Quantum Hall effect and Quillen metric

Xiaonan Ma
With Semyon Klevtsov, George Marinescu and Paul
Wiegmann

Institut de Mathématiques de Jussieu, France

Geometric aspects of QHE, Cologne 15 December 2015

Xiaonan Ma With Semyon Klevtsov, George M. Quantum Hall effect and Quillen metric



Quantum Hall effect
Curvature formula of Bismut-Gillet-Soulé

Chern-Simons functional

Xiaonan Ma With Semyon Klevtsov, George M. Quantum Hall effect and Quillen metric



Quantum Hall effect

Lowest Landau level

» 3 compact (connected) Riemann surface,

» L a holomorphic line bundle on X.
Ly ~ U x C, transition functions are holomorphic.

» States on the lowest Landau level : basis of H°(X, L),
space of holomorphic sections of L on X.
HO(X, L) = {s € C®(%, L) : ds = 0}.
Locally : 0;,(f¢) = %Cdi, ¢ holomorphic frame of L|y.
» collective wave function of free electrons on LLL :
Integer quantum-Hall state det(s;(z;)), here s; a basis

of H(S, L).
LLL is completed filled : N particles (fermions) at
position zq, -, zZN.
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Quantum Hall effect

Lowest Landau level 11

v

Example : @(1) hyperplane line bundle on ¥ = CP!.
O(—1) ={([2],€) e CP! x C*: ¢ € [2]}.

{f €Clz]: grad f < k} = {g € Clzo, z1] : grad g = k}
= HO(P', O(k))

det(si(z;)) = H0<i<j§k(zj - 2i),

If Ly ~ U x C, [1]}, = €%, then Laughlin state :

| det(si(2))]> = H0<i<j§k |2 — z|? Hj e~ 2003)

v

v

v
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Quantum Hall effect

Riemann-Roch Theorem

» Y compact Riemann surface with genus g.
» |1]2, = e ** on L|y. (Magnetic field) : Curvature of
Chern connection V’ :

R = (VF)? = 200¢.

Global (1,1)-form on X, even ¢ is only defined on U.
> degre of L : deg L := [;, -R* € Z.

K :=T*L0% canonical line bundle on ¥.
» Riemann-Roch Theorem :

dim H*(X, L) —dim H*(X, L* ® K) =deg L + 1 — g.
If deg L > deg K = 2g — 2, then H°(3, L* ® K) = 0.
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Quantum Hall effect

Generating functional

» (X, g) compact Riemann surface with genus g.
(L, h) Hertimiam holomorphic line bundle over .
> s; basis of H°(X, L), Hermitian norm of 5 det(s;(z;))

N
1 _
‘\11(21, Ce 72,’A/\7)|2 = ﬁ|det Sj(Zl)lZH h(Zj,Zj).

j=1
(measure on configuration of N points.)
» partition function is
1 N
_ 2 - 2
Z = W/ZN | det s;(z;)] Jth(Zj,Zj)\/ﬁd Zj,

and log Z is called the generating functional.

Xiaonan Ma With Semyon Klevtsov, George M. Quantum Hall effect and Quillen metric



Quantum Hall effect

Quillen metric

» determinantal formula :

1
7 = det gy / 5;(2)s1(2)hy/gd*z = det(s;, s;).
T Js

log Z — log Z, independ. choice of basis in H°(X, L).
» Kodaira Laplacian :

AL =2070; : C®(X,L) — C®(X%, L).
» regularized spectral determinant :

det’Ap, = exp(—('(0)), C(s)= Y, A
0#A€espec(Ar,)
» For deg L > 2(g — 1), Quillen metric on det H*(3, L) :
det(s;, s;) Z
A A 2 _ S =
HSI N H det’ AL det' AL ’
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Curvature formula of Bismut-Gillet-Soulé

Dolbeault complex

» X compact complex manifold, n = dim X.

» F a holomorphic vector bundle on X.

» O : QY(X, E) :=C®(X,AN(T*""VX) ® E) —
Q041X E) the Dolbeault operator :

g ( Za]gj Z Daj)E;.

&; local holomorphlc frame of E, and «; € Q%(X).
(0g)* = 0.
» Dolbeault cohomology of X with values in F :
HY(X,E) := H®) (X, E) := ker(dp|goa)/ Im(Dp|aoe1).
Determinant line \(E) = ®,(det Hi (X, E))=’
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Curvature formula of Bismut-Gillet-Soulé

Quillen metric

» D = 0g + 0p. (V2D= Dirac operator)

Hodge Theory : H*(X, FE) ~ Ker D.
> ((5) = =5 2, (= 1)7g Te[((D?|a0))~*].

T = exp(%(O)) Ray-Singer analytic torsion (1973).
» Quillen metric || [[x) = || H/\ (B) eXp(as(O))

» Bismut-Gillet-Soulé anomaly formula (1988) :
g, gi¥ Kéhler metrics, h, h¥ Hermitian metrics on F

I hmoN? [ 75, x x E
log = Td(gy , 91 ) ch(E, hy)
I T X

+ Td(TX, gi)ch(hf, hY).
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Curvature formula of Bismut-Gillet-Soulé

Determinant line bundle of cohomology

» W, S compact complex manifolds.
7w : W — S holomorphic submersion with compact
fiber X.

» F a holomorphic vector bundle on W.

> ME)y = @;(det H (X, E|x,))"Y, b e S.
Grothendieck-Knusden-Mumford : A(£) holomorphic
line bundle on S, (algebraic construction)
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Curvature formula of Bismut-Gillet-Soulé

Curvature formula of Bismut-Gillet-Soulé

» Bismut-Gillet-Soulé (1988) : Assume that 7 : W — S
is locally Kahler, i.e., for any local chart U C S, there
is a Kéhler form on 7—!(U). Then

>l =l ||§(2E) eXp(%(O)) is smooth metric on
AE) = ®@;(det H/ (X, E|x))™Y” over S.
» Curvature 2 of Chern connection on (A(E), || ||x&))

Q= —2m'{ / [ch(E, h") Td(TW|S, hTWlS)]}(l’l).
w|s
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Curvature formula of Bismut-Gillet-Soulé

Chern class

» h% Hermitian metric on E, V¥ Chern (holomorphic
and Hermitian) connection on (E, h%), its curvature

RE = (VF)? € QUY(W, End(E)).

Td(E, h") = det <Lm1> ,

eRP/2mi _
ch(E,n") = Tr [e‘RE/%i] .

They are closed forms in &,Q@9 (W).

» Td(E) := [Td(E, hP)],ch(E) := [ch(E, hF)] €
@®,Hi,(W) do not depend on h¥. Td(E) Todd class of
E, ch(F) Chern class of E.
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Curvature formula of Bismut-Gillet-Soulé

Bott-Chern class

» hE. hEF Hermitian metrics on F,

> 3 unique classes Td(hE, hi), ch(hE hE)
€ @,N@D (W) /Imd + ImJ s. t.

OOTA(hE nE) = TA(E KE) — TA(E KE),
T
90 B0 hE) = ch(B.hE) — (B, hE).
T

Let hP a path of metrics, then

~ ! OhF iRF
E 1 E\ .__ EN—1 t t
ch(hy, hy) = /0 Tr [(ht ) 5 &XP <_7r )]dt.
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Curvature formula of Bismut-Gillet-Soulé

Quillen

» Quillen’s result (1985) : E smooth complex vector
bundle over a compact Riemann surface X.
A holomorphic structure on F is affine space w.r.t.
QO1(3, End(E)). Curvature formula for
W=Y¥xA—->5=A

» Physics : Belavin-Knizhnik (1986)
- Avron-Seiler-Zograf 1994 and 1995! - first noticed
relation of adiabatic transport in QHE and Quillen
theory
- Levay 1997
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Curvature formula of Bismut-Gillet-Soulé

Torus : Ray-Singer (1973)

» 3 = C/T torus, I' = lattice{1, 7}, 7 € H upper
half-plane.
E = C trivial smooth line bundle on .

» holomorphic structure on E parametrized by

Jac(B) = {x m((B) =T — S":
x(m7 4 n) = 2 mudnm 0 <y v < 1},
» If u# 0orv#0, then H'(X, E,) =0,
7 | privee 01 (u— 710, 7T)
n(7)
If u=v=0, then H(3, E,) = C,

T = (Im7)|n(T) ’
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Chern-Simons functional

Universal line bundle

» > compact oriented surface of genus g.
Y = Mg x Jac(X).
¥, the Riemann surface at b € M,.
X = union of all ¥ x Jac(X,) over Mg (universal
curve),
o : X — Y natural holomorphic projection of complex
manifolds.

» Observation : 0 : X — Y is a Kahler fibration!
We can apply Bismut-Gillet Soulé curvature formula.

» L universal line bundle of deg L|s, = 1 over X,

K = T*19Y) universal canonical line bundle over X.
For k >0, s € %Z, E = L* ® K* hol. line bundle on X.
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Chern-Simons functional

BGS curvature formula

» Assume k + 2(g — 1)(s — 1) > 0. Then
L = det H'(X, L* @ K?) hol. line bundle over Y.

> gEth

» BGS curvature formula : F = RE",

any metrics on T3 L.

Qﬁ:% [FAF+(1—23)FARTX|Y
T JX|)y
i <(1 —425)2 B %) RTXIY A RTXIV]|
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Chern-Simons functional

Chern-Simons functional : Main result

» F = dAx) and RTX¥IY = dwx) for 1-forms A x) and
UJ(X) on X.

> QE = dyAE.
Then we choose an adiabatic process, i.e., a smooth
(open or closed) contour C in Y.

» Klevtsov-Ma-Marinescu-Wiegmann

1 1-2
/A‘ = — ANAA+ ——Z2 (AN dw + dA Aw)
I 4’/T 071(0) 2
(1-28)% 1
+( 1 B w A dw

This is abelian Chern-Simons action with Wen-Zee
terms.
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