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Abstract

Laplacian growth refers to domain evolution driven by harmonic
gradients, for example the gradient of the Green’s function with a
fixed pole. It makes sense on Riemannian manifolds of arbitrary
dimension. In the talk | will discuss a particular case when the
manifold is a branched covering surface of the complex plane.
There turn out to be unexpected couplings to topics in complex
analysis, such as contractive zero divisors in Bergman space.
The talk is based on joint work with Yu-Lin Lin.
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Let f: D — Q c C be a normalized conformal map, say

=Y a"" (a0 >0, limsup|ay|"/" < 1).
The harmonic moments of Q = f(D) are
1 ok 1 -
MK*W/Q dA(z) = 27Tl/zzdzf

=[M(Q=10/O)] =55 | O FOF(OdC )

= Richardson’s formula = Z(fo +1)a, @y Bt 4jtk-

Summation over all (jo, ..., jk) > (0,...,0).

By (1), the moments My make sense for arbitrary analytic functions f
(not necessarily univalent) on D (or even D), and for arbitrary k € Z.

Harmonic moments
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Moments, cont. |

Locally there are one-to-one correspondencies

(30,81782,...,)(—)Q(—)(MO,M1,M2,...),
SO we can write

f(¢) = f(¢; ap, a1, @z, ...) = f(¢; Q) = £(¢; Mo, My, Mz, .....).

Clearly
of ki
Tak—< )
but what is
—af 77
OM

This, and many similar questions, have been answered in a beautiful
way by Mark Mineev-Weinstein, Paul Wiegmann, Anton Zabrodin
and others in series of papers on integrability of the Dirichlet problem.

Harmonic moments



[6] 25N e K1H Royal Institute of Technolog
Moments, cont. I

To exhibit analytic dependence (for degree 3 polynomials):
f(¢ Q) = ao¢ + ai¢® + &,
(82,81, a0, a1, @) <> Q (Mo, My, Mo, My, My).
My = ag +2aiay + 3azap,
M, = a2a; + 3apas o,
M2 = agég.
Even in the case of degree 2 polynomials with real coefficients,
Mo = a5 + 247,
M, = azay,
the system is not explicitly invertible (without solving a third degree

algebraic equation). If 2M3 > 27|M; |? there are two solutions (ao, ar)
of the above system, one of which makes f univalent.

Harmonic moments



Royal Institute of lechnolog

Jacobian for moments

In view of the above, it was a remarkable achievement by

0. Kuznetsova and V. Tkachev to find, in the general polynomial
case, an explicit formula for the Jacobi determinant of the system in
terms of the meromorphic resultant Res (', f'*) between ' and f'*:

Theorem (Kuznetsova, Tkachev, 2004/2005)

(M, ..., My,..., M)

- = 222" 'Res (f', £*
o an,...,a0,...,an) ¢ = )

A version of this a formula was conjectured by C. Ullemar in 1981.

The resultant Res (f, f*) can be defined as the multiplicative action of
f"* on the divisor of f. It vanishes if and only if f and f"* have a
common zero, i.e., if and only if f has a zero on 9D or a pair of zeros
which are reflections of each other with respect to oD.

Harmonic moments
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String equation

Mineev-Weinstein et al introduce the Poisson bracket

of dg og of

{fag}:CafcaiMo—CafcaiMo

between two functions, f and g, holomorphic in a neighborhood of 0D
and depending on (My, My, Mo, .. .).

Theorem (Mineev-Weinstein, Wiegmann, Zabrodin, 2000-...)

With f univalent in a neighborhood of D, the string equation
{f,f*} =1
holds. Moreover, for suitable Hamiltonians 7y,

of

.
OM {7, Hi}

Recall f*(¢) = (1/0).
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Proof of string equation

For z € 092, define

1 waw
S(2) = [% /6(2 W — Z]jump across 9Q Sext(2) — Sint(2)

= M,
= Z k+1 — (function holomorphic in Q) = Z z"f1 .

k=—o0

Each of the two terms extends holomorphically across 992, hence
their difference S(z), the Schwarz function for 99, is holomorphic in
a neighborhood of 02 and satisfies (by a well-known jump formula)

S(z) =z on 909Q; consequently

Sof=1f" identically near oD.
O

Proof of string equatior
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Proof of string equation, cont.

Proof (continued).
We have S(z) = S(z; My, My, ... ), and by the above

oS 1 . .
M~z + (function holomorphic in Q).

This gives

0S ; 0S of oS of  Of

of
fFY=(— . (—— oy 2=l 2
=50 (omy "+ %z ° omdy) ~ oz o o
o 1
a¢ Q)
For symmetry reasons {f, f*} will be holomorphic also in the exterior

(including {cc}), hence must be constant, which turns out to be = 1.
O]

=6

+ holomorphic in D) = holomorphic in D.

Proof of string equatior
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Laplacian growth

Note that 9f/OMjy refers to changes of f with My, M, ... kept
constant. Thus, with My interpreted as time, say My = 2t, the string
equation describes Laplacian growth (LG). This is the domain
evolution by which 922 moves with speed = harmonic measure on
00 = normal derivative of Green’s function with pole at origin.

A convenient characterization of LG, which immediately connects to
the moment preservation, is

g/ hdA = h(0) Vh e Harm(Q(t)).
dt Q([)

In physics LG first appeared as the evolution of a Hele-Shaw blob of
viscous fluid between two plates (experiments 1898 by
H.S. Hele-Shaw), and the counterpart of the string equation was set
up around 1945 by P.Ya. Polubarinova and L.A. Galin.
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Laplacian growth, classical description

For any bounded subdomain Q c C, let

1 .
Ga(x,a) = 5 log |x — a| + harmonic
be the Green’s function for €, vanishing on 9Q. The harmonic
measure with respect to a is

dv = —w ds on 909
on

Definition
Laplacian growth (=motion by harmonic measure) can be defined
as a smooth evolution Q(f) such that

d/ dGq( (-, a)
S aA=— / A UISEIPS
at Jo 29(t) on

for every test function ¢ in C.




[13] 25N e K1H Royal Institute of Technolog
Non-univalent case

Questions:
e Does the string equation make sense for non-univalent
functions? And if so, does it hold?

e Global question: if (Mo, My, Ma, ... ) are the moments for some
f(¢), can M be increased indefinitely? That is, do the moments
(Mo + 2t, My, Ms, . .. ) correspond to some f(¢, t) for all ¢t > 07

This is equivalent to asking for a global, simply connected but
possibly non-univalent, LG evolution.
Partial answers:
o By Kuznetsova-Tkachev theorem: f—nf,k has a natural meaning for
polynomials f of any fixed degree, whenever Res (f', f'*) # 0.

e In general, 9f/0My is ambiguous because f will depend on more
parameters than (Mo, My, Mo, .. .).
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Non-univalent functions. Difficulties

Yu-Lin Lin and B.G. (arXiv:1411.1909) study the string equation in
cases when f is not locally univalent. Difficulties:

e J0f/OM, does not make obvious sense, because f is not
determined by the moments My, My, Ma, ... alone. One has to
find more parameters. It turns out that

f(¢) = f(¢; Mo, My, Mz, ...; by, bs, . ..),

is a good choice, where by, = f(wk) and w1, wo, ... are the zeros
of f" inside D. In fact, f can be viewed as a conformal map onto a
Riemann surface above C, which then has branch points over
b1, bo, . ... Keeping these fixed means that f all the time maps
into one and the same Riemann surface.

Equivalent to keeping the by fixed is:
e f(¢; My, ...) is a subordination chain with respect to M.



-? clepemés o lotalion, ot brmuet,

Pc‘m‘k J;(Ldt)::_:bt
(C«)\Q[D/ gr(cot)::.0>‘ So

= $(% M, ¢ L5 by)
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LG directional derivative

The string equation can be solved for 9f /OMp:

of  ¢r(Q) 1 z4(dz
oMy 4ri /6]D) |zf'(2)2 z—¢ z°

{{f'}=1 =

for t € D. The right member,

_ ¢F'(©) 1 z+4+(¢az
V(0)f(Q) := 47i /am |zf'(2))2 z— ¢ z

(¢ €D),

is the LG directional derivative, and it makes sense also if f' has
zeros in D (even though zeros on 0D cause some troubles).

Identifying My with time t we arrive at the LG evolution equation
f = v(0)f,

which we set out to solve for 0 < t < oo, given fat t = 0.
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Weak solutions

Laplacian growth makes sense on Riemannian manifolds, and there
is a good notion of weak solution that is global (allows t — o).

o But this is not always simply connected, and hence is not
always on the form f(ID). If we insist on having a solution on the
form Q(t) = f(D, t) we must allow Q(t) to spread on a Riemann
surface above C.

¢ However, the Riemann surface we would need will not be given
in advance, it has to be created along with the solution.
Whenever a zero of ' approaches 0D, one has to add a branch
point to make sure that the solution can spread on a covering
surface.

o Still, we claim that the above problems can be handled:
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Main theorem (?)

Theorem (almost. . .)
Starting with any function

f(() = Zancn-ﬂ (aO > 07 Iimsup|an\1/" < 1)
n=0

there is a global evolution, satisfying f = V(0)f in a weak sense.
More precisely, there exists a Riemann surface M and a covering
map p : M — C such that for each t, f(-,t) — C lifts to

f(,1): D= M

and then becomes univalent. The image domains )(t) = f(DD, t) make
up a global weak LG evolution on M.

The evolution is not unique, but presumably there is a unique minimal
choice, introducing no more branch points than necessary.
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Example of evolution on Riemann surface

M = Riemann surface of v/z — 1 = the two-sheeted surface

M= (C\{1Hu{1pu(C\{1})

over C. Local coordinate (actually global) on M: z =+/z — 1.
Coveringmap: p: M — C, Z+s z =22 +1.

Laplacian growth (-, t) : D — M started at Z = +i becomes

. VIiC—1, (0<t<)
z=1(¢1) :{ HIC 1)

and when pushed down to C
t¢, (0<t<)
z="f((, )=
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Example, cont. |

The derivative

(0<t<)

t
F(C,1) =
(& 1) {t.(tcwczt?m (1<t <o0)

(¢-1)?
adopts the factor G(¢) = % at critical time t = 1. This has
e Zeros: wy =1/t (inD), wo =2t— 1/t (outside).
e Poles: (1 =( =1.

With suitable scaling G is a contractive zero divisor (in the sense of
H. Hedenmalm) for Bergman space. This means for example that

h(0) = /D h(2)|G(2)PdA(z) h € Harm(D).
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Example, cont. Il

For a more general G, of the form

(€ —wi)(¢ — w2)

O=""-ar -

one has an identity

1 _ 1/&
7/ h(z)|G(z)|2dA(z) = aph(0) + a1h(1/¢1) + C/ hGdc¢.
™ Jbp 0

If here 1/{; = wq (or = wp) then a; = 0, and if ¢; = (w1 + w2), then
¢ = 0. This is exactly what we had on the previous slide, and it is
what happens in general in the LG-evolution when zeros of f’
penetrate into D: a pair of zeros and a double pole, subject to the
above relations, are created.
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Several evolutions of a cardioid |

Example
We start LG with

1
f(C70) = C - §<27

for which My = 3/2, My = —1/2, Mo = Mz = - -- = 0. For convenience
we allow a free (monotone) relation between time t and M,.
Normalizing so that the leading coefficient in f is e! we have a
perfectly good global LG-solution

’
f(¢, 1) =e'¢ — Ee—ch"‘, 0<t< oo,

for which My, Mo, ... remain fixed and

1
My = aS + 2|ay |2 = e’ + 56_41.




M

e}

Ho % ///

Cardioid + §5)=a f a5 = q §- L2
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Several evolutions of a cardioid |l

Example

My is a convex function of f for all —oco < t < oo and it attains its
minimum value at t = 0. Therefore M, increases also when ¢t
decreases from t = 0, and we get a new LG evolution by changing
sign of t:
1

f¢,)=e¢— §e2t42, 0<t<oo.
This is however not univalent, f' has a zero w(t) = e=3!in D, but f
still satisfies the string equation. Also, b;(t) = f(w1(t), t) does not stay
fixed, so f(-, t) are not conformal maps into a fixed Riemann surface.

’
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Several evolutions of a cardioid Ill

Since f'(¢,0) = 1 — ¢ has a zero wy = 1 on 9D one might want to lift
solutions to a Riemann surface with a branch point over f(w+,0) = 1,
in order to make sure that one does not run into troubles. We then let

(€= -1)
(C—1)?

F(¢,0)=(1-0)

continue as

(€ = wi(B))(¢ — wa(1)) (¢ — wa(t))
(¢ —Gi(D)?

with the zeros and poles related according to certain principles:

f(¢. 1) = b(t)

)
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Several evolutions of a cardioid 1V

e The reflected point of ¢;(¢) is to be a zero of f':
9(1/¢i(1), 1) = 0.

o f(-,t) shall map the above point 1/¢1(t) to a point which does not
move: :

f(1/¢1(t), t) = constant = f(1,0) = 3

e The moment M; is conserved in time:

Mi (1) = Resc_o(f*f'd¢) = My (0) = _%,

e The dependence of My(t) on t has to be specified.




[25] DA KTH Royal Institute of lechnolog
Several evolutions of a cardioid V

The above may be worked out to a solution

b 2 3
flg, ) = 22 E 2

where

2
_ 1(23—t L2 e—4t)_

)
f) = —4\‘7(1 +2e! + 36 2)\/1 +2ef — 21,
)

The relation between My and t is here

1
Mo(t) = §(4e2’ +2e' + e +6e 3 2074 —3e7%).

v
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Several evolutions of a cardioid VI

Remark

An interesting aspect is that the above fully explicit solution f(¢, t) is
not only smooth at t = 0, it even has a real analytic continuation
across t = 0. This extended solution, defined on —s < t < oo (say),
has the drawback that it has a pole inside D when t < 0). But in some
sense it still represents suction out of the cardioid as t decreases to
negative values.
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The Huntingford example

Example (A real polynomial of degree three)

f(¢, ) = ao(t)¢ + ar (t)¢® + a(t)¢?
M ¢?
et + g2\,

with t suitably related to My (see below) and with M;, M, fixed.
Solution exists for all —co < t < > if M> > 0. Relations:

=é'¢+ +e 3 Mp(®,

My = & + 2a3 + 3a3,
M, = a2a; + 3apas ao,

M2 = agag.
The choice
M; = 32/25,
M, =1/5

is particularly interesting.
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The complex Hamiltonians Hx

On using

1 P
My = o /a Qz zdz,
the harmonic moments My, make sense for all k € Z. The complete
expansion of S(z) and its primitive W(z) (with respect to z) reads

My
S(Z,MO,M17): W
KeZ
M 1
W(z Mo, Mi,...) = Mylogz — 3 H’;—;/Qlog\zmA.

kez\{0}
Now the k:th Hamiltonian, for k =1,2,...,is

8W(z; Mo,M1,...)
oMy ’

Hi(G Mo, My, ...) = —

where z = f(¢; My, My, ... ) is kept fixed under the differentiation.
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The complex Hamiltonians Hy, cont.

For kK = 0 we simply set
Ho(¢; Mo, My, ...) = —log(.

Now it is a straight-forward task to verify the evolution equations for
the conformal map:

of
o = M) k=012

For the negative moments we mention the beautiful relations

Theorem (Mineev-Weinstein, Wiegmann, Zabrodin)

1My 10M
kK oM, ~ ] oM
Note that M_y = M_k(Q) = M_k(Mo, M, 5600 )

(k,j=1).
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The complex Hamiltonians Hy, cont.

The theorem can be proved by exhibiting a prepotential
E(Q) = E(Mo, My, . ..) such that

PE(Q) 1
oM, KMk

In fact, one can take
1
@ = [ [ loglz-(|dA=)A()
™ JB\Q JB\Q

(B a large disk for example), the renormalized energy for the
exterior domain, in some contexts referred to as (the logarithm of) a
“tau”-function, which is a kind of partition function in mathematical
models in statistical mechanics.
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Traditional Hamiltonian point of view

Introducing time t as My = 2t and setting x + iy = f(e’’, t) on the
curve, the string equation reads, considering x, y as functions of ¢, 0,

ox.y) _ , _
a0 1, equivalently dtAdf = dx A dy.

In extended phase space with coordinates (x, y, f) one may
introduce H = 6 as the Hamiltonian function. The action 1-form is

w=ydx— Hdt,

and the string equation says that dw = 0 along a Laplacian growth
trajectory. This means that i(¢)dw = 0 for the vector field
E=xZ+ ya% + 2, and spelling this out gives the traditional
Hamilton equations, expressing stationarity of action, as

. OH . OH

X—@7 y:_a77 t:1
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Hamiltonian point of view, cont.

Recall now that H = @ is the polar angle on dD. It extends to a
(multi-valued) harmonic function in D, and the conjugate harmonic
function is G = —log r, the Green’s function of D. In terms of G the
equations become

X — _876 y _876 t=1
TToax YT gy TN
Since the Green’s function is conformally invariant one can also
interpret the above as equations on 99.

The last equation just says that t = time, and first two describe an
evolution of 9Q with speed —V G, as expected.
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The Hele-Shaw directional derivative

Instead of considering the partial derivative 9/9M, one may consider
the corresponding directional derivative, V(0). More generally, let
V(a) denote the directional derivative corresponding to Laplacian
growth with a source at a € C. This can be regarded as a tangent
vector in the infinite-dimensional space M of bounded domains

Q c R™ with analytic boundary, and it acts on smooth functionals

F:M-=R

as follows. Given Q € M, let {Q(t) : 0 < t < ¢} be the Hele-Shaw
evolution with a source at a and initial domain Q(0) = Q. Then

(V@F)@)= g F@wW)
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The Hele-Shaw directional derivative, example

Example

Let h be a fixed harmonic function defined in a neighbourhood of the
closure of Q and define F by

F(Q) = /Q hdA.

Then

aGQ(Z, a)

v@H@ =g /Q A== | na)"ERas < pa)

_d
Tt
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Hadamard

Choose two points b, ¢ € Q2 and take F(2) to be
F(Q2) = Ga(b, c).

Using the Hadamard variational formula

5G(b,c) = 5n2GL.b) 0G(, c)

20 an on ds

with én = —W&t, i.e., in the case of Hele-Shaw injection at a, one
gets a beautiful formula, completely symmetric in a, b and c:

V(a)G(b,c)zf/ dG(-,a) dG(-, b) dG(-, c)

90 On on on ds.
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Integrability of the Dirichlet problem

The above symmetry can be related to an integrability statement:
Hele-Shaw injection at a point a followed by injection at a point b
gives the same result as if the injections had been performed in the
opposite order. In infinitesimal form this statement becomes

Therefore, the symmetry in (16) would be explained by exhibiting a
functional £ such that

Ga(b, c) = V(b)V(c)E(Q2) + constant.
Such a functional indeed exists and can be realized as a

renormalized energy of the complementary domain. In the case
n = 2 this is (up to an additive constant, and with Q c B, B fixed)

£Q) = - /B . /B ooz~ [ AZ)aAQ)
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Prepotential (energy functional)

The result of single and repeated actions of V on () is given by

V(a)é(Q) = —217 - log |z — a| dA(z) = UB\%(a).

V(a)V(b)E(Q) = H(a,b) = G(a, b) + 217 log|a— b|.

V(a)V(b)V(c)E(Q) = V(a)G(b, c).

Here G(z,¢) = 5= log|z — (| + H(z,¢), i.e., H(z,() is the regular part
of the Green function. Note that the term i log |a — b| above is just a

“constant” with respect to variations of .
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In the definition (36) of £(Q2) the domain Q occurs symmetrically at
two places. Thus, the result of V(a) acting on Q in £(Q2) will be twice
the result of its action on only one of the occurencies. This gives

[ [ egiz-claA)dA)
t=0 JDr\Q JDp\Q(t)
1

. Gic.a),
= or [ [, toalz 17 P asonc)

V(@)e(@) = 27r dt

= —L/ log |z — a| dA(z) = U""\%(a).
2r DR\Q

Here we used that log |z — ¢| is harmonic in Q in the variable ¢ when
z € D\ Q. This proves (17).
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Proof, cont

Applying next V(b) to the above and using that G(z, a) = 0 on 99 we
obtain

V(b)V(a)é(Q) = 1 log|z — & ds;

9G(z, b)
27T o0 8”
—Aéa;a—m;mﬁﬂim$z

1
= H(b,a) = G(b, a) + o log |b— a|.

This gives (17) (with reversed roles of a and b), and (17) finally is
immediate by another application of V.
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Thank you for your attention!
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