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Abstract: The general setting that we will discuss, can be written as follows:
Mu = f.

Here M : X — Y is some given operator for ordered spaces X,Y. The question for this generic
equation is:

Can one classify M for which it holds that f >0 — u > 07

In other words, when do we a have a positivity preserving property in the sense that a
positive source gives a positive solution.

e Our main focus is on partial differential operators defined on ordered function spaces but
since the structure also appears for u, f € R", we will start with those problems. For
matrices the crucial condition is that M is a so called M-matrix.

e Next we recall some maximum principles for second order elliptic pde, which are the
basic tool for invers-positivity of second order elliptic boundary value problems. In is no
coincidence that most discretisations of second order elliptic differential operators lead to
M-matrices.

e For the problem above we do need a solution operator and we will reflect on the dif-
ferent possibilities. The existence of the principal eigenvalue follows for example from a
Krein-Rutman theorem. We also discuss the almost similar situation for weakly coupled
systems of cooperative type. Assuming that the equation cannot be split in independent
subsystems, one obtains a generic answer. Considering (A + M)u = f one will that
the positivity preserving property will hold if and only if A > Ay, with A; the principal
eigenvalue.

e In the last part we consider some special cases where positivity is preserved but without
the M-matrix type condition. This is the case for example in some ‘real’ fourth order
problems.
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Session 1

Positivity and matrices

1.1 Positivity preserving for matrix problems
Let M € M™™(R) and consider for u, f € R™ the system:
Mu=f (1.1)
Specific names for a matrix having the properties mentioned above are as follows:
Definition 1.1.1 Let M € M™ " (R).

o M is called inverse-positive, when for all u € R™ with Mwu > 0, it holds that u > 0.

e M is called strongly inverse-positive, when for all u € R™ with Mu > 0, it holds that
u > 0.

Remark 1.1.2 e u>0meansVie {l,....,n}: u; >0,
o u>0meansVie{l,....,n}: w; >0 and Fi e {1,...,n}: u; >0,
e u >0 meansVie{l,...,n}: u; > 0.
We will see that inverse-positive matrices are related with the following class of matrices.
Definition 1.1.3 M € M™ " (R) is called a nonsingular M-matriz, if M = sI — B with
1. B is nonnegative, i.e. B = (b;;) satisfies bjj > 0,
2. s> p(B), the spectral radius of B.

The spectral radius is defined by
p(B) = limsup {/||B"|.
n—oo

For a diagonal matrix B one finds that p (B) = maxi<i<p |bi;| and if B has nonnegative coeffi-
cients p (B) is an eigenvalue. We will see that p (B) is an eigenvalue for arbitrary nonnegative
matrices, that is, the spectral radius is an eigenvalue with a nonnegative eigenvector 1, i.e.
Byp1 = p(B) 1. This eigenvector might not be unique as we can see by taking for example
the identity matrix. To have uniqueness, meaning a one-dimensional eigenspace, one needs an
additional condition.
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Definition 1.1.4 A nonnegative matriz B = (b;;) is called
3. drreducible, if (sign (bij)) is the adjacency matriz of a strongly connected directed graph.

Remark 1.1.5 An equivalent condition is: there exists k € N such that (I+B)k has only
strictly positive entries.

Remark 1.1.6 An M-matriz is called irreducible, whenever B is irreducible.

Example 1.1.7 Here is a example of a nonnegative matrix and the corresponding adjacency
matrix.

N OO
S O N
S O W o
oON = O

With these three conditions in Definitions [I.1.3| and [1.1.4] satisfied, the following result holds
true for the eigenvalue problem
Bu = pu (1.2)

with (p,u) € C x C™.

Theorem 1.1.8 (Part of Perron-Frobenius) Suppose B € M™*™ (R) is nonnegative and ir-
reducible. Then the following holds:

i) The in absolute sense largest eigenvalue py is unique and satisfies 1 = p (B).

i1) The algebraic multiplicity of uy is one and the corresponding eigenspace is spanned by a
strictly positive eigenvector y.

i11) Ezcept for positive multiples of 1 there are no other nonnegative eigenvectors.
For a proof see for example [3].

Remark 1.1.9 When B is symmetric, things become much easier and one shows almost directly
that

v - Bv
B) = = .
p(B)=m ueflg?\)io} V-

Theorem 1.1.10 (M-matrix and invers-positivity) Let M € M"*" (R). Then the follow-
ing are equivalent.

o M = sl — B satisfies 1., 2. and 3. of Definitions|1.1.5 and|1.1.4).

e M + M is strongly inverse-positive for all A > 0.

Proof. (=) Since s > p(B) the inverse of A\ + M exists and can be written by a convergent
Neumann series

M+ M) " = (s + N T-B) = (s 40 (I s+ ) B)

(s+A) 1i(s+)\ )k (1.3)

k=0
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Since B has only nonnegative entries, irreducibility implies that

> (s+ 27 8)"

k=0

has only positive entries.

(<) If \I+ M for some A > 0 has a zero eigenvalue with eigenvector ¢g, then (A + M) po =
0. But ¢ or —¢q is nonpositive and that is a contradiction. So AI + M is invertible.

The matrices (A + M )_1 have only strictly positive entries. If not, say a coefficient a;;
satisfies a;; < 0, then (AT + M)~'¢&; has a nonpositive entry and (M + M) ™" is not strictly
positive, a contradiction.

Set 0 = max (m;;) and write B = ol — M. So the diagonal entries of B are nonnegative.

For all A large enough, that is for all A such that o + X\ > p(B), we have from (|1.3) that
M+M™=(c+NI-B) '=(c+NI-B)"
=(c+A)7" (I+ (c+N"'B+0O ((a+/\)*2>> .

Since (A + M )_1 has only strictly positive entries for all A > 0 the signs of the off-diagonal
terms for large A are determined by B. Hence all off-diagonal entries of B are also nonnegative.
So M = ol — B with ¢ > p(B). Indeed, since B is nonnegative the spectral radius is an
eigenvalue and hence o + X\ # p (B) for all A > 0, implying that o > p (B).
For X large the formula in holds. With B being nonnegative, the formula shows that

strong positivity implies irreducibility of B. [
Example 1.1.11 Consider L — % -1
-1 4 -1 -1

M=1 1 1 4 -1 |- (1.4)
-1 -1 -1 3

Due to the entry mi 3 = % > 0 this is not an M-matrixz. The change is however
small enough to keep a positive first eigenfunction and even such that the inverse
of M + tI is still positive for small t. However, for t >ty ~ 7.5 entry a1 3 in
(M + t[)_1 becomes and remains negative. See Figure where scaled values
of the individual off-diagonal entries a;;(t) of (M +tI)” " are plotted.

0.4

0.3

0.2

0.1

Figure 1.1: A graph of the off-diagonal entries ¢ — (1 +t) a;; (t) with M from (1.4).

Let us formulate the result concerning the positivity preserving property for M-matrices, in
short PPP.

Theorem 1.1.12 (PPP for M-matrices) Let M be an irreducible nonsingular M-matriz. Then
the following holds.

1. M~ has a positive eigenvector o1 with eigenvalue py > 0. Set Ay = —,ul_l.

2. (a) if A > A\ then X\ + M 1is strongly inverse positive.
(b) if \= X1 and f > 0, then there is no solution u for (A\[ + M)u = f.
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~
.9
s
S
no positivity N positivity preserved
A .
1 1
)\1 0 A —

(c) if X\ <A1 and f > 0, then there is no positive solution u for (A + M)u = f.
Remark 1.1.13 Since M = sI — B, the equation M‘lgol = u1p1 is equivalent to By =
(s+ A1) p1. Since B is also positive, one finds that Ay = p(B) — s < 0.

Remark 1.1.14 If M is symmetric, then

. v-Muv
A1 = — min .
veR™M\{0} V-V

Proof. Since M is inverse positive, the first item follows from the Perron-Frobenius Theorem
for M~

Suppose that M = sI — B. For A > A\; = p(B) — s the matrix (A + s) I — B satisfies the
conditions 1., 2. and 3. of Definitions [1.1.3| and [1.1.4] Hence Theorem [1.1.10| implies that
Al 4+ M is inverse-positive. By the series and the assumption of irreducibility one finds even
strongly inverse-positivity.

Since also BT has the same eigenvalues and similar properties, let $; be the corresponding
positive eigenfunction for BT %1 = p(B) $1. Let f > 0 and let u be the solution of (A\I — B) u =
f- Then

0<@r-f=¢1-M—-B)u=N-B")@1-u=(\—p(B))@1-u (1.5)

and a contradiction follows if A = p(B) or when u > 0, since then @1 - u > 0. ]

One might wonder what goes wrong when the matrix is perturbed such that it is no longer
an M-matrix but still close enough to one in the sense that the first eigenfunction is still positive.
The generic picture is as in Figure [1.2

§
no positivity N positivity preserved 7 no positivity claim
A . A
1 1 |
)\1 0 A —

Figure 1.2: the generic case for an M, which is almost an M-matrix, but misses the definition
by some small positive off-diagonal term(s), nevertheless such that the first eigenfunction is still
positive. As in Example [1.1.11

Example 1.1.15 Note that for C* (R)-functions it holds that

. u(x+h)—2u(x)+u(z—h) ,
1}1?8 2 =u"(z).
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So one may discretize
{ —u" () = f () forx € (0,1),
u(0) =u(l) =0,

with n € Nt through zy = £, by

—u (Tp+1) + 2u (zk) — u (Tp—1)
1/n?
u(zg) = u(x,) = 0.

= f(xx) forke{l,...,n—1},

In matriz form with ux = u (%) this equals ug = u, = 0 and

2 1 0 -+ --- 0
. ) u1 f1
-1 2 -1 . : U f
0 -1 2 - - u3 1 I3
n . = — .
. . . . . O . n :
Unp—2 fn—2
0 _01 _21 _21 Un—1 fn—l

The matriz on the left is an irreducible nonsingular M-matriz. The inverse of this matriz can
be explicitly computed: writing M1 = (aij); j—1. n1> Ome finds

Figure 1.3: A graph of the matrix for n = 25 with the boundary points i € {0,25} added, i.e.

(aij)i,j:O...QE)
So for the discretized boundary value problem we find
f=20 = u>0.

Example 1.1.16 Discretizing the Laplacian —A in two dimensions by finite differences one
uses

Az, y) = lim 2y —wz=hy) —u(zthy) —u(zy —h) —ulzy+h)
h—0 h2

Inside the domain the corresponding matriz, skipping the h%, has 4 on the diagonal and on each
row (at most) four times —1. Precisely four times when no boundary conditions are involved.
Also this is an M-matriz.
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Example 1.1.17 A more common numerical approximation uses finite elements. For the
Laplacian, when using piecewise linear finite elements on a triangular mesh with only acute
angles, the corresponding matrix turns out to be an M-matriz. See [J]. Also in three dimensions
this holds true. Surprisingly, in higher dimensions (n > 77) one may show that in general no
acute triangularisation exists. See [18] and [17].

1.2 The time dependent problem

Let us consider for u : [0,00) — R™ the intial value problem:

{ (%+M)u(t)=0fort>0,
u (0) = up.

The solution for this problem is
u (t) = exp (— M) uo,

which is given by Euler-backwards approximation as

n—o0

t —-n
u(t) = lim <I+ M) ug.
n
From the second part of Theorem [1.1.10]it follows for ¢ > 0 and n large enough, indeed then
t oo n \~!
I+ M) =2 (M+71) >0,
n t t
that (I + %M ) " is strongly positive. Hence we conclude:

Corollary 1.2.1 Let M be an irreducible M-matriz and let ug > 0. Then the solution u :
[0,00) = R" of (1.6)) satisfies:

up >0 = u(t) >0 forallt >0.

Remark 1.2.2 For
(2 + M)u(t)=f(t) fort>0, (1.7)
u (0) = uo. |

one uses

t
w(t) = exp (—Mt) ug +/ exp (=M (1 — )) f (s) ds
0
and finds from the positivity of exp (—Mt) that

f@#) >0, up>0 = u(t) >0 forallt>0.
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Maximum Principles

2.1 Positivity preserving and the Laplace operator

The Laplace operator is defined for functions u : 2 C R™ — R by

n 2
Au:Z(@i) Uu.

i=1

The natural assumption, used throughout the literature, is that € is a domain, which means
an open and connected set. In the present setting we will even restrict ourselves to bounded
domains.

2.2 Classical maximum principles

2.2.1 Results that hold for general second order elliptic operators

In this section we state the result for the Laplace operator. The first three versions of the maxi-
mum principle also hold for general second order elliptic operators with nice enough coefficients:

"0 0 - 0
L= Z axzaw(w)axj-i-;bl(x) 02

1,j=1

One assumes without loss of generality that a;; (x) = a;; (x) and the ellipticity condition,

> aij ()65 > cl¢f for all 2 € Q and £ € R,
ij=1

is satisfied. The optimal conditions that the coefficients in L may satisfy we will not state, but

can be found following the corresponding references in [12]. We just assume a;j,b € C>(Q).

For maximum principles in all its variations one should have a look at the following books:
[25], [I0] and [26]. Most arguments in this section are borrowed from the first book.

Lemma 2.2.1 (Maximum Principle I) Suppose that w € C? (Q). If Au(z) > 0 for z € €,
then w has no interior maximum.

2N\ 2
Proof. If v has an interior maximum in zg, then (8%1) u(xg) <0 foreachie{l,....,n}. =

11
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Lemma 2.2.2 (Maximum Principle IT) Suppose that u € C2(Q). If Au(x) > 0 for z € Q,
then for any ball Be (x9) C Q one finds u(xp) < max{u(x);x € 0B: (x9)}. Hence u cannot

have a strict interior maximum.

Proof. Suppose that for some ¢ > 0 and B: (z9) C 2 one finds
u(xo) > max{u (z);x € 0B (x9)}.
Set m = max {u (x) ;2 € 0B, (x0)} and we consider the auxiliary function
i (x) = u(x) + 272 (u(w0) — m) |z — x>
One finds u (z9) = u (zg) and for |x — x¢| = € it holds that
@(z) <m+ 5 (u(zo) —m) <ul(zo).
Hence @ has a maximum in some & € B; (x¢) and
AT (Z) = Au (&) + ne 2 (u (z9) —m) > 0,

which contradicts Lemma P.2.11 u

Theorem 2.2.3 (The Strong Maximum Principle) Suppose that u € C?(Q). If Au(z) >
0 for x € Q and u has a mazimum in xo € , then u(z) = u (zo) for all x € Q.

Figure 2.1: A sketch for the construction in the proof of Lemma [2.:2.3

Proof. If u (z1) < u(xo) = M := max {u (z);z € Q}, then there is a curve inside 2 connecting
x1 with zg. Let z2 be the first point on this curve such that u (z2) = M. Now let 2 > 0 be such
that By, (x2) C Q. Then there is 23 € B, (z2) with u (z3) < M. Let r3 € (0,r2] be the largest
number such that u(z) < M for x € B,, (x3) and let x4 € 0B, (v3) satisfy u (x4) = M. Set
T5 = % (x3+ x4) and 15 = %rg,. Next consider on By, (x4) with r4 = %T{g the auxiliary function

() =u(x)+e(|z—as/*" - r?‘") for n > 3,
u(x) + ¢ (log <|x_1w5|) — log (%)) for n = 2.

Set m = max {u(x);x € 9B, (x4) N By, (25)} < M and take € > 0 such that

<

u(x)

u(x) < M for x € 0B, (x4) N By, (v5) .
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Since |z — z5)* " — ri " < 0 for x € OBy, (24) \ By (x5) we find with such an ¢ that
u(x) < M for x € 9By, (4) .
Since @ (z4) = M and since
Al =Au>0on By, (z4)
we find a contradiction by Lemma [2.2.2] n
Finally let us state a maximum principle at boundary points.

Theorem 2.2.4 (Hopf’s boundary point Lemma) Suppose that u € Co(2) N C?(Q) is a
solution of

—Au(z) = f(z) forz e,
{ u(x) =wug(x)  forx € 09, (2.1)

with f >0, up > 0 and (f,uo) # (0,0). Then at each point x* € OQ with ug (z*) = 0 and where
Q satisfies an interior sphere condition, we find for any outward pointing unit vector U, that

* t =\ *
lim inf ulz v) —u(@’) € (0,00].
tl0 t
If u is differentiable at x* then
_Ou (z*) > 0
ov ’

Remark 2.2.5 [t is sufficient, instead of the interior sphere condition at x*, that a Dini-
smooth subdomain Q C Q exists with =* € Q. See [20]. Dini-smooth means that |Vp| is
Dini-continuous, where R"™1 > 2/ s (2/,p(2')) € R™ parametrizes the boundary near x*. In
other words, for some € > 0 it holds that

3
/ L(t)dt< 0,
o U

where w is the modulus of continuity of |Vp|.

Proof. Let B, (z9) be the ball such that z* € 9B, (zg) and B, (z9) C Q. By the strong
maximum principle, Theorem one finds that u (z) > 0 on B, (zg). As in the proof of that
theorem one takes r4 = %r, T4 = 2% and 75 = %r, T5 = % (zo + x*). Next define similarly

G(x)=¢ |z —as)* " — 7“?)7”) for n > 3,
u(x) = ¢ (log (ﬁ) —log (%)) for n =2,
and note that u (x) > @ (z) on By, (x5) N By, (x4), which implies our estimates. ]

The three proofs above can be generalised to more general second order elliptic problems.

2.2.2 Special proofs for the laplacian

For the Laplace operator, and mostly for the Laplace operator only, one may proceed in a more
straightforward way. For the Laplacian the following holds:

Proposition 2.2.6 Suppose that u € C% (), B, (r9) C Q. If —Au >0 on B, (o), then

u (o) > ]éBr(wo) u(z)doy. (2.2)
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Remark 2.2.7 Here we used a notation for the integral average:

]iv(t)dt:/sv(t)dt//sldt.

Remark 2.2.8 A function u that satisfies for every closed ball B, (xg) C Q, is called
superharmonic on Q. A function that satisfies the inverse inequality is called subharmonic on

Q.

Corollary 2.2.9 Suppose that u € C?(Q) and Au > 0 on Q. If u has a mazimum in ¢ € 2,
then u (x) = u (zg) for all x € Q.

Proof. Apply Proposition to —u on B, (x9) and connect zp with any x € 2 through a
sequence of balls. See Figure ]

Figure 2.2: Connecting x; to x5 through several balls inside €2

Proof of Proposition [2.2.6,  We write F), for the fundamental solution of the Laplace
operator in R™, that is

— L 1z|*™ forn >3,
Fy () ={ oy
for n = 2,

with w, the (hyper)surface area of the unit n-sphere.

One obtains with Gaufi’ formula and the normal n (z) = Ii%ioLl that

0< / (—Au (2)) (Fy (z — 20) — Fy (réy)) dar
By (z0)

= lim (—Au(z)) (F, (x — x9) — Fy (1é1)) dx
el0 e<|z—mo|<r
T du () o , OF, (z — z0)
= I ( [ e R LRy Ry et
- / u (x) Mdaw + / u(x) (—AF, (x — x0)) dz
|x—x0|=¢ on e<|z—zo|<T
:0—][ u(x)doy +u(xo) + 0.
OBr(z0)
Indeed
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and

/|_ ) 0%7(:;) (F, (z — 20) — F,, (ré1)) dog = O (eloge) .

The next result is not a result that only works for the laplacian but it does need symmetry.
We will state is for the laplacian but before being able to do so, we need some tools.
First recall that ng 2(9) is a Hilbert space with norm

1/2
_ 2
lullyz ey = (/vau(x)\ d:c) |

Lemma 2.2.10 Ifu € VVOL2 (Q), then also |u| € I/VOI’2 (Q).

Remark 2.2.11 It follows that u* = max (0,u) = 3 (u+ |u|) and u~ = max (0, —u) lie in
W, (Q).

Proof. The difficult part is to prove that the weak derivative of |u| is appropriate.
1) For u € C* (Q2) one has for ¢ € C5° () that

/V!u! wdr = —/ |ul Vgpdx:—/ qupdw—i—/ u Vodz
Q Def. Q [u>0] [u<0]

= Vu pdx — Vu pdr = / sign (u) Vu pdz.
Lb.p. J[u>0] [u<0] Q

So let us set for u € WH1 (Q):
V |u| = sign (u) Vu, (2.3)

which is formally well-defined since sign (u) € L* (). If C* () > uy, — uwin W (Q) one finds

<

/ sign (u) Vu pdx — / sign () Vum, pdzx
Q Q

<

/ (sign (u) — sign (up,)) Vu odz
Q

- ' /Q sign (um) (Vu — Vg, ) pde

/|sign(u)—sign(um)||Vu| |g0!d;v—|—/ [Vu — V| |¢|de (2.4)
Q Q

and [, [Vu — V| |¢|dz — 0 for m — oo. The other term does not converge in general, but
since u,, — u in L' () there exists a subsequence that converges almost everywhere. Taking
the subsequence that converges a.e. and the dominated convergence theorem implies

m—o0

lim / |sign (u) — sign (um,)||Vu| |¢|dz =0,
Q

concludes that (2.4) goes to 0 for a subsequence and hence confirms ({2.3).
2) In order to show that u € I/Vol’2 (Q) implies |u| € I/Vol’2 (€2) one defines for € > 0

fe(u) =Ve2+u? —e.

Note that for nice(?) w one finds V f; (u) = \/ﬁVu 7 =" V |u| for € | 0.

More precisely, one finds f: (u) € VVO1 2(Q) and it follows that

/]VfE (u)]Qdajg/\VuFda;.
Q Q
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The dominated convergence theorem gives us for some sequence {n;} C N that

/]V|u||2d$:/ lim ‘Vfl/nk (u)‘de: lim/|Vf1/nk (u)’Qd:L‘S/]VuFdx.
Q Q k—oo k—oo J Q

Theorem 2.2.12 Let A\ > 0 and suppose that f € L*(2). Let u € VVOL2 (Q) be a weak solution
of , i.e. u satisfies . Then the following holds

f>0 = u>0.
Proof. For f > 0 and taking ¢ = u~, which lies in W(}’z (©) by Lemma [2.2.10} one finds that
Au—flu™ ==\ (u*)2 —fum <0

and
O:/(Vu-Vu—l—()\u—f)u)dazg—/‘Vu’deSO.
Q Q

So Vu~™ = 0 holds and since ©~ = 0 on 9 this implies 4~ = 0 on . The fact, that u = 0 is
contradicted by f > 0, is direct. [
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Positivity and elliptic bvp

To consider inverse-positivity for the problem
Mu=f

in the setting of partial differential equations, one has to include boundary conditions. For the
Laplace operator under homogeneous Dirichlet boundary conditions, i.e.

—Au=f in{,
{ u=20 on 0, (3.1)

the maximum principle guarantees uniqueness of a solution but not yet existence. So we may
a priori only say, that if the solution operator (—A)al for exists, then it will be strongly
positive:

f20 = u>0.

In any case we still have to specify what these inequalities will mean.

For a sharp statement concerning inverse-positivity we have to have the existence of such a
solution operator (—A), !, We will address this question in the next sections.

3.1 Second order elliptic

3.1.1 Introduction

We will focus on the homogeneous Dirichlet boundary value problem on 2 C R”, namely

A=L)u=f inQ,
{ u=20 on 052, (3.2)
and obtain a result as in Theorem [I.T.121 As before
"9 0 “ 0
;1 02" ™) gy T ; ") o,

The same results concerning the positivity preserving property can be derived for the Neumann,
intermediate or mixed boundary conditions except for a shift of Aj.

But let us first fix the following positivity notations for functions u : 2 — R:

e v >0 means u(z) > 0 for all z € €,

e u >0 means u(z) >0 for all z € Q and u # 0,

17
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e v > 0 means u(z) > 0 for all z € €.

The simplest case is one-dimensional. The next example will deal with the corresponding
homogeneous Dirichlet problem.

Example 3.1.1 Consider

—u" (z) = f (z) forz € (0,1),
{ w(0) = u(1) = 0. (3:3)

This boundary value problem models laundry and

other things hanging from a line under tension. p:{‘
We may find an explicit solution by straightforward -P%

integration. Starting with

T ry
u(z) = _/ / f(s)dsdy + c1 + ca, ‘ ‘ ‘ ‘ ‘
0 0 0.2 0.4 0.6 0.8 1.0

using that u (0) = 0 implies ¢c; = 0, and with an integration by parts it follows that

u(z) = —[y/oyf<s>ds]:+/Oxyf<y>dy+czw
= o [ st [Cur i e
= /Ox(y—x)f(y)dyﬂ%zfv-

From u (1) = 0 we find ca = — fol (y—1) f(y)dy and hence

u(z) = /Ox(y—x)f(y)dy—x/o (y—1)f(y)dy
. 1
- [w-wrwa-s [ G-fwd
0 T
. 1
- [0-ayiwdy+ [ ei-y 1wy
0 x

So one may write

1 _
ww)= [Caten) sy wingp = { 70V BTEZVESS L g

The function g is called a Green function for . Since

g(xz,y) >0 for xz,y € (0,1),

the expression shows that
f20 = u>0.

A graph of this function one finds in Figure[3.1]

One may compare with the discretised version in Figure[1.3
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Figure 3.1: Sketch of the Green function

Example 3.1.2 For A > 0 one may imagine a model where the line, from which the laundry
hangs, is connected to a ceiling by a lot of uniformly distributed elastic ropes. That would lead
to

M (z) —u” (x) = f(z) forx e (0,1),
{ w(0) = u(1) = 0. (3:5)

Mathematically one might even consider A < 0 but it will be hard to conceive a model for that
case. Formally one may solve this problem through a Green function:

(sin (V=X (1 — max (z,y))) sin (v/—Amin (z,y)) -
VRsin (V) Jor A<t
o (2, y) = (1 — max (x,y)) min (z,y) for A =0,
sinh — max (z sin min (z
(VA(1 = max (2,)) ) sinh (VAmin (z,y)) -
\/Xsinh (\/X)

One directly checks that for X\ > —m?, which corresponds to the first eigenvalue, one finds that
g (z,y) >0 for all z,y € (0,1).

With a more careful check one notices that gy (z,y) is not defined for X = —k*r% with any
k € Nt and even that for all other A\ < —m? the function gy (z,y) will be sign changing. In
Figure are some sketches of two gy.

1.0

Figure 3.2: Sketch of gy for A = —5 > —72 and for A = —18 < —72.
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3.1.2 Solutions

In one dimension the regularity of the solution directly follows from the expression in
involving f only. It does not depend on the boundary.

In higher dimensions the boundary plays a crucial role which regularity the solution can
obtain. Indeed the regularity of the boundary determines the maximal global regularity that a
solution may obtain and one has to choose the space accordingly. Assuming more for the bound-
ary one increases the settings possible. The different settings will have their own advantages
and disadvantages. So let us first address the main notions of solution.

Definition 3.1.3 A function u: Q — R is called

e a classical solution of , when u € C? (Q) N C(Q) satisfies ;
e a weak solution of , when u € VVOL2 (Q) satisfies

/ Aup + Z aij (O5u) (030) — Zbi (Ou) o — fo | de =0 for all ¢ € VVOL2 Q).
Q ij=1 i=1

(3.6)

e a strong solution of in LP-sense, when u € WP (Q) N W&’p (Q) for some p > 1
satisfies the differential equation in a.e.

Remark 3.1.4 A strong solution in L?*-sense is a weak solution and this follows through an
integration by parts. A weak solution is in general not a classical solution and vice versa.

Remark 3.1.5 Note that C? (Q) N C(Q) does not have a norm for which it becomes a Banach
space. A space like C?7(Q) does, but also needs quite a regular boundary such that solutions,
even for f € C3° () will lie in that space. On the other hand, the space I/Vol’2 (Q) does not need
any regqularity of the boundary. For any f € L?(Q)) Riesz’ Representation Theorem gives the
existence of a weak solution. But since no second derivatives are defined, arguments that use
these will fail.

3.1.2.1 The classical and the strong setting

As just mentioned, C? (2) N C(2) does not have a norm for which it becomes a Banach space.
A space like C?7(2) does, but also needs quite a regular boundary in order that solutions, even
for f € C§° () will lie in that space.

How to obtain a solution of for example for f € C(Q)? If we extend f by 0 outside of
Q) to f we get at most f € L® (R"). Taking the convolution with the fundamental solution Fj,
one obtains by F}, x f € I/Vli’p (R™) for all p € (1,00). The weak second derivatives exist and one

C
may show that

—A (F, * f) = f in L (R") -sense.

By Sobolev imbedding it holds that F, x f € C1*(Q) for all a € [0,1). But in general one does
not obtain C2(2). Also for f € C7(2) one does not find a better regularity on 2. The interior
regularity however improves for such f, that is (Fn * ﬂ o € C?7(Q). For this interior regularity

see [12].

So u; = F),  f solves the differential equation but what about the boundary condi-
tions?
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It remains to find a solution ug of

{ _AWSC) =0 forxze, (3.7)

ug () =uy () for x € ON0.

hen u = wu; — ug will solve (3.1). Here is where Perron’s method sets in. First we need a
definition.

Definition 3.1.6 The function w € C(2) is a barrier function at * € 0Q, whenever
1. w is superharmonic in €;
2. w>0 onQ\{z*} and w(z*) = 0.

If Q satisfies a uniform exterior cone condition, then there exists a barrier function at each
boundary point.

Theorem 3.1.7 (Perron) The function
u(x) = sup {v (x);v is subharmonic and v (z) < ¢ (x) on 00}

is harmonic in Q. Moreover, if each boundary point has a barrier function and ¢ € C(09),

then u € C(Q2) and u = ¢ on IN.

For a complete proof see [12], Section 2.8]. A crucial step is the so-called harmonic lifting of
a subharmonic function u on a ball B, (x¢) with B, (xz¢) C

u () for x € Q\ B, (x9),
u(z) = / KB, (z0) (x,y)u(y)doy for x € By (x9) .
OBr(z0)

with Kp (40) : Br (20) X 0B, (x9) — R the Poisson kernel for B, (xo) defined by

r2 — |z — x0]2

KB, (z0) (7,9) =

-
nwpT |z — Y|
One may check that 4 solves

{ ;Aa (x)

(2) = ua

0 for z € By, (xp),
) for x € 0B, (x).

3.1.2.2 Solution operators in a C-setting
Coming back to (3.2]) with A = 0, that is

—Lu(z) = f(zr) forxeQ,
{ u(z) =0 for z € 09, (3.8)

one may prove the following result.
Theorem 3.1.8 Let € be a bounded domain in R™.

1. If Q satisfies a uniform exterior cone condition, then for each f € C(Q) there ewists a
unique strong solution u € C(§2) N VVﬁ)’f (Q) of with p € [n, 00).
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2. If 0Q € O, then for each f € C(Q) there exists a unique strong solution u € C1(2) N
W2P(Q) of (@ with p € (1, 00).

Proof. A real proof is outside the scope of these lecture notes and we will just give references.

With p > n the existence and uniqueness of a solution u € C(2) N Wlif (©) can be found in
[12, Theorem 9.30], which confirms the first claim.

The second result can be found in [12], Theorem 9.15], that is, the existence of a unique strong
solution in W&’p () NW?2P(Q) for any p € (1,00). We may use any p since C1(Q) C LP ().
For domains satisfying a uniform interior cone condition, which holds for 9Q € C1t, W?2P (Q)
imbeds in C1(Q) for p > n. ]

We have for a bounded domain 2 C R" the following hierarchy:

o0 e o1t
[}

Q) satisfies uniform exterior sphere condition

Y

() satisfies uniform exterior cone condition

e 00 € CY! means that the boundary can be covered by finitely many open blocks on each
of which 0 can be written as the graph of a Cb!-function ¢ : R*~1 — R.

e A uniform exterior sphere condition means that r» > 0 exists, such that for each z* € 952
there is B, (y) C Q¢ with z* € 0B, (y).

e A uniform cone condition means that for some ¢ > 0 and € > 0 there is a finite cone
C ={(2',x,);cl|2'| <z, < e} which can be rotated by R such that for each z* € 9 one
finds z* + RC C Q°.

3.1.3 Finding the first eigenfunction

Considering again

A=A)u(x)=f(z) forze,
{ u(z) =0 for z € 09, (3.9)

the weak setting is very convenient to find the first eigenvalue. Indeed, the first eigenvalue, with
our sign convention, is defined by the Rayleigh quotient:

Vul*d
M- e JalVeldr g
wewl?(@) Jouldz

and the corresponding eigenfunction ¢ € VVO1 2 (€) is such that

/Q (M1 + V1 V) dr =0 for all ¢ € VVOL2 Q).

All other eigenvalues \; are real and satisfy \; < Ap.

If one replaces A in by the general L these arguments are no longer valid. For a sharp
result of the positivity preserving property the existence of a first eigenvalue is necessary and
the usual argument that replaces Perron-Frobenius for the matrix case is a result by Krein and
Rutman.
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3.1.3.1 Versions of Krein-Rutman

Before stating the result we need to fix a few notions which are used. Necessary is that the

space of functions is an ordered Banach space. Both C'(§2) and LP (§2) are a priori suitable.

Definition 3.1.9 The cone of positive elements P in the Banach space X is total, whenever

P-P=X.

A version that can be found in [ is as follows.

Theorem 3.1.10 (Krein-Rutman I) Let X be an ordered Banach space with total positive
cone P. Suppose that T € L (X) is compact, satisfies T (P \ {0}) C P° and has a positive spectral
radius p (T). Then p(T') is an eigenvalue of T and of the dual operator T™ with eigenvectors in
P and in P*, respectively.

Remark 3.1.11 One may show that all other eigenvalues p; satisfy |p;| < p1 and that there is
no other positive eigenfunction.

A problem in the assumptions of this last version is P°. In LP () the open cone is empty.

In C(Q2) the Dirichlet boundary conditions prevent that 7' (P \ {0}) C P°, since

z€Q

P° = {u € C(Q);minu (z) > 0} :

A way out is to define

Ce(Q) = {u € Cp(Q2); 3¢ > 0 such that |u(z)| < cd (z,00)}

with ||ul|, = sup d|(1;(?9)§|2) and d (z,0Q) = inf,-coq | — ¥

with d (-,09) the distance to boundary. In order that this approach works, we need Hopf’s
boundary point Lemma.

From [19] one may find a more convenient version.
Theorem 3.1.12 (Krein-Rutman II) Let X be an ordered Banach space with a total positive
cone. Suppose that T € L (X) is compact, positive and such that for some uy € X with ug > 0

and r > 0 it holds that Tug > rug.
Then py == p(T) > r is an eigenvalue with a positive eigenfunction ¢1.

Remark 3.1.13 In the case that T = (—A)O_1 one may take for ug a nontrivial nonnegative
function with compact support.

Remark 3.1.14 This theorem still needs something like irreducibility to conclude that the pos-
itive eigenfunction is ‘unique’ and that all other eigenvalues p; satisfy |p;| < p1. A sufficient
condition that is used, is the following:

o for every f € X with f > 0 there exists cy > 0 such that T'f > cyug.
which can be weakened to:

o there exists k € NT such that for every f € X with f > 0 there exists ¢y > 0 such that
Tkf > crug.
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For functions f, g in L? (Q) or C(Q) the infimum and supremum

(f Vg) (x) = max (f (z),g(x)) and (fAg)(x) =min(f(2),9(z))

are well-defined in LP (Q) or C(Q2). Such ordered spaces are called lattices. One defines

[fl=(fVO0)+(=fVO0).

If |f] < |g| implies || f]| < ||g]|, then the space is called a normed lattice. If a Banach space is
also a normed lattice, then it is called a Banach lattice. Notice that W12 (Q) is not a Banach
lattice, since |f[ < |g| does not imply || f[lyy12(q) < [l9llwr2q)-

Combining with a result in [24] one finds the following version in [27].

Theorem 3.1.15 (Krein-Rutman-de Pagter) Let X be a Banach lattice with dim (X) > 1.
If T € L(X) is compact, positive and irreducible, then uy := p(T) > 0 is an eigenvalue with a
positive eigenfunction p1. Moreover, every nonnegative eigenfunction is a multiple of p1. Every
other eigenvalue p; of T satisfies |p;| < 1.

Remark 3.1.16 T is irreducible, if X and {0} are the only T-invariant lattice ideals. The
subspace D C X is a lattice ideal, if | f| < |d| and d € D implies that f € D.

This version does not need Hopf’s boundary point Lemma, and hence can deal with less
regular boundaries, and can be directly applied to so-called fully coupled cooperative systems.

3.1.4 PPP for the Dirichlet problem
Although we state the result for

(A= A)u(x)

u(zx) =

the next theorem also holds for more general second order elliptic operators and for more general
homogeneous boundary conditions.

f(x) forxz e,

for x € 012, (3.10)

oll

Theorem 3.1.17 (PPP for the Dirichlet problem) Let ) be a bounded domain in R™ with
oN e CHL.

1. Then there is a first eigenfunction o1 € C1(Q) N C%(Q), i.e.
) =

M —A)pi1(x)=0 forzeq,
{ - (33)1: 0 for x € 09, (3.11)

and there are no eigenvalues A with A > A1. It holds that \y € R™ and assuming @1 s
normalised by max,cq 1 = 1 one finds p1 > 0.
2. (a) If X > A1 then for every 0 < f € C(2) problem has a solution u > 0.
(b) If X = A1 then for every 0 < f € C(2) problem has no solution.

(c) If X < A1 then for every 0 < f € C(Q) problem (u has no nonnegative solution u
(either uw changes sign or doesn’t exist).

Q)
Q)

Remark 3.1.18 For this theorem it is sufficient that T = (A)O_1 : C(Q) — C(Q) is positive and
compact. So one may weaken the boundary smoothness. The irreducibility still follows from the
strong mazimumm principle.
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~
.9
s
S
no positivity N positivity preserved
A |
1 1
)\1 0 A —

Proof. We assume that there is a solution operator (—A)O_1 from C(Q) to C1(Q) N I/Vl%f (Q)

which is continuous as (—A);! : C(Q) — C'(Q). Consider A := I o (=A);' : C(Q) - C(Q)
with I : C1(Q) — C(Q) the imbedding. Since the imbedding is compact, so is A. The maximum
principle shows that A is positive and even strongly positive. Hence, if ug is a function with
compact support, then Aug > rug for some r > 0. The above version of the Krein-Rutman

theorem then gives the existence of a first eigenvalue p; > 0 and eigenfunction p; € C(Q) for
A, ie.

Apr = 11
with 1 = p (A). The eigenspace is spanned by a strictly positive eigenfunction ¢; and all other

eigenvalues p; satisfy |u;| < p1. Moreover, any positive eigenfunction is a multiple of ;.
We have Ay = —u; ! and ¢ = =\ (—A)g1 ©1 € CHO) NW2P (Q). Since eigenvalues \; for

loc

1) give eigenvalues for A with eigenvalue u; = —)\;1 the first item is proven.
For the second item notice that for A € (A1,0) we have

AMu+u = Af

and

w=(I—(=\)A)"Af.
Since p (—AA) = |A/A\1] < 1 we find that

u:i(—AA)kAf

k=0

converges and since A and hence —A\A are strongly positive operators, that f > 0 implies u > 0.
The last two remaining items use the argument in ((1.5)). ]

3.1.4.1 The weak setting

The space WO1 2 (£2) does not need any regularity of the boundary. Indeed, for every f € L? ()
there is a weak solution u. Existence follows by Riesz’ representation theorem for —A and by
Lax-Milgram for more general L. Indeed I/VO1 2 (Q) is a Hilbert space with inner product

<u,v)W01,2(Q) = /QVu (x) - Vo (z) dx.

Example 3.1.19 Consider Q = By (0) C R” and u(z) = {/1 —|z|>. Obviously u € C? () N

C(Q2). Since
Vu(w) = (1~ |of) 75 (-3 (1 + o)) 3 2)

and since 2 X %2 < —1, the function u does not belong to VVOI’2 (Q). The function u is a classical
solution of with some ugly right hand side.
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Example 3.1.20 Consider Q = By (0) \ {0} € R™ with n > 3 and u(z) = 1 — |z|>. One may
show that u. defined by

lies in C* (Q)OCOJ(Q)OWOLQ (Q) and moreover us — u in W01’2 (©2). Note that u does not satisfy
the boundary condition in 0 pointwisely, but is a weak solution of on Q for f(x) = 2n.

Weak solutions of

(—A+XNu(z)=f(zr) forxeQ, (3.12)
u(zr)=0 for z € 092, '
are functions u € WO1 2 ()), which satisfy
/Q(Vu~Vg0—l—()\u—f)<p)d9::0for zaullgoGWOL2 Q). (3.13)

3.1.4.2 A symmetric setting

When the problem is symmetric, or more precisely self-adjoint, the weak setting is very conve-
nient to find a start with existence and positivity. The first eigenvalue, with our sign convention,
is defined by by the Rayleigh quotient:

Vul*d
Al =— inf 7f9| uf de

3.14
wew2@n\o}  JouPde (3.14)

One show that the infimum is in fact a minimum and a function ¢, € I/VO1 2(Q) for which the
minimum is assumed is an eigenfunction. Next one find that ¢ is such that

/ (Mp1p + V1 V) dr =0 for all ¢ € Wol’2 Q).
Q

Using regularity estimates and bootstrapping results in ¢; € C*° (). In order to show that ¢
has a fixed sign, one assumes that ¢; changes sign and defines

O ={r Qe (x) >0} and O~ = {x € Q; 1 (z) < 0}.

Since
= Jor IVeril*dz + [ V| da
fQ+ go%d:r + fo @%dw
_efm Ver|* da 1_¢ Jo- Vo1 da
R Ty 7
fm prar fQ— praz
with 2
0 Jo #rde € (0,1),

N fm SO%dx + fQ— ‘P%W
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it follows from (3.14) that

_Jo: VerlPde_ [ [Vir|* da
Jos pldz Jo- ¢rdx

Hence also max (¢1,0) and — min (p1,0) are eigenfunctions. Such eigenfunctions however con-

tradict Corollary

_)\1

3.1.4.3 An exceptional solution

Consider the function u, defined in radial coordinates on a pacman-
shaped domain

Q={(r,e);0<r<1, ¢ < 3a}
with a € (7, 27) as follows:
u(r, ) = (7‘75 - 7«%) cos (Z¢) . (3.15)
One finds that
o Au =0,
e u =0 a.e. on 01,

e u >0 in €,

u e LP(Q) for p < 270‘, which includes p = 2 for the pacman domain.

o uc Wol’p(Q) for p < 2 which ranges from p = 1 till p = % for a above.

T+a?

Doesn’t the maximum principle forbid the existence of such a solution?

One may convince oneself that this function is not in C(Q) N C(£2), nor in W12(Q). Never-
theless such a function plays a crucial role in the case of a hinged plate. See (4.5)).

3.2 Cooperative Second Order Systems

Cooperative second order elliptic systems are of the following type

—A 0 e 0 Uy hll h12 tee hlm Ul fl
0 —-A . 2 + ho1 hog - 3 2 _ f2
S : Poob T : :
0 -~ 0 —A Unm, Bt -+ oo B un IN

more general written as
Lu+ Hu = f,

where

e [ is a diagonal matrix of uniformly second order elliptic operators with suufficiently smooth
coefficients;

e H is a matrix with nonpositive off-diagonal terms.
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Concerning inequalities for a vectorvalued function u : 2 — R™ we will use:

e u>0whenVie{l,....m} Vx € Q: u;(x) >0,
e u>0whenu>0and Jie{l,...,m} Iz €Q: u;(x) >0,

e u>0means Vie {1,...,m} Ve € Q: u; (z)> 0.

As in [27] let us consider the boundary value problem for u, f :  — R™ defined by

(3.16)

M+ Lu+ Hu=f in
u=20 on Of).

Theorem 3.2.1 (PPP for cooperative second order elliptic systems) Let Q C R” be a
bounded domain with a CY'-boundary and let L be a diagonal matriz of uniformly elliptic second
order operators, i.e.

.9 0 - 0
L= — Z 7 ik (z) o + ijk (2) o + e (2)
=1 7j=1
with a;ji, bjr € C1() and for some ¢ > 0:
D ik () &8 = clé® for allz €Q, £ € R™,
ij=1

Let H € M™ ™ (C(Q)) be such that

e all off-diagonal terms are nonpositive (i.e. —H s cooperative);

o H=(|lhij (@)ll,.);,_ is irreducible.

Then the following holds:

1. there is a first eigenfunction o1 € CT(Q;R™) N C? (Q;R™), i.e.

{ (MI+L+H)p1=0 in{, (3.17)

v1=0 on 082,
and there are no eigenvalues \ with A > A1. Assuming @1 is normalised by

max @1 =1
zEQ ’
1<k<m

one finds p1 > 0. Any nonnegative eigenfunction is a multiple of 1.

2. (a) If X > )\ then for every 0 < f € C(Q;R™) problem has a solution u > 0.
(b) If X = A1 then for every 0 < f € C(Q;R™) problem has no solution.
(c) If X < \i then for every 0 < f € C(S;R™) problem has no nonnegative solution

u (either u changes sign or doesn’t exist).
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Proof. For X sufficiently large,
(M + L)y": C(BR™) — Co(Q;R™) N CHQ; R™) N WP(Q; R™)

is a well defined nonnegative diagonal operator. The diagonal elements are strongly positive. So
for A large problem (3.16]) can be rewritten to

u=(A+o)I+L);" ((cI —H)u+f),

0 such that eI — H has only nonnegative entries. Now fix A > 0 large enough
A

where we take ¢

>
such that for \ >

Ry:=T(A+e)I+ L)' (eI — H): C(LRY) — Co(4RY)

one has
p(R) <1
Hence -
(Ao I+L+H) => (R (A +oI+L)"
k=0

Note that ¢I — H and (A+c¢)I + L), ! are both nonnegative. More precisely,

1. If w > 0 and uy, > 0, then ((A+C)I+L)alu20and
(((A+C)I+L)alu)k > 0.

2. If u>0and ug > 0, then (¢ — H)u >0, ((cI — H)u), > 0 and for all £ with hy, # 0:
(eI — H)u), 0.
Combining these two results one finds that
3. If w > 0 and ug > 0, then for all £ with hy # 0 and for £ = k we have
(Ryu), > 0.
Since we assumed that H is irredudible, it follows that

4. If u > 0, then
RY'u > 0.

So for A large enough

((XJH:)IJFLJFH);1 :i(R)\)k ((5\+C>I+L>:

k=0
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is a strongly positive operator. Strongly positive implies irreducibility. One may see that
- -1 _ _
((A + c) I+ L)O L O R™) — Co(LR™)

- -1
is compact and hence also (()\ + c) I+L+H )0 . By the Krein-Rutman Theorem it follows

that there exists u; > 0 and a corresponding eigenfunction ¢ > 0, such that

- ~1
((A+C>I+L+H>O ©1 = H1p1- (3.18)
- ~1
All other eigenvalues p; of <(/\ + c) I+L+ H)O satisfy |u;| < pi. Setting
~ 1
)\1 = )\ +c— —
251

one finds that (A1, 1) satisfies (3.17). Since this holds for all A large enough, we find from
|ii| < w1 that all other eigenvalues satisfy

Re); < Relq.

This completes the first part.
For the second part we may conclude from the above that (A + L+ H), ! exists for all
A > Ay and that this operator is strongly positive for A > A with A large enough. What about

A€ ()\1, )\)? Here we may use a similar series as above:

00 k

M +L+H) =Y ((5\]+L+H)01 (5\—)\)> (M + L+ H); "
k=0

< -1 . -1 .
Since p (()\I + L+ H>0 > = ()\ — )\1) and since ﬁ < 1, the series converges. Since the se-
—Al

ries consists of strongly positive operators, also (Al + L + H), Lis positive. This proves the first

claim of item 2. The remaining claims use ¢7 for the formally adjoint operator ()\I +L*+H T)(: !
similar as in the proof of [
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Positivity and real higher order

4.1 Noncooperative Second Order Systems

4.1.1 Similar to cooperative

In the case that the diagonal operator L has identical second order elliptic operators on the
diagonal, one may look for other cones than just the positive cone, say that we replace u > 0 by
Su > 0, where S is some constant transformation matrix. Then

M +L+Hu=f

is replaced by
(M +L+SHS™ ") Su=Sf.

Indeed, for example if L; = —A, then SLS™! = L.

Is there a simple condition on H such that a transformation S exists, that turns
SHS~! into an M-matrix?

Weinberger in [29] studied this question. For 2 dimensions and

a b
()
with ¢ > 0 the condition is i (a — d)2 + be, which is nothing but the condition for H having real

eigenvalues. For larger dimensions the condition becomes a mess.

4.1.2 Strictly noncooperative

For a system like
—Au—cv=f in
—Av+eu=g in (),
u=v=0 on 0,

the eigenvalues, expressed in vy those of the Dirichlet Laplace, are
Aik+ = Vg £t
and there is no hope for a preserved cone. Nevertheless, setting
G=(-2)"

31
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08r 0.8 08
06 0.6 0.6
041 04 041

02f 02 02f

0.0 T T 0.0

Figure 4.2: For Q = (0,1) € R a sketch for the f in Figure of Gf — G%f.

one finds that
u=ceGv+Gf and v = —eGu + Gg.

Hence
u=—*G*u+eG?g+Gf
and since p (G) = v ! it follows for & € (0,v;) that

u = ([+%6%) 7 (6% +6f) =3 (-26%)" (6% + G1)

k=0
= (I-€%6%¢ (i (5494)’“> (cGg + f)
k=0
= (I—-¢eG)G( +¢eG) <i (€4g4)k> (eGg+ f).
k=0

Most factors in this operator are positive. The only bad one is
I —¢G

and positivity cannot be saved by taking e small.
However, the combination of I — G with G might do the trick.

In order to show that (I — €G) G is a positive operator we may the integral expression for the
Green function. Indeed, the operator (—A)y ! can be formally written as an integral operator:

@) (@)= (=805 1) @) = [ GaGen) £ () o
For some special domains explicit Green functions are known:

2 a2
41W1n<1+<1|w|><1y|>> when 1 =2,

lz—y|®
GBl(O) (may) = L o y 2—n
,nwn(\a?—y\ —‘ny\—m‘ > when n > 3.
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The Green function Gq : Q x Q — [0, 00] satisfies (formally) for each y €

Gq (z,y) = Gq (y,z) forxzeQ,
—A,Ga (z,y) =6y (x) for x €,
Gq (z,y) =0 for x € 0.

We are interested in

(I - £G)Gf () /Q G (2,y) f (y) dy — /Q /Q Ga (z,2) Ga (2,y) () dydz

_ Jo Ga (z,2) Ga (2,y) d=
= [ Gatwa (1- TR EIEVEIE 1),

Theorem 4.1.1 (Cranston-Fabes-Zhao [6]) Suppose that 2 is a bounded Lipschitz domain.
Then there is Mg € R* such that

z,yeQ Ga (z,y)

Corollary 4.1.2 Ife < Mg*, then (I —eG)G : C(Q) — C(Q) is strongly positive.

Remark 4.1.3 The expectation of the lifetime of a conditioned Brownian motion, namely Brow-
nian motion starting at x, killed at the boundary 92 and conditioned to converge to y, is given

by

GQ (Z’,y)

EY (1)

4.2 Fourth order models, a hinged plate

In one dimension —u” = f is a simple differential equation for hanging weight on a line. Going
to two dimensions the differential equation —Awu = f is used for the vertical deviation of a mem-
brane under a weight distribution f. When fixing the line and the membrane at the boundary,
that is, setting for example v = 0 t the boundary, the positivity preserving property translates
into: the line/membrane moves in the direction that it is pushed:

f>20 = u>0.
One may think of other models, where one may expect such behaviour.

Example 4.2.1 When we hang our laundry on a
tube instead on a line, one obtains the following

problem
u" () = f(x) forxz e (0,1), -
{ w(0) = u'(0) = u(1) = (1) =0. *1) ~.

This models laundry and other things hanging
from a beam, which position is fixed at both ends.

We may find an explicit solution by straightfor- ‘ ‘ ‘ ‘ ‘
ward integration. The formula is a rather ugly 02 04 06 08 1.0
one, but one can see that also this Green function is positive.

X -
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This result should not be surprising, since one may recognise an iterated Dirichlet Laplace.

Also the two dimensional problem makes sense. A thin polygonal shaped plate for which
one fixes the position at the boundary, but not the angle, results in the following problem.

A*u(z) = f(z) forzeq,
{ u(r) = Au(r) =0 for x € 9Q. (4.2)

Guessing that we may use the positivity of the iterated Laplacian is ok on convex polygons.
Indeed, setting v = —Auwu one obtains

(x) f(z) forx e,
u(z) =v(z) forzeq, (4.3)
():v():O for x € 09,
and the problem splits nicely. So, if
132
w= (- f, (4.4)

then one finds for (4.2 that
f20 = u>0.

However, when the domain has a nonconvex corner, the result is no longer that obvious. The
problem in has a well-defined solution u; € W22(Q) N VVO1 2(Q) and also a solution uy with
ug, Aug € Wy*(€). These two solutions are not the same. It seems that the first one is physically
more relevant. Only the second one, that is u as in , has the sign preserving property. In
case of a pacman domain the difference between these two solutions is precisely a multiple of
(=A)ytu with v as in . See [22]. It is shown that

uy — ug = c(—A)y tu. (4.5)

One should mention that Davini was the first to consider the supported plate with corners
from a thorough analytical point of view. See [§].

One may consider the problem above with a feedback through an elastic medium and one
obtains the additional A at the positiin as before:

Au(z) + A%u(z) = f(x) forz € Q, (4.6)
u(r) =Au(z) =0 for z € 0. '
Even on smooth domains the splitting is not so nice, since one becomes
(~A+iVAv=f inQ,
(~A—ivVAu=v inQ, (4.7)

u=v=20 on 0§,

which becomes complex unless A < 0.
Help comes from the from the following observation. Let

(t,z,y) — p(t,z,y) : RT x Q x Q — [0, 00)

be the heat kernel for the heat equation on 2 and set

for A >0 Sin(\}ft),
H(\t):=¢ for A=0 t,
for A < 0 S

V=X
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One may show that the solution of [4.6] can formally be written as

o) = [ ([ 100wt at) 106)

t=0

Since p(t,z,y) ~ exp(uit) with p; < 0 the first eigenvalue for the Dirichlet Laplacian, one
obtains:

e when \ < —p? divergence of the integral;
e when —u? < A < 0 convergence of the integral and positivity;

e when A\ > 0 convergence of the integral but positivity maybe only for small A.

>
O
s
5
no positivity N positivity preserved 7  no positivity claim
. A
T 1 T
)\1 0 A=

Figure 4.3: Concerning positivity the above picture describes the case for (4.6))

For more information see [2§].

4.3 Fourth order models, a clamped plate

In the next example there is no obvious to use iterated second order problems, since the boundary
conditions do not split nicely.

Example 4.3.1 Here we consider the case, where
laundry hangs from a tube or beam, of which we
fix both the position and the angle at the boundary.
This is the so-called clamped boundary condition F 4.

@)= f (@) frae O1), o
u(0) =4 (0) =u(l) =d/(1) =0. ' .
This models laundry and other things hanging from 2%
a beam, which is clamped at both ends. That means
that both the position and the first derivative is
fized. Here we fized both to be zero.
Also here we may find an explicit solution. 02 04 06 08 T

In one dimension one finds again that f > 0 implies u > 0. When generalizing this to two
or higher dimensions one obtains

APy () = f(x) for x € Q,
{ u(z) = Lu(x)=0 forze . (4.9)

The positivity preserving property for (4.9)) is lost in generically. For a long time the conjecture
named after Boggio-Hadamard that the clamped problem is positivity preserving qt least for
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convex domains was open. Duffin in 1946 gave a counterexample. By now, one believes that,
except on very few domains, such as balls in R™, PPP remains. Analytical results are however
rare. In two dimensions small perturbations of the disk are allowed without ruining the positivity.

In any case, the part where the solution becomes negative when the force f is positive, seems

to be extremely small. There is evidence from numerics that for f > 0 one generically would
find

[l o < 107 fut ] -
Also such a result seems quite hard to verify analytically.

The explicit Green function for (4.9) the case the ball is known since Boggio around 1900.
With the function d(-), that measures the distance to the boundary

d(x) :=d(z,0Q) = inf {|x — z™| ;2" € 0N},
his explicit formula gives the following estimates:

e forn>5
d(w)Qd(y)z) .

Gp(r,y) = gn(z,y) := |z — y[*" min (1,
|z — yl

o form=4

o forn<3

z n/2
Ganlo) = gu(w.) = (d(a)d)* " min (1 m) -

Here a ~ b means that there are uniform constants c1,co € R, such that ¢; < % <b.

Remark 4.3.2 In the estimates one should recognize the contribution of the fundamental solu-
tion, that is |z — y\4_” for n > 5, the quadratic boundary behaviour d(z)? due to the clamped
boundary conditions as well as the symmetry in x and y for Green functions.

For more arbitrary domains one cannot expect positivity, so the estimate from below cannot
hold true. Nevertheless the Green function is close and the following result has been proven in
[13]:

Theorem 4.3.3 Let Q C R"™ be bounded and with a smooth domain. Then there exists constants
c1,c2,C € RT such that

c1gn(z,y) < Go(z,y) + Cd(x)?d(y)* < cagn(z,y) for all z,y € Q.

Remark 4.3.4 The addition of a constant times d(x)%d(y)? is the lowest possible perturbation
that cannot be improved in general. One may try to find the optimal constant C' as a function
of the domain but that seems a very tough problem.
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4.4 Other positivity questions

4.4.1 Szegod’s claim

Whenever the solution operator, or say the Green function, is positive, then one may conclude
that the first eigenfunction is positive. Indeed, this is what Szeg{0) stated assuming that the
Green function is positive. Since we now know that the assumption is false, one may ask:

When is the first eigenfunction for the clamped problem positive?

Also this question is largely open and it is not even clear, which kind of answer one may get.
Coffmann and Duffin could show that on an annulus with a small hole, the first eigenfunction
is sign-changing and has multiplicity 2. Also domains with narrow passages or close to corners
seem to have a sign-changing first eigenfunction.

4.4.2 A question by Filoche and Mayboroda

In [9] some arguments simplify, if the solution of

2 o .
{ Ay =1 in €, (4.10)

u=0,u=0 on 01,
is positive. Of course a positive Green function Ggq (-, ) for (4.9) also implies that the solution

for a uniform weight, i.e. f =1, is positive. For the solution of (4.10) to be positive it would
however be sufficient that

/ Gq (z,y)dy > 0 for all z € Q.
Q
So the question would be:

Is the solution of the clamped plate with a constant weight of fixed sign?

Also this question has a negative answer: There are domains for which the solution
u(r) = / Ga (z,y)dy
Q

of (4.10) changes sign. See [16].

4.4.3 The real supported plate

Maybe due to sloppy translations between Russian and English the hinged plate is often referred
to by supported plate. Indeed, when the hinged plate is positivity preserving, this would not be
a bad guess. The real supported model however has a unilateral boundary condition.

Ay = f in £,
u >0 on 0f2,
cAu+ (1 —0)02u =0 on 01}, (4.11)

u(z) = 0 or 9, (Au(z) + (1 — 0)d%u(z)) =0 for = € ON.

If w = 0 on the boundary and the boundary consists of straight lines, we return to (4.2)).

One may show that if f < 0, i.e. the weight pushing down, which seems more natural when
thinking of gravity, that the solution changes sign near every corner. See the excerpt from [23]
in Figure 4.4
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05

0.0

-1.0

-0.5

0.0 0.5 1.0

F1G. 7. An L-shaped plate with small load (f = —.1) everywhere except for a local heavier load (f = —1.1) on the dark

circular area. On the right this force density

0.5

0.0 f

-0.5

0.0 0.5 1.0

F1c. 8. An L-shaped plate loaded locally on one side results to a large free boundary on the other side ©Springer

Figure 4.4: A copy taken from [23]
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