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Abstract

When one is young and starts studying boundary value problems for pde, the first assumption
that one usually makes, is to take the boundary smooth ‘enough’. One hopes that the result one
proves for such domains may also hold for less smooth domains, at least if one works hard enough to
crack all those nasty technical details. In this minicourse I'll hope to demonstrate through several
examples that, although indeed most of the time it is just a lot technical details, sometimes the
results are strikingly different in the presence of corners.

The first example concerns [a semilinear Laplace equationl It has been guessed that stable
solutions of —Au = f (u) in Q with © = 0 on 09 should have a fixed sign. This is not true
but, when the domain Q and f are bounded and smooth, and one considers —Au = Af (u)
for A large, then at least a global minimizer seems to be of fixed sign. However, if one allows
some corner in 0f), then suddenly the global minimizer can be sign-changing no matter how
large A is.

[Sapondzhyan| mentioned in 1975 that the model he used for a hinged thin elastic plate resulted
in some inconsistency: Whenever concave corners were present, the energy density blows up
near such a corner which, in a physical sense, is pretty bad for the material.

The famous [Babushka paradox| describes how that same model does not give continuity in
the approximation of the solution on a round plate by the solutions on regular n-polygons.

When using simple finite elements for numerical approximations| one replaces boundary curves
by polygons. Is that always ok? And even if one would be using curvilinear elements, how to
deal with corners?

When putting a moderate weight on a horizontal plate that is supported at the edges, one

expects it to bend downwards. For a that is pushed downwards, corners
however result locally in upwards(!) moving plates.



e For the eigenvalue problem A%p = Ay in Q with ¢ = Ap = 0 on 99, which corresponds to
the hinged plate problem, there is nothing new on smooth domains when compared with the
most well-studied Dirichlet-Laplace eigenvalue problem. The eigenfunctions are indeed the
same and only the eigenvalues are squared. But how can it happen, that whenever {2 has a
concave corner, one may compute two(!) [positive eigenfunctionsf?

It goes without saying that in order to study these examples we have to address the theory
for elliptical problems near corners originating from Williams, and Grisvard, which,
besides discussing these examples, I plan to explain for the elliptic operators appearing above.

Finally I would like to mention Sergei Nazarov and Serge Nicaise, who helped me pass around
the corners.



Some preliminairies with corners

1 A Dirichlet problem on a sector
Let us fix standard sector in R? with opening angle a € (0,27) as follows:

Co={(rcosp,rsing) € R* 0 <r <1land |p| < ia}. (1)
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Figure 1: Some sectors from



We consider the Dirichlet problem

- AU/ = 0 ln Co“
u (rcos(3a), rsin(3a)) =0 for 0<r <1, (2)
u (cos g, sin ) = cos (Z¢) for || < 3.

One may check directly that a solution to is

Ug (r cos @, rsin ) = ™ cos (Zo). (3)

Several of these solutions are sketched in Figure [2|
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Figure 2: Some solutions from

In which function spaces are the functions in ? By direct computation one finds:



Lemma 1 Let a € (0,27) and uy be defined in (@

1. Ifaa =% for k € N*, then uq € C=(Cy).

2. If a € (m,2m), then uq € CO™/(C,).

3. Ifae (L, %) for some k € Nt, then u, € CF™/2=F(C,).

k+1

4. 1If (k — % a < 7 for some k € N, then u, € WFP(C,).
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Figure 3: The relation between the opening angle and the regularity of w,



Remark 2 A rough conclusion of this lemma would be: smaller angle implies more reqularity.

Remark 3 The last item implies that for any a € (0,27) one finds that u, € WH2(C,). Since
solutions in WH2(C,) are unique, the function u, is the unique (weak) solution of (@

For the first item one should notice that
ur(x) = 21, ’LLﬂ-/Q(I') = 172, Uy /3(T) = 71 (m% — 3x§) ete.

For the Sobolev spaces one finds for noninteger coefficients 7/a that u, € W*P(C,), if and only if

/1 (r’r/o‘_k)p r dr < oo,
0

which is equivalent to (g — k‘) p+1>—1.



2 Poisson problems and corners

Without going into details we will compare the solutions u. and ¢, of

—Auy=1 in —Ap =X inQ,
{ u=0 on 09, and { =0 on 012, (4)
for some special domains €2 in R?. The solution on the left we .. On the right is A; the first eigenvalue

and ¢y the first eigenfunction that we may take positive. For a smooth domain such as the disk one
finds that there are positive constants ¢; and ¢y such that

crue(x) < () < coue(x) for all z € Q.

()

In that case we will write ue ~ ¢ on Q. For the disk see Figure [4]

Figure 4: On the left the solution of ; on the right the first eigenfunction.



If 092 is smooth, then Hopf’s boundary point Lemma states that for a solution of

—Au=f>0 in{,
u =20 on 0f2,

a constant cy > 0 exists, such that u(x) > cyd (x,00) for all z € . The function  — d (x,09Q) is the
distance to the boundary:

d(z,00) = inf {|x — 2| ;2" € 0N} .
The estimate from above depends on the regularity of the solution. On smooth domains one finds
that u € C1(Q), whenever f € LP () with p > n. See [24].



Example 4 We take
Q={(rcos,rsinf);0 <0< 3w and 0 <r <1},

Near the reentrant corner in 0 one finds for ue and for ¢, the same behaviour:

Ue (rcosf,7sind) ~ ¢, (rcos,rsinf) ~ /3 sin (20) forr<1i.
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Figure 5: u. and ¢; on a 3 quarter disk
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Example 5 For the square Q = {(z,y); z,y € (0,1)} something different happens:

Ue (7y7) ~ r?log (r_l) and oy (ryr) ~ r2.

One has different behaviour for constant and linear terms on the right hand side.

Figure 6: u. and ¢; on the square

One may show that in 2d the behaviour of u. and ¢, is different if and only if the angle is less
than or equal 7/2.
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Example 6 Finally the intersection of two disks:
Q=B,;(0,2)NB 5 (0,-2).

The two end points of the intersection are (£1,0). One finds near the left end point the following
behaviour:
te (2,0) ~ (x + 1) and o1 (,0) ~ (2 4 1)3387%

Figure 7: v and ¢ on the intersection of 2 disks

So, what will be the behaviour of u on domains with corners for f(u) = ¢; + cou

—Au= f(u) inQ,
u=20 on 0,

or even more general f7
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Semailinear and corners

3 A second order semilinear elliptic eigenvalue problem and corners

This first example is second order, and being second order it has a huge advantage above higher order,
namely one is able to employ the maximum principle, which allows one to transfer pointwise estimates
on the source to pointwise estimates of a solution.

Consider for 2 C R™ a bounded domain the semilinear boundary value problem

{ —Au=Af(u) inQ,

u=20 on Of). (6)

A domain is an open and connected subset of R™. The specific f we are interested in, is a bounded
sign changing function like the one sketched in Figure

Condition 7 The semilinear term f in (@ s as follows:
1. f € CH(R;R);

2. it has a positive falling zero: Ip > 0 with f(p) = 0 and such that f'(s) <0 for s € (p—e,p);

p
3. / f(&)dt >0 for all s € [0,p).
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Figure 8: An example for the f in @

For the function sketched in Figure [§ one takes p = p3. For that f Condition means that the
red area is smaller than the blue area in Figure [0

A
P\I/ﬁz P3

Figure 9: The integral condition in Condition [7] means I < II.
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Theorem 8 (Clément-S. [10], [50]) Let f satisfy Condition[] If @ C R™ is a bounded domain
with 0Q € C37 for some v > 0, then there is €9 > 0 and \g > 0 such that for all X\ > )Xo there is
precisely one solution (\,uy) € R x C%(Q) satisfying (@,

uy >0 in Q and max (ur) € (p3 — €0, p3) -
xe

For smooth domains it hardly plays a role if we have f(0) > 0 or f(0) < 0. For the existence proof
one starts by constructing a sub- below a supersolution and use the result, that with such preliminaries
one may use the maximum principle and a fix-point argument to find that a solution in between exists.

The case f(0) > 0. Suppose that B,(zg) C Q. By ode-methods one may find a radially symmetric
solution (A, vy) on the domain B,.(0) f or all A > Ap, (g). One defines a subsolution by

vy (x —xp) for x € By(xp),
{ 0 for & B, (x9). 0

and a supersolution by uw = ps.

Although we call u a subsolution, it is not so in the classical sence, since it is just Lipschitz and
not C2. The classical definition of a subsolution is a function satisfying @ with < instead of =, that
is

(8)

u<O0 on 0f).

For a subsolution the inequalities are reversed. One may even take sub- or supersolutions in C(£2)
and consider the differential equation in distributional sense.
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Figure 10: The initial sub- and supersolution for (6)) when f(0) > 0

Definition 9 u is a C-subsolution to (@ if
u € C(Q) withu <0 on 0Q and
[ w(-a0) = Arwe) e <0 for ail0 < € CF (),
Q
For C-supersolutions both inequalities involving u are reversed.

Lemma 10 If u; and uy are C-subsolutions, then wu, defined by u(x) = max (u;(x),uy(x)), is a C-
subsolution.

Theorem 11 (See [3, [46, 10]) Let 002 be regqular in the sense of Perron. Suppose that f is Lipschitz-
continuous. Fix . If there exists a C-subsolution u and a C-supersolution U to @ with uw < u, then
there exists a solution u € [u;u].

16



The u in is such a C-subsolution. Setting M = max {|f’ (t)|;t € [0, p3]} one finishes with a
fix-point argument for

Ty = (=A+AM)y  (Af() +AM:) : C(Q) — C(Q)
on the ordered set [u,u] C C(2). Indeed
u s Af(u) + AMu 9)
is increasing and for (—A + AM) ! one uses the maximum principle. Together they imply that
u<v = Thu <Thw.

Remark 12 For the function in (@ to be increasing on [0, p3] for some large it is sufficient that f is
the difference fi — fa of an increasing function f1 and a Lipschitz-function fy. For (—A + /\M)a1 :

L> (Q) — C(Q) to be well-defined 0 should be regular in the sense of Perron, which holds for ezample
if O is Lipschitz. So when f(0) > 0 corners are allowed for the existence statement in Theorem @

For a C-subsolution and for a C-supersolution one also finds
Thu > u and Thu < u respectively.

So
u<Du<Tiu<Tyu<-- <TYu < T3u < Thu <7 on Q.

Both T )’fg and T/’\“ﬂ converge to functions satisfying Thu = u, that is, a solution u exists with u € [u, .
See [3].

17



The case f(0) < 0. If f(0) <0, for example as in Figure |11/ on the left, one cannot use u = 0 for a
subsolution since 0 is no subsolution. In order not to violate Condition one may need to modify
f(t) for t < 0. See Figure [L1f on the right. If one does find a positive solution, the values of f(t) for
t < 0 do not matter. If not, then one doesn’t have a solution to the original problem.

Figure 11: An f with f(0) < 0 and a modified f to have I < II.

So we consider f as on the right in Figure Let (A, v)) be a radially symmetric solution of

—Av = Af(v) in B;(0),
{ v =p, on 0B,(0), (10)

with v)(0) € (ps, py), which is radially symmetric and can be obtained as the solution of an ode.
We construct the subsolution by

[ vx(z—x9) forz e Br(xo),
Uy () = { Pe for x & B,(z9). (11)

18



Keeping @ = p3 as a supersolution one finds again a solution in [gmo,u]. However, such a solution is

not a priori positive.

P21

0 / \ < below 0
He 0

Figure 12: The initial sub- and supersolution for () when f(0) <0
What helps us, is a result that combines the maximum principle with a continuity argument:

Theorem 13 (McNabb [35], Serrin’s Sweeping Principle [47]) Suppose that u is a supersolu-
tion to (@ in the sense of Definition E and that {u,;t € [0,1]} is a continuous family in C(Q) of
subsolutions to (@ If uy < 7w in 2, then either

1. u, <win Q for allt € [0,1], or

2. u, = in Q for some t € [0, 1].
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If 90 € C! holds, then  satisfies a uniform interior sphere condition and hence for some r > 0

the domain can be filled with balls of radius r:
Q=] B (2),
ey
where also Q, = {z € Q;d (x,0Q) > €} is a connected set. For this r we consider the C-subsolution in
(11). Since the solution is radially symmetric one finds {z;u (z) > 0} = B,(2) for some 7’ < r. Also
Q.+ is a connected set and one applies Theorem to any curve in €,» starting in xg. It follows that
the solution u € [onaﬂ] satisfies
u > uz for all € Q.

which implies that u > 0 in Q. See Figure [I3] Moreover, only if u > 0 one finds that the solution with
the modified f is a solution with the original f.

013
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Figure 13: Sliding subsolutions for (6) when f(0) <0
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Figure 14: Smooth domains can be filled with uniformly sized balls

Remark 14 Notice that this argument uses that 2 satisfies a uniform interior sphere condition. Even
if one started with another set Qg instead of By(xo), the set Q) = {x € Qgy;v (x) > 0} would be
smooth. One cannot fill up a domain Q with Qf, when O has convex corners.

As in R? we will fix a standard cone in R” with opening angle a € (0, 7) as follows:

Co = {(z1,2') e RT x R"; |2'| < 1 tan (1a)}. (12)

Theorem 15 (S. [51]) Let f satisfy Condition [] and be such that f(0) < 0. Suppose that Q is a
bounded domain with OQ € C%1. Then there is oy € (0,7) such that if

QN B.(0) = Cy N B (0)

for some e >0 and o < ay, @ does not have a positive solution.
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Figure 15: A standard cone C,
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Proof. If u in C(Q), then f(u) € C(2) C LP(Q) and since Q2 € C%! we find that u € Wfo’f (Q) for
all p € (1,00). For p large enough, we then find that u € C*(Q). So f(u) € C*1(Q) C W'lif (Q) and
u € W/l?;f () for all p € (1,00) and u € C%7(2). Note that C(Q) and LP() are normed vectorspaces
(even Banach) while C%1(2) or Wli’f (Q) are just vectorspaces.

Through a scaling argument, X,ey = A/22 and Enew = A\ 26, we may assume that A = 1. We
proceed through a series of pointwise estimates. We may take o a priori as small as we like and with
the square in mind, with 7/2 as the angle where the behaviour of u. and ¢, diverged, see Example
we take ap < %ﬂ'.

Figure 16: In blue part of the domain with the supersolution %; above and constant subsolution below

1. Set fi, = max{f(u);0 <u < p3}, K =+/2p3fm and

i (x) = Kz — %fmx% for 21 < K/ fim,
! P3 for 1 > K/ fom.
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One finds that —Aw; (z) = f,, and together with the boundary conditions it implies that @ is
a supersolution and by sweeping from above, i.e. considering w+ ¢ and ¢ | 0 one finds u < uy.

2. Fix * € (0, K) such that f(s) < 3f(0) for s € [0,£*] and fix the subdomain

Q' Cc{zeQnB.(0);z < K 'e*}.

e ‘44% /A' )
,,_---!""'@}"{////, 2 )

Consider
ve (2) = = £(0) (27 — 23) log (ca1) (13)
to find, independent of ¢ € R, that

—Av(z) = <3+ (i—j)j Lf(0) >

D[
=
(a)
S~—
o
=
8
m
o]
*



Next we take ¢ such that
ve (z) > u(z) for all x € {x € 00" x1 = K_ls*} :

On the rest of 9Q* we have v, () > 0 = u (z). Note that the function v, has a negative minimum

in
i = (Lf 0) .
3. Again we use the Sweeping Principle with ¢ > 0 and large such that
ve () +t > u(x) for x € Q.
In fact, we suppose that u > 0 and and reduce t until
Ve () +t > u(x) for all x € QF and
ve (%) +t =u (%) for some T € Q*.

If such ¢t is strictly positive, then € Q* and by the Strong Maximum Principle v, (z)+t = u (x)
for all x € QF, which cannot be true at all of the boundary 0* whenever t > 0. Sot = 0
remains and this implies that
u(Z) <wv.(2) <0.
Whenever f(0) < 0 and o < 7 no positive solution exists. ]

1

Remark 16 It is not clear if ay = 57 is optimal.

Remark 17 In higher dimensions one may use similar arguments when replacing v. in by

ve (21,2') = =% £(0) (:z:% - L ‘x"z) log (cz1) .
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Two paradoxes through corners

4 The paradox of Saponzhyan

Saponzhyan interested in the fourth order problem

(14)

A2y = f in ,
u=Au=0 on 0,

which is known for © C R? as the hinged plate problem. The name supported plate, which one also

finds for , is not appropriate, since it assumes the plate to stick to the supporting edges all around.

For Saponzhyan one refers to his book [45] and earlier computations on some special domains in [44].
It is very tempting to write as a system:

(15)

—Av=f inQ, q —Au=wv in (),
v=20 on 052, an u=0 on Jf.

Without any condition on € besides being bounded, for each f € L?() the left hand side of has
a unique weak solution in Wol 2(Q).

Definition 18 A weak solution v of /eft) is a function v € W01’2(Q) satisfying
/ (Vo -Vo—fo)de =0 forall p € W01’2(Q).
Q
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/!
Such a solution can even be found for f € W—12(Q) = (W&%Q)) when we replace [, f ¢dx by

the duality relation.

The existence of such a weak solution follows from Riesz’ Representation Theorem and doesn’t
need any regularity of the boundary. The only condition that is necessary is u — [|Vul| ;2(q) being a
norm and for that one uses the Poincaré-Friedrichs inequality

lull L2y < Ca lIVull f2(q)
for which it is sufficient that €2 is bounded.
Problem 19 (Sapondzhyan) Suppose that Q has a reentrant corner such as for example
Q=(-1,1)2\(=1,0> or Q=B;(0,0)\ (-1,0>.
The system solution u obtained through iteration of weak solutions in satisfies
(u, Au) € Wy 2(Q) x Wy (). (16)
If0< f€C®(Q), then u,v from satisfy v (x) > 0 in Q and u ~ r2/3 sin (%cp + %W) So
1/2 2 1/2
E (u) ~ [lully22(q) = c/r:o (7“2/3*2) rdr = c/rzo r43dr = .

However, simplifying the model somewhat, a solution consistent to the elastic energy model should be
a minimizer of

J(u):/g(; (Aw)? ~ f u) d (17)
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Figure 18: L-shaped domains

and the correct space would be
ueWw = WQ)nwyA(Q), (18)
or written similarly to @)
(u, Au) € W x L*(Q). (19)

The first thing that one should notice, is that u from has two, while u from seems to
have to satisfy just one boundary condition. Indeed Au € W;**(€2) implies that in the sense of traces
Au = 0 on the boundary in the sense of traces. See [20]. A minimizer of the functional J in
satisfies

/(AuAgo—fgo)da;:OforallcpEW
Q

and assuming that u € VVlif (Q), where the local restriction means inside and on every smooth

boundary part, we may test with ¢ having support in the subdomain where u is W*?2, and find after
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integration by parts for all those ¢ € W C VVOL2 (), that
0 = / (Au%g@ - (%Au) @) doy +/ (A2u — f) edx
o0 Q
= / Aua%cp do, +/ (AZu — f) pdx.
o0 Q

Restricting moreover to ¢ € VVO2 2 (Q), it follows that

/ (A2u — f) pdx = 0.
Q
Hence also
/ Aua%cp doz =0
(o9

and this implies Au = 0 on smooth boundary parts. The second boundary condition appears as a
natural condition from the variational formulation.

Now for the difference of the solutions in and .

Theorem 20 (see [39]) Let Q C R? be a bounded domain and suppose that OS) has one reentrant
corner in (0,0). More precisely, we assume for some € >0 and o € (w,27) that

QN B:(0,0) = {r(cosé’,sin@);o <r<eand |0 < %a},
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Then there exists a function s € C (2) N C™ (), with O = {(0,0)}, satisfying

A?s(x) =0 for all x € Q,
s(x)=0 for all z € 09,
lim As(y) =0 forallze o2\ {(0,0)},
Qdy—a
and a constant ¢, such that with u the solution for (@, one has that

us :=u+cs €W

is the minimizer of J from n @
Remark 21 For this function s one finds s € W as well as As ¢ I/Vol’2 ().

Remark 22 For the sector C,, one finds the explicit formula

(e g)rri (1)l ozl L
477(1—1—5)(1—3) cos (;0),

« «

s(z) =

writing x = (x1,x2) = r (cos6,sin @) if convenient.
The construction of s is as follows. We start with

Co () = 277/ cos (36)

30
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One finds ¢, € C* (2\ O) for O = {(0,0)} and moreover ¢, =0 on (92 O) N B (0,0). Notice that
o > 7 implies that ¢y € L? () \ W12 (Q). Next let x be a C* (R?) function with

X (z) =0 for |z| < ic and x (z) =1 for |z| > e.
and set ¢; to be the I/Vol’2 () solution of

{ —A(=—-A(x¢p) in,
(=0 on 9.

Notice that A (x(g) € C* (). We set

¢C=1T-x)¢ — ¢

Near 0 one finds that (1 — x) ¢, = ¢, and hence (1 —x) ¢, € L? () \ W2 (Q). Since ¢; € W2 (Q)
the function ( is nontrivial and satisfies

{ —A(=0 1in Q,

(=0 on Of. (22)

Remark 23 Although this might seem a contradiction, it is not. Uniqueness for (@ holds in W12 (Q)
and not in L* (Q).

Finally we define s, the so-called dual singular function, as the solution in I/VO1 2(Q) of

—As=( in (),
{ s=0 on 0f). (23)
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Combining and one finds that for any ¢ € R the function us = u + c¢s satisfies

A?us = f  on Q,
uo =0 on 012,
“Aug =07 on o022\ {(0,0)}.

The equations need some explanation. Only for smooth f these are satisfied pointwise inside 2 and
on smooth boundary parts.

So how do we need to choose ¢ € R such that ug € W?

We will give the formula, but the actual explanation needs the theory initiated by Kondrat’ev,
Grisvard. For that formula for us it is convenient to use the notation

G:W2(Q) - Wy? (Q)
for the weak solution operator for the Poisson problem, namely,

Au=f on{,

u=Gf is the weak solution of { w=0 on .

Proposition 24 Suppose that §2 is as in Them"em fe€L?(Q) and u= G*f. Let ¢ and s be as in

. Then
Jov ¢ da

_ (2 _ ; —
Ug = (g g'ch) f with 'PCU fQ C2 .

s0 P is the L* (Q)-projection on .
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Remark 25 In other words: for the c in (@), which is called the ‘stress intensity factor’, one has

(G, Q20
<Ca C>L2(Q) '

c=—

The following result concerning solutions for can be found in [39], where also domains with
cones in higher dimensions are considered.

2
h as a unique system solution uy such that (ui, Auy) € (W012(Q)> ,

Theorem 26 (Nazarov-S. [39]) If Q C R? is a bounded polygonal domain, with at least one corner
with angle larger than m, then (14

as well as a unique weak solution uy with (ug, Aug) € (W X LQ(Q)). Generically uy # uso.

When approximating solutions by numerical methods such as finite elements, second order prob-
lems can be dealt with by piecewise linear test-functions. Fourth order problems need quadratic
test-functions which result in much more complicated computations. So the system solution is much
easier to implement than directly trying to approximate the fourth order solution. There are some
pitfalls, see [6, 23]. Indeed, the above tells one that whenever nonconvex corners are present, one has
to deal with those corners in a special way if one wants to approximate uo by second order methods.
See [13].

Even for the clamped plate, where the boundary conditions do not decouple nicely with the differ-
ential equations, one may use a second order system approach. See [9]. Also here nonconvex corners
need a special treatment as has been shown in [12].
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5 The paradox of Babushka

The linear 2d Kirchhoff-Love model for a thin plate is derived from a 3d elasticity model with the
thickness going to 0 assuming that the deviation and its first and second derivatives are small. For
smooth domains that could be fine but corners, as we have seen, might violate the smallness assumption
of first or second derivatives.

For a heuristic derivation of the energy model one may also consider the following approach. Let
Q) C R? be the shape of the plate and let u : © — R be the deviation from 0 under a force with density
f Q2 — R. Using the following approximations of the principal curvatures

0? 0?
k1 () = max —u (z) and k3 () = min —su (x
1 (x) X 50 (z) 2 () min 503 (z)

and with o the Poisson ratio between the effect of bending and torsion, a simple formula for the elastic
energy is

J(u) = /Q (1 (k] + K3) + k1K — f u) da. (24)

The Poisson ratio is a material depending constant o € (—1, %) For most metals one measures

o ~ 0.3. Since (k1 + /<;2)2 = Au and K1k9 = u% — UgzUyy one may simplify this expression to

Yy
J(u) = /Q (5 (a0 + (1~ 0) (st —0,) —  u) d (25)

The appropriate space for the functions u is W = W22 (Q) N I/Vol’2 (©2) with the 0 taking care of the
boundary condition. Through one finds that |o| < 1 is sufficitnt for J to be coercive. For a
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minimizer u € W one has

0J (u;v) = 0 for all v € W.

The middle term in is a so-called nulllagrangian. It doesn’t show up in the Euler-Lagrange
differential equation but does have its effect on the boundary conditions. We find

A’y =f in €,
u=20 on 012, (26)
Au—(1—-o0)ku, =0 on 0N.

Here k is the signed curvature of the boundary and taken positive on convex parts and wu, is the
outside normal derivative. More details can be found in [22].
On polygonal domains (26)) seems to turn into

{ A%y = f in €,

Au=u=0 on 0f. (27)

Problem 27 (Babuska) Set f = 1 and o0 = .3. Let u, be the solution of for Q = Q,, the
reqular n-gon with corners on 0D and let u,—.3 be the solution of (@) for Q= D. Then

lim w, = Ug=1 # Up=3.
n—oo

One should notice that at a corner the term xu, in is somewhat like 00 - 0. On a convex
domain, the solution of the Poisson problem with f € L?(Q) satisfies u € W?22(Q)) which means
Vu € L1(2) but not yet L>(Q).

Maz’ya and Nazarov [32], 33] and Davini [15] looked into ways to approximate the J,-minimizer
on a smooth €2 by polygons.
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00000 O

Figure 19: Approximation by n-gons

006 Us=.3

Figure 20: Top: us—3 and bottom: uy,—1 = up

Remark 28 When there are boundary conditions we are used to think first of Dirichlet and Dirichlet
conditions are quite robust. Indeed, for

—Au=f inQQ,
{ u=20 on 052, (28)

with f € L?(QQ) there is a unique weak solution u € W01’2(Q). If we would consider the Babuska-type
problem for @/, then, since Wol’z(ﬂ) is the closure in ||| y12(q) of C*°(Q)-functions with compact

support, each function in WOI’Q(Q) can be approzimated by functions in W01’2(Qn) extended by 0 on
Q\ Q. And for the actual case f = 1 the pointwise convergence follows directly from Q, C D C
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n

(1 + (%)2> Q,, by taking the solutions u, on £, and u, on (1 + (5)2) Q, as a direct consequence of

the mazimum principle. One finds

un(x) <u(zx) forx € Qp and u(z) < Uy(x) for x € D.

. 2\ 2 2\ 1
Here we may even use iy, (x) = (1 + (%) ) Up (1 + (%) ) x |. Hence

Jim {lup = ul[ oo (q,,) = 0- (29)
For nonconstant f (first of fized sign) one does not find the explicit scaling between w, and , but
nevertheless, since
; 2\
d 7 (e 22) ) -1

one may derive that (@) still holds.

=0
L2(Qn)

Iterating the result of the last remark one finds that the system solutions on 2 = ,, as in
converge to the solution of . So indeed, up = uy—1.
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Kondrat’ev e.a. on corners

6 Existence, uniqueness and regularity in the classical situation

Suppose that  C R™ is bounded and that 9 is smooth, say 09 € C™. Let us consider a 2m"-order
elliptic boundary value problem with m boundary conditions of order m; for j =1,...,m

(—A)"u=f in Q,
Bju=0 on 0 for 1 < j < m.

e One assumes that the B; are independent boundary operators. It can be formulated as an
algebraic condition in each boundary point and involves the elliptic operator. It is usually called
complementing condition or named after Shapiro-Lopatinski. Both Dirichlet, i.e.

o\
Bju = <8I/> u

Bju = Aj_lu

and Navier, i.e.

satisfy the complementing condition. See [I1].
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If B; is of order m; with m; <mg <--- <mj; < 2m and
a\"™ AR
Bi=(z) +X X alz) ()
i<m; |B|<my;—i
then the complementing condition is satisfied.

e The value 0 should not be in the spectrum. For the Neumann problem

—Au=f in
8%u:O on 0f)

the value 0 is an eigenvalue.
For the existence of a solution there are several approaches:

1. Using a singular integral approach by Calderon-Zygmund [§] one derives the existence of a strong
solution in W2™P (). One needs a sufficiently smooth boundary.

2. For the Dirichlet problem and using the self-adjointness one may obtain a weak solution by Riesz
Representation Theorem. Extending Riesz by Lax-Milgram one can allow some perturbations.

3. Again in a self-adjoint setting one may consider a variational formulation and its minimizer will
be the weak solution. In this case higher order boundary conditions may follow as a natural
condition for the minimizer.
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Uniqueness is a very problem-depending question. For second order problems the maximum prin-
ciple is very helpful. For higher order one may add a term Au to the equation and show coercivity for
that A. Using regularity result from Agmon, Douglis and Nirenberg [Il 2] the solution operator for
that A will be compact, implying that that there is a solution for all A except for a most countably
may exceptions.

Example 29 Consider the Navier bilaplace problem

A2y =f in £,
{ u=Au=0 onoN. (30)

1. Let f € LP () for p € (1,00). Then there is a solution u € WP () and moreover the reqularity
results from [1] state that for f € WEP (Q) with k € N one obtains that u € WP (Q).

2. Let f € W=12(Q) be the dual of VVOL2 (Q). As explained before around there is a unique
(weak-weak) solution of @, meaning (u, Au) € VVOL2 (Q) x VVOL2 (). For this approach no
reqularity condition for the boundary is needed.

3. The variational approach for (@) uses the functional
J (u) ::/ (% (Au)® + f u) dx
Q

for u € W22(Q) N W&’z () and the minimizer for J will be a W2-weak solution. The only a
priori boundary condition is uw = 0 following from u € I/VOI’2 (Q). For the minimizer we find

0:8J(u,<p):/Q(Au Ap+ f @)dx
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and when satisfies Au = 0 as a natural condition, meaning that if 9Q € C3, one may prove
u € W32 (Q) implying that the trace Auy,, is defined and one obtains Au =0 on 02 as trace.
See [20] for a definition of trace. A condition that one needs is that the functional is coercive on
W22(Q)N WOI’2 (Q). By Poincaré-Friedrichs one finds that Cy € R exists such that

1/2
fulhprioy = ([ 3 @02 dr) " < CrllTulag.

On smooth domains one even finds that Cy € R exists such that

1/2
by = ([ 3, @02 dr) " < Callul oy 1

Whenever €2 has a reentrant corner, the estimate in 18 not so clear. A reentrant corner has
angle in (m,27) as on the upper side of the next domain.

Remark 30 Take QO = C, N By (0) for a € (m,27) and the function

v(r,0) = (r”/a - 1"2) cos (g@) .
One finds that v is the unique weak solution of
—Av = <4 — (77/@)2) cos (26) in €,
v=20 on 011,

with Av € L*(Q) but [|v]lyy2.z(q) = oo
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7 Elliptic problems on domains with cones

The first remark that one should make, is that regularity is ‘local’. If the coefficients of the operator
are sufficiently smooth and the operator is uniformly elliptic of order 2m, then, away from singular
points of the boundary, the regularity of a solution v near a point  depends on the regularity of f near
that point and, when « is a boundary point, the regularity of the boundary near z. So for deriving
regularity results near a singular point of the boundary, we may zoom it at that singular point and
proceed ‘locally’. Kondrat’ev [29] focuses on the highest order derivatives and freezes the coefficients
to the values at the singular point.

t=log(r)

o~
X I

Figure 21: The transformation. We may assume that f = 0 on the right of the dashed line.

We assume that the singularity lies in 0 and that £ nearby is cone shaped: there is W C 9By (0),
a domain on the sphere in R™ such that

ONB(0)=Cpei={z=rw;0<r<ecand we W}. (32)

As a first step one proceeds by spherical coordinates x = rw with w € W and a second transfor-
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mation r = e*. One obtains

82 n_la 72 72t 82 a
A—Wﬁ-ir o 7 A, =e (at2+( )at+A>

Here A,, denotes the Laplace-Beltrami operator on W C 9B (0). So

“du=f becomes (<020 a)a=ef
u = ecomes atz n — at u==ec s

now defined on the cylinder R x W. Note that e% f(t,w) =7r2f (r,w).
For the second step one uses that in L?-type spaces the Fourier transform and its inverse

(Fu) (€ :\/ﬁ/ e "y (t)dt and (F~'v) (t) :\/ﬂ/ ety

is most helpful through the following properties:
1. F:L?(R;C) — L? (R;C) is an isomorphism (Plancherel Theorem):

| Full gy = lull gy for all uw € L (R).

2. Differentiation is replaced by multiplication:

(Fu') (&) = i€ (Fu) (£) -
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Using the Fourier transform with respect to ¢ in the differential equation on the right in one
obtains

(52 —1 (’I’L — 2)5 - Aw) (]:t—>§a (t,w)) = ]:t—>§ (€2t f(taw)) ) (34)

and one finds for

—Au=f in Cy oo,
{ u=20 on 0Cw oo- (35)
a parameter dependent boundary value problem:
(§Q—i(n—2)§—Aw)v:g in W,
{ v=20 on OW. (36)

Assuming W to be smooth the usual elliptic regularity applies for although we need to find
estimates with an optimal dependence on £.

For a general 2m-th order elliptic boundary value problem and 2 satisfying one goes through
polar coordinates from

9 9 — ; ifo _o ) . .
A(Tzl"--vﬁ)u_f in Q, to A(W?r@wl“"rawn,1>u_f in Q,

9 o -G p(_o d _ -
B(%,,E)u—g 01’1897 B(W,W>U—g OnaQ.

To study the local behaviour near the vertex of the cone one freezes the coefficients at 0 and consider
the highest order derivatives only. Next one replaces €2 by C o and transform that problem through
r = ¢! to a boundary value problem on the cylinder

A(O _0 o) _ 2mt :
A(E?&T;l""awn_l)u_e f inQ

B (8%;1 o L) U= {ekatgk} on Jf).

? Own—1
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Then by a Fourier transform with respect to ¢ one becomes

A(g,a%... L)u:f(-—Qmi) in W,

? Owp—1

B (5% ol ) u={oi (- = 2mui)} on 0w,

Definition 31 One calls

Owi """ Ownp—1
For the Dirichlet-Laplace problem we have

U(g)v:< (52_“”—2)5—%)”) and U (€)v— ( (E+itn-2)8-au)

Yo Ylaw

Here the problem
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for g € L?(W) can be solved in W22(W) N Wol’2((.4.)), whenever £2 — i (n — 2) € is not an eigenvalue of

{ —App=pp inW,

=0 on OW. (38)

Moreover, if {1, }7—, are the eigenvalues for with eigenfunctions {¢;}r-, then these eigenfunc-
tions form a complete orthonormal system and can also be used to solve , since

2 _i(n—
uEo— (€I PET g

results in

(9 s !
uer=(§) UL g g Y@ %

For the Dirichlet-Laplace we not only have a complete orthonormal system but moreover, although
U (&) #U* (), we may use the same eigenfunctions.

It is not sufficient to just solve but one will also need an optimal £-depending estimate

[vllwr2@) < CE gllw-12@0) or [[vllwzzw) < CE) 9l 2w -

Such an estimate one may get by constructing an approximating Green operator. Or maybe one can
proceed by Weil’s asymptotics for the distribution of eigenvalues.
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Going back from (¢,w) to (r,w) one arrives in a weighted space, where each radial derivative has
an additional factor :

%u (e w) = r%u (ryw) and
0? ' 5 02 0
e W) =71 wu(r,w) —|—7’Eu(r,w)

Instead of the usual Sobolev spaces the space W22(W)N I/VO1 2(W) would lead us to a space with 72u,,,
rVotr, Ao, ruy, Vou and u all in a L?(Q)-type space. All these functions in L?(Q) is essentially
more than u € W22 (Q).

With the extra factor e* =72 in appearing, it seems that one obtains something as follows:

x|z f(z) € L2(Q) = x s (W V2u (z),|z| Vu (z) ,u(:c)) e L2(Q).

For f € L?(R) satisfying f (t) = 0 for t > to the function & — F f(€) is well defined for ¢ € C with
Im ¢ < 0. Moreover, setting u, (t) = e®u (t) one finds for a > 0, that

(Fua) (§) = (Fu) (€ — ai).

For appropriate f this formula may also hold for a < 0. So we may play with the weight a. Let’s
make a more precise line-up:

e From z — |2[*™® f (x) € L2 (Q) one finds (t,w) — et f(t,w) e L2 (R x W).

e With the Fourier transform F from ¢ to £ one finds f, (-, w) := <.7-"tﬂge(2+“)t ft, w)) € L2 (R x W).

Or combine both steps by a Mellin transform.
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e Next {<¢k, fa (&,°)) 2 }k - € (% with its t-dependent ¢2.-norm as a function of ¢ in L? (R).

e Then a bound for {(d)k,ua (&, ')>L2(w)}k€N+ with

<¢k’ua (é’ ‘)>L2(W) - (6—ai)®—i(n 12)(5 ai)+py, <¢k7fa (6’ )>

whenever
(€ —ai)? —i(n—2) (£ — ai) + py #0, (39)

in a weighted #2-space with a corresponding &-dependent bound. The condition in is satisfied
for all £ € R precisely when it is nonzero for £ = 0, that is, when

—a?— (n—2)a+ py £ 0,

n—2\?2
o lhto (6 2y < B9 (6 2y amd [ V200 (6| ooy < o () e () p2e?

e With the inverse Fourier transform, which is well defined if holds for all £ € R, one obtains

and this expression can be rewritten as

eat (attaatwaawW7ﬂt7ﬂw,a) € L2 (R X (,U) .
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e Returning from (¢,w) to (r,w) and x one obtains
x (]aﬁ\2+a Vu (), |z Vu (z) , 2" u (x)) cL*(Q).

Also for an LP-type setting one may proceed through these kind of arguments using Mikhlins
Multiplier Theorem. One still finds extra weigths ]az\Qm, where 2m is the order of the elliptic operator
and an extra power of |x| compensating each derivative. So one needs weighted spaces of the following

type:
Definition 32 Letp € (1,00), £ € N and 5 € R and set

VP () = Co(@0\0) | with

¢ e
Jull = Valygoay = (5 el 3]

In order to define suitable boundary conditions one also needs:

p 1/p
LP(Q)) '

—— Il
Ve (@) = (@) .

Here C°(Q2\ O) is the set of all C°°(Q)-functions which have compact support that does not
contain O = {0}.

Remark 33 Notice the similarity to the definition of Wé’p (Q).
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Let us go back to the Dirichlet-Laplace case and . Writing

n—2 n—2\2
A =— +
+k 5 \/Mk‘f'( 5 >

Uik (2) = o+ 6, (| )

one finds power type functions

which satisfy
in pro,

—AUyp () =0
=0 on 0Cw oo-

Uik ()
and
UikEVéﬁ(ccu,l)<:>2(ﬁ—€+1\:|:k)+n—1>—1
<:>Aik>€fﬁf%n.

Let us fix the range
ALy <l+1-B—3n<A.

Writing Ag’p with D (Ag’p ) = V;”Ll’p (Q)ﬂVl’B 0 P () for the corresponding operator to the Laplace-
Poisson boundary value problem

—Au=f inQ,
u =20 on 052,

one obtains the following result:
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Proposition 34 Let Q C R™ be as in (@ and set

n—2 n—2\2
A =— +
+1 5 \/M1+< 5 )

where py is the first eigenvalue of @ Then

Ev 4 ) p £— )
Aﬁp: Vﬁ+1p(Q) N Vﬁl_pm Q) — Vs 1p(Q)
is an isomorphism if and only if

A,1<£+1—ﬁ—%n<A1.

Remark 35 If Ay </+1—-p5— %n then there are [ € Vg_l’p (Q) without a solution. For example
when f > 0 the solution contains a part that behaves near 0 like ¢ |x]A1 ol (ﬁ) with ¢ > 0.
IfA1>0+1-8— %n then solutions are not unique since Vﬁeﬂ’p () is not restrictive enough and

allows harmonic functions that behave like |z~ ¢, (ﬁ)

So, in general no more regularity for a solution u, even for f € C2°(Q2), as what the cone allows.
The result of Kondrat’ev tells us, that when we want more regularity, one has to single out individual
singular components. From [29] one finds an almost explicit formula:

kj "
w@ = Y Sele (o) o, (,x‘) Fw ().

h1<Im A;<h s=0
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Kondrat’ev seminal paper [29] treated the general 2m-th elliptic boundary value problems although
in a Hilbert space setting. He already refers to earlier results by Eskin for a general setting and others
for special cases. Maz’ya and and collaborators [30), [34], Nazarov, Plamenevskij [38], the french school,
Grisvard [25] 26], Dauge [14], Nicaise [42] have considered special cases and extended settings. Most
of their articles balance between the awfull technicalities of the general case and explicit results for
special cases motivated by applications. The role of the special functions was also noted by Williams
in [57]. In 2d-settings one may proceed through conformal mappings [56] [I8], which is useful for
numerics.

For the Dirichlet laplacian or Navier bilaplacian self-adjointness implies that no logarithmic terms
appear:
A x
ww)= X clelo (5) @), (a1)
h1<Im )\j <h
with h and hy some bounds as before implied by values Ay;. Noite that the formula of Kondrat’ev is
not asymptotic expansion. Even ny making the interval (h hi) larger the corresponding wy, 5, is not

necessarily going to zero. The formula identifies the singular terms that might appear in the stated
range for any finite range.
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Returning to the semilinear problem

—Au= f(u) inQ
{ u=20 in 092 (42)

of Section |3l With f(u) = f(0) + cu + h.o.t we obtain approximately in the 2d case near the corner
now located in 0 for o # %7‘(‘ that

2 L.))2 2
x5 — (tan(50a))” o7
( 5)) 5— P+

u(zy, x9) = —3
(71, 22) 2/(0) 1_(tan(%0¢))

The first term is regular and corresponds to w in while the second term resembles the singular
part. Notice that the sign near the corner is determined by:

1. The sign of the first term depends on f(0) and whether « larger or less than %7? is. That first
term is always quadratic.

2. The second term é¢,, that looks like P/ cos(26), is less than quadratic if and only if o > %7‘(’.
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8 Two examples and their power type functions

Let us look in more detail to the singular functions that appear for the Dirichlet laplacian and Navier
bilaplacian. In this section we recall two graphs relating in two dimensions the opening angle o with
the corresponding power type functions ¢, () in the case of

—Au=f inC,, q A2y =f in Cg,
u=20 on 0C,, an u=Au=0 on 9dC,.

Here as before Co = {(r,0) ;7 > 0 and [0] < 1a}.
In the horizontal direction one finds a and in the vertical direction the corresponding Ag. Recall
that for nice ¢ the function uy, defined by

ur (2) =6 (9)

satisfies uy € Wk» (Cat) ©A>k— %. So the vertical direction not just displays the possible A related
to the angle o but also corresponds to order of regularity.
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Figure 22: The Dirirchlet Laplace case
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Figure 23: The Navier bilaplace case
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A unilateral constraint and corners

9 The Kirchhoff-Love model for a supported plate

The following model was made plausible in Section [5| for a hinged plate

A2y =f in §,
u=20 on 012, (43)
Au—(1—0)ku, =0 on 09,

or in the case of a polygonal domains where k = 0 except at corners and we seem to arrive at , ,
which is (43)) with o = 0. Whenever one finds in the literature ‘Kirchhoff-Love model for a supported
plate’ one usually finds either one of these boundary value problems. Is the name appropriate? A
discrete model in [6] should be a warning. One might guess that by pushing the plate downwards,
the plate should go downwards. On the other hand, this guess could also apply to the clamped plate
model:

{ A2y = f in §, (44)

u=1u, =0 on 0f,
for which it is known since Duffin [I9] that no such result holds. See also [54]. On the other hand, for
problem , ie.

{ A2y =f in Q, (45)

u=Au=0 on 0L,
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on smooth domains, and even on domains with only convex corners one may split it in a system and
still find a solution u with u, Au € W22 () N Wol’2 (©) and hence f > 0 implies u > 0. This however
is a circular reasoning. One should go back to the energy functional and allow functions u € W22 ()
with

u~ = —min (0,u) € I/Vol’2 (Q).

and minimize over all those admissable functions.
For an overview of sign preservation for simple membrane and plate models see [54]. The real
supported plate problem, namely to find the minimize of the functional in , that is

Jo (u) = /Q (% (Au)? + (1 — o) (Ugattyy — uiy) —f u> dx (46)

on the space
Wy (Q) = {u e W?2(Q); u™ e W (Q)} :

has been considered in [49, [41]. We recall some results from those papers:

Theorem 36 ([41]) Let Q C R? be a bounded domain with O Lipschitz and let o € (—1,1). For
f € L?(Q) satisfying

/ f ¢ dx <0 for all nontrivial affine functions ¢ > 0 in
Q

there is a unique minimizer us € W4 ().
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Let uy, be the solution of the hinged problem, that is, a minimizer of J from in
Wo (Q) = {u e W22 (Q); ue W (Q)}.

For the hinged problem on polygonal domains see [39]. The hinged problem on curvilinear domains
has been considered in [I3]. Analytic results for a correct numerical approach are obtained by Davini

[16], [17].

Only if us; and uy are equal one can mix the names hinged and supported. But unfortunately for
the literature one finds:

Theorem 37 ([41]) If Q C R? is a bounded polygon and 0 > f € L*(R2), then us # uy,.

We will first recall the proof from [49] in the case of a rectangle and f € C§° (Q).

R e
e

Figure 24: A rectangular supported plate pushed down on the left side. Picture taken from [54].

Proof. For u € W), in the case of a rectangle 2 = R, say R = (0, a) x (0,b) we can use some reflection
arguments. Define the extension operator for functions on R = (0,a) x (0,b) to functions on

Ry = (—a,a) x (=b,b),
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neglecting the axes, by
E(u) (z,y) = sign (zy) u(|z|, [y]) -

Figure 25: Extending by reflecting

If w € Wo(R), then the Dirichlet condition implies that F (u) € Wy (R2). Moreover, if u is a
(weak) solution of for Q = R, then E (u) is a (weak) solution of for = Ry with E'(f) on
the right hand side. And last but not least, E' (u) = v on R which implies that the regularity of the
interior is transferred to the boundary. So f € L?(R) results in v € W*2 (R) and we may do some

partial integration such as
K (u) := / (umuyy — uiy) dxdy = / (Uzzliyno — Ugytyny) dT = 0.
R OR
So uy, is a minimizer of J, independent of . But then

OK (up;v) =0 for all v € Wy(R).
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When is us a minimizer of J,, for functions in W, (R)? From [28] one finds that, assuming .J, is convex

as a functional and W, (R) is convex and closed as a set, the equivalent condition is
0J (us;v — ug) > 0 for all v € Wi (R).
If us = uy, then for v € W, (R)
0o (un; v —up) = 0Jo (up;v) — 0Jy (un; up) = 0Jo (un;v)
= /R (AupAv — fo)dedy — (1 — o) OK (up;v).
Integrating by parts gives, since Aup = 0 on OR:

/ (AupAv — fv)dxdy = / (Aup, Opv — OpAuyp, v)dr + / (A2uh — f) vdzdy
R OR

R
= —/ OpAuy, v dr
OR
and also
0K (up;v) = / (Uh gz Vyy + Uk yyVsz — 2Up gy Vzy) dzdy
R
= —/ Up, VAT = 2 [uh@yv]gg’gg sz gg’zg + / U, 7rn0AT.
OR ’ ’ OR

Combining , , and we obtain that

(a,0) and (

0,
/8 @uun (1= )t ren) vy +2(1=0) a2l (50) i (07) < 0.
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For the rectangle we can skip the Kondrat’ev functions and use Serrin’s corner point lemma, which
tells us that for g > 0 and v the solution of

—Au=g inR,
u=0 on JR,

a type of Hopf’ boundary point lemma holds, namely
Uzy > 0in {(0,0), (a,b)} and uzy < 0in {(a,0),(0,b)}.

Applying this to —uy, indeed uy solves the system in with f < 0 and hence —Awup < 0 and
up, < 0. So we find for v > 0 near the corners that

, nd (0,b
2(1= 0) [unzyv]{50) g (o) > 0. (52)

Figure 26: A series of v

Since the left hand side of is an integral, we may play with the order of a pointwise contribution
and an L'-contribution to find 0 < v € W, (R) such that the sign of is determined by the corner
contribution in , and that gives the contradiction: wus # up. [ |
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If the domain has a corner with an angle different from %71', then the solution in general is not in
W42(Q) and one has to proceed with more care. In [41] it is shown that at each corner the solution
of the supported plate under a downwards force moves upwards at each corner. For convex corners
it moves upwards at the corner and for reentrant corners the deviation at the corner itself maybe 0
but nearby the plate will be ‘loose’. To prove this result one compares with the lowest order singular
function(s) that is (are) still in W?22(Q). And as before 7*$(6) belongs to this space whenever A > 1.

See Figure 27]

A

\

3n
2

NIy
-

Figure 27: The lowest relevant singular functions
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Some fun with corners

10 Two first eigenfunctions

In this section we will recall a result from [55]. Let us first come back to a famous result named after
Krein and Rutman [31]. For integral operators the result was already stated by Jentzsch [27] in 1912.
A more perfect statement needs an additional result of de Pagter [43].

Theorem 38 (Krein-Rutman-De Pagter [22]) A compact, positive and irreducible operator A €
L (E; E) for a Banach lattice E with dimension larger 1, has a positive spectral radius, which is the
unique eigenvalue with a positive eigenfunction and it is algebraically simple.

For second order elliptic boundary value problems the maximum principle gives strict positivity,
which includes irreducibility, and when the domain is bounded, the solution operator for regular
problems is compact. So one may apply the theorem.

The simple model for the hinged plate we stated before in and , namely

{ A%y = f in (53)

u=Au=0 on J.

is of fourth order, so a priori no maximum principle applies. Nevertheless, when writing this equation
as a system as in ([15)), we find strict positivity and the above result should apply.
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Let us consider the corresponding eigenvalue problem

A%p=X¢p in C,,
{ ¢=A¢p=0 on 0C,. (54)
for the non-convex sectors
Ca = {(rcosp,rsing);0 <r <1and |p| < 3a} (55)

with a € (m,27). The specialty of this case is that one may find the solutions of by explicit
formulas using Bessel functions. Doing so, one finds the two eigenfunctions sketched in Figure

A=129.84

Figure 28: Two positive eigenfunctions for 1’ for a = %7‘(’. Picture taken from [55].
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If we let ¢, be the first eigenfunction of

_A¢ = ,ugb in C37r/27
¢=0 on aC37r/2a

one may compute
¢y (r,0) = Jays (Va1 1) cos (5¢) (56)

with v9/3 1 the first positive root of Jy/3. This function is sketched on the left of Figure Here Jy/3
is the Bessel function of the first kind. Next we will also need I,/3, the modified Bessel function of
the first kind.

With v the first positive number satisfying

o3 (V) Joys(v) = I3 (v) J_gy3 (V),

one finds the second positive eigenfunction g~b1 defined by

b (rg) = OLWAW—LWAWH&B@N—bBWM (57)

-—@BM—hBMHLm@ﬂ—Lm@m>wM%L (58)

which is sketched on the left of Figure

Both functions are in Cy (@) NnC™ (C37r/2) and not in C? (Tﬁ/g), so the condition A¢p(0) =0
would need some explanation. Both functions satisfy A¢(z) = 0 for z € 9Cs, /5 \ {0}. By the way,
there is no positive eigenfunction in C? (@)
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Another paradozr?

No, the answer lies in space.

Through direct computations one finds that

(01,A¢1) € (W&’Q(C%/Q) X W&’Q(C&rm)) =: A1,
N
(¢1,A¢y) € <W2’2(C37r/2) N W(}’Q(C?mp) X LA(Car2) ) =: Asp.

Moreover, neither space A; j is contained in the other and even (¢q, Ag,) & Az and (¢1, Ad;) & A 1.

Remark 39 The eigenfunction ¢, s the eigenfunction from the system setting in (@, for which
the solution operator is positive due to the mazxzimum principle applied twice. Hence one may apply
Theorem . The eigenfunction (}51 1s the minimizer for the functional in . It is positive, although
that cannot be concluded from Theorem [38, since the solution operator is not known to be positive.

The same result, namely the existence of ‘two’ first eigenfunctions one can show for all cones C,
with a > 7. See [55]. In [39] one finds that the solution operator for the second setting is not positive
for angles larger than %W. For angles in (, %ﬂ) (non)positivity is unknown.

67



References

[1]

S. Agmon, A. Douglis, and L. Nirenberg. Estimates near the boundary for solutions of elliptic
partial differential equations satisfying general boundary conditions I. Comm. Pure Appl.Math.,
12:623-727, 1959.

S. Agmon, A. Douglis, and L. Nirenberg. Estimates near the boundary for solutions of elliptic
partial differential equations satisfying general boundary conditions II. Comm. Pure Appl.Math.,
17:35-92, 1964.

H. Amann, Fixed point equations and nonlinear eigenvalue problems in ordered Banach spaces,
STAM Rev. 18 (1976), 620-709.

I. Babuska, Stabilitdt des Definitionsgebietes mit Riicksicht auf grundlegende Probleme der The-
orie der partiellen Differentialgleichungen auch im Zusammenhang mit der Elastizitdtstheorie. I,
IT, (Russian) Czechoslovak Math. J. 11 (86) (1961), 76-105, 165-203.

I. Babuska, J. Pitkdranta, The plate paradox for hard and soft simple support. STAM J. Math.
Anal. 21 (1990), no. 3, 551-576.

Blaauwendraad, J.: Plates and FEM, Surprises and Pitfalls. Solid Mechanics and Its Applications,
vol. 171. Springer, Berlin (2010)

Blum, H., Rannacher, R.: On the boundary value problem of the biharmonic operator on domains
with angular corners. Math. Methods Appl. Sci. 2(4), 556-581 (1980)

68



8]

A.P. Calderén, A. Zygmund. On the existence of certain singular integrals. Acta Math. 88, 1952,
85-1309.

P.G. Ciarlet, P.-A. Raviart, A mixed finite element method for the biharmonic equation. Math-
ematical aspects of finite elements in partial differential equations, Proc. Sympos., Math. Res.
Center, Univ. Wisconsin, Madison, Wis., 1974, 125-145. Publication No. 33, Math. Res. Center,
Univ. of Wisconsin-Madison, Academic Press, New York, 1974.

Ph. Clément, G. Sweers, Existence and multiplicity results for a semilinear elliptic eigenvalue
problem, Annali della Scuola Normale Superiore di Pisa, Cl.Sci. (4) 14, (1987), 97-121.

Ph. Clément, G. Sweers, Uniform anti-maximum principles, J.Differential Equations 164 (2000),
118-154.

C. De Coster, S. Nicaise, G. Sweers, Solving the biharmonic Dirichlet problem on domains with
corners, Math. Nach. 288 (2015), 854-871.

C. De Coster, S. Nicaise and G. Sweers, Comparing variational methods for the hinged Kirchhoff
plate with corners, to appear in Math. Nachr.

M. Dauge, Elliptic boundary value problems on corner domains. Smoothness and asymptotics of
solutions, Lecture Notes in Mathematics, 1341, Springer-Verlag, Berlin, 1988.

C. Davini, Gaussian curvature and Babuska’s paradox in the theory of plates. In: Rational
Continua, Classical and New, Springer, Milan (2003), 67-87.

69



[16]

[17]

18]

C. Davini, 1. Pitacco, Relaxed notions of curvature and a lumped strain method for elastic plates.
STAM J. Numer. Anal. 35 (1998), 67-691.

C. Davini, I. Pitacco, An unconstrained mixed method for the biharmonic problem. STAM J.
Numer. Anal. 38 (2000), 820-836.

T.A. Driscoll, L.N. Trefethen, Schwarz-Christoffel mapping. Cambridge Monographs on Applied
and Computational Mathematics, 8. Cambridge University Press, Cambridge, 2002.

R.J. Duffin, On a question of Hadamard concerning super-biharmonic functions. J. Math. Phys.27,
253-258 (1949)

L.C. Evans, Partial Differential Equations, AMS, Rhode Island 1998.

K. Friedrichs, Die Randwert- und Eigenwertprobleme aus der Theorie der elastischen Platten.
(Anwendung der direkten Methoden der Variationsrechnung). Math. Ann. 98, 205-247 (1927).

F. Gazzola, H.-Ch. Grunau, G. Sweers, Polyharmonic boundary value problems, Springer Lecture
Notes Series 1991 (2010).

T. Gerasimov, A. Stylianou and G. Sweers, Corners give problems with decoupling fourth order
equations into second order systems, SIAM J. Numer. Anal., 50(3), (2012), 1604-1623.

D. Gilbarg, N.S. Trudinger, Elliptic partial differential equations of second order. Reprint of the
1998 edition. Classics in Mathematics. Springer-Verlag, Berlin, 2001.

P. Grisvard, Elliptic Problems in Nonsmooth Domains. Monographs and Studies in Mathematics,
No. 24. Pitman Publishing, London (1985)

70



[26] P. Grisvard, Singularities in Boundary Value Problems. Research Notes in Applied Mathematics.
Springer, Berlin (1992).

[27] P. Jentzsch, Uber Integralgleichungen mit positivem Kern, J. Reine Angew. Math. 141 (1912),
235-244.

[28] D. Kinderlehrer, G. Stampacchia, An Introduction to Variational Inequalities and Applications.
Classics in Applied Mathematics, No. 31. STAM, Philadelphia (2000)

[29] V.A. Kondrat’ev, Boundary value problems for elliptic equations in domains with conical or
angular points. Trans. Moscow Math. Soc. 16 (1967), 227-313.

[30] V.A. Kozlov, V.G. Maz’ya, J. Rossmann, Spectral problems associated with corner singularities
of solutions to elliptic equations. Mathematical Surveys and Monographs, 85. American Mathe-
matical Society, Providence, RI, 2001.

[31] M.G. Krein, M.A. Rutman, Linear operators leaving invariant a cone in a Banach space, Uspehi
Matem. Nauk (N.S.) 3 (1948), no. 1(23), 3-95. (translation in: Amer. Math. Soc. Translation 26
(1950)).

[32] V.G. Maz’ya and S.A. Nazarov, Paradoxes of limit passage in solutions of boundary value prob-
lems involving the approximation of smooth domains by polygonal domains, Izv. Akad. Nauk
SSSR, Ser. Mat. 50, No. 6, 1156-1177 (1986); English transl.: Math. USSR, Izv. 29, 511-533
(1987).

[33] V.G. Maz’ya and S.A. Nazarov, On the Sapondzhan-Babushka paradox in problems of the theory
of thin plates, Dokl. Akad. Nauk Arm. SSR 78, 127-130 (1984).

71



[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

V.G. Maz’ya, J. Rossmann, Elliptic equations in polyhedral domains. Mathematical Surveys and
Monographs, 162. American Mathematical Society, Providence, RI, 2010.

A. McNabb, Strong comparison theorems for elliptic equations of second order, J. Math. Mech.10
(1961) 431-440.

S.G. Mikhlin, Multidimensional singular integrals and integral equations, International Series of
Monographs in Pure and Applied Mathematics, 83, Pergamon Press 1965.

S.A. Nazarov, G.A. Chechkin, Approximation of Thin Three-Dimensional Plates with Smooth
Lateral Surface by Polygonal Plates, J Math Sci (2015), 210-399.

S.A. Nazarov, B.A. Plamenevskii, Elliptic Problems in Domains with Piecewise Smooth Bound-
aries. de Gruyter Expositions in Mathematics, Walter de Gruyter, Berlin (1994).

S.A. Nazarov, G. Sweers, A hinged plate equation and iterated Dirichlet Laplace operator on
domains with concave corners. J. Differ. Equ. 233 (2007), 151-180.

S.A. Nazarov, G. Sweers, A. Stylianou, Paradoxes in Problems on Bending of Polygonal Plates
with a Hinged/Supported Edge, Doklady Physics, 2011, Vol. 56, No. 8, pp. 439-44.

S.A. Nazarov, A. Stylianou, G. Sweers, Hinged and supported plates with corners, Z. Angew.
Math. Phys. 63 (2012), 929-960.

S. Nicaise, Polygonal interface problems, Methoden und Verfahren der Mathematischen Physik,
39, Verlag Peter D. Lang, Frankfurt-am-Main 1993.

72



[43]
[44]

[45]
[46]

B. de Pagter, Irreducible compact operators. Math. Z. 192 (1986), 149-153.

O.M. Sapondzhyan, Bending of a simply supported polygonal plate. Izv. Akad. Nauk. Armyan.
SSR, 5(2) (1952), 29-46.

O.M. Sapondzhyan, Bending of Thin Elastic Plates (Aiastan), Yerevan, 1975.

D.H. Sattinger, Topics in stability and bifurcation theory. Lecture Notes in Mathematics, Vol.
309. Springer-Verlag, Berlin-New York, 1973.

J. Serrin, Nonlinear equations of second order, A.M.S. Sympos. Partial Differential Equations,
Berkeley, August 1971.

J. Serrin, A symmetry problem in potential theory. Arch. Rational Mech. Anal. 43 (1971), 304—
318,

A. Stylianou and G. Sweers, Comparing hinged and supported rectangular plates, Comptes Ren-
dus Mécanique 338 (2010), 489-492.

G. Sweers, On the maximum of solutions for a semilinear elliptic problem, Proceedings of the
Royal Society of Edinburgh, 108A (1988), 357-370.

G. Sweers, Semilinear elliptic problems on domains with corners, Commun. in Partial Differential
Equations 14 (1989), 1229-1247.

G. Sweers, A sign-changing global minimizer on a convex domain, in Progress in Partial Differ-
ential Equations: Elliptic and Parabolic Problems, ed. C. Bandle e.a., Pitman Research Notes in
Math. 266, Longman, Harlow (1992), 251-258.

73



[53]

[54]

[55]

[56]

[57]

G. Sweers, A survey on boundary conditions for the biharmonic, Complex variables and elliptic
equations 54, (2009), 79-93.

G. Sweers, On sign preservation for clotheslines, curtain rods, elastic membranes and thin plates,
Jahresber. Dtsch. Math.-Ver. 118 (2016), 275-320.

G. Sweers, Bilaplace eigenfunctions compared with Laplace eigenfunctions in some special cases,
in ‘Positivity and Noncommutative Analysis’ (2019), 537-561, Birkh&user.

N.M. Wigley, Development of the mapping function at a corner, Pacific J. Math. 15 (1965),
1435-1461.

M.L. Williams, Stress singularities resulting from various boundary conditions in angular corners
of plates under bending. Proceedings of First US National Congress of Applied Mechanics, 325—
329 (1951)

74



	A Dirichlet problem on a sector
	Poisson problems and corners
	A second order semilinear elliptic eigenvalue problem and corners
	The paradox of Saponzhyan
	The paradox of Babushka
	Existence, uniqueness and regularity in the classical situation
	Elliptic problems on domains with cones
	Two examples and their power type functions
	The Kirchhoff-Love model for a supported plate
	Two first eigenfunctions

