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Hedgehogs

Consider P(x) = H;-j:l(x — «j) € Z[x] irreducible non-cyclotomic.

Let K = K(B1,...,Bn) = UZ:l[Ov ﬁj] = Uf:l[ov aj2] U ch'!:l[ov aj}
be the corresponding hedgehog.
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Hedgehog K on Smyth’s polynomial P(x) = x* — x — 1

Dubinin: t(K) < 471" max; |8;]; Dimitrov: t(K) >1
Combined: Schinzel-Zassenhaus conjecture max; ;| > 21/(49),



The Mahler measure of a hedgehog

Mahler measure of the hedgehog M(K) := []"_, max(1,|3}|)
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M(K) = 4 for a rotationally M(K) = 3.07959562 . .. for hedgehog on
symmetric hedgehog with Smyth’s polynomial P(x) = x> — x — 1
t(K)=1



The Mahler measure of a hedgehog

Mahler measure of the hedgehog M (K) = [[7_; max(1,|3;])
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M(K) = 1.91445008. .. for hedgehog on Lehmer's polynomial
P(x):x10+x9—x7—x6—x5—x4—x3+x+1

Question 1. What is the minimum of M(K) over all hedgehogs K
with t(K) > 1?7 W.l.o.g. assume t(K) = 1.



Explicit Riemann mapping

Riemann: there exist a biholomorphic mapping F : (@\ﬁl — @\K
Schmidt: more concretely,

n

Fz)=[[(z - 2" —z)"™

k=1
for some zx € St and re > 0 with i + ... +r, = 1.
In particular, for K = K(B1, ..., 3,) one finds

|Bjl = max F(z)= max H|z Zk|?".

z€[zj_1,z] z€[zj_ 1,zj]

Question 1(c). What is the minimum G, of

H max {l,ﬁ\z—zk|1/"}
3] k=1

ZE Zj g

over all n>1 and z, € S1?



Example: n=2
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Min G, of max 1, H|z—zk\1/2 for z, € SL.
=g #€lE-13] 1
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Optimal configuration for z; and z Value of [];_, [e z| for varying 0

C, =+/3=1.73205...



Example: n =24
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Min Cos ofH max <1, l_[|z—z;<|1/2 for z, € St.
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A configuration for zi, ...,z Value of [, |e 2| for varying 6

Coq <1.236909. .. 6
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Min C, of max {1, H|zzk]1/”} for z, € St.
=1 %€lg-12] i
Theorem (I-Ringeling-Zudilin) C, < C* := T,(2Y/™)/",
where the Chebyshev polynomials of the first kind T, are the
unique polynomials of degree n such that

Th(cos @) = cos(nf).

(Ta(x))n>0 = (L, x, —1 +2x%, —3x + 4x3,1 — 8x> + 8x*,...)
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The value of C; and the approximation 1+ v — 21° + 21° —
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Asymptotically, for v = st

n !

- IR 9
C=1+4+v 77 e o + O(v7) (n — 00),

Corollary (C*)V™ — eV'98(*) and C* - 1 as n — .



Key idea in the proof

Take z; as the roots of

(=2)"? T, (21/"1 2—(z+ 2_1)> .

— To(x) Ti(x) = Ta(x) = Ta(x) = Ta(x)

The Chebyshev polynomials 9



Outlook: integral polynomials and hedgehogs

The minimal polynomial of the 3; for the “Chebyshev hedgehog"
K(B1,...,P2a) is

f*(z) = —1—z42*"4+2% - (0.18356...)(z — 2° +...+ 22 - 2%%).
Here, G54 + (G3,) ™' +2 = —0.18356.. . ..

Zeros of f 10



