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Abstract In this short note, we compare our previous work on the off-diagonal ex-
pansion of the Bergman kernel and the preprint of Lu—Shiffman (arXiv:1301.2166).
In particular, we note that the vanishing of the coefficient of p~!/2 is implicitly con-
tained in Dai-Liu—Ma’s work (J. Differ. Geom. 72(1), 1-41, 2006) and was explicitly
stated in our book (Holomorphic Morse inequalities and Bergman kernels. Progress
in Math., vol. 254, 2007).
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In this short note we revisit the calculations of some coefficients of the off-diagonal
expansion of the Bergman kernel from our previous work [4, 5].

Let (X, w) be a compact Kihler manifold of dim¢ X = n with Kéhler form w. Let
(L,h™) be a holomorphic Hermitian line bundle on X, and let (E, 2*) be a holo-
morphic Hermitian vector bundle on X. Let VL, V£ be the holomorphic Hermitian
connections on (L, h%), (E, hf) with curvatures RL = (VL)2, RE = (VE)?2, respec-
IRL,

tively. We assume that (L, KL, VL) is a prequantum line bundle, i.e., w =
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Let P,(x, x") be the Bergman kernel of L” @ E with respect to hL, hE and the Rie-
mannian volume form dvy = " /n!. This is the integral kernel of the orthogonal pro-
jection from €°°(X, L? ® E) to the space of holomorphic sections H O(X,LP ® E)
(cf. [4, §4.1.1)).

We fix xp € X. We identify the ball BT0X(0, ) in the tangent space Ty, X to the
ball BX(xg, ¢) in X by the exponential map (cf. [4, §4.1.3]). For Z € BTXOX(O, )
we identify (Lz,h%), (Ez,h%) to (Ly. h%), (Ex,, hE) by parallel transport with
respect to the connections V=, V¥ along the curve yz : [0,1] 5 u — exp) (uZ).
Then P,(x,x’) induces a smooth section (Z, Z") = Pp x,(Z,Z') of w*End(E)
over {(Z,Z"Ye TX xx TX :|Z|,|Z'| < ¢}, which depends smoothly on xg, with
m:TX xx TX — X the natural projection. If dvrx is the Riemannian volume form
on (Ty, X, gTXOX ), there exists a smooth positive function «y, : T, X — R, defined by

dvx(Z) = kx(D)dvrx(Z2), kx(0)=1. ey

ForZeT, X = R2"_ we denote 2j=Zrj—1++/—1Z3j_ its complex coordinates,
and set

n
T 2 —
2(2.2)) =exp<—5 > 1zl + 2] —2z,-z;)>. @)
i=1

The near off-diagonal asymptotic expansion of the Bergman kernel in the form
established [4, Theorem 4.1.24] is the following.
Theorem 1 Given k,m’ € N, o > 0, there exists C > 0 such thatif p > 1, xog € X,
Z,7 eTyX,1Z|,|2'| < o/P,

k

1 .
—B(2.7) ~ > (VP2 PZ )2 (2 p <cp T
r=0 ‘" (X)
, , 3)
where €™ (X) is the € -norm with respect to the parameter x,
F(2,2)=0(2,2\2(2.2)), 4

J(Z,Z") € End(E)y, are polynomials in Z,Z' with the same parity as r and
deg J,(Z, Z') < 3r, whose coefficients are polynomials in RTX (the curvature of the
Levi-Civita connection on T X), RE and their derivatives of order <r —2.

Remark 2 For the above properties of J,(Z, Z’) see [4, Theorem 4.1.21 and end of
§4.1.8]. They are also given in [2, Theorem 4.6, (4.107) and (4.117)]. Moreover, by
[4, (1.2.19) and (4.1.28)], « has a Taylor expansion with coefficients the derivatives
of RTX_ Asin [4, (4.1.101)] or [5, Lemma 3.1 and (3.27)] we have

I 1 _
(2= 14 CRic. D) + O(1ZP) =1+ RigziZa + 0(12P). )

Note that a more powerful result than the near-off diagonal expansion from Theo-
rem 1 holds. Namely, by [2, Theorem 4.18'] and [4, Theorem 4.2.1], the full off-
diagonal expansion of the Bergman kernel holds (even for symplectic manifolds),
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i.e., an analogous result to (3) for |Z|, |Z’| < e. This appears naturally in the proof
of the diagonal expansion of the Bergman kernel on orbifolds in [2, (5.25)] or [4,
(5.4.14), (5.4.23)].

Proposition 3 The coefficient 7| vanishes identically: #\(Z,Z") =0 forall Z, Z'.
Therefore the coefficient of p~'/2 in the expansion of p™" Py (p~ 127, p=127") van-

ishes, so the latter converges to Fo(Z, Z') at rate p~ as p — oo.

Proof This is [4, Remark 4.1.26] or [5, (2.19)], see also [2, (4.107), (4.117), (5.4)]. O0

When E = C with trivial metric, the vanishing of .%| was recently rediscovered
in [3, Theorem 2.1] (b1 (u, v) = O therein). In [3] an equivalent formulation [6] of
the expansion (3) is used, based on the analysis of the Szegd kernel from [1]. In
[3, Theorem 2.1] further off-diagonal coefficients .%,, %3, %4 are calculated in the
K -coordinates. From [5, (3.22)], we see that the usual normal coordinates are K -
coordinates up to order at least 3. This shows that the vanishing of } given by Propo-
sition 3 implies the vanishing of by calculated with the help of in K-coordinates. We
wish to point out that we calculated in [5] the coefficients .71, ..., %4 on the diag-
onal, using the off-diagonal expansion (3) and evaluating .%, for Z = Z’ = 0. Thus,
off-diagonal formulas for %1, ..., %4 are implicitly contained in [5]. We show below
how the coefficient .%, can be calculated in the framework of [5].

We use the notation in [5, (3.6)], then r = 8 R;,,g47 is the scalar curvature.

Proposition 4 The coefficient J, in (4) is given by

T
/ = =/ =/ = =/
h(z,2) = —Ekaq(zkzezmzq +6220Z,,24 — 42k20ZmZy
— 4242y Ty g + 2UZ0ZmZy)

1 _ _ 1 1
— = Riwgg (2kTm + 232)) + o—r + ;qu

3 8
1 = 27,7 1=t RE 6
- E(Zﬂq — 2207, + 22, Ri- (6)

Remark 5 Setting Z = Z’' = 0 in (6) we obtain the coefficient b;(xg) = J>(0,0) =
ﬁr + %R(fq of p’1 of the (diagonal) expansion of p~" P, (xo, xo), cf. [4, Theo-
rem 4.1.2].

Moreover, in order to obtain the coefficient of p~' in the expansion (3) we mul-
tiply Z#2(/pZ, \/PZ') to the expansion of k(Z)~ Y2, (2")~1/% with respect to the
variable ,/pZ obtained from (5). If E = C the result is a polynomial which is the
sum of a homogeneous polynomial of order four and a constant, similar to [3].

1
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Proof of Proposition 4 Set

9 d 3
b2, b =2l s, 2= b

0z; Zi P 7
O, = %kaqzm + :—;R@,@u - %kaﬁkmfﬁn.
By [4, (4.1.107)] or [5, (2.19)], we have
Fang=—L '\ PLO, P — 20,77 Pt ®)

By [5, (4.1a), (4.7)] we have

(27 PL0,2)(2.2) = (£ 0,) (2. 7)) = {62 + b_quqa}y(z, 2).

47
©)
By the symmetry properties of the curvature [5, Lemma 3.1] we have
Rimeg = Remig = Rigem = Regkm»  Rimeg = R,z (R;%)* = RqEE- (10)

We use throughout that [g(z,7), b;] = 2%] g(z,7) for any polynomial g(z,z) (cf. [5,
(1.7)]). Hence from (10), we get

bg Rimegzkze = —4Rimggzr + Rimegzizebg, (11)
bmbg Rimegzizl = Rkmegzk2ibmbg — 8Rygyz2¢bg + 8 Riingg -
Thus from (7) and (11), we get

~ 1 _ 1 1 1 _
Oy = 15, Ranegzizi (bm — 477, )by + 6 Riegtbg = 5 Rmmaqg + §Rk"_1‘ﬁzkzin'
(12)

Now, (bi PN Z,Z") =2n(Z; —2,)P(Z,Z'), see [4, (4.1.108)] or [5, (4.2)]. There-
fore

~ 1
(02‘@) (Z7 Z/) = |:iT_2ka£qZkZl (Zm - 32:11)(241 - Z;) + ngE[§ZZ (Zq - Z;)

1 1 _
- ERmmqq +3 kaqqZkzin] 2(2,7)
U - -1\ (= —r 1 =
= | 13 Rimegzeze (@m —32,) (3 —74) + ngn_u]EZkZm
! R P(z,7 13
- E mmqq ( > ) (13)
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We know that for an operator T we have T*(Z, Z') =T (Z’, Z), thus

~ , 1 —
(02:@)*(2, Z/) = [;T—szmqu;nEq (Z;( — 3Z]<)(Z;3 — Z[) + ngmqqzinZk
1
— ERmmqq}@(Z, Z/). (14)

We have (20, 2~ ' 21)* = =1 210, 2 by [4, Theorem 4.1.8], so from (13)
and (14), we obtain the factor of Ryzez in (6).
Let us calculate the contribution of the last term (curvature of E). We have

b 1 r
—(ﬁRqu59> (2,2))= <§RqEq — 523 - z;)Rg)ﬁ(z, z) 15

and by (10), we also have

b * 1 1_
—(ﬁ&%zz«@> (z.2')= <5Rfa — 5%z —Zq)sz)@(Z’ z). e

The contribution to J, of the term on E is thus given by the last two terms in (6). U
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