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Classical Hall effect

Appearance of electric potential difference ( Vm )
perpendicular to the direction of the current ( I ) in

conductors placed in magnetic field ( Bz )

Vr ,
= II

n . e

where n is the density
of

electrons
of charge e

.

Hall resistance Rµ= BI
-

ne

grows linearly with the

magnetic field
.



Quantum Hall effect ( QHE )

Observed in zd electron

systems , subjected to low

temperatures and strong

magnetic fields .

Graphed

Gallium
.

Arsenide



von Klitzing 1981

Tsui, Stormer, 
Gossard 1982

Hall resistance

Rµ
undergoes a series of plateaux ,

where

it is quantized C in  units of e4h ) .
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Integer QHE plateaux are explained by one - particle

wave functions ( won . interacting )

4- ( z
, ,

... zn ) = det nfnczm )|
"

n ,m= ,

"

Slater determinant
"

,

Yn= zn .

e-
¥12.12

lowest Landau level ( LLL )

~ degenerate ground States

in strong magnetic field
.



Laughlin 1983:

Fractional QHE

Strongly - interacting ( via Coulomb forces ) system .

Assign a trial wave function ( " state " )

to each plateau .
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,
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*

holoworphicity
+

nf =0

* vanishing conditions
e- → ← e



Laughlin state
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Moore-Read 1991:

Another famous QHE state

4- mr( zi
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.
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Mathematically ,
QHE  wave functions define

sequences of probability measures on Q
" ( actually ,

QNISN )

2

An := IT
.

µ
( z

, ,
...

,zµ)|
. It

,

d2z
.

Total mass of Mn is the L ?
 norm of X

.

For Laughlin ;

Z = nt
,
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,
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ZD Coulomb gas partition function .



Move generally

Z = Saw exp { - N n§
,

Vtznznltp
In by lzu . znl } . II.d2zu

uygrav.

"

spin
" ( S= ' in mre Coulomb gas )
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E) - Elog pcz ,
I )

9
€

volume form pdtt on ¢

"

magnetic potential
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Leblé-Serfaty 2017

State .
of - the . art

Thm ( )

log Z  = - pN2I✓( µ ) + IN log N - N C ( p ) -

- N ( i - E ) f µ by µ + o Cn )

�1�

where I
✓

= - ff hgiz . wl dnizidncul* 5 Vdn
a

¢xQ

and µ
its unique minimizer ( ' '

equilibrium measure
" )

[ in fact
, corollary of  a stronger

large deviations result ]



Can, Laskin, Wiegmann 2014 
F. Ferrari, SK 2014

Olntermproplog Z  = - pm Ivlm ) - N ( s -

f)
{µ hgn

- ¥ { (lobgmt. zooshgm) + const  

+gR%
remainder terms

Cµ= l - 3 ( rp - ¥ )2 ( s= r in pure Coulomb gas )

€
"

central charge
"



Ferrari-SK 2014Representation of the remainder term ( ) involves

gaussian free field ( GFF )

Def ( e.g. Sheffield
,

math 10312099 ) Dc R
'

GFF h is a formal sum h= § x ; f ;

dj .  i.  i. d. gaussians

fj -
orthouormal basis in the Hilbert space HID )

w
.

r .t
.

inner product ( f
, ,fz)p=

§ of
,

.0fz

( h
,

. )p applied to  a
test fu  is  a

random
 variable
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u 8h 4

Exponent  of GFF e

Def ( e.g. ) o< 8<2

8h
e

842 e8heH )

e : =
him

w
{ →  0

{

where hecz ) is the circle mean value 2

E [ eh ' ⇒

...

ethan ]



Ferrari-SK

Representation of the remainder term

Rw = lug

Enfseirhdi
. )

"
- logEn .

( Seirhd:-)
"

Conjecture ( ) : Ryn =
0 ( Yn )

as N → a
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Applications
viscosity tensor

6

anomalous ( Hall ) viscosity Gap = - qxprs lios

( ) stress strain - rate

QHE States on torus
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QH States on Thiemann surfaces

Recall
,

that the one - particle wave functions on ¢

are ya = zn e

- ¥1212
.

What  is an analog of holouwrphic polynomials on

a compact [
g

? Z
"

- SNCZ ) , holouorphic sections

of a holoworphic line bundle L
.

.

JLSC -4=0

€
J

.
: eye ,4→R°" ( 94

#.EE#+w;;.;;yIsoiFinv
{
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metric
d

Consider a  compact oriented guns .

g
Thiemann  surface ( { ,g ,

] )
(

complex

and a positive lwbomorphic line bundle [ on { structure

of degree No
,

= degl °

Hermitian metric hc a. I )
,

HSCHH } E R+

Its curvature F  = - iodbgh er
" '

( c 1

,
F > 0 ( positivity )

zt
, { F  = Nq ( degree ,

" flux " of  magnetic field )

Equivalently ,
holomorphic sections of L will have

No
,

Zeroes on E
.



Dimension of the vector space H°( E
,

L )

of holomorphic sections is

dim H°( E
,

L ) = Nq + 1 - g ( Riemann .
Roch thin . )

Basis { Suez )S,
n=1

,
...

,
dmH° .Examples ;

S
"

Su ( z ) = Z
"

,

n= 0
,

...

,
No

,
W =

1-
Nap

( 1+12-12 )

f HSNIHHI rgdt < x

52

T
"

Su ( ⇒ = Of "
one) ( no,

z
,

No ,e ) c-
¢

g
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,
. . .

, Nq

" level - Ng
"

theta functions 1



Integer QH state ( " Slater determinant
" )

Consider [
"

= [ ×
. . .

 × [ N= dim H°( E. L )

÷¥ ( z , ,
...

,
Zn ) = det Sw ( zu ) /

"

U
,  m=1

Its E- norm  is given by

Z = { µ

Hdetsuczmllli . ft
,

rgtizu



Consider an arbitrary herwitiau metric and arbitrary
- Nqy ( 2.  it )

Riemannian metric h= hoe
,

F ( h ) > o

g = go
too $ ( z

, E) > 0

Thin ( SK 2013 ) Asymptotic largeN t.la for hg Z

log Z  
= - NI Sz ( 4) + ENQ 5

,
( 4,4 ) + at

So
(g) +

+ O( YN
,
)

S
.

4) = ±, { 1041 't  4%
s.co, )=}.f¢oly÷ot+Rolysz )

5. ( 4,41 = It { ⇐412 .
+ Fly;)



Proof Variation al t.la

slog Z  = - ¥ { ( No
, B. 54 . I DBN

,
sq ) sstiz

where Bergman Kernel for the H°( E
,

L )

Bµ
,

( z
, E) = € HSUCHIPW = N

,
+ tz R (g) + O( Yn

, )

Complete asymptotic expansion at large No
,

( Boutet Le tlonvel - Sjostrand,
Zelditoh

,
Catlin

,
... )



Laughlin States on Eg

4 ( 2- , ,
. "

,
Zn ) = M ( zu . zm )P @

- ¥ { 1 twl
'

non p€Z+

Def Consider ( E
, g , ] ) and holouorphic line bundle

( L
,

h ) of degree Nq .
Consider E

"
= [ x. . .  × [

N = f- No
,

+ I - g ( assume Noelp )

* In Y E H° ( E
,

L ) ( projection on  n . th factor  in Ex . . .×E )

P
* Inn 4 = ( Zn - Zn ) ,

near diagonal ( Zn - Zn )



Wen-Niu 91Prop (

SK
2017 ) Basis of pot Laughlin States ( conjecture )

✓ e ( 1
,

...

, pit

~1r= O[ YP ] ( p§zw - PA .

- pdivl , pt )

Mm E ( zu
,

zn )
P

half
,

g ( zu ,
stdegl - p

Figueroa
9k¥15

"
iii. d. w

;

Prime form ( analog of z - y
on [ )

Abel map :

I : E →
�1� % '

[ ( z
, y ) = ZI as z -

y

A = { mtm 't
, mm 'eZ 'S js=Fg

Divisor  of L
,

div L :  = sum  of  zeroes  of SUCH

( wl umltipli cities )



SK, Wiegmann 2015

Adiabatic transport:

Geometric adiabatic transport

QHE  wave functions are typically degenerate ,
e. g. for

Laughlin States on genus -

g
surface the basis has dim  = pot.

They also depend on parameter spaces M ( Aharouou - Bohm

phases , complex structure moduli
,

... )

a :# ' my '

ftp.t#tn



ip ( C) +  IQ

Y M

II.
Itt

's

/]@Q
constant  unitary i

matrix ( unitary rep .
of Ii ( M ) )

Ii In )tl

Structure of projecting flat
" admissible

"

( complex ) vector bundle
.

QH States

Examples : - Aharouov . Bohm phases on torus(q§' q

01 =2+6+1 q

- Moduli space
of complex structures

, TEGKYSL( z ,z )

as

Q =

zt
E ' uYµYYIat modular

12 plane group



Transport  on moduli space  of  complex structures Mg

Deformations of  complex structure on [

get
ldtl

'

→ gzz ldztndz 12
,

where M
is ( 1

,
- 1 ) -

differential
µ=

GII §?3 q . Syu  ,
where { yes is a basis  of holom

. quadratic drifts
.

* Integer QH state (
"

determinant

line bundle "

over Mg )

"

Berry curvature
" R :=df4,4422 =

ids5ylogZ-idsJy6g@g-g.t
 ignore 'iq =

→ o as degl →  x

Weil - Peterson ( Iii ) form

= ⇐Ne + TIME )) RWP
rwp= { yuirgtiz



Conjecture ( SK
, Wiegmann 2015 )

For Laughlin States ( rank - pot vector bundle  over Mg )

Rrr ,

= d
,

< Yr
,

d
,

Yri } = ( gt Not - ¥ XIE ) ) Rwp . Srr ,

( scalar  matrix )

Cµ = 1 - 3 ( rp - Fy )2



Schine et. al., Nature 2016

Synthetic Landau levels for photons

Experimental test  of QHE in curved space

Auyon ( quasi - hole ) braiding

←• 4- →
ei¥y

Cone ( '  '

geuou
" ) braiding

AF#*g÷a*y
4- → e
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