. We refer to [7, Lemma 2.8] for more
information in the case K C C" C X = P".

Proof. When X = P” and L = @(1), this is [17, Lemma 3.4]. The arguments there
work for our setting. We reproduce here the proof for the readers’ convenience. It suffices to
check the first desired property (3.5). Observe that

(3.7) s;p(lsl%,ge‘z’“”) = s1u(p|s|%,k < (sup B lIsI7 24 k)

Combining this with the Bernstein—-Markov property, we see that, for every € > 0, there holds

2 =2k ko2
(3.8) sup(Jsljge ™) < €522k
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for every s € H%(X, L¥). Observe also that

(3.9) |sln < sup(|s|ps e ?)ekPKx
K
on X. Applying the last inequality to s := s; and using (3.8), we infer that

1 ~
ﬁlogBk <€+ Pkk-

In other words, g;K,k < € + ¢k k on X. On the other hand, if supK(|s|h§e_k¢) <1, then
Isllz2qu k) =C
for some constant C independent of k. It follows that
Ek > C_1€2k¢K’k.

Consequently, ag,k > i + O(k™1). Thus, using Lemma 3.5, we obtain the desired asser-
tion. This finishes the proof. |

Remark 3.7. Recall ¢px < ¢ on K. If x € K is a point so that ¢pg(x) < ¢(x), then
by Proposition 3.6, we see that B, 1(x) grows exponentially as k — oco. Consider now the
case where K = X and ¢ is not an w-psh function. In this case, there exists x € X with
¢x (x) < ¢(x), and hence By, becomes exponentially small as k — co.

3.2. Holder regularity of extremal plurisubharmonic envelopes. Let o € (0, 1] and
let Y be a metric space. For every f:Y — C, we define

I/ lleo.w := sup M
T vy @Oy

We denote by €% (Y) the space of functions on Y of finite €%%-norm. If 0 < o < 1, then for
simplicity, we will sometimes write €% for €%, The following notion introduced in [31] will
play a crucial role for us.

Definition 3.8. For « € (0, 1] and &’ € (0, 1], a non-pluripolar compact K is said to be
(€%, E’O""/)—regular if, for any positive constant C, the set

{pk = ¢ € €**(K) and ||§ [ co.a (i) < C}
is a bounded subset of €% (X).
The following provides examples for the last notion.
Theorem 3.9 ([70, Theorem 2.3]). Leta € (0, 1). Then any compact generic nondegen-
erate €5 piecewise-smooth submanifold K of X is (€%%, €%%/2) regular. Moreover; if K has

no singularity, then K is (€%%, €%%)-regular.

The next remark follows immediately from Proposition 3.2 and the proof of [70, Theo-
rem 2.3].
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Remark 3.10. If K is as in Proposition 3.2, then K is also (€%% €%%)-regular for
a € (0,1). The union of a finite number of open subsets with smooth boundary in X is an
example of such K.

If K = X and ¢ € €%, it was shown in [22] that ¢x € €%1; hence X is (€01, €%1)-
regular; see also [10,22,66] for more information. In the case where K = X or K is an open
subset with smooth boundary in X, it was proved in [31] that K is (€%%, €%%)-regular for
a € (0, 1). This was extended for K as in the statement of Theorem 3.9 in [70, Theorem 2.3];
see also [48]. We do not know if Theorem 3.9 holds for « = 1. Here is a partial result whose
proof is exactly as of [70, Theorem 2.3] by using (3.2) instead of (3.1) (and noting that the
analytic disc in Proposition 3.1 is €2(ID), hence in particular, is €1 for some § € (0, 1]).

Theorem 3.11. Let § € (0,1), C; > 0 be constants. Let K be a compact generic €

smooth submanifold (without boundary) of X. There exists a constant Cy > 0 such that, for
every ¢ € €18 (K) with |ller.s < Ci, then ||k |leo.1 < Ca.

We mention at this point an example in [62] of a domain K with € boundary, but (K, ¢)
is not regular even for ¢ = 0. Applying Theorem 3.11 to X = P”, we obtain the following
result that implies [64, Conjecture 6.2] as a special case.

Theorem 3.12. Let K be a compact generic nondegenerate ‘€> piecewise-smooth sub-
manifold in C". Then Vi € €Y2(C™"). Additionally, if K has no singularity, Vg € €%1(C™).

Recall that
Vk = sup{y € £(C") : ¥ <0on K}.

We note that the fact that Vx € €%!(C") when K has no singularity was proved in [64] (and,
as can be seen from the above discussion, this property also follows essentially from [70]). As
a direct consequence of Theorem 3.12, we record here a Bernstein—-Markov type inequality of
independent interest.

Theorem 3.13. Let K be a compact generic nondegenerate ‘€> piecewise-smooth sub-
manifold in C". Then there exists a constant C > 0 such that, for every complex polynomial p
on C" we have

(3.10) IVpllzeo(xy < C(deg p)?[|pllLoo (k).
If additionally K has no singularity (e.g., K = S?*~1), then

IVpllLeo(xy < C deg pllpllLeo(k)-

Note that the exponent of deg p is optimal as it is well known for the classical Markov
and Bernstein inequalities in dimension one. The above result was known when K is algebraic
in R”; see [12, 19]. We emphasize that inequalities similar to those in Theorem 3.13 also hold
for other situations (with the same proof), for example, K = S”~! ¢ R” and considering K
as a maximally totally real submanifold in the complexification of S"~1.

Markov (or Bernstein) type inequalities are a subject of great interest in approximation
theory. There is a large literature on this topic, e.g., [12,18-21,23,56,72], to cite just a few.
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Proof. Observe first that Vi is €% if K has no singularity or el/2in general by Theo-
rem 3.12 (applied to X = P") and Remark 2.2. Let p be a complex polynomial in C”. Put
k := deg p. Since %(log| p| —logmaxg|p|) is a candidate in the envelope defining Vk, we get

kV,
|p| < "% max|p|
K
on C”. We use the same notation C to denote a constant depending only on K, n. Let
a=(ay,....ay) € K CC".

Letr > 0 be a small constant. Consider the analytic disc D, := (a1 + rD, a», ..., a,). Apply-
ing the Cauchy formula to the restriction of p to D, shows that

0 a)| < r~ ' max|p| < r~!(max max VK.
0:1 p(@)] < " max|pl < r~" (max| p)) ma
Since ¢x = 0 on K, using el/2 regularity of Vg gives
Ckrl/2

-1 -1
0:, p(@)] = " max|p| < " (max|pl)e

a

for some constant C > 0 independent of p and a. Choosing r = k2 in the last inequality
yields
921 p(@)] = Ck* max|p|.

Similarly, we also get
|0z, p(a)| < Ck? max|p|

for every 1 < j < n. Hence the first desired inequality (3.10) for general K. When K has no
singularity, the arguments are similar. This finishes the proof. ]

Here is a quantitative version of Lemma 3.4.

Proposition 3.14. Let K be a compact generic nondegenerate € piecewise-smooth
submanifold of X. Let ¢ be a Holder continuous function on K. Then we have

logk)‘

¢k = 9k ooy = O (=

Proof. The desired estimate was proved for K = X in [30, Corollary 4.4]. For the gen-
eral case, we use the proof of [70, Theorem 2.3] (and [31]). Let 5 be the continuous extension
of ¢ to X as in the proof of [70, Theorem 2.3]. It was shown there that pgx = ng. On the other
hand, one can check directly that ¢g > ax,k- Hence we get

lolgzrk)

for every k. This implies the conclusion. i

bk — Pk| = bk — bk < ¢x — xp = 0(

End of the proof of Theorem 2.6. The desired estimate is deduced directly using Propo-
sition 3.14, Theorem 2.4, and following the same arguments as in the proof of Proposition 3.6.
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We just briefly recall here how to do it. Firstly, as in the proof of Proposition 3.6, we have

bk — Pk > Ok™M).

It remains to bound from above 5 K.k — ¢k k- Combining the polynomial upper bound for By
in Theorem 2.4 and (3.7), one gets, for some constants C, N > 0 independent of k,

SIU<P(|S|h§e_k¢) < CkY[Isll2(ukg)

for every s € H%(X, L¥). This coupled with (3.9) yields |s|h15 < kNek¢k.k on X. It follows
that

& D rog By < gp s + N1OZK
= — 10
K.k 2% gDk = QK k k

This finishes the proof. O

4. Polynomial growth of Bergman kernel functions
This section is devoted to the proof of Theorems 2.4 and 2.5.

4.1. Families of analytic discs attached to K. The goal of this part is to construct suit-
able families of analytic discs partly attached to K. In the literature, there are various construc-
tions of families of analytic discs partly attached to generic Cauchy—Riemann submanifolds for
different purposes (e.g., see [2,53]). Although the main tool is usually a modified Bishop equa-
tion, depending on each problem, one has to prove some additional properties of the family in
consideration. In our case, we need to have very good quantitative properties of the families
of analytic discs. Our construction below is based on [69]. It is not clear whether this can be
deduced from other previous work on analytic discs (such as [57]) since, in our setting, we are
dealing with a piecewise-smooth submanifold K rather than a smooth one.

We do not need all of properties of the family of analytic discs given in [69]. For the
convenience of the reader, we briefly recall the construction shown below. We will only con-
sider the case where dim K = n in this section. Here is our result giving the desired family of
analytic discs.

Theorem 4.1. Let Co > 0 be a constant. Then there exist constants C > 0, ro > 0 and
0o € (0, w/2) such that, for every 0 < t < rg, the following properties are satisfied. Let py be
a regular point of K of distance at least t / Cq to the singularity of K, and let Wp,, be a local
chart around po in X such that pg corresponds to the origin 0 in C". Then there is a €% map
F:DxB,_; — Wy, such that the following properties are fulfilled.

(1) F(-,y) is holomorphic for every y € B,_1, and |DF(&,y)|| < Ct for every & € D,
y € Bp—1.
(ii) F(e'®,y) € K for—6y <0 <0pandy € By_y, and |F(1,y)| <t/Co,
(iii) Let G denote the restriction of F to [e_i bo ol 00] X B,,—1. Then G is bijective onto its
image, and the image of G is contained in B(pg,t/Co) N K (here B(pg,t/Co) denotes

the ball centered at po of radius t/Cq in X ), and C 11" < |det DG(e'?, y)| < Ct" for
every —0yp <0 < bOpand y € B,_1.
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We proceed with the proof of Theorem 4.1. Denote by z = x + iy the complex vari-
able on C and by & = ¢? the variable on dD. For any m € N and r > 0, let B,, (0, r) be the
Euclidean ball centered at O of radius r of R, and for r = 1, we write B, for B,, (0, 1).
Let Z be a compact submanifold with or without boundary of R”. The Euclidean metric on
R™ induces a metric on Z. For 8 € (0,1] and k € N, let €%#(Z) be the space of real-valued
functions on Z which are differentiable up to the order k and whose k-th derivatives are Holder
continuous of order . For any tuple v = (vo. ..., U;) consisting of functions in €58 (Z), we
define its €X-A -norm to be the maximum of the ones of its components.

Let ug be a continuous function on dID. Let

b4 i0
Cuuo(z) = —— / wo(e'®) 2 ap,
21 J_ o elt —z

which is a holomorphic function on D. Recall that the real part of Cug is ug. Let Tup(z)
denote the imaginary part of €ug(z). Put Tug := Tuo — Tug(1). For basic properties of 77,
one can consult [2,53].

We now go back to our current situation with X. We endow X with an arbitrary Riemann-
ian metric. For 6y € (0, ), let [e 1% ¢1%] denote the arc of 0D of arguments from —6 to 6.
Let po be a regular point in K and let r,, denote the distance of pq to the singular part of K.
Recall that we assume in this section that dim K = n.

Lemma 4.2. There exist a constant cx > 1 depending only on (K, X) and a local chart
(Wpo, W) around po, where W: Wy, — Boy, is biholomorphic with W(po) = 0 such that the two
following conditions hold:

(i) we have
1lles < ek, 197 les < ek,
(ii) there is a €3 map h from B, to R" so that h(0) = Dh(0) = 0, and
WK O Wpy) D {5 7)) : X € Br(0, rpo /ex)},
where the canonical coordinates on C" = R"™ + iR" are denoted by z = x + iy, and

I2lles =< ek

Note that / is indeed €2 (because K is so), but €3 is sufficient for our purpose in what
follows.

Proof. The existence of local coordinates so that 2(0) = Dh(0) = 0is standard; see [2]
or [70, Lemma 4.1]. Perhaps, one needs to explain a bit about the radius rp,/ck: the existence
of cx comes from the fact that, for every singular point a in K, there are an open neighborhood
U of ain X and sets A; € Bj C U for 1 < j < m such that B is €° smooth generic CR
submanifold of dimension dim K in U, and

m
KnU=|Ju;n0U),
j=1
and A; is the closure in U of a relatively compact open subset in B;, and dA4; (in U) is
contained in the singularity of K. Thus, by applying the standard local coordinates to points
in B, we obtain the existence of ¢k . This finishes the proof. |
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From now on, we only use the local coordinates introduced in Lemma 4.2 and identify
points in Wy, with those in B, via W.

Lemma 4.3 ([70, Lemma 3.1]). There exists a function ug € €°°(0D) such that

uo(e'®) =0 for e[-n/2.7/2] and dxuo(l) = —1.

In what follows, we identify C” with R” + iR". Let uo be a function described in
Lemma4.3.Let 71,72 € Bp—1 € R"™1. Define 7 :=(l,71) e R"and 75 := (0, 72) € R”
and t := (71, T2). Let? be a positive number in (0, 1] which plays a role as a scaling parameter
in the equation (4.1) below.

In order to construct an analytic disc partly attached to K, it suffices to find a map

U:oD — B, C R",
which is Holder continuous, satisfying the following Bishop-type equation:

(4.1) Ur,i(€) = 115 — T1(h(Uz ) (§) — t Tiuo ()77,

where the Hilbert transform 77 is extended to a vector-valued function by acting on each com-
ponent. The existence of solution of the last equation is a standard fact in the Cauchy—Riemann
geometry.

Proposition 4.4 ([69, Proposition 3.3]). There are a positive number t, € (0,1) and
a real number c1 > 0 satisfying the following property: for any t € (0,t1] and any t € IB%_I,
equation (4.1) has a unique solution Uy ; which is ©21/2 iy (¢, 1) and such that

ID{e vy Uz tller2@py < cit
forany T € Ei_l and j =0, 1.
From now on, we consider ¢t < min{t;, Corp,} (hence the distance from py to the singu-
larity of K is at least 1/ Cp). Let Uz ; be the unique solution of (4.1). For simplicity, we use the

same notation Uy ;(z) to denote the harmonic extension of Uy ;(§) to D. Let Py ;(z) be the
harmonic extension of 4 (Uz ;(§)) to D. Recall the following result.

Lemma 4.5 ([69, Lemma 3.4]). There exists a constant ¢, so that, for every t € (0, t1]
and every (z,7) € D x B2

n_1> we have

IID{Z,,)UT,t(z)Il <ct and ||D("Z’T)P,,,(Z)|| < cyt?

forj =0,1

We note that the hypothesis that D2h(0) = 0 was required in [69], but it is actually
superfluous in the proof of Lemma 4.5. Define

F(Za T7 t) = UT,t(Z) + iPT,t(Z) + ltuO(Z)TT’
which is a family of analytic discs parametrized by (t, ¢). Compute

F(,t,t) =U(zr,1)(1) +iPr (1) = tT5 + h(173).
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Hence if |7| is small enough, we see that
|[F(1 T, 0)] < t]r2] <rpy/(2ck).
This combined with Lemma 4.5 yields that
(42) Uz ()] < 101Uz (D] < [0lrpo/ ck) < rpo/ck

if 6 and T, are small enough. Now the defining formula of F and the fact that ug = 0 on
[e717/2 ¢17/2] imply that

F(& 7.1) = U (§) + iPrs(§) = Ur s (§) + ih(Ur s (§)) € K
by (4.2) if 6 and T, are small enough. In other words, there is a small constant 8y such that if

|T2] < 6p, then F is [e~'%0 ¢i%]-attached to K.

Proposition 4.6. By decreasing 0y and t1 if necessary, we obtain the following property:
for every T € By_1, the map F(-,t1,-,1):[e”'%,¢1%] x B,_1(0,0p) — K is a diffeomor-
phism onto its image, and

C 1" < ||det DF(-,t1,-,1)||p < Ct"

for some constant C > 0 independent of t, T .

Proof. The desired assertion was implicitly obtained in the proof of [69, Proposition 3.5].
We present here complete arguments for readers’ convenience. Recall

F@ t1.0) = Ury(¢') + ih(Us 4 (7).
By the Cauchy—Riemann equations, we have
ayUt,t(l) == _taxuo(l)tT - ath’t(l) == tTT - axPT,t(l).

The last term is O(¢2) by Lemma 4.5. Thus the first component of 0, Uy ((1) is greater than
t/2 provided that ¢ < ¢, small enough. A direct computation gives 0, Uz /(1) = 0gU¢ +(1).
Consequently, the first component of

9 F (" 71.1) = 9Ur (1) + i0gh(Ur.+(1))
is greater than ¢ /2 for t < t, (note that Dh(0) = 0). Moreover, as computed above, we have
F(l,t1,t) =115+ h(t73).

Thus D, g F(1,7,1) is a nondegenerate matrix whose determinant satisfies the desired in-
equalities if |#| < 6 is small enough. The proof is finished. |

End of the proof of Theorem 4.1.  Let 6y be as above and smaller than 6; and suppose
that M > |6p|~! is a big constant. Fix a parameter 71 and define

Ft(s,‘tz) = F(E,Tl,Tz/M,Z).

By the above results, we see that the family F; satisfies all of required properties (because
|T2/ M| < 6p). This finishes the proof. i
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4.2. Upper bound of Bergman kernel functions. We start with the following useful
estimate in one dimension.

Lemma 4.7. Let B € (0,1). Then there exists a constant Cg > 0 such that, for every

0o € (0, ] and every constant M > 0, and every subharmonic function g on D such that g is
continuous up to D and |g(€)| < M for & € dD\{e'? : —0y < 0 < 6y}, we have

0o
g(z) < Cg [|1 —zPogtM + (1 |Z|)_1/ g(eig)dQ]-

—0o
Proof. Let 0y € [0,27). Put
I:=1{e"%:—0y<0 <6y, I':={?:—60/4<06<06/4).

Let g1 be the harmonic function on D such that g; € €%1(0D), and g1(§) = M for & € oD\ I
and g1 = Oon I'. Observe that || g1 [ ¢0.1 (3p) < COy ' M for some constant C > 0 independent
of M, 91 s 90.
By a classical result (see [37, page 41] or [70, (3.4)]) on harmonic functions on the unit
disc, we have
lg1lleosm) < lgilleosep) < 65" M

for every B € (0, 1). As aresult, we get
(4.3) g1(2) = g1(2) —g1(1) S 11 = 2P| g1lleo.somy < 1 — 2P 05" M.

Let g, be the harmonic function on D such that g»(e'?) = 0 for |0] > 6y, and g»(e'?) = g(e'?)
for 8 € [—6p, 6p]. Observe that g < g1 + g2 because the latter function is harmonic and greater
than or equal to g on the boundary of . Using Poisson’s formula, we see that

7 . 8o .
g2(2) < (1— |z / 2(e®)do = (1 — |z~ f_ ey ao.

-

Summing this and (4.3) gives the desired assertion. The proof is finished. O

Let K be a €> smooth (without boundary) maximally totally real submanifold in X.
Lets € HO(X, L) with Isllz2¢u,nky = 1and M := supK|s|ik. Let pg € K. Consider a local
chart (U, z) around pg with coordinates z, and pq corresponds to the origin 0 in C”. Shrinking
U if necessary, we can assume also that L is trivial on U..

We trivialize (L, ho) over U such that hg = e~¥ for some psh function ¥ on U with
¥ (0) = —¢(0) (we implicitly fix a local holomorphic frame on L|y so that one can identify
Hermitian metrics on L|y with functions on U), and identify s with a holomorphic function
gsonU.Thus h = e %hg = ¢~V on U. In particular, 7(0) = 1 on U.

Lemma 4.8. There exists a constant C; > 0 independent of k, s, po such that

4.4) sup |s(z)|ik <CiM,
{lzl<1/k}

and

(4.5) Cills@ i < lgs@I < Cils@)|ne < CTM
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forz € B(0, k™). Moreover, for every constant € > 0, there exists a constant ce > 0 indepen-
dent of k. s, po such that |gs(0)|? < |gs(2)|> + €M for |z| < 1/(cek).

Proof. The desired inequality (4.5) follows immediately from (4.4) and the equalities
185(@)* = [s(2) 75XV OTPED) -y (0) + ¢(0) = 0.

Recall that
¢k = sup{y w-psh: ¥ < ¢ on K}.

Note that ¢ < ¢ on K. By hypothesis, ¢ € €14(K) for some constant § > 0. This combined
with Theorem 3.11 and the fact that K has no singularity yields that ¢ is Lipschitz. Using the
fact that k! log|s| nk is w-psh, we get the Bernstein—Walsh inequality

|s|i/6 < (sup|s|?¢)e?kPx = Me2koxK

K
Hence |s |i « < Me?k@Kk=9) This combined with the Lipschitz property of ¢x and ¢ (and also
the property that ¢px (0) — ¢(0) < 0 on K) yields

sup  |s(@)7x < C1M
{z:|z]<1/k}
for some constant Cy independent of k, s, pg. Hence (4.4) also follows.

Arguing as in the proof of Theorem 3.13, one obtains the following version of Bernstein—
Markov inequality: for z € B(0, k~!/2), there holds

(4.6) \Ves@)| <k sup |gs| < kM2,
B(0,k—1)

Consequently, for z € B(0, k™! /c¢) with ¢, big enough, we get

lgs(z) —gs(0)] < |z|  sup |Vgs| <e/2M1/2,
B(0,k—1/Cop)

This finishes the proof. ]

Proof of the upper bound in Theorem 2.5. Lets € HO(X, L) with [sl22(u,nk) = 1. Let
M = ||S||%0°(K,hk)' We need to prove that M < k”.

Let po € K and consider a local chart (U, z) around po with coordinates z; the point pg
corresponds to 0 in the local chart (U, z). Let € > 0 be a small constant to be chosen later. Let
C1, ce be the constants in Lemma 4.8. Let A > C 126_2 be a big constant. Using the Lipschitz
continuity of ¢ yields

@) / g2 dp = / 5P ¥+ gy < 1
{lz|<k—1} {lz|<k—1}

(uniformly in s). Now let F:ID x ¥ — X be the family of analytic discs in Theorem 4.1 asso-
ciated to Cy := 2c¢, for pg,andt := k~!, where Y := B, _;.Let 6y € (0, /2) be the constant
in the last theorem.

Let g :=|gs o F|?. Putzy, := F(1 —1/A, y). By expressing

zy = F(1-1/A.y) = F(lL.y) + F(1.y),
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one gets |zy| < 1/(cek) if A is big enough. Applying Lemma 4.7 to g(-, y) and 8 = 1/2 and
using (4.5) yield

6o )
2522 = gy y) < C/(A—WM saf g de)

6o
for some constant C’ > 0 independent of s, pg, k. This combined with Lemma 4.8 yields

6
1gs(0))> <eM +C'A™V2Mm + C’A/ g%, y)de.

fo

Integrating the last inequality over y € Y gives
0o )
1gs(0)> < eM + C'A™Y2M + C’ A(vol(Y)) ! /Y vol, /9 g%, y)do
—vo

6o i
526M—|—C’A(V01(Y))_1/ volyf g(e'® y)do
Y —6o

if A > e72C"?. By properties of F and (4.7), the second term in the right-hand side of the last
inequality is < k”. We infer that |g4(0)|> < 2¢e M + AC,k", where C; is a constant indepen-
dent of k, s, po. Consequently, by (4.5), one gets |s(p0)|ik <2C1eM + AC,C1k" for every

po € K. By choosing € := 1/(4C;) and A big enough as required, one gets
M < M/2 + AC;Cok™.

Thus the desired upper bound for M follows. The proof is finished. O
We now proceed with the proof of Theorem 2.4.

End of the proof of Theorem 2.4 for dim K = n. We assume dim K = n. We will ex-
plain how to treat the case dim K > n later. Let s € HO(X, L*) with sl 22(u,nk) = 1. Put
M := supg|s|pk. Leta € (0, 1) be a Holder exponent of ¢. We have ¢ € ©%/2 (note @ < 1).
We follow essentially the scheme of the proof for the upper bound of By in Theorem 2.5.

Denote by K o the set of points in K of distance at least k=2/% to the singular part of K,
and Uy , the set of points in X of distance at most k=2/% to K. As in the proof of Lemma 4.8,
one has

(4.8) sup |s(p)|zk <CM, M <C sup |s(p)|i«
P€Uk o PEKk o

for some constant C > 4 independent of &, s. In particular, it is sufficient to estimate |s( p)|ik
for p € Ky 4.

Let po € Ki o (hence po is a regular point of K, and the ball B(po, k=2/%) N K lies
entirely in the regular part of K), and consider a local chart (U, z) around po with coordinates z;
the point pg corresponds to 0 in the local chart (U, z).

We trivialize (L, ho) over U such that hy = e~ for some smooth psh function v on
U with ¥(0) = —¢(0) (we implicitly fix a local holomorphic frame on L|y so that one can
identify Hermitian metrics on L|y with functions on U), and identify s with a holomorphic
function g5 on U. Thus h = e ®hg = ¢®~¥ on U. In particular, #(0) = 1 on U. Using the
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Holder continuity of ¢ yields

/ el = [ 20k gy < 1
{lzl<k—2/} {lz|<k—2/}

(uniformly in s, k). As in the proof of Lemma 4.8, a Bernstein—Walsh type inequality implies
that, by increasing C if necessary (independent of pg, k, s), there holds

(4.9) CUs@ % < |gs@)? = |s(@) |2 F V@@ < cyy

forz € B(0,k~2/®). Let A’ := A/(1 + A). One also sees that there is a constant Cy > 0 inde-
pendent of k, s, po such that

(4.10) 125 (0)[? < |gs ()2 + M/ C2/¥

if |z| < 2k™2/%/Cy. Since u = pLebg, where p~* € L!(Lebg), applying Holder inequality
o g5 = (1gs|** p*) (™) gives

/ A
@1 / 0 d Lebic 5 ([ ss7dn) 51
{lzl<k—2/«} {lz|<k—2/}

Let A > C° be a constant. Now let F:ID x ¥ — X be the family of analytic discs in Theo-
rem 4.1 associated to Cp for pg = 0, and t := k—2/e,

Let g 1= |gs o f|**. Put zy := F(1 —1/A, y), which is at most 2k~2/*/Cy by proper-
ties of F if A is big enough. Applying Lemma 4.7 to g(-, y) and B = 1/2 yield

/ / 00 :
£:@) P = 26 ) = CMF /12 AC [ (e y) o
—vo
(again, we increase C if necessary independently of s, pg, k). By this and (4.10), we get
7 7 / 90 :
8 OPY = MY /€24 M (412 4 aC [ g6,y s

—6o

/ 00 ;
gzM*/chrAc/ g%, y)de.

()

Integrating the last inequality over y € Y gives

/7 ’ 00 7
(4.12) 1gs(0)* <2M* /C? + AC(vol(Y))™! / voly, / g%, y)do.
Y —6o
The second term in the right-hand side of the last inequality is bounded by
o 2 -1
1y ._/ lgs(x)|“" |det DG|™" d Lebg
B(0,k—2/9)NK
< onle / 26 ()1 d Leby .
B(0,k—2/®)NK

Using this, (4.12) and (4.11) gives

(g5(0)* <2M* /C? + AC kMY
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for some constant C; big enough (independent of k, s, pg). This combined with (4.9) gives
Is(po)ljt" < 2M*'/C + ACCok*"/*
for every po € Kj. By this and (4.8), we obtain
MA’ < k2 /o
by choosing C big enough. Hence M < k2"/(®A") This finishes the proof. O

We now explain how to prove Theorem 2.4 when K is not necessarily totally real.

End of the proof of Theorem 2.4 for dim K > n. As in the case of dim K = n, it suf-
fices to work with points in K of distance at least k=2/%/Cy to the singularity of K for some
Co > 0 big enough. Let po be such a point, and let s € H(X, L¥) with Isl2¢u,nky = 1.
Our goal is to show that |s(po)|px < Ck2"&A+D/(@A) for some constant C independent of s
and k. We identify s with a holomorphic function g5 on a small open neighborhood U of pg
as usual. Hence, as above, one gets

(4.13) lgs|*"'d Lebgx < 1,

»[l;(po,k_z/“)ﬂK
where A’ is as in the case of dim K = n.

Let r be the CR dimension of K. Recall that dim K = n + r. Using standard local
coordinates near pp on K, one sees that, by shrinking U if necessary, there are holomor-
phic local coordinates (z1,z2) € U C C"*™" x C” such that K is locally given by the graph
Imz; = h(Rezy,z,) for h € €°. In particular, for every vector v € R” (small enough), the
real linear subspace Im z, = v intersects K at a generic CR € smooth submanifold K, in U.
Put g4 := gs|Kk,- Let Co > 0 be a big constant to be chosen later. By Fubini’s theorem and
(4.13), we obtain

/ d Lebgr / |lgs.o|** d Lebg, < 1.
lv|<k—2/@ K,

It follows that there exists v with |v| < k=2/®/Cy so that

/ |gs,v|2)v d Lebg, < k2r/e

v

Applying the proof of the case where dim K = n to K, we see that
@.14) 15(0,1(0,0,v),0,v)| % < k21&/@2),

where we write (z1,22) = (Rez;,Imz;,Rez,, Imz,), and pg is identified with O in these local
coordinates. On the other hand, since |v| < k=2/%/Cy, using a version of Bernstein—-Markov
inequality (similar to (4.6)) yields

1
|s(0)|ik < 1s(0,4(0,0,v),0, U)|%k + 3 sup|s|ﬁk
K

if Cy is big enough. This combined with (4.14) gives the desired upper bound. The proof is
finished. ]
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Remark 4.9. The proof of Theorem 2.4 actually shows the following local estimate.
Let U be an open subset in X, and let gy be the restriction of w to U. Define

. |S|ik
By = sup —_—.
s€HO(U,L¥) ”S”L2(;LU,hk)

Then, for every U’ € U, there exists C’ > 0 such that

sup By < C'k2nxA+1)/(@d)

KnU’

S. Zeros of random polynomials

In this section, we prove Theorem 1.7. Let Lebcm be the Lebesgue measure on C” for
m > 1, and we denote by || - || the standard Euclidean norm on C™. Let ws ;» be the Fubini—
Study form on P, and let Qps s, = wlé’g,m be the Fubini-Study volume form on P, We
always embed C™ in P". We recall the following key lemma.

Lemma 5.1 ([33, Proposition A.3 and Corollary A.5]). There exist constants C,A > 0
such that, for every k > 0, and every wgg -psh function u on P* with fX uUQps k = 0, then

u < C(1 +logk), / Qpsx < Cke™™
{u<—t}
foreveryt > 0.

The essential point is that the constants in the above result are uniformly in the dimension
k of P*. In our applications, the dimension k will tend to co. Let di be the dimension of the
space of polynomials of degree at most kK on C”. Note that dj ~ k".

Let f be a bounded Borel function on C such that there is a constant Cy > 0 for which,
for every r > 1, we have

/ fd Lebc < Co/r2.
lz|=r

Let ay,az,...,aq, be complex-valued i.i.d random variables whose distribution is f Lebc.
Assume furthermore that the joint distribution of (a1, ..., ag, ) satisfies

Py = f(z1)... f(zg, ) Leb(z1) ® --- @ Leb(zg4, ) < CoS2ps 4,

on C,

Let p(dk) = (p1,..., pq;) be an orthonormal basis of & (C"). Let L be a complex
algebraic subvariety of dimension m > 1 in C”. Note that the topological closure of L in P”
is an algebraic subvariety in P”. Observe that

m m
Wps p < Co™,

where w is the standard Kihler form on C”, and C > 0 is a constant. Fix a compact A of
volume vol(4) := [, wgs , > 01in C”. We start with a version of [15, Lemma 2.4] with more
or less the same proof. We use the Euclidean norm on C,
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Lemma 5.2. Let M > 1 be a constant. Let Ey be the set of (a1, ...,aq,) € C% such
that
dk 1 dk
[ (102> s 21| = 310w X1y O Yo = 20 v01) 0 .
j=1 j=1

Let E;_ be the set of a9 so that ||a@X)| > d,?M. Then we have Zi(Ex U E} ) < Cdk_3M
for some constant C > 0 independent of k and M .

Proof. Puta'¥®) := (ay,... .agq, ), and
di 1 di
Ii(ar, ... aq,) 12/(10g > ajpi(2) —510g2|1’j(2)|2)w{3§,n-
A j=1 j=1
Observe
dyc dy 1/2
S (2| = ||a<dk)||(2|p,-(z)|2) |

Jj=1 j=1

It follows that, for al) ¢ E &> one has
2Mvol(A)logd < Ik(a(dk)) < log||a(dk)||V01(A).

This implies that, for each k, there exists 1 < ji < dj such that |a;, | > d1§4M_1)/ 2. We infer
that

Pr(Ex) < @9 < Jaj| = d*™MD% for some 1 < j < dy)

—4M+1 —3M

< < <

= dk @M—1)/2 fLebc = C()dk = Codk .
|L11|de

Similarly, we also get ;. (E ,’c) Sde 3M This finishes the proof. m]

Put a'9) .= (ay,. .. ,aq, ) and plan) = (py,. ... Pd, ). Define

d
o(a'%)) .=/ log |Zji1 ajpj(z)}
= Joet Q@R T Do)

WFs 5 (2).
Observe that ¢ < 0 on C% . We put
1P /cdk (@) Qps g, .
Lemma 5.3. There exists a constant C > 0 such that, for every k > 1, we have
Iy, > —C logdy.

Proof. Let I be the right-hand side of the desired inequality. By Fubini’s theorem and
the transitivity of the unitary group on C4 , one has

lai|
1 =/ WFg / (@) Qs 4 =/ WFS / log —————— Qg 4, -
7 Jier B Joa T Joer B Jea T (la|? + 12T
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The function
|aq]

(lat@ 2 + 1)1/2
is wgs, g, -psh on P9 (where wFs,d, 1s the Fubini-Study form on P4). Let

Y = log

iy [ Vs
C
Thus [pa; V' Qrs,4, = 0 and ¥ is wgs 4, -psh. Applying Lemma 5.1 to ¢’ gives
¥’ < c(1 + logdy)
for some constant ¢ > 0 independent of k, ¥'. Consequently,
w(a(dk)) <c(l +logdy) + /(Cdk VU Q2Es,d,
for every a(%) e C™ . In particular, for ‘%) = (1,0, ...,0), we obtain
[, s =~ + togdp) 1.
Ck ’
Thus the desired inequality follows. |
End of the proof of Theorems 1.7 and 1.9. Let ¢’ := ¢ — I,,. We have

/(cdk ¢'Qs.a, = 0.

By Lemma 5.1 again, there exist ¢, @ > 0 independent of k such that

/ Qps,q, < cdre ™.
{p'<—t}

Combining this with Lemma 5.3 yields

/ Qps,q, < cdre”
{p=<—Clogdy—t}

Let M > 1 be a constant. Choosing ¢ := 4Ma ™! log dj, where C > 0 big enough gives

ot

3M

(51) QFS,dk < Cdk_

/{ws—(C+3/a) logdy}

Let E; be the set of a(@x) such that [|a@x)|| < dlfM and ¢ > —(C 4+ 4M/w)logdy.
Combining (5.1) and Lemma 5.2, we obtain that

P (CH\E}) < 2¢di M

(we increase ¢ if necessary). On the other hand, by the definition of £ ]’C and ¢, we see that the
set of a(@) such that

d
/ N X aipi()]
zeL

ol (z) > —Ci,logdy
Ip@o ()| " M
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(for some constant Cy, > 0 big enough independent of k) contains E ;c It follows that

dk

105 ajpj(2)] _

,@k{a(d") :/ log —2 ! Qrsa(z) < —Cy logdk} <2cd3M.
zelL 1P ()| ! M «

This together with Lemma 5.2 implies that there exists a Borel set Fj such that
Pr(Fy) < 3cd M,

and for a(@) ¢ Fy, one has [|a(@)| < d]fM, and

d
1255 ajpi ()]
log J >
zeL 1p @) (2)]]
Consequently, for p = Z][.lil ajpj, ¥i = 1/(2k)log By and a'¥x) ¢ Fy | there holds

wrs »(2) = —Cyy log dy.

log k
k
Moreover, ||a'@0)|| < d,?M, one has

|k~ log| p| — Y| = 2max{k™" log|p|, Y} — v — k™' log| p
< Y —kVlog|p| + 2Mk ™ log dy.

¢y, logk _ / (k" log| p 0| — yr)all .
L

It follows that log d
_ og dg
| I ool = o < €%

for some constant Cy;, > 0 independent of k. This together with Theorem 1.6 implies

logk
[ [k~ 0glp| ~ Vi.olofs n < Ciy =,
L

by increasing Cy; if necessary. It follows that, for a(dx) ¢ Fy,

logk
dist_o(k~'[p = 0] A [L].dd Vk.9 A [L]) < / [k~ log|p| — Vi |, < Ciy Oi .
L
Here recall that we define dist_» by considering [p = O] A [L] and dd“Vk ¢ A [L] as currents
on P This finishes the proof. m]

We end the paper with some explicit examples to which our main results apply.

Example 5.4. Let K be the unit ball in C”. Then we have Vg (z) = log™||z|| (where
log™ ¢ := max{logt,0} fort > 0); see [44, Example 5.1.1]. Hence we see that Vi is Lipschitz
but not continuously differentiable.

Example 5.5. Let K = [—1, 1] in C. By [44, Corollary 5.4.5], we get
Vk(z) = log|z + \/ﬁ|
on C, where the square root is chosen such that
Iz4+Vz2 -1 > 1.

One sees that Vg € €1/2(X)\€1/2%€ forany € € (0, 1/2). In higher dimension, similar obser-
vations also work for K = [—1, 1]* € C" and V.
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Example 5.6. Let K be the unit polydisc in C”. Thus, by Example 5.4 and [44, Theo-
rem 5.1.8], one obtains Vg (z) = maxi<;<n 10g+|zj|, where z = (z1,...,2n). Let u be the
restriction of the Lebesgue measure on C” to K. For J = (j1,..., jn) € N”, put

J::j1+~..+jn’ ZJ :=Zj1...Zjn‘

Observe that (cyz”) J,|7|<k forms an orthonormal basis of $ (K), where c¢; > 0 is a constant
such that the norm of ¢;z7 is equal to 1. Let

. J
P T
J|J <k

where oy are independent complex Gaussian random variables of mean O and variance 1.
Hence the hypothesis of Theorem 1.7 (and Corollary 1.8) is fulfilled for pg. It follows that
these results apply to this setting to give an asymptotic of the expectation of zeros of py with
an explicit estimate on the error term.
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