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Bulk-boundary correspondence of
topological invariants in 2D: IQHE




TKNN Invariant, IQHE

- Magnetic field
Electrons hopping in a through this 2D rectangle
lattice with a magnetic field B

H = Z Hyy ag0,

Electron eigenstates and energy levels;
bands labeled by n, quasi-momentum k

Zfﬂab y (k) = en (k) ¥ (k)

Thouless et al (TKNN), 1982:
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TKNN Invariant, IQHE

- Magnetic field
Electrons hopping in a through this 2D rectangle
lattice with a magnetic field B

H = Z Hyy ag0,

Electron eigenstates and energy levels;
bands labeled by n, quasi-momentum k
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Thouless et al (TKNN), 1982:
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Niu, Thouless, Wu (1985):  Gup(w, k) = [iw — H(k)], Alternative expression for
Green’s function the TKNN invariant
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From TKNN to the boundary, IQHE

Green’s function in the
presence of the boundary

Gab(aj? xl; va)

> Gl a'50,0) 9" (@, p) = gn(w,p) (" (2, p)
b, x’ \

Green’s function of the mode n

1

gn(w,p) = iw — €,(p)

This quantity is also a topological invariant; can’t be changed by small perturbations of G



From TKNN to the boundary, IQHE

Green’s function in the
presence of the boundary

Gab(aj) ajl; va)

b, x’ \

Green’s function of the mode n

1

gn(w,p) = iw — €,(p)

dkH _ dkH
Nedge = Z;{ o7 /dxdx’G Yz, 2)0,G(z', x) = Z%z—m d, In gy,
L n

This quantity is also a topological invariant; can’t be changed by small perturbations of G



Chiral edge states & winding of g»

K =p 1
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Chiral edge state: 1 7{ Al
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Chiral edge states & winding of g»

- @)=
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KV = w
Chiral edge state: | et
GChiral ~ Up gChiral ~ . —.8M ln gchiral — 1
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Other (bulk) states

1 dkH
e(p) ~ const g ~ 7{ —0,Ing =0
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Chiral edge states & winding of g»

(w,p) = ——
gn w7p T Z(U . En(p)
Chiral edge state: 1 Aokt B
' ~ U iral ~ = PARN 5 Il ' —
€chiral P Ychiral i — Up 27_‘_2 1 111 Jchiral
Other (bulk) states
1 dk
e(p) ~ const g =~ - > OuIng =0
() I 1w — const 7€ 271

Conclusion:

dkH
Nedge = #F chiral edge states Nedge = Z 7{ —— 0, Ing,



Bulk-edge correspondence

We have the Green’s function when
boundary is present

Gab(wa 'CE,; va)




Bulk-edge correspondence

We have the Green’s function when
boundary is present

Gab(ma 'CE,; va)

We have N edge

dk*
Nedge = Zj’i ——tr /da;dx’ G '(z,2')0,G(z, z)
Lt
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Bulk-edge correspondence

We have the Green’s function when B
boundary is present

Gab(xa ZIZ’/; va)

We have N edge

L
Nedge = Zjé %tr /da;dx’ G '(z,2')0,G(z, z)
Lt
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We have the bulk Green’s function far away from the edge

Ghulk(w, k1, ka) = Rgl’floo dre=""" G (R + ;R - g;W, k1

)




Bulk-edge correspondence

We have the Green’s function when B D = kl
boundary is present

Gab(wa CIZ’/; wap)

We have Nedge
Nedge = 27{ @tr /dxdx’ G (z,2)0,G(z, x)
= Je 2mi R NN

We have the bulk Green’s function far away from the edge

Gpulk(w, k1, ko) = Rglzloo dre "k G (R + -, R — 5 C W kl)

We can construct the TKNN number with this bulk Green’s function

N =

Zeaﬁv / dwd?k tr [Gbulka GbUIkaulkﬁﬁGbUIkaulka Gbulk]

afy
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Bulk-edge correspondence

We have the Green’s function when B D= k1
boundary is present

Gab(w7 .CE'/; wap)

We have Nedge
Nedge = 27{ @tr /dxdx’ G (z,2)0,G(z, x)
= Je 2mi R NN

We have the bulk Green’s function far away from the edge

Ghulk(w, k1, ka) = Rgl’floo dre=""" G (R + ;R - g;w, kl)

We can construct the TKNN number with this bulk Green’s function

N =

Zeaﬁv / dwd?k tr [Gbulka GbulkaulkaﬁGbulkaulka Gbulk]

By

“Theorem”: N = Nedge
Cf: 10am talk by

Implication for IQHE: Hall conductance = # of chiral edge modes Hermann Schulz-Baldes

24#2




Bulk-boundary correspondence of
topological invariants in 2D: FQHE




Interacting Green’s functions

G o (0 BTt A (k)] N / dre™™ { Ta(k, 7) (k. 0))

ldea: use interacting Green’s functions to compute the same invariants and
learn about the behavior of the boundary of a system.

Works very well in 1D: S. Manmana, A. Essin, R. Noack, VG (2012)

How about 2D.



INnteractions and Green’s functions

G ot (o0, TN (k)] N / dre™™ { Ta(k, 7) (k. 0))

What if there’s a boundary?

Gap(z, 2" ;0,p) = /dT@W <T&a(x,p, T) &Z(az’,p, O)>



Interactions and Green’s functions

G o (0 BTt A (k)] N / dre™™ { Ta(k, 7) (k. 0))

What if there’s a boundary?

Gap(z, 2" ;0,p) = /dTein <T&a(x,p, T) dl(a}’,p, O)>

What is the meaning of gn”?
3" Gav(@, 250, p) Yy (2, 1) = gn(w, p) ¥{ (2, p)
b, x’

gn(w,p) = Z/dazdaj’/dT T p* (M) (. p) <7'&a(:v,p, T) &Z(w’,p, O)> ém(x’,p)
ab t t

f f
an(p) at,(p)
Annihilating a particle with momentum  Creating a particle with momentum
p along the boundary in a state n p along the boundary in a state n

Gn = / dre™™ {a,(p, ) al (p,0))



FQHE: boundary topological invariant

Nedge = Z;{ i /dxd:v G~ \(z,2)0,G(z, z)

dk+
= Z%—a In g,
~ 271

This quantity is also a topological invariant; can’t be changed by small perturbations of G.

At least some of g, have got to be the boundary electron Green’s functions, described
by chiral Luttinger liquid theory.

Question: what is this invariant equal to for the chiral Luttinger liquid®?
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New types of invariants for bulk FQHE

Given bulk Green’s function G for a FQHE, we can now define a new type of an invariant.
For IQHE, it's a Chern number, so it is not really new.
However, what is it for FQHE"?

1

N =
2472

D eapn / dwd®ktr [G710,GG195GG~10,G]
aBy a, 8,7 =w, k1, ko

By Volovik’s argument, it has got to be equal to the boundary invariant computed
within the chiral Luttinger liquid theory.

Perhaps we can compute the bulk invariant numerically within some simulation on
the torus to relate its value to the known value of a proposed Luttinger liquid theory
description of the boundary of the state we are attempting to study numerically.



Attempts to calculate boundary invariant for FQH
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Boundary Green’s function ’

Among these gn there must be one (or a few) which T =X
correspond to the electron’s boundary Green’s function.

C
In the context of FQHE, these are usually constructed via
conformal field theory (especially in case of the non-Abelian 0 =¢
FQ states - abelian ones can be found using a simpler
language of bosonization). T
%di O,Ing = 2A
1 i
g~ 0 1
(ZC—iUT)ZA\ = =
scaling dimension of the electron operator time-space invariant

(as opposed to

: , , . freg-momentum invariant)
More generally, there might be left moving and right moving branches

gNH (x — iv;T)200 H

xr —+ fwj A

dat —  This is called the conformal spin of the
7{ 9 OplIng =2 Z Ai =2 Z A; electron operator

Conjecture: Nedge Mmeasures the conformal spin of the electron operator
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CFT arguments: electron spin = shift

CFT description of the quantum Hall wave functions

\11(21, 22y e, ZM) = <O(Z1)O(22) c e O(ZN)> <6ia¢(zl)6ia¢(z2) o e’iOéQb(ZN)> 6_% 2 i EE
1

1 1

= Flz1, 22, ., 2n) [ [ (2 — 25) v e~ s 2l Importantly 7 ~

i<j <1

O(2)e***) glectron operator both at the boundary and in the bulk

If z7 Is taken around a big contour encircling all other points z;, this accumulates a
ohase o [—230 F (N - 1)]

e

Conformal spin of the operator O

The phase measures the number of flux quanta Ny = e 250 — 1
1% 1%
g
S =2sp + —
1%
1 shift of the quantum Hall state
28» + — = twice the total spin of the electron operator = shift

1%



Green’s functions in momentum space

Kl=p
dk“
1 1
g ~ — pr+iwT
(x — Z-UT)2A g(w,p) = /ddee 1 @ — )P
position space strong UV divergence

How can we Fourier transform this?
Rotation-invariant cutoff!

. . 1 1w + v
g(w,p) = / dxdrePe T . - e
240272>q2

(x — ivT)2~ iw — vp

)2A—1

However: This is a Green'’s
function which grows

Nedge — 230 with w. Cannot be fully
physical because Green’s functions
must go as 1/w at large w.



Green’s functions wind at most once

spectral decomposition:

G(w)zzw_en Im G(w) = _szn:wz—I—e%

n

pn >0 ImGw)=0 - w=0

The only two points where Im G = 0.

As we go around this contour, Green’s
function cannot wind more than once.

The function on the previous slide then is
some kind of a regularized low-energy function.



Green’s functions wind at most once

spectral decomposition:

G(w)zzw_en Im G(w) = _szn:w2+€%

n

pn >0 ImGw)=0 - w=0

Bosonic Green’s functions

Pl )= Z iwp—nen

n

Pn€n > 0

The only two points where Im G = 0.

ReG:—Z il <0

As we go around this contour, Green’s w? + €2

function cannot wind more than once.

n

The function on the previous slide then is This function does not wind at all.

some kind of a regularized low-energy function.



Further elucidation of the bulk invariant y

: - - o Dropping subscript r
yin2 2 Co / dwd’ktr [G~10.GG™ GG 10,C] 9
afy

to avoid cluttering

N =

Might not be easy to calculate generally; depends on the matrix
structure of G which describes physics of higher Landau levels
which should not be relevant for the FQHE state in the lowest LL.

Simplifying NV

1. Work in basis of the wave functions ¥, (ks, ky;x,y) spanning the n-th Landau level
U, (x+a,y) = eipmaq,n(x’ Y) U, (z,y+a)= eipyaﬂ%%\lfn(a:, Y)

2. In this basis we expect G to be diagonal (its eigenfunctions discussed throughout are just W,,):

1
Goo = Grr(w, k Gnn ~ n=12,...
Non-trivial bulk Green’s function in the lowest LL Trivial Green’s function in the higher Landau

levels; wo is the Larmor frequency.

3. Rewriting trace in the expression for N in terms of of the states V,,,

Requires some algebra; end result W = windingof Grr(w,k) asw is taken from -ee to e in

multiples of 1.
N = Chern number of the lowest Landau level X (W +1)/2

Integer Hall:

Bottom line: evaluating W numerically gives . Grr = ! - W =1

iw—wo/2+ p




Rectified Green’s functions

gr(w, p) :/ drdre"™PTT g(z, 7) = /dp’dw’K(p—p’,w—w’)g(p’,w’) — Kg
A r24+v272>02
Imposed fairly arbitrary cutoff K(p,w) = 6(p)d(w) — zw\/w2a+ — Ji (a\/wZ + (pv)2)

This rectified Green’s function
winds appropriately

> Gapl@, 75 w,p) Yy (@', p) = gn(w,p) $§™ (z,p)

b, x’

Grab(xv ZE/; W, p) — w:(n) (337 p)f(gn%(ﬂ?, p)

Full rectified Green’s function which
satisfies bulk-boundary correspondence

Bulk rectified Green’s function Gr(w, ki, ko) = /dw’dk’l K(ki —ki,w—w) G, ki, ko)

1 .
N = € /dwko tr [G71o.G.G710-.G.G~1H.G.. ] = conformal spin of the electron operator
242 O% o 7 aGr Gy 0Gr Gy 0G| - shift of the FQH state



Rectified Green’s functions

a
2/ w? + (pv)?

K (p,w) = 3(p)3(w) Ji (av/w? + (po)?)

G (w, oy, k) = /dw’dk; o N e

1 = — .
i > eapy / dwd’ktr |G, 0,G,G, ' 05G, G, 10,G, ]

afy

N =




|[dentitying “electron operator”

Consider a general Abelian quantum Hall state described in terms of a K-matrix. Its boundary action is

1
S = 5 ;/dl’dt K170:010,05 — Vig0,00: 0] .

V; = ot 2y Krips

Electron operators can be taken as:

The total conformal spin of this operator {1 K

However, this theory is supposed to be invariant under K — WTK W
W e SL(2,7)

But tr K is not

) nr K
More general electron operators: Vn — € 21 VLA DA Y

But which ones to use for the Green’s function?

20
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Summary

Non-interacting systems such as IQHE: Chern number can be mapped
INto a boundary invariant counting chiral edge states.

Interacting systems such as FQHE: a bulk and an edge invariants can be
defined, generalizing the Chern-number and the IQHE boundary invariant.

However, computing it for interacting boundary described by a Luttinger
liquid theory remains a challenge.






